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Abstract. The connected components of the zero set of any conformal vector field, in
a pseudo-Riemannian manifold of arbitrary signature, are shown to be totally umbilical
conifold varieties, that is, smooth submanifolds except possibly for some quadric
singularities. The singularities occur only when the metric is indefinite, including
the Lorentzian case. This generalizes an analogous result for Riemannian manifolds,
due to Belgun, Moroianu and Ornea (2010).
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1. Introduction

A vector field v on a pseudo-Riemannian manifold (M, g) of dimension n > 2 is called
conformal if, for some function ¢ : M — IR,

£,9 = ¢g, thatis, in coordinates, v+ vk ; = @ gjk. (1)

One then obviously has divev = n¢/2. The class of conformal vector fields on (M, g)
includes Killing fields v, characterized by (1) with ¢ = 0.

Kobayashi [15] showed that, for any Killing vector field v on a Riemannian manifold
(M, g), the connected components of the zero set of v are mutually isolated totally
geodesic submanifolds of even codimensions. Assuming compactness of M, Blair [5]
established an analogue of Kobayashi’s theorem for conformal vector fields, in which
the word ‘geodesic’ is replaced by ‘umbilical’ and the codimension clause is relaxed for
one-point connected components. Very recently, Belgun, Moroianu and Ornea [4] proved
that Blair’s conclusion is valid in the noncompact case as well. The last result is also
a direct consequence of a theorem of Frances [11] stating that a conformal field on a
Riemannian manifold is linearizable at any given zero z unless some neighborhood of
z is conformally flat.

It is natural to ask what happens when the metric ¢ is indefinite. Questions
about the structure of conformal fields arise in connection with various known problems,
such as those related to the pseudo-Riemannian Lichnerowicz conjecture [10], recently
disproved by Frances [12]. For Lorentzian metrics, some answers have been provided
by Frances and Melnick [13], who proved that Frances’s theorem cited above [11] then
remains true under the additional assumption of real-analyticity, and by Leitner [17],
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who showed that the zeros of a conformal field having certain additional properties lie,
locally, on a null geodesic.

Aspects of conformal vector fields on pseudo-Riemannian manifolds that bear some
relation to the structure of the zero set have been studied by many authors. For instance,
Kiihnel and Rademacher [16] provide a classification of complete pseudo-Riemannian
manifolds with constant scalar curvature admitting nontrivial conformal gradients, while
Hall, Capocci and Beig [14], in the case of spacetimes, establish a condition sufficient for
the existence of local conformal changes of the metric that make such a field homothetic.

The result of Belgun, Moroianu and Ornea [4], mentioned earlier, becomes false
when repeated verbatim for indefinite metrics: even in pseudo-Euclidean spaces,
connected components of the zero set of a conformal vector field may have quadric
singularities (see Example 10.1 below). Such singularities, however, are the worst that
can occur, aside from the fact that the codimension restriction has to be modified as
well, cf. Example 10.1. More precisely, the following theorem is proved in Section 17.
(Throughout the paper, a set in a vector space is called star-shaped if it is a union of
line segments emanating from 0.)

Theorem A. Let Z denote the zero set of a conformal vector field v on a pseudo-
Riemannian manifold (M,g) of dimension n > 3. Then every point z € Z has a
neighborhood U’ in M such that, for some star-shaped neighborhood U of 0 in T.M,
and some metric g' on U’ conformal to g, the exponential mapping exp, of ¢' at z
is defined on U and maps U diffeomorphically onto U’, while ZNU' = exp,[ENU]
for E CT_M which is

(a) a vector subspace of T.M, or
(b) the set of all null vectors in a vector subspace H C T.M.

The singular subset A of ZNU' equals exp.[H N HYNU] in case (b), if the metric
restricted to H is not semidefinite, and A = ) otherwise. The connected components
of (ZNU') N A are totally umbilical submanifolds of (M, g), and their codimensions
are even unless A =@ and ZNU' is a null totally geodesic submanifold of (M,g). In
addition, divwv s constant along each connected component of Z.

Remark 17.2 discusses the meaning of Theorem A in the Lorentzian case.

Theorem A does not extend to dimension 2. In the metric signature —+ the zero
set of a conformal field v may be quite pathological (Example 10.2), even though on a
Riemannian surface (M, g) such v is locally holomorphic, and so its zero set is discrete
or equal to M, cf. [4].

The argument in Sections 14 — 17, leading to Theorem A, concentrates — just as
Belgun, Moroianu and Ornea did in [4] — on the case where a conformal vector field v
on a (pseudo-)Riemannian manifold (M, g) has a zero at a point z € M satisfying one
of the following two conditions, with ¢ asin (1) and V¢, denoting its gradient at z:

a) 6(z) # 0, o)
b) () = 0 and Ve. ¢ Vu.(TLM).
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Here Vu.(T,M) is the image of Vv, : M — T,M, the value at z of the covariant
derivative Vv treated as the bundle morphism Vv : TTM — T'M which sends each
vector field w to the vector field V,,v.

The use of (2.a) — (2.b) is crucial in view of the following result of Beig [3].

Theorem B. For a conformal vector field v on a pseudo-Riemannian manifold (M, g)
with dim M > 3 and a zero z of v, the following two conditions are equivalent:

(i) z has a neighborhood U’ such that v restricted to U’ is a Killing field on (U',g'),
where g’ is some metric on U’ conformal to g,

(ii) ¢(2) =0 and Vo, € Vv, (T.M), that is, neither (2.a) nor (2.b) holds at z.
Proof. See [6]. O

A point z € M is said to be essential [4] for a conformal vector field v on (M, g)
if condition (i) in Theorem B fails to hold. Thus, by Theorem B, essential zeros of v
are precisely those zeros at which (2.a) or (2.b) is satisfied. On the other hand, points
where v # 0 are never essential, cf. the lines preceding Lemma 9.1.

In proving Theorem A we are allowed, by Theorem B, to make the additional
assumption that (2.a) or (2.b) holds. In fact, if one has neither (2.a) nor (2.b),
Theorem B reduces the problem to studying the zero set of a Killing field, which is
always linearized by normal coordinates. Assertion (a) of Theorem A then follows, for
E = Ker Vu,, with ¢’ chosen as in Theorem B(i). (See Section 17.)

On the other hand, if one of conditions (2.a) — (2.b) is satisfied, case (b) in
Theorem A is a direct consequence of the following result, proved in Sections 15 — 16:

Theorem C. Let Z be the zero set of a conformal vector field v on a pseudo-Riemann-
ian manifold (M, g) of dimension n > 3. If z € Z, while exp, denotes the exponential
mapping of g at z, the function ¢ in (1) has one of the properties (2.a) — (2.b), and
U s a sufficiently small star-shaped neighborhood of 0 in T.M mapped by exp, dif-
feomorphically onto a neighborhood U’ of z in M, then Z NU' = exp,[C N HNU]
for H = KerVuv, N Kerdgp, CT.M and the null cone C ={u € T,M : g,(u,u) =0}.

The paper is organized as follows. Sections 2 — 11 contain preliminary material,
including Theorem 7.5 derived from the Morse-Bott lemma (more on which below). The
three lemmas in Section 12, which deal with the behavior of conformal fields along null
geodesics, are then used in Section 13 to establish the relation exp,[CNHNU] C ZNU’,
one of the two opposite inclusions constituting the equality Z NU’ = exp,[C N H N U]
required in Theorem C. The proof of the remaining inclusion is split into Sections 15
and 16, corresponding to two separate cases, (2.a) and (2.b). In the former, limiting
properties of geodesic segments joining points of exp.[C' N H N U] to other zeros of v
near z are used to conclude that the other zeros cannot lie arbitrarily close to z. A
similar argument provides a part of the proof in the latter case: phrased as Lemma 14.1,
it shows that nearby zeros at which ¢ # 0 would lead to connecting limits, in the sense
of Section 5, for certain subsets of Z near z, which are contained in H, but not in
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the nullspace of H. The final step is provided by Theorem 7.5, which states, first, that
the existence of such connecting limits would contradict the algebraic structure of the

second covariant derivative of v at z, and, secondly, that nearby zeros with ¢ = 0
must all lie in exp,[C'N HNU]J.

2. Manifolds and submanifolds

Unless stated otherwise, manifolds and submanifolds are connected, submanifolds carry
the subset topology, while tensor fields and mappings are, by definition, of class C°.
By vector-valued functions we mean mappings into vector spaces, with the latter always
assumed to be finite-dimensional and real.

Given a vector-valued function § on I x K, where K is a manifold and I C R
an interval containing 0, the Newton-Leibniz formula and integration by parts yield

) Bls.y) = B0,y) + s g B,(ts,y)dt. 3)
i) Bs,y) = B0,y) + B.0.9)s + 8 [j (1= )8, (ts,y) dt
for s € I and y € K, with (), = 0/0s. In particular, 8 is smoothly divisible by the
projection function (s,y)+ s if =0 whenever s = 0. Similarly, for a vector-valued
function ¥ : U — 7T on a neighborhood U of a point z in a vector space W, and any
x,y near z in W, integrating d[¥(x +t(y — x))]/dt from ¢t =0 to ¢ =1 we obtain

where the function (z,y) — D, € Hom(W,T) is given by D, , = fol AT

Lemma 2.1. Let a vector-valued function [ on a manifold N wvanish at all points of a
codimension-one submanifold K.

(a) If z € K and df, # 0, then z has a neighborhood U in N such that 3 # 0
everywhere in U ~\ K.

(b) If dp # 0 everywhere in a set = C K, then for some open subset U of N
containing = we have [ # 0 at all points of U\ K.

