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Given a Codazzi tensor A on a Riemannian manifold M, let M A denote the set of 

all points x of M such that A in a neighborhood of x has differentiable e~genNalue 

function8 of constant multiplicities. Thus, M is a dense open subset of M. The tan- 
A 

gent bundle of each connected component U of M A splits (differentiably) as the ortho- 

gonal Whitney sum of the eigenspace bundles of A. 

In the sequel we denote by V l the eigenspace bundle corresponding to an eigen- 

value function I and by < ' >M (or simply < , >) the metric of the Riemannian 

manifold M. 

§i. SOME GENERAL PROPERTIES OF CODAZZI TENSORS. 

(i.I). PROPOSITION. Let A be a Codazzi tensor on a Riemannian manifold M. In each 

connected component of M A we have 

(i) For an eigenvalue function I of A, any two local sections u, v of V 1 (i.e.p local 

vector fields such that Au : ku, Av = Iv) satisfy the relation 

(I) AV u = IV u + (vk)u - <u,v>Vl. 
v v 

( i i )  I f  u ,  v ,  w a r e  m u t u a l l y  o r t h o g o n a l  l o c a l  s e c t i o n s  o f  t h e  e i g e n s p a c e  b u n d l e s  o f  

A corresponding to the (not necessarily distinct) eigenvalue functions I , ~v' lw' u 

then 

(2) (VwA) (u,v) : (k u -Iv ) <VwU,V> 

and 

(i u - I v) <VwU,V> : (k u - I w) <VvU,W> : 
(3) 

= (I - I ) <V v,w> . 
v w u 

( i i i )  G i v e n  d i s t i n c t  e i g e n v a l u e  f u n c t i o n s  t ,  B o f  A a n d  l o c a l  s e c t i o n s  u o f  V t ,  

V of V with l ul = i, we have 

(4) vl : (I - ~) <V u,v> . 
u 

PROOF. For any vector field w, the Leibniz rule implies <AVvU,W> = <Vv(lU) - (VvA) U,W> 

= <(vl)u + IV u,w> - (V A) (U,V) and (VwA) (u,v) = w<Au,v> - <VwU,Av> - <AU,VwV> = 
v w 

: (wl)<u,v> + l{w<u,v> - <VwU,V> - <u,V v>} = <<u,v>Vl,w~, which proves (i). 
w 

Now, i f  u ,  v a r e  l o c a l  s e c t i o n s  o f  e i g e n s p a c e  b u n d l e s ,  c o r r e s p o n d i n g  t o  t h e  e i g e n -  

value functions Iu, ~v' and <u,v> = 0, then, for each vector field w, (luvw-I)<V u,v> 

= - lu<U,VwV> - Iv<VwU,V> : - A(U,VwV) - A(VwU,V ) = (VwA) (u,v) , so that (ii) is im- 

mediate from the Codazzi equation. To obtain (iii), it is sufficient to set I = ~, u 
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: ~ and w = u, which gives (I - ~)<V u,v> : (V A) (u,v) : (V A) (u,u) = V (A(u,u)) 
v u u v v 

= v~ as required. 

(1.2). REMARK. From (1) one easily obtains the well-known fact that, for a Codazzi 

tensor with oossSant eigenvalues, the eigenspace bundles are integrable and their 

leaves are totally geodesic. For arbitrary Codazzi tensors we have the following 

weaker result. 

(1.3). THEOREM. Let A be a Codazzi tensor on a Riemannian manifold M. Then, in each 

connected component of MA, 

(i) The eigenspace bundles of A are integrable and their leaves are totally umbilic 

in M. 

(ii) Every eigenvalue function I of multiplicity greater than one is constant along 

the leaves of V I. 

PROOF. Given an eigenvalue function £ with dim Vl = > 2 and a fixed local unit section 

v of V£, choose a local unit section u of V l with <u,v> = 0. By (i), vl = 

: <AV u + (vl)u - <u,v>Vl,u> = A(VvU,U) = <V u,lu> = 0. This implies (ii} if we know 
v v 

that each V l is integrable. To prove this, we may assume dim V 1 = > 2 and consider 

local sections u,v of V I. Thus, u>, = vA = 0 and (i) yields A[v,u] = A(VvU -VuV) = 

=~[v,u], i.es[v,u] lies in V~, as required. To show that the leaves of V l are totally 

~ilic, consider a vector field v normal to V I. The second fundamental form of the 

leaves of VA with respect to v is given by bV(u,u) : - <V u,v> , u being a local unit 
u 

section of V I. We may choose v to be a section of some V ,~ ~ l, so that (4) gives 

(5) b V ( u , u )  = (~  - t ) - l v t  , 

i.e., b~(u,u) is the same for all unit vectors u tangent to the leaf at x, which com- 

pletes the proof. 

~s a consequence we obtain 

(1.4). LEMMA. Let A be a Codazzi tensor on a Riemannian manifold M, dim M > 3. Suppose 

U is a connected open subset of M such that trace A is constant in U andV A ~ 0 
A 

somewhere in U. If A has exactly two eigenvalue functions I,N in U, and dim V l 

dim V , then dim V = I, the integral curves of V are geodesics and each leaf of V 1 

has constant mean curvature. 

PROOF. Given a local section u of VA, (l.3.ii) yields ul = 0 and 

(6) u~ = (dim v)-lu{trace A - (dim V~)I} = 0. 

