SOME REMARKS ON THE LOCAL STRUCTURE OF CODAZZI TENSORS

Andrzej Derdzihski

Given a Codazzi tensor A on a Riemannian manifold M, let MA denote the set of
all points x of M such that A in a neighborhood of x has differentiable elgenvalue
funetions of constant multiplicities. Thus, MA is a dense open subset of M. The tan-
gent bundle of each connected component U of MA splits {(differentiably) as the ortho-
gonal Whitney sum of the efgenspace bundles of A.

In the sequel we denote by VA the eigenspace bundle corresponding to an eigen-
value function A and by < , >M (or simply < , >) the metric of the Riemannian

manifold M.
§1. SOME GENERAIL PROPERTIES OF CODAZZI TENSORS.

{1.1)., PROPOSITION. Let A be a Codazzli tensor on a Riemannian manifold M. In each
connected component of MA we have
(i) For an eigenvalue function A of A, any two local sections u, v of Vk (i.ev local

vector fields such that Au = Au, Av = Av) satisfy the relation
(1) Avvu = vau + (vA)u - <u,v>VAi.

(ii) If u, v, w are mutually orthogonal local sections of the eigenspace bundles of

A corresponding to the (not necessarily distinct) eigenvalue functions Xu, Av’ Aw'

then
(2) (V.Aa)(u,v) = (A_ = A ) <V u,v>
W u v w
and
= A) <V u,v>= (A -~ A) <V u,w> =
(3) u v w u w v

#

(A - X)) <V v,w> .
v w u

(iii) Given distinct eigenvalue functions X, B of A and local sections u of Vk,

v of Vp with Iu] = 1, we have
(4) vh = (A - <V ou,v>
PROOF. For any vector field w, the Leibniz rule implies <Avvu,w> = <Vv(ku) - (VVA)u,w>
= <(vA)u + AV u,w> - (VY Aa)(,v) and (V A)(u,v) = w<du,v> - <V u,Av> - <Au,V v> =
v W W W w

= (wh)<u,v> + Mw<u,v> ~ <un,v> - <u,va>} = <<u,v>VA,w>, which proves (i).

Now, if u, v are local sections of elgenspace bundles, corresponding to the eigen-
value functions Ku, Av' and <u,v> = 0, then, for each vector field w, (Au-va<un,v>
= - Au<u,va> - KV<un,v> E A(u,va) - A(un,v) = (VWA)(u,V), so that (ii) is im-

mediate from the Codazzi equation, To obtain (iii), it is sufficient to set %u = A,
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A = U and w = u, which gives (A -~ W<V u,v> = (V A)(u,v) = (V. A)(u,u) =V (A{u,u))
v u u v v

= vA, as required.

(1.2). REMARK. From (1) one easily obtains the well-known fact that, for a Codazzi
tensor with comsiant eigenvalues, the eigenspace bundles are integrable and their
leaves are totally geodesic. For arbitrary Codazzi tensors we have the following

weaker result.

(1.3). THEOREM. Let A be a Codazzi tensor on a Riemannian manifold M. Then, in each
connected component of MA'

(1) The eigenspace bundles of A are integrable and their leaves are totally umbilic
in M.

(ii) Every eigenvalue function A of multiplicity greater than one is constant along

the leaves of VR'

PROOF. Given an eigenvalue function A with dim V > 2 and a fixed local unit section

A
v of VA' choose a local unit section u of VX with <u,v> = 0. By (1), vA =

= <Wvu + {viiu - <u,v>VAi,u> = A(VVu,u) = <\7Vu,ku> = 0. This implies (ii) if we know
that each VX is integrable. To prove this, we may assume dJdim VA > 2 and consider

local sections u,v of V Thus, ul = vA = 0 and (1) vields Alv,u] = A(Vvu —Vuv) =

3
=Alv,ul, i.e7[v,u] lies in Vy as required. To show that the leaves of V, are totally
umbilic, consider a vector field v normal to VX' The second fundamental form of the

leaves of VA with respect to v is given by bv(u,u) = - <Vuu,v> , u being a local unit

section of VA' We may choose v to be a section of some VU'U # A, so that (4) gives
v -1
(5) b {u,u) = (0~ A vi,

v . .
i.e., bx(u,u) is the same for all unit vectors u tangent to the leaf at x, which com~

pletes the proof.
As a conseguence we obtain

(1.4). LEMMA. Let A be a Codazzi tensor on a Riemannian manifold M, dim M z 3. Suppose
U is a connected open subset of M, such that trace A is constant in U andV A # 0
somewhere in U. If A has exactly two eigenvalue functions A,U in U, and dim VA z

dim VU' then dim VU = 1, the integral curves of VU are geodesics and each leaf of VA

has constant mean curvature.
PROOF. Given a local section u of v,, (1.3.ii) yields ul = 0 and
(6) up = (dim Vu)_lu{trace A -~ (dim VX)A} = 0.

if we had dim VU > 2, then, by (6) and (1.3.ii), U would be constant and so would

be A. By (1.2), the leaves of both V VU would be totally geodesic, which easily

b
implies that VX' VU would be invariant under parallel displacements, and the local

de Rham theorem would give VA = 0, This shows that dim VU = 1. Now, fix a local unit
section v of VU' Clearly, <Vvv,v> = 0 and, by (4) and (&), <Vvv,u> = 0 for any section

u of VA' Hence Vvv =0, i.e.,vu is geodesic. In view of (5) the mean curvature of the
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leaves of V is given by H = (-~ A)_lvlk For any section u of Vs (6) implies
ul = (U- X)—luvk, while uvA = [ u,v]A and <[u,v], v> = —<Vvu,v>:< uy v> = 0.