Proof. Let us replace K with a smaller neighborhood of 2z in K, if necessary, so as to
identify a neighborhood of z in N with I x K and K with {0} x K, for I asin (3).
Since dj3, # 0, we have fol B,(0,y)dt = 3,(0,y) # 0 in (3.i), for y = z. This yields (a),
while (a) obviously implies (b). O

Given a submanifold K of a manifold M, the normal bundle of K is defined, as
usual, to be the quotient vector bundle N = T;;M/TK, where T,;M is the restriction
of TM to K. A fixed torsion-free connection V on M then gives rise to the second
fundamental form of K, which is a section b of Hom([TM]*2,N) = [T*M]*?®@ N (in
other words, b, : T, K x T,K — N, is, at every z € K, bilinear and symmetric). We
have b(t, 1) = mVyi whenever t — z(t) is a curve in K, with 7 : TM — N denoting
the quotient projection.
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Lemma 2.2. Let b be the second fundamental form of a submanifold K in a manifold
M endowed with a torsion-free connection V.

(i) b(¢,2) =0 along any geodesic t — x(t) of ¥V which is contained in K.
(i) If z € M, a neighborhood U of 0 in T,M is mapped by exp, diffeomorphically

onto a neighborhood of z in M, and K = exp.[VNU] for a vector subspace V
of T.M, then b, =0.

Proof. Assertion (i) is obvious from the formula b(z, ) = 7V, and (ii) from (i) for
all the geodesics z(t) = exp,tu with v € V. O

When b = 0 identically, K is said to be totally geodesic relative to V. If V is
the Levi-Civita connection of a pseudo-Riemannian metric ¢ on M and b = g ® u
for some section u of N, where g, is the restriction of g to K, one calls K totally
umbilical in (M, g). This last property of K is conformally invariant, since

changing ¢ to e "g causes b to be replaced by b + g @ TVT/2. (5)

A null submanifold of a pseudo-Riemannian manifold (M, g) is totally umbilical if and
only if it is totally geodesic. The class of (unparametrized) null geodesics in (M, g) is
therefore a conformal invariant.

3. Differentials and Hessians

As before, vector-valued functions are mappings into finite-dimensional real vector
spaces. For a fixed curve t — x(f) in a manifold M and a vector-valued function
f on M, we write

f=dlf(e@))/dt, f = d*[fx(t)]/de. (6)
Given a vector bundle £ over a manifold M, a section ¢ of & defined on an open
set U C M, and a point z € U at which ¥, = 0, the differential of ¢ at z is the
linear operator 0, : .M — &, arising as the composition of the ordinary differential
dip, : .M — T,E and the projection T,€ — &, coming from the natural identification
T. ~ TM®E,. (Here z € M C &, with M treated as the zero section embedded
in the total space &€, and ¢ viewed as a mapping M — £.) The components of 09,
relative to fixed local coordinates and a local trivialization of &, defined around z, are
;9% so that 0v, = V1, for any connection V in the vector bundle &.

ExampPLE 3.1. For £ M,vy, U and z as above, with ¢, = 0, let n = dim M and
r = rank 0v,. Then all zeros of 1 near z lie in some (n — r)-dimensional submanifold
N of M having the property that Ker 0v, C T,N whenever x € N and 1, = 0.

To construct such N, we may start with an r-dimensional real vector space W and
a base-preserving bundle morphism G from &£ into the product vector bundle M x W.
In other words, G is a W-valued C* function on the total space £ and its restriction
G, to the fibre &, is linear for each x € M. We now choose G so that G, sends
the image 0v,(T,M) isomorphically onto W. The mapping F : U — W defined by
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F(z) = G, has, at any o € U with ¢, = 0, the differential dF, = G, 0 01,. Applied
to x = z, this shows that F' is a submersion at z and, making U smaller if necessary,
we can simply set N =UnN F~1(0).

EXAMPLE 3.2. (a) In the case where £ = TM and z € M is a zero of a vector field
v defined on a neighborhood of z, the differential dv, obviously coincides with the
infinitesimal generator of the local flow of v acting in T, M.

(b) If f: M — W is a vector-valued function on a manifold M and df, =0 at a
point z € M, the differential Odf, of df at z is nothing else than the Hessian of f at
z. Here df is a section of the bundle & of W-valued 1-forms on M. We will use the
fact that, for a curve ¢+ xz(t) in M with z(0) = z,

f(0) = ddf.(u,u) (notation of (6)), where u = 2(0). (7)

REMARK 3.3. Let N be the submanifold constructed in Example 3.1, with the
corresponding & M, vy, U, z,n,r,G and F. Suppose that, in addition, £ and TM
are endowed with connections, of which the latter is torsion-free, and both are denoted
by V, while ¢ is a fixed section of the dual bundle £*, and the function @) : N — IR
is defined to be the restriction of £(¢)) to N. Then

(i) dQ, =0 at every z € N with ¢, = 0 and rank 0¢, = r, including = = z,

(ii) in the case where £, vanishes on the image 0, (T, M) (thatis, 0v,(T.M) C Ker¢,),
the Hessian of Q) at z is given by 0dQ.(u,u) = &(0(u,u)) for all u € TN =
Ker 01, with 6 denoting the second covariant derivative of 1 relative to the two
connections and their tensor product: 6(u,w) = [V,(V¥¢)]w whenever u,w € T.M.

In fact, for a curve t +— x(t) in N we have Q = (&%) = i7(E, 0% + &%),
(notation of (6) and the lines preceding Example 3.1, with commas standing for covariant
derivatives). This gives (i), since for all z in question the inclusion Ker d¢, C T, N is
an equality. If z(0) = z and #(0) = u, differentiating covariantly with respect to ¢
once again, at ¢ = 0, we obtain, from (7), 9dQ.(u,u) = w/u*&,(2)Y* ;x(2), as required;
note that §,9¢ ;=0 at t =0 (since 99.(T.M) C Ker&,), and 9 j = 0f;.

4. Normal-coordinate neighborhoods and rigid geodesics

As before, a subset of a vector space is said to be star-shaped if it is a union of line
segments emanating from 0.

For a fixed connection V on a manifold M, a nontrivial V-geodesic segment [" with
endpoints y,x will be called rigid if there exists an open subset U’ of M containing
I" such that I is the unique geodesic segment in U’ joining y to z. By a normal-co-
ordinate neighborhood of a point z € M we mean any open set U’ C M which is the
exp,-diffeomorphic image of a star-shaped neighborhood U of 0 in T.M, with exp.,
denoting the exponential mapping of V at z. Each point x € U’ then is joined to z
by a unique V-geodesic segment I' contained in U’ (and so I is rigid).
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Let T'M be the total space of the tangent bundle of M. Our convention is that,

as a set, TM = {(z,w) : © € M and w € T,M}. We identify M and each tangent
space T, M, in the standard way, with subsets of T'M (the zero section and the fibre
{z} X T, M), and say that a subset of T'M is radial if its intersection with each T,M is a
(possibly empty) star-shaped set in T, M. For a fixed connection V on M, the formula
Exp(z,w) = (x,exp,w) defines a mapping from a radial open submanifold of TM,
containing the zero section, into M x M. In view of the inverse mapping theorem, Exp
restricted to a suitable radial neighborhood (2 of any point (z,0) in the zero section is
a diffeomorphism onto a neighborhood (2" of (z,2) in M x M. We will call a normal-
coordinate neighborhood U’ of z subconver if U’ x U’ C {2’ for some such (2 and (2".
More precisely, we will treat 2 as a “part of the structure” of the subconvex normal-
coordinate neighborhood U’ of z, so that, whenever (z,y) = Exp(z,w) € U’ x U’ with
(x,w) € £2, we may refer to the curve [0,1] 5 ¢t — Exp(z,tw) as the rigid geodesic
segment in M joining = to y.
REMARK 4.1. If V is the Levi-Civita connection of a pseudo-Riemannian metric g on
M, the class of null geodesic segments in (M, g) depends only on the underlying con-
formal structure of g. (See the end of Section 2.) On the other hand, for any conformal
vector field v on (M, g), the local flow of v consists of conformal diffeomorphisms.
Consequently, if v =0 at both endpoints of a rigid nontrivial null geodesic segment I
in (M, g), then, due to uniqueness of I, the local flow of v maps I' into itself.

5. Connecting limits and radial limit directions

Suppose that M is a manifold, z € M, and L is a line through 0 in T_M. Let us
also fix a norm || in T,M and a neighborhood U of 0 in T,M along with a diffeo-
morphism ¥ : U — U’ onto a neighborhood U’ of z in M such that ¥(0) = z and
d¥, =1d : TN — T_N. We call L a connecting limit for a pair of sequences x;,y; € M,
Jj=1,2,..., both converging to z and having z; # y; whenever j is sufficiently large,
if, for all but finitely many j, and wu;,w; € U such that ¥(u;) = z;, ¥(w;) = y;, the
limit of the sequence (w; —u;)/|w; — u;| exists and spans L.

For such M,z and z;,y;, neither L itself nor the fact of its existence depends on
the choice of || and ¥. This is obvious for ||, and for ¥ it amounts to the following
claim: if, in addition, M s a neighborhood of z = 0 in a vector space W, so that
TM =W, and (y; — z;)/|y; — z;) = w€ W as j — oo, then, for any diffeomorphism
U with the stated properties, [V (y;) — ¥ (x;)]/|¥(y;) — ¥ (z;)| — w.

To verify the italicized statement, note that, for z,y near 0 in W, if one
writes © = x;, y = y;, the assumption that (y — z)/|y — x| — u gives, by (4),
[@(y)—w(2))/ly—1] = Dy l(y—2)/ly—2]) = Dyg oy = u. Since [¥(y)—¥(a)]/|y—x]
tends to the | |-unit vector u, so does the sequence [¥(y)—¥(z)]/|¥(y)—¥(x)| obtained
by normalizing [V (y) — ¥ (x)]/|y — x|, as required.

REMARK 5.1. Given M, z, L as above, let L C T.M be the connecting limit for a pair
of sequences z;,y; with z; # y;, converging to z. Then
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(i) L CT,N if N is a submanifold of M and z;,y; € N for all j,

(ii) L C Kerdvy, whenever ¢(z;) = ¢(y;) = 0 for all j and some section ¢ of a
vector bundle over M. (Notation of Section 3.)