If we had dim V > 2, then, by (6) and (l.3.ii), p would be constant and so would : 

be I. By (1.2), the leaves of both Vl, Vp would be totally geodesic, which easily 

implies that Vl, V would be invariant under parallel displacements, and the local 

de Rham theorem would give VA = 0. This shows that dim V = I. Now, fix a local unit 
P 

section v of Vp. Clearly, <VvV,V> = 0 and, by (4) and (6), <VvV,U> : 0 for any section 

u of V I. Hence VvV = 0, i.e.,V is geodesic. In view of (5) the mean curvature of the 
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leaves of V is given by H = (~- l)-iv< For any section u of Vl, (6) implies 

<i 
uH = (p- I) uvl, while uvl = [ u,v]l and <[u,v ], v> = -<VvU,V>:< U,VvV> = O. 

Thus, [u,v] lies in V~ , which yields [u,v ]I= O by Theorem (i.3.ii). Hence uH : O, 

which completes the proof. 

§2. A SPECIAL CASE. 

We can now give a complete description (at generic points) of non-parallel Codazzi 

tensors, which have constant trace and less than three distinct eigenvalues at any 

point. 

(2.1). REMARK. Consider a wa2~gG~ pPo~uct manifold M = I XFN ([4], [ i]) of an 

interval I of ~ with a Riemannian manifold N, dim N : dim M - i, which is nothing 

but the smooth manifold I x N endowed with the metric g, where g(t,y) (~ + X,n + Y) 

= <~, ~> + F(t) < X,Y> N for ~ETtI,X,yE T N, F beeing a positive function on I. In 
I y 

a suitable product chart t = Xo,Xl,...,Xn_1(n = dim M) for I x N, the components of 

g and its Christoffel symbols are given by goo : i, goi : O, gij = eqhij and Eoo° = 

=~i = O, F° I eqq,hi j Fi ± i Fl 
oo lj = -~ ' oj : ~ q'~j' ik : 
i i 

= Hjk, where q = log F and hij,Hjk are components of the metric of N and its Christof- 

fel symbols in the chart xl, ..., Xn_ 1 (i,j,k being always assumed to run through i, 

..., n-l). Given a symmetric (0,2) tensor A on M whose local components are of the 

form 

A =nb + (l-n)G(t), 
(7) oo 

Aio = O, Aij = G(t)gij 

for some constant b and a function G on I, the only non-trivial components ofV A are 

given by 

n 

(8) V iAoj = ~ eqq'(b - G)hij , VoAij = eqG'hij, VoAoo = (]-n)G'. Therefore A is a 

Codazzi tensor iff G = b + ce -nq/2 = b + cF -n/2 for some real c. Moreover, if F ~ con- 

stant, then A is not parallel unless c = O. 

Consequently, we have 

(2.2). EXAMPLE. In an n-dimensional warped product IXFN(I an interval, F non-constant), 

define the synmletric tensor A by 

A(t,y ) ( 6+ X, ~ + Y) = 
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(9) =[b + (l-n)cF-n/2 (t)] <~,n > + 
I 

+[bF(t) + cFl-n/2 (t)] <X,Y> N , 

c # 0 and b being real numbers. Then A is a Codazzi tensor with constant 

trace nb and exactly two distinct eigenvalues at each point Qf M. 

The Codazzi tensors of the above type can be characterized as follows. 

(2.3). THEOREM. Let A be a non-parallel Codazzi tensor with constant 

trace on a Riemannian manifold M, dim M - n > 3. If x is a point of M 

such that, in a neighborhood of x, A has precisely two distinct eigen- 

values, then x has a ~eighborhood isometric to a warped product 

I x N, I an interval of ~ , F ~ constant, in such a way that A is 
F 

given by (9 with some real numbers b and c ~ O. 

PROOF. By 1.3) and (1.4) , the tangent bundle of a neighborhood of 

x splits as the orthogonal direct sum of the eigenspace bundles of 

A, i.e., of a geodesic line field V~and a codimension one foliation V I 

with totally umbilic leaves, each of constant mean curvature. In a 

suitable local chart t = Xo,X I, ... ,Xn_l with ~ ~ x O C Vp , ~ 6x i6 Vl (i,j 

range over i .... , n-l) we have goi : Aoi = O and, by (i.3.ii) ,Aij = 

= Ggij for some function G which depends only on t = x o. Since V is 
P 

geodesic, Fi = O, i.e. ~ = O and using a coordinate transformation 
oo ' igoo ' 

which involves Xo only, we may assume goo i. Setting b = ~n trace 

A we thus obtain formulae (7) for the components of A. As V 1 is totally 

: Hgij umbilic, we have - Y ~j , H being the mean carvature of 

Constancy of H along V l says now that 6ogij (t,xl,...,Xn_ I) = f(t)gij 

(t,xl,... ,Xn_ I) for some f. For a function q (t) with q' = f, we have 

now 6o(e-qgij) = O, i.e., gij (t,xl ..... Xn_ I) = eq(t)hij (x i, .... Xn_ I) 

for some hij. Thus, x has a neighborhood isometric to IXFN for some N, 

where I is an interval and F = e q. Were F constant, so (8) together 

with the Codazzi equation would give VA = O, contradicting our hypo- 

thesis. Our assertion is now immediate from (2. i) . 

(2.4). REMARK. The above results are slight extensions of some argu- 

ments of [2] . The results of [2] , concerning compact Riemannian four- 

manifolds whose Ricci tensor satisfies the Codazzi equation, have been 

generalized in [ 3 ] to the case of arbitrary dimension n_>3. 
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