Thus, Lu,v] lies in VX , which yields [u,v 1l= O by Theorem (1.3.ii). Hence uH = O,

which completes the proof.
§2. A SPECIAL CASE.

We can now give a complete description (at generic points) of non-parallel Codazzi
tensors, which have constant trace and less than three distinct eigenvalues at any

polint.

(2.1). REMBRK. Consider a warped product manifold M = I x N ({41, [ 1]) of an
interval I of R with a Riemannian manifold N, dim N = dim M - 1, which is nothing
but the smooth manifold I x N endowed with the metric g, where g<t’y)(5 + X,N +Y)
= <€'T]>I + F{t)< X,Y>N for E)WGTtI,X,YE TyN’ F beeing a positive function on I. In

a suitable product chart t = xo,x ""'Xn~1(n = dim M) for I x N, the components of

1
g and its Christoffel symbols are given by Yoo = 1, goi = 0, gij = eqhij and Fgo =
:Fl = 0 FO = L eq 'y Ti - 4 |5i Tl
0o rYig 2 040 gy T34 it ik =

i i

= ij, where ¢ = log F and hij'ij are components of the metric of N and its Christof-
fel symbols in the chart o ooy Xn—l (i,3,k being always assumed to run through 1,
...y n-1). Given a symmetric (0,2) tensor A on M whose local components are of the

form

A = nb + (1-n)G(t),
7 [ele}

A, =0, A =
10 ij G(t)gij

for some constant b and a function G on I, the only non-trivial components of VA are

given by

n g
8 =B i - = o9 =
(8} viAoj 5 eq (b G)hij , voAij e G'hij, vvoo = {1-n)G'. Therefore & is a

~-ng/2

) ) 2
Codazzi tensor iff G = b + ce =b + cF for gome real ¢. Moreover, if F # con-

stant, then A is not parallel unless c = O.
Consequently, we have

(2.2). EXAMPLE. 1In an n~dimensional warped product IXFN(I an interval, F non-constant),
define the symmetric tensor A by
A

(

t,y)( E+ X, n + ¥) =
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(9) “[b + (1-myer ™2 ()] <E,N>I +

dor(ty + crl ™2 (0] XY

c # O and b being real numbers. Then A is a Codazzi tensor with constant
I

trace nb and exactly two distinct eigenvalues at each point of M.
The Codazzi tensors of the above type can be characterized as follows.

(2.3} . THEOREM. Let A be a non-parallel Codazzi tensor with constant
trace on a Riemannian manifold M, dim M = n i 3. If x is a point of M

such that, in a neighborhood of x, A has precisely two distinct eigen-
values, then x has a nmeighborhoocd isometric to a warped product

I x N, I an interval of IR, F # constant, in such a way that A is

B
given by (9) with some real numbers b and ¢ # O.

PROOF . By (1.3) and (1.4), the tangent bundle of & neighborhood of

x @plits as the orthogonal direct sum of the eigenspace bundles of

A, i.e., of a geodesic line field Vpand a codimension one foliation Vi
with totally umbilic leaves, each of constlant mean curvature. In a

o Xy _ withf;\,/cxoevu,&/@xievx (i,3

range over 1, ..., n-1) we have 9,5 = Aoi = 0 and, by (1.3.ii),Aij =

= Ggi. for some function G which depends only on t = X, Since VU is

suitable local chart t = x ;X

Cigoo = 0, and using a coordinate transformation

. i .
geodeslc,T = 0, il.e.,
oo 1
which involves %, only, we may assume 9o = 1. Setting b = oy trace

A we thus obtain formulae (7) for the components of A. As VA is totally
umbilic, we have - T?j = Hqij' H being the mean carvature of oo

Constancy of H along V), says now that bogi (t,xl,...,xn_1 = f(t)g

. ) . -
3 13
1""'Xn—1) for some f. For a function g {(t) with g’ = £, we have
-q _ . _ o.ae)
now éo(e gij) = 0, i.e., gij(t’xl""’xn~1) e hij nvl)
for some hij' Thus, x has a neighborhood isometric to IxFN for some N,
9

where I is an interval and F = e . Were ¥ constant, so (8) together

(t,x

(x1,...,x

with the Codazzi eguation would give VA = 0, contradicting our hypo-

thesis. Our assertion is now immediate from (2.1).

(2.4). REMARK. The above results are slight extensions of some argu-
ments of [2] . The results of [2], concerning compact Riemannian four-
manifolds whose Ricci tensor satisfies the Codazzi equation, have been

generalized in [ 3 ] to the case of arbitrary dimension nz3.



255

REFERENCES.

(1}

(2}

(3)

(4)

R. L. BISHOP, B. O'NEILL: Manifolds of negative curvature, Trans.
A.M.S. 145 (1969), 1-49.

A. DERDZINSKI: Classtfication of certain compact Riemannian
manifolds with harmonic curvature and non-parallel Ricci tensor,

Math. 2. (to appear).

4 . . . . -
A. DERDZINSKI: On compact Riemannian mantfolds with harmontic

curvature, (to appear).

G. 1. KrRUEROVI&: On semi-reducible Riemannian spaces {(in Russian).
Dokl. ANSSSR 115 (1957), 862-865.