In fact, we obtain (ii) by identifying a neighborhood U’ of 2z in M with a neighborhood
of z = 0 in the vector space W = T.M and trivializing the bundle over U’, so
that 1 becomes a vector-valued function (¢',... 49) : U’ — IR% Vanishing of
each ¢ a = 1,...,q, at both points x;,y; implies that #;(t) € Kerdy;, where
xj(t) = v+ t(y; — x;) and y = x;(t) for each fixed a and some sequence t$ € (0,1),
j =1,2,.... The convergence relation IR(y;—x;) — L now yields L C Ker d¢ for each
a, and (ii) follows. Now (ii) yields (i), since N = ¢~1(0) for a vector-valued function
v which is a submersion onto a neighborhood of 0 in a vector space.

In the following lemma, which will be needed in Section 14, convergence of tangent
directions refers to the appropriate Grasmannian bundle, and can also be interpreted
as convergence in T'M of suitably normalized spanning vectors. For the definitions of
subconvexity and rigidity, see Section 4.

Lemma 5.2. Suppose that U’ is a subconvex normal-coordinate neighborhood of a point
z in a manifold M with a connection V, a line L through 0 in T,M is the connecting
limit for a pair of sequences xj,y; € U', 7 =1,2,..., both converging to z, with x; # y,
for all j, and [0,1] >t — x;(t) denotes the rigid V-geodesic segment joining x; to
yj in U'. Then x;(t) — z and Ri;(t) = L as j — oo, uniformly in t € [0,1].

Proof. For (2 associated with U’ as in Section 4, (z,w) € {2, and any t € [0, 1], let us
set x(t) = exp;tw. Then (z,z(t)) = Exp(x,tw), cf. Section 4, and so the preimage of
(0,2(t)) € Tiaww)(M x M) under the differential of Exp at (x,tw) € T'M, is, obviously,
the vector (z,w) € {a} xToM = Ty ) ({2} X M) C T(410)(T'M), independent (under
this identification) of t.

Passing to a subsequence, if necessary, we may assume that IR%;(0) — L' as j — oo
for some line I/ C T_N. Since (z;(0),z;(t)) = Exp(z;(0),tw;) for w; = &;(0), the
relations x;(t) — z, where t = 0,1, and Rz;(0) — L' amount to (x;(0),w;) — (z,0)
and (z;(0), cjw;) — (z,u) in TM with suitable ¢; € (0,00) and a vector u € L \{0}.
The former relation clearly gives (x;(0),tw;) — (2,0) € T'M, and the latter, combined
with the remark about independence of ¢ made in the last paragraph, implies that
IRi;(t) — L. In both cases, the convergence is uniform in t.

Let us now identify U’ with a neighborhood of 0 in a vector space W, which also
trivializes TM over U’, and fix a norm || in W. Omitting the subscript j in z;,y;
and w; = #;(0), we thus have y = exp,w and w/|w| — u for some vector u spanning
L. From (4) for ¥ = exp, we now obtain (y — z)/|w| = [¥(w) — ¥(0)]/|w| — u (cf.
the lines preceding Remark 5.1), and, again, convergence of (y — z)/|w| to the | |-unit
vector u implies the same for the normalized sequence (y —z)/|y —x|. Thus, L is the
connecting limit for the pair x;,y;, so that L' = L. Since this happens for the limit L'
of any convergent subsequence of IRi;(0), our assertion follows. O
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Let z be a point in a manifold M. If X,Y C M, we define IL,(X,Y) to be the set
of all connecting limits for pairs z;,y; of sequences in M such that x;,y; both converge
to z, while z; € X, y; € Y and =z, # y; for all j. By radial limit directions of a subset
Z C M at apoint z € M we mean elements of IL,({z}, 7). Radial limit directions of
a submanifold N C M at a point z € N are the same as lines through 0 in 7N, as
one sees choosing the diffeomorphism ¥ used to define connecting limits in such a way
that it maps a neighborhood of 0 in TN C T_M into N.

6. Quadratic forms

In this section all vector spaces are finite-dimensional and real. Given a symmetric bi-
linear form (,) in a vector space W, we will denote by C' = {z € W : (z,z) = 0} its
null cone, and by V*+ ={x € W :(z,-) =0 on V} the (,)-orthogonal complement of
a vector subspace V C W. Thus, W+ is the nullspace of (,). The quadratic function
Q : W — IR corresponding to (,) is given by Q(z) = (z,z), and so its differential at
any z € W is dQ, = 2(x, -). Consequently,

the nullspace W+ coincides with the set of critical points of Q. (8)

REMARK 6.1. Let a symmetric bilinear form (,) in a vector space W be semidefinite.
Then (,) satisfies the Schwarz inequality (z,y)? < (z,z)(y,y) for z,y € W. (In
fact, changing the sign of (,) if necessary so as to make it positive semidefinite, we
can approximate it with positive-definite forms (,) +e(,),, where ¢ > 0 and (,),
is positive definite.) Consequently, its null cone C' coincides with its nullspace W+,
and so C' is a vector subspace of W. Thus, C is a (singularity-free) submanifold of
codimension rank (,) in W.

REMARK 6.2. Let C' be the null cone and W+ the nullspace of a symmetric bilinear
form (,) in a vector space W which is not semidefinite. Then

(a) the set of singular points of C' is nonempty, and coincides with W+,

(b) the nonsingular subset C'\. W+ is dense in C,

(c) the connected components of C'~. W+ are codimension-one submanifolds of W,
)

(d) for y € C, denoting by E, C W the union of all radial limit directions of C' at y
(defined at the end of Section 5), we have F, = C if y € Wt and E, =T,C = y*
if y € C'~ W+, so that in the former case E, spans W, and in the latter £, is a
codimension-one subspace of W.

Namely, we have (c) since 0 is a regular value of the function u — (u,u) restricted to
W~ W+ (the differential of which, at any w € W, is 2(u, -)). Also, (,) descends to
a symmetric bilinear form in W/W+ which is nondegenerate and indefinite, so that it
has nonzero null vectors lying arbitrarily close to 0, and (b) follows.

Next, C spans W. In fact, we may choose a (,)-orthogonal basis w;, u,,v,, where
the index j (or a, or p) ranges between 1 and some i, > 1 (or, some i_ > 1, or,
respectively, some k > 0), while (w;,w;) =1 = —(uq,u,) and (v,,v,) = 0. Thus, W
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has a basis of (,)-null vectors, formed by all w; — u,, all u; + w;, and all v,. Now
(d) is immediate from (c) and the final sentence of Section 5, while (a) is an obvious
consequence of (d).

REMARK 6.3. If (,) is a nondegenerate symmetric bilinear form on a vector space W
and X = {u € W : |u| = 1} denotes the unit sphere of a fixed Euclidean norm || in
W, then 0 is a regular value of the function X' 3 u +— (u,u).

More precisely, the differential of this function at any v € X' is 2(u, -) restricted
to T, which is nonzero when (u,u) =0, or else u would be (,)-orthogonal to u as
well as to 1,2, and hence to the whole space W = Ru & T, ).

7. Some consequences of the Morse-Bott lemma

The following result is often referred to as the Morse-Bott lemma.

Lemma 7.1. Suppose that a submanifold K of a manifold N consists of critical points
of a function @ : N — IR, while z € K and Q(z) = 0. If for the Hessian 0dQ),
we have rank 9dQ), > dim N — dim K, then there exists a diffeomorphism W of a
neighborhood U of 0 in T.N onto a neighborhood U’ of z in N such that ¥(0) = z
and d¥, = 1d : N — TN, while Qo V¥ equals the restriction to U of the quadratic
function of 0dQ,, and KNU' =¥ (VNU), where V C T.M is the nullspace of 0dQ.,.

Proof. See [2]. Note that, as the nullspace of ddQ, contains T,K whenever z € K,
the inequality assumed about rank 0d(Q), at x = z is actually an equality, not just at
z, but also at all nearby = € K. Also, the requirement that d¥, = Id, not explicitly
mentioned in [2], can easily be realized, as it satisfied when f is already diffeomorphi-
cally identified with a quadratic function. m

Consider now a subset Z of a manifold N, a point z € Z and a symmetric bilinear
form (,) in T,LN. We will call Z a quadric at z in N modelled on (,) if there exists
a diffeomorphism ¥ of a neighborhood U of 0 in TN onto a neighborhood U’ of z
in M such that ¥(0) =z and d¥, =1d : LN — TN, as wellas ZNU' =¥ (CNU),
where C'={u € TN : (u,u) = 0} is the null cone of ().

We may now rephrase one immediate consequence of Lemma 7.1 as follows.

Lemma 7.2. Under the hypotheses of Lemma 7.1, the zero set Z = Q1(0) is a quadric
at z in N modelled on 0dQ),.

REMARK 7.3. A finite-dimensional real vector space with a fixed symmetric bilinear
form (,) can always be decomposed into a (,)-orthogonal direct sum W & V of sub-
spaces such that (,) is nondegenerate on W and (,) =0 on V. Consequently, V is
the nullspace of (,). Denoting by X the ||-unit sphere around 0 in W, for a fixed
Euclidean norm | | in W&V, and by @ the quadratic function of (), we clearly have
Q(su+ z) = s*(u,u) whenever (s,u,z) € R x ¥ x V. Every neighborhood of 0 in
W @V contains a smaller neighborhood of the form B® K ={y+z:y € B, =z € K},
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where B C W is the open | |-ball in W of some radius € > 0, centered at 0, and K is
a neighborhood of 0 in V.

The next lemma will be used in the proof of Theorem 7.5.

Lemma 7.4. If Y.Y’ are quadrics at a point z in a manifold P, both modelled on
the same symmetric bilinear form (,) in T.P, and Y C Y’ then U'NY = U'NY’ for
some neighborhood U’ of z in P.

Proof. In the case where (,) is semidefinite, ¥ and Y’ are submanifolds of codimen-
sion rank(,) in P (see Remark 6.1), and our claim follows from the inverse mapping
theorem applied to the inclusion Y — Y.

Suppose now that (,) is not semidefinite. Using the notations and identifications
introduced in Remark 7.3, we think of P as a neighborhood of 0 in T,P = W@V
having the form B@® K, with Y and Y’ equal to the zero sets of the quadratic function
Q@ of (,) and, respectively, of the function @’ obtained as the composite of @) with a
diffeomorphism between B & K and a neighborhood of 0 in W & V, whose value and
differential at 0 are 0 and Id. The Hessians of @) and of @’ thus both equal 2(,),
while, by (8), the neighborhood K of 0 in V appearing in the equality P = B ® K is
precisely the set of critical points of @, that is, singular points of Y (see Remark 6.2(a)).
In view of the characterization of singular and nonsingular points of a quadric, given
in the final clause of Remark 6.2(d), all singular points of Y are also singular in Y, so
that K must consist of critical points, as well as zeros, of )’

For the open set 2 = (—¢,¢) x X x K in IR x X x V, where ¢ is the radius of
B (cf. Remark 7.3) and the function (: {2 — IR given by ((s,u,z) = Q'(su + ), we
thus have ((0,u,z) = (5(0,u,z) = 0 whenever (0,u,z) € 2 (notation of (3)), and so

i) Q'(su+2z) = s*u(s,u, x) i) p(0,u,0) = (u,u) 9)
for p: 2 — IR with p(s,u,x) fo s(ts,u,x)dt and all (s,u,x) € 2. In fact,
(3.i1) yields (9.i), and (9.ii) follows as QM(O,u, 0) = 0dQ(u,u), cf. (7).

According to Remark 6.3, the points u € X such that (u,u) =0 form a (possibly
disconnected) codimension-one submanifold IT of X, and the function X' > u+— (u,u)
has a nonzero differential at every point of II. For 2, = (—¢,¢) x II x K, (9.ii) and
compactness of Il allow us to choose € and K small enough so as to ensure that
i 2 — IR has a nonzero differential at every point of the codimension-one subman-
ifold 2, of 2. Also, by (9.i), u =0 on 2, since the equality Q(su + x) = s*(u,u)
(see Remark 7.3) gives 2, CY C Y’ Lemma 2.1(b) now guarantees, for smaller ¢ and
K, the existence of an open subset U of X such that I C U and pu # 0 everywhere
in (—e,e) x [U N II] x K. Since, in addition, (9.ii) yields pu # 0 at all points of the
compact set {0} x [\ U] x {0}, making ¢ and K even smaller we obtain u # 0
everywhere in (—e,e) x [X N IT] x K = 2~ (2. In view of (9.i), this proves the lemma,
with U'= B ® K for the current choices of ¢ and K. O

The following result is a key technical ingredient for the proof of Theorem C. For
the definition of IL,(Z \ ¢~'(0), K), see Section 5.
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Theorem 7.5. Given a submanifold K of a manifold N, a point z € K, a vector space
T containing T,N as a subspace, a symmetric bilinear form (,) in T, a vector-valued

function f: N — T, and a function ¢ : N — R, for which d¢.# 0 and P = ¢~1(0)
is a codimension-one submanifold of N such that K CY C P with some quadric Y
at z in the manifold P modelled on the restriction of (,) to the subspace H = TP,
let Odf, denote the Hessian of f at z. In addition, suppose that

(a) the restriction of (,) to T.N is nonzero,

(b) V= T.K is the nullspace of the restriction of (,) to H =T,P,

(¢) df =0 at all points of K, and Y C Z, where Z C N is the zero set of f,

(d) (w,0df.) = d¢, ® (w, -) + (w, -) ® dp, — [dp.(w)]|(,) for every w € T.N.

Then

(i) ZN PN CY for some neighborhood (2 of z in N,
(ii) no element of IL.(Z ~ ¢~*(0), K) is contained in (H ~V)U{0}.

8. Proof of Theorem 7.5

In view of (a), both (,) and d¢, are nonzero on T,N. Let us fix w € TN such
that d¢.(w) # 0 # (w,w). The Hessian 9dQ, of the function @ : N — IR with
Q(y) = (w, f(y)) obviously equals the right-hand side in (d). Thus, if we set £ = d¢,,

0dQ.(w,w) = [{(w)]{w,w) #0 and, for ue€ H=T,P= Ker¢, (10)
asz(w u) = —[f(w)]{u, ’LL>, ad@z(wau) =0.

8.1. Assertion (i)

By (b) and (10), the assumptions of Lemma 7.1 hold for P (rather than N), our z,
the restriction of Q to P, and K. Therefore, in view of Lemma 7.2, Y'= PN Q~1(0)
is a quadric at z in P modelled on the restriction to T.P of dd(Q), or, equivalently, of
(,) (ct. (10)). Lemma 7.4 thus applies to Y’ and the quadric Y in the statement of
Theorem 7.5, as the hypotheses Y C P and Y C Z in Theorem 7.5, combined with the
relation Z C Q~1(0) (obvious from the definitions of Z and Q), give Y C ZNP CY".
In view of Lemma 7.4, the latter inclusions turn into equalities if one replaces the sets
involved by their intersections with a suitable neighborhood (2 of z in N. This not
only yields the conclusion Z NP N2 C Y claimed in (i), but also shows that

f =0 at all points of PN Q'(0) sufficiently close to z. (11)

The remainder of this section is devoted to proving assertion (ii).

8.2. Identifications and decompositions

In view of (b) and (10), the hypotheses of Lemma 7.1 are also satisfied by our N, z,Q
and K. Replacing N by a neighborhood of z in N, we may thus use Lemma 7.1 to
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identify N with a neighborhood of 0 in the vector space TN, and z with 0, in such a
way that @) becomes the quadratic function of the symmetric bilinear form (,) = 0dQ,
on TN, and K is the intersection of N with the nullspace of (,). We also decompose
T.N into a direct sum W&V as in Remark 7.3, choosing W so that w € W. Thus, V
is the nullspace of (,). As a result, we obtain three (,)-orthogonal decompositions:

TN=WaoV, W=RwdH, H=HOYV, (12)

where H' = wt N W, with ()* standing for the (,)-orthogonal complement in T_N.

As V is the nullspace of (,), we have K = VN N. Replacing N and K with
smaller neighborhoods of 0 in TN and V., we thus get N = B @& K, meaning that
N={y+xz:ye€ B, x € K}, where B C W is the open | |-ball in W of some radius
e > 0, centered at 0, for a fixed Euclidean norm || in 7,N. Summarizing, we have

H=HnNW, H CH=TP=Keré=w, V=T1LK. (13)
As (,) = 0dQ), satisfies (10), it follows from (b) and (12) that

a) the restriction of (,) to H’ is nondegenerate, (14)
b) if (,) is positive or negative definite on H', so must be (),
(14.b) being obvious since (,) restricted to H' is, by (10), a nonzero multiple of ().

We use the symbol X' for the | |-unit sphere around 0 in W.

8.3. Factorizations of F,¢,(Q, and a description of I.(Z ~\ ¢~ %(0), K)

From now on (s,u,z) denotes a generic element of the open set 2 = (—¢,¢) x X' x K
in R x X x V. We define a C* function § : 2 — TN by [(s,u,z) = f(su + x).
As f and df vanish on VNN = K C Z, we have 5(0,u,z) = f(0,z) = 0 as well
as Bs(0,u,x) = df,(u) = 0 whenever (0,u,z) € 2 (notation of (3)). Similarly, the
function ~y(s,u,z) = ¢(su + ) vanishes when s = 0. Thus, ((s,u,x) is smoothly
divisible by s% and v(s,u,z) by s. Explicitly, according to (3),

f(su+z)=s*F(s,u,x) with F(s,u,z) = fol(l —t)0,,(ts, u, x) dt,
d(su+z) = sP(s,u,x), where &(s,u,z)= fol vs(ts, u, x) dt, (15)
Q(su+ ) = s*(u,u) = s*(w, F(s,u,1)).

By (15), a vector spanning a line L € IL.(Z \ ¢~'(0), K) is, up to a factor, the limit

of a sequence v;/|v;|, 7 =1,2,..., where v; = s;u; + x; — y; with (s;,u;,z;) € £2 and
y; € K such that (s;,z;,y;) — (0,0,0), as well as
@(Sj,uj',l'j) 7é 0= F(Sj,Uj,fL’j) = (Uj,Uj) for all jZ 1. (16)

Passing to a subsequence, we may further assume that u; — « for some u € X, while
sjuj/|vj| — cu and (x; —y;)/|vj| — x for some ¢ € R and z € V. Thus, since F is
continuous, F'(0,u,0) = (u,u) = 0. Also, L = R(cu + z), so that, by (13),

if &(u)# 0, then L is not contained in (H ~ V) U{0}. (17)
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8.4. Values on {0} x X' x {0}, where X is the | |-unit sphere in W

For £ =d¢, and any u € X, the definitions of § and 7 along with (7) and (15) give
i) 2F(0,u,0) = ddf.(u,u), i) P(0,u,0) = &(u). (18)

Consequently, using (d) we see that, if v € X and v’ € T,,X, while w’ € T,N,

a) 2<w/7 F(07 U, 0>> = 2[5(“’)] <’LU/, u> - [f(w’)] <U, u>7
b) (w',dFy ,u') = [§(w)](w', ') + [§(u))[(w', u) — [§(w")]{u, u'),
with u' on the left-hand side standing for the vector (0,u’,0) tangent to {0} x X' x {0}
at (0,u,0).
In the remainder of the proof, (—e,¢) and K will repeatedly be replaced with

(19)

smaller neighborhoods of 0 in IR and V| as needed for the argument.

8.5. Case A: (,) is semidefinite on H

By (14.a), (,) restricted to H' is positive or negative definite. Furthermore,
&(u) # 0 for every u € X such that F(0,u,0) =0, (20)

where X C W is the | |-unit sphere, £ = d¢, and F' is given by (15). In fact, suppose
that u € X' and &(u) = 0. Since X' C W, (13) then gives u € H', and so (u,u) # 0 in
view of (14.b). Thus, F(0,u,0) # 0, as one sees evaluating (19.a) for w’ equal to the
vector w € W with {(w) # 0 which appears in (10).

Assertion (ii) now follows: for any (s;,u;,z;),y;,c,u and = with the properties
listed in the lines following (15), including F'(0,u,0) = 0, (20) and (17) yield (ii).

8.6. Case B: (,) is not semidefinite on H

This time, (,) restricted to H' is nondegenerate and indefinite, cf. (14.a) and (12). As
before, X' denotes the | |-unit sphere in W, and & = d¢.. In view of Remark 6.3, the
condition (u,u) =0 imposed on u € X' defines a (possibly disconnected) codimension-
one submanifold I of X, containing the subset A =IINH =11 NKeré (cf. (13)).

The set A, nonempty due to indefiniteness of (,) on H’, contains no critical points
of the restriction ¢ : IT — IR. In fact, let u € A, so that (u,u) =0 and u € X', where
Y' = XY N H'is the | |-unit sphere in H’. Remark 6.3 applied to X’ shows that the
functional (u, -) is nonzero on T,%X" = T, X N Ker¢ (cf. (13)), and £ is nonzero on
.Y (as T,2" = T,X NnKer¢ is a proper subspace of T,Y). The restrictions of the
functionals (u, -) and & to T, X are thus linearly independent. Consequently, £ is
nonzero on 1,2 N Ker (u, -) = T,1I, as required.

In terms of (2, = (—e,¢) x II x K, these conclusions and (18.ii) imply that
the nonempty set A" = {0} x A x {0} consists precisely of all zeros of the function
¢ : {2 — IR given by (15) which lie in the submanifold {0} x IT x {0} of (2,, and that
the restriction of @ to {0} x IT x {0} has a nonzero differential at every point of A’
As I is compact, choosing smaller ¢ and K we can ensure that 0 is a regular value
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of the restriction @ : {2, — IR. In addition, the submersion s: 2, — (—¢,¢), given by
(s,u,x) s, is constant on {0} x II x {0}, and so ¢ and s, as functions on (2, have
linearly independent differentials at each point of A’. For even smaller ¢ and K, we
thus have d® A ds # 0 everywhere in 2, N ®(0). Thus, 2, NP *(0) is a (possibly
disconnected) codimension-one submanifold of (2, and the additional condition s =0
defines a further codimension-one submanifold of 2, N @&~1(0) (so that, in particular,
s # 0 on a dense subset of 2,N®1(0)). Next, for F given by (15),

(%) F: 2y — T has the value 0 and nonzero differential at every point (s,u,x) of the
codimension-one submanifold 2, N ®~1(0) of §2,, containing A= {0} x A x {0}.

8.7. Justification of (x)

As P=¢"1(0), (11) and (15) along with the definitions of II and (2, give FF' =0 on
2, N&71(0), while A’ C 2,NP1(0) due to the definition of A and (18.ii). Note that
the conclusion here is F' = 0, rather than just s?F = 0, since, as mentioned above, the
subset s # 0 is dense in 2, N &~1(0).

Since II is compact and we are free to make ¢ and K smaller, (%) will follow
if we prove it just for (s,u,z) = (0,u,0) with u € A, while restricting F further,
to the submanifold {0} x IT x {0} of (2,. (As we saw, A’ is the intersection of
2,N®~0) with {0} x X' x {0}.) We thus only need to show that, whenever u € ¥
and (u,u) = &(u) = 0, the right-hand side of (19.b) is nonzero for suitable w’ € T,N
and v’ € W with (u,u’) = 0. To this end we define v’ to be the T,X-component,
relative to the decomposition W = Ru & T,X, of the vector w appearing in (10), so
that, by (10), (u,u’) =0 # &(u’). Also, as (,) is nondegenerate on H' (see (14.a)),
we may choose w’ € H' with (w’,u) # 0 (that is, by (10), (w’,u) # 0), and hence
¢(w') =0 by (13). Then [{(u')](w’,u) # 0, and the other two terms on the right-hand
side of (19.b) vanish.

8.8. The final step

We now conclude the argument in Case B. First, by (x) and Lemma 2.1(b), F # 0
everywhere in U \ @71(0) for some open set U \ (2, containing 2, N &~*(0).

Let us now fix any (s;,u;j,x;),y;,c,u and x satisfying the conditions in the lines
following (15), which include (16) and F(0,u,0) = (u,u) = 0. We then also have
&(u) # 0 (which, in view of (17), yields (ii)). To see this, suppose that, on the
contrary, {(u) = 0. Thus, (0,u,0) € A" C 2, N & 10) (see (x)) and, by (16),
(sj,uj,zj) € 2y~ ®7H0). Also, (s;,u;,z;) — (0,u,0), so that, if j is sufficiently
large, (sj,uj,z;) must lie in U ~ @71(0). Hence, according to the last paragraph,
F(sj,uj,xj) # 0 for large j, which contradicts (16), completing the proof.
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9. Conformal vector fields

The symbol V always stands both for the Levi-Civita connection and the gradient
operator of a given pseudo-Riemannian manifold (M, g). If v is a vector field on M,
denoting by A = Vv — [Vu]* twice the skew-adjoint part of Vv, with Vv : TM — TM
as in the lines following (2), we can rewrite condition (1) as

2Vo = A + ¢lId. (21)

We then obviously have e"£,(e77g) = £,9 — [(dT)(v)]g for any function 7: M — IR,
and so, under the assumption (1), the condition (d7)(v) = ¢ is necessary and sufficient
in order that v be a Killing field for the metric e~"¢g conformal to g. At points where
v is nonzero, 7 with (d7)(v) = ¢ always exists locally, due to solvability of ordinary
differential equations. Thus, such points are never essential (cf. the Introduction).

Lemma 9.1. Let z € M be a zero of a conformal vector field v on a pseudo-Riem-
annian manifold (M, g), and let ¢ be the function in (1).

(a) If ¢(z) #0, then Ker Vv, is a null subspace of T.M.

(b) If ¢(z) = 0, then KerVuv, has even codimension in T.M, and its orthogonal
complement is the image Vv, (T.M).

Proof. This is immediate since, in view of (21), Ker Vo, \ {0} consists of eigenvectors
of the skew-adjoint operator A, : .M — T,M for the eigenvalue —¢(z). O]

It is well-known [7, 8, 18, 6] that (1) implies further differential equations. In
dimensions n > 3, this allows us to identify conformal vector fields on (M, g) with
parallel sections of a certain vector bundle over M, carrying a natural connection;
consequently, the dimension of the space of conformal fields on (M, g) cannot exceed
(n+1)(n +2)/2. Specifically, if v satisfies (1) on (M, g), and dim M = n > 2, then

a) 2V,Vuv =2R(v Au)+dp@u— g(u, - )@ Ve + [(do)(u)]1d,

b) (1 —n/2)[Vde|(u,u) = S(u, V,v) + S(u, V,0) + [V, S](u, u)
for all vector fields u, where both sides in (22.a) are bundle morphisms T'M — T'M,
the symbol R stands for the curvature tensor, with the sign convention R(w A u)u' =
Vo Vpu' — Vi, V' + Vi, qu’ for vector fields w, u, v/, and S = Ric — (2n — 2) ' og is
the Schouten tensor, with ¢ denoting the scalar curvature. In coordinates, 2vl,kj =
2Rpjklvp + ¢,k5} — qb’lgjk + ¢7j5,i and (1 —n/2)¢ ik = S;pv? + Skpv? ; + Sjk pvP. In fact,
the coordinate version of (22.a) follows from the more general fact that, given a 1-form

(22)

§ on a manifold with a torsion-free connection, setting a;, = & ; + &, , one obtains
Eng = B, + (g + ay, ; — ap;,)/2, in view of the Ricci and Bianchi identities, cf.
9, the bottom of p. 572].

Equality (22.b) can be justified as follows (with (1) and (22) always meaning the
coordinate versions). First, due to the second Bianchi identity, Ry’ = Ripj — Rijp,
while the Bochner formula (contracted Ricci identity) gives v! 5 = Ryp,v?P +ng /2 (as
v?, = n¢/2), and hence v'y; = Ry jvP + RiyvP j + ne ji /2. Subtracting the Ricci
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identity o' — vlg; = Rpn'vPy + RjpvP i from 1/2 times the formula obtained by
applying V, to (22.a), and using the above expressions for R,;:'; and vl,klj, we see
that (1 —n/2)¢ jx = RjpvP i + Ripv?.j + Rigpv? + &1l gin/2. Now (22.b) easily follows
from (1) since Rj, = Sjr+ (2n — 2)"'ogjr, and (1 — n)éi* = 0¢ + (do)(v). The
last relation is another general consequence of (1): ¢1* = (pg;r) " = (vjx + vi ;)% =
20! % = 2(RyvP)* + noi* in view of the equality v/*;, = v¥*;; (immediate from
the Ricci identity) and the Bochner formula just mentioned; on the other hand,
2(Rypv? )" = RI*(vjy + vk ;) + 2Rip* 0P = 0¢ + (do)(v), as the Bianchi identity for
the Ricci tensor gives 2Ry, * =0 .

10. The case of pseudo-Euclidean spaces

Let V be an n-dimensional pseudo-Euclidean space with the inner product (,). For
any w,u € V, any skew-adjoint endomorphism B :V — V, and c € IR, the formula

v, = w + Br + cx + 2(u,x)r — (z,7)u (23)

is easily seen to define a conformal vector field v on (V,g), where g is the constant
flat metric correspoding to (,). If n > 3, the resulting vector space of conformal fields
has the maximum possible dimension (n 4+ 1)(n + 2)/2 (See the lines preceding (22).)
Thus, (23) describes all conformal fields on any open submanifold of (V,g).

Defining v by (23) with w = 0 and ¢ = 0, we see that v = 0 everywhere
in the set Il = {z € KerB : (u,x) = (z,x) = 0}. If, in addition, u does not
lie in the image B(V), then all zeros = of v sufficiently close to 0 lie in 7. In
fact, as 0 = (v, z) = (u,x)(z,z), it follows that (r,z) = 0, or else the equality
0 = v, = Br + 2(u,z)x — (x,z)u with (u,z) = 0 would give u € B(V). Thus,
0 = v, = Bx + 2(u,x)x. Such x which also have the property that (u,z) # 0 cannot
be arbitrarily close to 0, since they all lie in hyperplanes given by 2(u, z) = —b, where
b ranges over nonzero eigenvalues of B. Consequently, (u,x) = (x,z) = 0 for all zeros
of v near 0, and then also 0 = v, = Bux.

ExAMPLE 10.1. For v as in the last paragraph, let Z’ be the connected component of
the zero set of v containing II. If B and w are chosen so that the restriction of ()
to utNKer B is not semidefinite, Z’ will have a singularity at 0 (Remark 6.2(a)). On
the other hand, semidefiniteness of {,) on u'NKer B implies that IT is a submanifold
of V (see Remark 6.1), while, if (,) is indefinite, one can also choose such B and u
for which, in addition, dim /7 > 1 and dim V — dim II is odd.

EXAMPLE 10.2. In R? with the Cartesian coordinates z7, let g be the flat metric
given by ¢ = ¢,y = 1 and ¢;; = g9o = 0. The conformal vector fields v for g are
obviously characterized by the partial derivative conditions 0,v, = d,v, = 0, that is,
0,v* = O,v' = 0. Hence v! may be any function of x! and v? any function of z% Thus,
the zero set of v can have the form = x Z’, with any closed sets =, =" C 1R.
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11. Intermediate submanifolds

The proof of Theorem C under the assumption (2.b), given in Section 16, uses a subman-
ifold N containing all zeros of a given conformal vector field that lie near a prescribed
zero z, and having the tangent space Ker Vv, at z. According to Example 3.1, such
N always exists. For easy reference, this fact and some properties of N are gathered in
the following lemma. Radial limit directions of a set are defined at the end of Section 5.

Lemma 11.1. Given a conformal vector field v on a pseudo-Riemannian manifold
(M,g) and a zero z € M of v, there exists a submanifold N of M such that

(i) all zeros of v sufficiently close to z lie in N,

(ii) T.N = Ker Vv, at every x € N at which v, =0 and rank Vv, = rank Vu,,
(iii) all radial limit directions of the zero set of v at z lie in T.N = Ker Vu,,
)

(iv) if rank Vv, = rank Vv, at a point x € N at which v, = 0, and w is a vector
field on M with w, € KerVu,, while ¢(x) =0, for ¢ in (1), then the function
Q = 2g(w,v) restricted to N has a critical point at x, and its Hessian 0dQ),
equals the right-hand side in Theorem 7.5(d) with (,) = g, and w = w,.

Proof. For N constructed in Example 3.1, with €& = TM and @ = v, one clearly
has (i) and (ii), while (iii) follows from Remark 5.1(i). Finally, in (iv), the condition
w, € Ker Vo, implies, by Lemma 9.1(b), that the value &, of the 1-form & = 2g(w, -)
vanishes on the image Vv, (7,M). Now (iv) is obvious from the Hessian formula in
Remark 3.3(ii), combined with the expression for the second covariant derivative of v
at x provided by (22.a), in which the curvature term vanishes since v, = 0. ]

12. Conformal fields along geodesics

Given a conformal vector field v on a pseudo-Riemannian manifold (M, g) of dimension
n > 3, with (1), let us consider a parallel vector field ¢ — u(t) € T, M along a geodesic

t— x(t) of (M,g). Transvecting the coordinate versions of (1) and (22) with #73* or,

k

respectively, #7u”, we obtain

1) 2(v,z) = ¢z, 1),
i) 2ViV,w =2R(w A &)u + [(de)(u)]d + du — (&, u) Vo, (24)
ii) (1—n/2)[(d¢)(u)] = S(u, Viv) + S(&, Vo) + [VuS](u, ©),
where (,) = d/dt, cf. (6), the symbol (,) stands for g, and the dependence of both
sides on ¢ suppressed in the notation: v = vy, ¢ = ¢(x(t)). With v = &, (24) gives
i) ViViv = R(vA2)i+ ¢i — (,2)V/2,
i) (1—n/2)¢ =25(&, Viv) + [V, 5] (i, &).

As a consequence of (25.1), condition (1) implies that

(25)

ViViloAnz)=[RwAz)z] Nz if t+— z(t) is a null geodesic. (26)
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If, in addition, v is tangent to a null geodesic t — x(t), that is, v,y is a multiple of
x(t) for every t, then, by (25.1)) with v Az =0 and (&,%) =0,

ngviv = ¢9§ (27)

REMARK 12.1. If two distinct zeros z,x of a conformal vector field v on a pseudo-
Riemannian manifold (M, g) are joined by a non-null geodesic segment I" and ¢ is the
function in (1), then ¢ =0 somewhere in I\ {z, z}.

This is clear since, in (24.i), (v,4) =0 at both ends of the parameter interval.

In the next lemma, 7-M denotes the restriction of 7'M to the one-dimension-
al null immersed submanifold . Thus, TT" and (TT')% are subbundles of T;M,
while g obviously induces a (nondegenerate) fibre metric in the quotient bundle
(TT):/(TT). By conf[(TT)*/(TT)] we denote the vector bundle over I" whose sections
are infinitesimal conformal endomorphisms of (T1")*/(TI"). (An infinitesimal conformal
endomorphism is one with the self-adjoint part equal to a function times Id.)

Lemma 12.2. Let a conformal vector field v on a pseudo-Riemannian manifold (M, g)
be tangent to a nontrivial null geodesic I' with a parametrization [0,1] 3t — x(t), so
that x(0) =y and Viv= At at t =0, for some y € M and X € IR.

(a) Along I', we have Vv = A+ ¢ — ¢(y)|&, with ¢ as in (1).
(b) If ¢ is constant along I' and n =dim M > 2, then Vv, restricted to I,

(i) acts on TI and (TM)/(TI')* as the multiplications by X\ and ¢ — A,
(ii) descends to a parallel section of conf[(TI')*/(TT")] with the trace (n—2)¢/2,
(iii) has the same characteristic polynomial at all points of I

Proof. Integrating (27), we obtain (a), while (b-i) for 7T is obvious from (a) with
¢ = ¢(y). Next, in view of (21) with A* = — A, the subbundles 71" and (TT)* of
1M are Vv-invariant; Vou-invariance of the latter follows from that of the former,
since it is the same as A-invariance. Thus, Vv descends to an endomorphism of
(TT)*/(TT), which is obviously conformal and has the trace claimed in (b-ii), since, by
(1), Vo + [Vu]* = ¢1d.

Let ¢t — u(t) be any vector field along I'. Using (21) with A* = —A and (a) with
» = ¢(y), we see that 2(x, V,v) = (&, Au + ¢u) = (¢px — Az, u) = 2{(¢p — V;v,u) =
2(, (¢ — A\)u), which proves (b-i) for (7.M)/(TI')*. Now, if Viu =0 and (i,u) =0,
(24.ii) implies that 2V;V,v = [(d¢)(u)], as our assumptions give vAZ = 0 and ¢ = 0.
Thus, V,v projects onto a parallel section of (TI")*/(TT"), which proves (b-ii).

Due to Vwv-invariance of the subbundles TT, (TT')* of T,M and the inclusion
TI' C (TI')*, the characteristic polynomial of Vv in T.M equals the product of the
characteristic polynomials of the endomorphisms induced by Vv in the three bundles
TI, (TT)Y/(TT) and (TM)/(TI')*. By (b-i), the first and last of these are polynomials
of degree one with the roots A and ¢ —A\, constant along I", while the second polynomial
is constant along I" as a consequence of (b-ii), which completes the proof. Il
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Lemma 12.3. Let there be given a conformal vector field v on a pseudo-Riemannian
manifold (M, q) of dimension n > 3, a point z € M, a nonzero null vector w € T,M,
and a nontrivial geodesic segment I' in (M,g) containing z and tangent to w at z.

(a) If v,=0 and w € Ker Vv, N Kerde,, for the function ¢ in (1), then v =0 and
¢ = ¢(2) at every point of I

(b) If v,=0 and v, =0 for some point x € '\ {z} lying in a normal-coordinate
neighborhood U’ of z, or v, and V,v € T.M are both tangent to I' at z, then
v s tangent to I at every point of I

Proof. Let ¢ — x(f) be a geodesic parametrization of I' with z(0) = z. As
(#,2) = 0, (25) constitutes a system of first-order linear homogeneous ordinary
differential equations with the unknowns v, V;v and é, for which the assumptions
in (a) amount to choosing the zero initial conditions at ¢ = 0. The conclusion of (a)
is now obvious from uniqueness of solutions. Similarly, if v and Vv are both tangent
to the geodesic at ¢ = 0, (26) implies, for the same reason, that v A& =0 at every t,
proving (b) in this case. Finally, if v, = 0 = v, for = as in (b), the local flow of v
sends the portion of I" joining z to z into itself (Remark 4.1). Combined with the
preceding sentence, this shows that v is tangent to I O]

Lemma 12.4. Suppose that [0,1] 3t — x(t) is a parametrization of a nontrivial null
geodesic segment I with the endpoints z = x(0) and y = z(1) in a pseudo-Riemann-
ian manifold (M,g), while v is a conformal vector field on (M, g) vanishing at both
z and . For ¢ and ¢ asin (1) and (6), one has

(i) if v is tangent to I', then Vv =0 somewhere in I'\{z,y}, and
(i) if Voo =0 at z, then ¢ — ¢(2) and ¢ vanish at some points of I'~ {z,y}.

Proof. By Lemma 12.3(b), v is tangent to I" in case (ii) as well. Since v, is a multiple
of @(t), it may be viewed as a function [0,1] — IR, equal to 0 at the endpoints. Its
derivative V;v therefore vanishes at some ¢ € (0,1). Under the assumption of (ii),
Viv = 0 both at 0 and somewhere in (0, 1), so that (27) (for the second derivative
V:V;v) and the equality Viv = [¢p — ¢(2)]%, due to Lemma 12.2(a), imply (ii). O

13. The first of the two inclusions

Assertion (a) in the following lemma implies a part of the conclusion in Theorem C. See
Remark 13.2 for details.

Lemma 13.1. For a conformal vector field v on a pseudo-Riemannian manifold
(M,g) of dimension n > 3, a point z € M with v, = 0, and ¢ as in (1),
let us set V.= HNH* and E = C N H, where H = KerVuv, N Kerdo, and
C={ueTM:g.(uu) =0} denotes the null cone, so that V is a null vector subspace
of T.M contained in the subset E. Whenever U is a sufficiently small star-shaped
neighborhood of 0 in T.M mapped by exp, diffeomorphically onto a neighborhood of
z in M, the image K = exp.[VNU] is a submanifold of M, while
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(a) v=0 and ¢ = ¢(z) everywhere in exp,[F NU]|, and hence everywhere in K,

(b) for any x € K, the parallel transport along the geodesic contained in K which
joins z to x sends H onto H, = Ker Vv, N Kerdg¢,,

(¢) dim H, is constant as a function of z € K,
(d) of ¢(z) =0, then rank Vv, and dim Ker Vv, are constant as functions of x € K.

Proof. Lemma 12.3(a) implies (a). Next, if ¢ — u(t) € T, M is a parallel vector field
along a geodesic ¢ — z(t) in K with z(0) = z and u(0) € H, the equality V = HNH*
gives (Z,u) = 0 at ¢ = 0 and, consequently, for all ¢. (As usual, (,) stands for g.)
By (a), v = Vv = 0 and ¢ = 0 along the whole geodesic, so that equations (24.i1)
— (24.iii) now read 2V;V,v = [(d¢)(u)]z and (1 — n/2)[(d¢)(u)] = S(&, V,v). This
is a system of first-order linear homogeneous ordinary differential equations with the
unknowns V,v and (d¢)(u), which equal zero at ¢ = 0 and, therefore, at every ¢. The
parallel transport along the geodesic from z to x = z(t) thus sends H, into H,. The
word ‘into’ can be replaced with ‘onto’” if U is small enough. Namely, H, is the kernel
of a linear operator depending continuously on xz € K, and so dim H, is semicontinu-
ous: dim H, < dim H, for = near z in K. However, the “into” conclusion established
above gives dim H, > dim H,. Now (b) and (c) follow. Finally, p, — 1 < p, < p, for
p, = dim Ker Vo, and all € K close to z. In fact, p, < p. due, again, to semicon-
tinuity, and p, — 1 < dim ‘H, = dim H, < p, by (¢). On the other hand, if ¢ = 0 at
z, (a) gives ¢ =0 on K. Thus, n — p, is even (Lemma 9.1(b)), which, combined with
the inequality p, — 1 < p, < p,, yields (d). O

REMARK 13.2. Proving Theorem C has now been reduced to showing that
ZNU C exp.[CNHNU] for sufficiently small U and U’, (28)

since the opposite inclusion is provided by Lemma 13.1(a).

14. Connecting limits for the zero set

This section consists of two lemmas needed in the proof of Theorem C. For the definition

of IL.(Z ~ ¢71(0), K), see Section 5.

Lemma 14.1. For M,qg,v,Z,z,¢ and H as in Theorem C, let V = HN H*. If
#(2) =0 and Vo, & Vo, (ILM), while no element of IL.(Z ~ ¢~(0), K) is contained
in (H~V)U{0}, then ¢ =0 at every zero of v sufficiently close to z.

Proof. We fix a normal-coordinate neighborhood U’ of z which is subconvez
(Section 4), a star-shaped neighborhood U of 0 in M mapped by exp, diffeomorphi-
cally onto U’, and a Riemannian metric h on U’. By Lemma 13.1(a), K = exp,[VNU]
is a submanifold of U’ contained in both ¢~'(0) and the zero set Z of v. In view of
the inverse mapping theorem, applied to the g-exponential mapping of the h-normal
bundle of K in U’, by making U’ smaller we can also ensure that every y € U’ ~\ K



Zeros of conformal fields 22

is joined to some point p, € K by a nontrivial g-geodesic segment I, contained in a
normal-coordinate neighborhood of p, and h-normal to K at p,.

Furthermore, ¢ # 0 everywhere in I, \ {y,p,}, for all y € (ZNU’) \ ¢~(0), as
long as U’ is sufficiently small. Namely, if this were not the case, there would exist a
sequence of points y € (ZNU')\ ¢~ 1(0) converging to z with ¢ = 0 at some interior
point of each I;. As ¢ = 0 at the endpoint p, due to the inclusion K C ¢~1(0), the
tangent direction of each I, at some other interior point would thus be contained in
Kerd¢. In view of Lemma 5.2 and Remark 5.1(ii), a subsequence of such a sequence
of interior tangent directions would converge to an element L of IL.(Z ~\ ¢(0), K)
contained in both KerVuv, and Kerd¢., so that L € H = KerVuv, N Kerd¢,. By
Lemma 5.2, the tangent direction of I at the endpoint p, would tend to L as well, so
that L would be h-normal to K at z, and hence not contained in V = T_K, contrary
to our assumption.

We now show that (ZNU')\¢1(0) = @ for small enough U, as required. In fact,
otherwise we might fix a sequence of distinct points y € (Z N U’) \ ¢~ '(0) converging
to z. In view of the last paragraph and Remark 12.1, each of the geodesic segments
I, is null. Since the null geodesic segment I, lies in a normal-coordinate neighborhood
of p,, while v =0 at both p, and y, Lemma 12.3(b) implies that v, and hence Vv,
is tangent to I,. In terms of a geodesic parametrization [0,1] 3 ¢ +— xz(t) of I, such
that x(0) = y, we thus have, by Lemma 12.2(a), Vv = [A + ¢ — ¢(y)]& along I,
with some A € R. As p, € K C ¢'(0), we have ¢(z(1)) = ¢(p,) = 0, and so
(1) is an eigenvector of Vug for the eigenvalue A\, = XA — ¢(y). Since y — 2z, a
subsequence of the tangent directions of I, at p, tends to a limit, which must lie in
Ker Vv, C T.M (see Remark 5.1(ii)), so that, for the subsequence, A\, — 0 as y — 2. At
the same time, according to Lemma 12.2(b-iii) applied to the geodesic segment I' C K
joining z to p,, each )\, is an eigenvalue of V., and finiteness of the spectrum of Vv,
gives A\, = 0 for all but finitely many y in the subsequence. For such y, the equality
Viv = [A+ ¢ — ¢(y)]& reads Viv = ¢i. Lemma 12.4(i) now implies that ¢ = 0 at
some interior point of each I, in question, contrary to the last paragraph. O

Lemma 14.2. Let M,qg,v,Z,z,¢,H be as in Theorem C. If H C T.M s a null
subspace, ¢(z) = 0, and V¢, ¢ Vv, (I.M), then ZNU = exp.[H NU]| for any
sufficiently small star-shaped neighborhood U of 0 in T.M mapped by exp, diffeo-
morphically onto a neighborhood U’ of z in M.

Proof. As H is anull subspace, H C H+. Thus, H~V =@ for V = HNH*, and so,
by Lemma 14.1, ¢ = 0 at all zeros of v near z. On the other hand, for U, U’ as above,
Lemma 13.1(a) states that K = exp,[H NU] is a submanifold of U’ contained in both
¢»~1(0) and the zero set Z of v. For sufficiently small U, U’ and a submanifold N of
M chosen as in Lemma 11.1, we now have K C ZNU’' C NN ¢~ 1(0). Since ¢(z) =0
and V¢, ¢ Vv, (T.M), Lemma 9.1(b) implies that V¢, is not orthogonal to the whole
space B, = Ker Vu,. Thus, d¢, is not identically zero on B, and H = B, N Kerdg, is
a codimension-one subspace of B,. As H =T.K and TN = B, (see Lemma 11.1(ii)),
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K is a codimension-one submanifold of NN, and the restriction of ¢ to N has a nonzero
differential at z. Consequently, applying Lemma 2.1(a) to 3 = ¢, we can make N, U
and U’ even smaller, so as to have K = NN ¢ 1(0), which proves our assertion since
KCZnNnU CNnNng¢0). O

15. Proof of Theorem C, case (2.a)

Let U be a star-shaped neighborhood of 0 in T,M mapped by exp, diffeomorphically
onto a neighborhood U’ of z in M, such that ¢ # 0 everywhere in U’. For every
x € (ZNU")~{z}, we denote by L, the tangent direction at z of the geodesic segment
I, joining z to x in U’. Then

I isnull and L, C B, = KerVu, forall z € (ZNU')\ {2}, (29)

provided that U and U’ are chosen small enough. In fact, I, is null by Remark 12.1.
Lemma 12.3(b) in turn shows that v is tangent to I, and hence so is the covariant
derivative of v in the direction of I,. Thus, each L, is contained in the eigenspace
of Vv, for some eigenvalue A,. If, no matter how small one made U and U’, the
inclusion in (29) failed to hold, there would exist a sequence, converging to z, of points
r e (ZNU')~{z} with A\, # 0. Passing to a subsequence, we would have L, — L for
some line L through 0 in T_M. As L would then be a radial limit direction of Z at
z (cf. the end of Section 5), Remark 5.1(ii) with ¢ = v would imply that L C Ker Vu,,
and so A\, — 0. Finiteness of the spectrum of Vv, would now give A\, = 0 for all but
finitely many x in the subsequence, contrary to how the subsequence was selected.
On the other hand, by Lemma 9.1(a),

both B, = Ker Vv, and H C B, are null subspaces of T.M. (30)

If B, is contained in Kerd¢,, so that H = B,, (29) yields (28), with C N H = H in
view of (30), which, according to Remark 13.2, proves Theorem C when B, C Ker d¢,.

From now on we therefore assume that B, is not contained in Ker d¢,. Thus, H
is a codimension-one subspace of B,, and K = exp,[H NU] is a codimension-one sub-
manifold of N = exp,[B,NU], while the restriction of ¢ to N has a nonzero differential
at z. In addition, by Lemma 13.1(a) and (30), ¢ = ¢(z) everywhere in K. According
to Lemma 2.1(a) for 8 = ¢ — ¢(z), making U and U’ even smaller if necessary, we
can ensure that ¢ # ¢(z) everywhere in N ~ K. This shows that no zero = of v lies
in N~ K, for if one did, Lemma 12.4(ii) and (29) would give ¢ = ¢(z) somewhere in
I ~ {2z} € N~ K. In other words, we again have (28), with CNH = H (cf. (30)),
which, in view of Remark 13.2, proves Theorem C in case (2.a).

16. Proof of Theorem C, case (2.b)

We are free to assume that B, = Ker Vv, is not a null subspace of T,M. Namely, if
B. C T.M is a null subspace, then so is H C B,, and the assertion of Theorem C is
immediate from Lemma 14.2, with C N H = H since H is null.
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Let us choose the submanifolds N and K of M as in Lemmas 11.1 and 13.1,
with U small enough so as to ensure that K C N. Such U must exist since, by
Lemma 13.1(a), K is contained in the zero set Z of v, while all zeros of v close to
z liein N. Lemmas 13.1(a),(d) and 11.1(ii) imply that, in fact, not only v, = 0, but
also T,N = Ker Vv, whenever x € K. We may now use a local trivialization of T'M on
exp,(U) to identify each tangent space T, M, for x € N, with T.M, in such a way that
T.M itself remains unchanged. (One could for instance use the identifications provided
by parallel transports along geodesics emanating from z.) This allows us to treat 2v
as a vector-valued function f: N — T_M.

The hypotheses of Theorem 7.5 are now satisfied by our K, N, z, the vector space
T =T.M with (,) =g, and f asabove, ¢ : N — IR obtained by restricting to N the
function in (1), and Y = exp.[C' N H N U], where H = Ker Vv, N Kerd¢, C T.M and
C={ueTM:g,(u,u) =0} is the null cone, provided that one replaces N, K and
U with suitable smaller neighborhoods of z in N or K and 0 in T.M.

Specifically, d¢, is not identically zero on T,N = Ker Vv, since ¢(z) = 0 and
Vo, ¢ Vo, (T,M) by (2.b), and so, in view of Lemma 9.1(b), V¢, is not orthogonal to
all of KerVu,. Next, Y is a quadric of the required kind due to the very definition
of a quadric, in the lines preceding Lemma 7.2, with the role of ¥ played here by the
restriction of exp, to H N U, which sends HNU into P = NN ¢ (0) according
to Lemma 13.1(a), and is a diffeomorphism for dimensional reasons. Condition (a) in
Theorem 7.5 holds in turn due to the assumption about B, = T,N made at the beginning
of this section, condition (b) follows since K = exp.[VNU] for V. = HN H (see
Lemma 13.1), and (c) is immediate from Lemma 13.1(a) (which states that v = 0, and
hence f =0, on Y), combined with the equality TN = Ker Vv, for = € K, established
above (which amounts to df =0 everywhere in K). Lemma 11.1(iv) now implies that
the left-hand side in (d) equals the Hessian at z of the function y — (w, f(y)) on N.

In view of (2.b), the assertion of Theorem 7.5(ii) amounts to the assumption of
Lemma 14.1, which now implies that all zeros of v close to z lie in P = N N¢~1(0).
By Theorem 7.5(i), they must lie in Y as well, and so (28) holds for sufficiently small
U and U’. Combined with Remark 13.2, this proves Theorem C in case (2.b).

17. Proof of Theorem A

Let us fix a point z € Z. We denote by ¢ the function in (1), by H the subspace
Ker Vv, N Kerdg, of T,M, and by T.Z (or, b,) the tangent space (or, respectively,
the second fundamental form) at z of the connected component of Z containing z,
provided that z is not a singular point of Z. Three cases are possible:

(i) neither (2.a) nor (2.b) holds at z,

(ii) z satisfies (2.a) or (2.b) and the metric g, restricted to H is not semidefinite,

(iii) =z satisfies (2.a) or (2.b) and g, is semidefinite on H.
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In case (i), Theorem B allows us to change the metric conformally so as to make v a
Killing field for the new metric ¢’ on some normal-coordinate neighborhood U’ of z
in (M,g'). Assertion (a) in Theorem A is now immediate, as exp, (corresponding to
g') sends short line segments emanating from 0 in T,M onto g-geodesics, and so the
local flow of v corresponds via exp, to the linear local flow near 0 in T, M, generated
by Ov, (notation of Section 3).

Consequently, in case (i), T.Z = Ker dv, = Ker Vu,. Also, since the ¢-Killing field
v has zero g-divergence, Vv, = Jv, is traceless at every x € Z near z. Thus, ¢ =0
at all points of Z close to z. As a result, the codimension of 17,7 in T,M 1is even
(Lemma 9.1(b)), while b, is a tensor multiple of the metric due to Lemma 2.2(ii), the
already-established assertion (a) of Theorem A, and (5).

Next, in cases (ii) and (iii), Theorem C clearly implies (b) in Theorem A, with
¢’ = g, while Lemma 13.1(a) shows that ¢ = ¢(z) at all points of Z close to z.
Combined with Remarks 6.1 and 6.2, this gives the description of the singular subset
A required in Theorem A. Thus, in case (ii) (or, (iii)), 2z is a singular (or, respectively,
nonsingular) point of Z.

Consider now case (iii). In view of Theorem C, T.Z is the nullspace of H, that
is, ,Z = HN H*, while b, = 0 by Lemma 2.2(ii) and, as noted above, Z has no
singularities near z. It follows now that case (iii) represents an open condition, or, in
other words, we will still have (iii) after z has been replaced with any nearby point
x € Z. In fact, case (ii) for such z cannot occur since they are nonsingular in Z. To
exclude case (i) for them, note that (iii), for z, has two subcases: (2.a) and (2.b). In
the former, (2.a) obviously remains valid at nearby points. The latter subcase amounts
in turn to assuming that ¢(z) = 0 and Ker Vv, is not contained in Kerdg¢, (see
Lemma 9.1(b)). By Lemma 13.1(a),(c),(d), these assumptions will still hold when z is
replaced with any nearby x € K, which, by Theorem C, are the same points as nearby
x € Z. Consequently, points x € Z near z cannot represent case (i).

Thus, in case (iii), due to its open-condition property, the equalities T,Z = H N H*
and b, = 0 imply that the intersection of Z with some neighborhood of z is a null
totally geodesic submanifold of (M, g). The proof of Theorem A is now complete.

REMARK 17.1. As we just saw, case (iii) constitutes an open condition in the set Z of
all zeros of v. By Theorem B, the same is true of case (i). Not so, however, in case (ii):
according to Theorem C and Remark 6.2(b), in every neighborhood of a point z € Z
representing case (ii), there exist points of Z which are nonsingular, and hence, as we
saw above, must correspond to case (i) or case (iii).

REMARK 17.2. In the Lorentzian case, Theorem A can obviously be rephrased so as
to reflect the fact that null submanifolds can be at most one-dimensional, while the
only singularities of the zero set that may occur are those associated with null cones in
Lorentzian subspaces of the tangent space.

REMARK 17.3. Theorem A provides hardly any information about those connected
components of (ZNU’')~\ A which happen to be one-dimensional. For submanifolds K
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with dim K = 1, the property of being totally umbilical is nearly meaningless, as such
K always has it, except at points x € K at which T,K is a null subspace and the second
fundamental form b, is nonzero. It is worth pointing out that one-dimensional connected
components of (ZNU’')\ A need not, in general, be conformal circles. (For a definition,
see [1].) In fact, a non-null geodesic ¢t — xz(t) in a pseudo-Riemannian manifold is a
conformal circle if and only if S(Z, -) = 0, where S is the Schouten tensor [1, p. 217].
Let u now be a Killing field with a nonempty discrete set Y of zeros on a pseudo-
Riemannian manifold (N, h), the scalar curvature of which is nonzero at some point
y € Y. (Such u obviously exist on even-dimensional standard spheres.) Extending u
trivially to a Killing field v on the product manifold (M, g) = (IR,dt*) x (N,h), w

see that the geodesic IR 5 t +— (t,y) forms a connected component of the zero set of
v, while Ric(#, -) =0, and hence S(&, -) # 0 due to the definition of S in Section 9.
Thus, the geodesic in question is not a conformal circle.

Acknowledgments

The author wishes to thank the referees for helpful comments; Karin Melnick for bringing
to his attention the papers [11, 13] along with the implications that a result of [11] has
for the structure of the zero set in the Riemannian case; and Charles Frances, who—in
addition to providing information on [11, 13]—also shared with the author a preliminary
version of his counterexamples to the pseudo-Riemannian Lichnerowicz conjecture [12].

References

[1] Bailey T N and Eastwood M G 1990 Proc. Amer. Math. Soc. 108 215

[2] Banyaga A and Hurtubise D E (2004) Ezpo. Math. 22 365.

[3] Beig R 1992 Conformal Killing vectors near a fixed point, Institut fiir Theoretische Physik,
Universitdt Wien, unpublished manuscript

[4] Belgun F, Moroianu A and Ornea L 2011 J. Geom. Phys. 61 589

[5] Blair D E 1974 Nagoya Math. J. 55 1

[6] Capocci M S 1999 Class. Quantum Grav. 16 927

[7] Cartan E 1923 C. R. Math. Acad. Sci. Paris 174 857

[8] Cartan E 1923 Ann. Soc. Polon. Math. 2 171

[9] Derdzinski A and Roter W 2007 Tohoku Math. J. (2) 59 565

[10] Frances C 2008 Essential conformal structures in Riemannian and Lorentzian geometry Recent

Developments in Pseudo-Riemannian Geometry eds D V Alekseevsky and H Baum (ESI Lect.
Math. Phys. EMS Ziirich) pp 231-260
11] Frances C 2009 Preprint arXiv:0909:0044v2

[11]

[12] Frances C 2011 private communication, 19 February

[13] Frances C and Melnick K 2010 Preprint arXiv:1008.3781

[14] Hall G S, Capocci M S and Beig R 1997 Class. Quantum Grav. 14 L49
[15] Kobayashi S 1958 Nagoya Math. J. 13 63

[16] Kiithnel W and Rademacher H-B 1997 Differential Geom. Appl. 7 237
[17]

17] Leitner F 1999 Zeros of conformal vector fields and twistor spinors in Lorentzian geometry,
SFB 288, Preprint No. 439, Technische Universitat Berlin, unpublished manuscript
[18] Ogiue K 1967 Kodai Math. Sem. Rep. 19 193



