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§ 1. Introduction.

For any Riemannian manifold (M,g) , the second Bianchi iden-

tity implies the relation
(1) §R=-dr

: . - - .
(}n local coordinates : VR . & = ik “r j ), R being the
curvature tensor and r the Ricci tensor of (M,g) with rij =

L Ri'j' . 8imilarly, we have

(@) v = -B2a(r - grrg)

vhere n = dim M 23, W is the Weyl conformal tensor and u =

= gijrij is the scalar curvature of (M,g) . One says that (N,g)

has havmonie curvature if SR =0, i.e. {cf. (1)), if the Ricci

tensor r satisfies the Codazz{ equation ar =d ([i], [5)).
The following examples of compact Riemannian manifolds with

harmonic curvature are known :

(i) Compact m}folda with parallel Ricci tensor, including com~

pact Einstein spaces.

(ii) Compact conformally flat manifolds with constant scalar cur-

vature (cf. (2) and (1)). For existence results, see [T].

(iii) Certain bundles vith fibre N over 8! endowed with suit-

able fuisted warped product metrics, where N is an arbitrary com-

© pact manifold admitting an Einstein metric with positive scalar

curvature (see [5]). If the Einstein metric of N is not of con-~
stant curvature (and hence dim N 2 4), these examples are not of
type (i) or (ii).

{(iv) Compact manifolds locally isometric to prody-+-



The aim of this note is to describe some new examples of com-
pact Riemannian manifolds with harmonic curvature. More precisely,

we prove the following existence result.

THEOREM . Llet (M,g) be a compact Riemannian manifold with con-
stant cuwrvature K < O . Suppose that p 48 an integer with

p>n-l(-'x' ,

where n = dim M > 2 and A, s the Lowest positive eigenvalue of

1
the Laplacian of (M,g) , acting on functions.

Then, {on any compact p-dimensional Einstein manifold (N,h)
with positive scalar curvature, other than a space of constant cur-
vature, the product manifold M x R admits a metric G with har-
monic curvature, which {8 not Locally isometric to any of the ex-

amples desceribed in (i), (ii), (idi), (iv) above.

Note that the compact manifolds with harmonic curvature ob-
tained in this way have infinite fundamental groups and are of di-
mensions n+p2 T

The proof ‘of the theorem is a trivial consequence of the fol-
loving special case of a result of H. Yamabe : On any compact n-di-

mensional Riemannian manifold, the equation
af + af = cr37!

with real s, q, ¢ such that 2 < q <2n(n-2)"' , &> (e2)"
and ¢ > 0, is satisfied by some non-constant positive function £ .
The required metric G is obtained from a product metric on M x N

by a conformal deformation involving such a function £ on (M,g) .

Throughout this note, considering two or more Riemannian met-
rics, we shall endov the symbols of their geometric quantities with
appropriate subscripts or superscripts (like Vh . Hh » Ghﬂh for
a metric h). The Laplacian A = At c"(M) » c"(M) of (M,g) is
alvays defined to have negative principal symbol : A = -~ gijvivj N ’

and A1 = A‘(M,g) denotes its lowest positive eigenvalue.

§ 2. Proof of the theorem.

LEMMA 1 .(cf. [3], Chapter XVI). Suppose that we are given a space
(M,g) of constant eurvature K , a p-dimensional Einstein manifold
(R,h) with scalar curvature v, = - p(p-1)K , and an axbitrary po-
sitive C° function * on M. Then, fox any xeal q , the metric

6 =172 (g x n)
on M x N satisfies the condition 8,W, = 0 . Moreover,

(i) 6 s not conformally {lat unless h &8 of constant curva-
e,

(i1) 1§ M 48 compact, K <0, q¥2 and £ is non-constdnt,
then (M x N,0) adnits no parallel symetric 2-tensonr {ields other
than constant multiples of G .

PROOF. For conformally related metrics vy , G in dimension m ,

ve have

SV = &V, - (n-s)wy(V'a.‘.-.')



whenever G = ezu-y . Our product metric y=gxh on Mx N has

5' WY = 0 (ef. (2)) and its Weyl tensor annihilates v(1log 1) ,
since f is constant along N . Therefore 60"0 =0.

If G is conformally flat, then so is g x h , vhich easily
implies that h has constant curvature. This proves (i).

Assume now that the hypotheses of (ii) are satisfied and E

is a symmetric 2-tensor field on M x N with VGE =0 . In a local

: + +
product coordinate system x1,...,xn; xn 1,...,xn P for Mx N,

n = 3dim M, this implies
(3) VEE, =230, + 3,00E - g3
k ia k ia i Eku 27 %sabix *

vhere o = i(q-?)log £ . Here and in the sequel, the ranges of in-
dices are : i,j,k,2,8 = 1,...,n , a,B,u,V =n+l,...,ntp . For a
fixed a, v= 9-3031 dxi is a vell-defined global 1-formon M .
By (3), Vv = v A a0 - v(vB0)-g . Hence 8y + (VEy)* = - 2v(vE T)eg

and 80 v represents a conformal vector field on (M,g) . Bince M

is compact and K < O , this implies v =0 and

() E,,*0 for 1gigncagnip.

Other conseguences of VGE = 0 are V:Eia = aio-sns - g‘ik Qjo-nkih-

e, = 23,0E, mt VE == £ E; b, - glaoEn By (4),

V:Ein = V:l“ = 0 and hence these relations give

(5) B, =ce®n . , g 3,0°F

20
a8 o = Ce" +30 , 18k gn<a,d g

Jk

with a constant C . Moreover, wE =0 gives, by (k), v:‘:lj =0

and ':‘1.1 = 22,08, + 30°F, + °5°'Eix

- g"' a‘u-z_ jsik . The symmetric 2-tensor field P = Pi 5dxidxj with

L8
B 3,0°E 8y T

n’Po

P, =e %

13 15 = 83

is, clearly, vwell-defined everyvhere in M . In view of (5), the

preceding formula gives

a) VGP =9 O'P.ik + aja-Pik

(6)
b) s'ik aju-Pu = 0.

i Jx

Transvecting (6)a) with g° , g° or with shc‘“

Pkl , respecti-

vely, we see from (6)b) that

(n aT = dQ =0, ‘Pi-r-aio.

- old - - ik _
vhere T-tracesP g Pij and Q= g(P,P) =g g Pijrkl . More

over, (6)b) and (7) give
(8) g(P,v8d0) = - Teg(do,do) .

Applying to P the contracted Ricei identity (Weitzenb3ck formula)

and using (6), we obtain

1e(v80 - do @ do) + P © v840 - VB o P + (8,0 + gld0,80))+P =
= K-(Tg - nP) .

Suppose now that P does not vanish identically, i.e., the constent
Q = g(P,P) (cf. (7)) is positive. Taking the inner product of the
1ast formula with P we then have, in view of (6)b), (T) eana (8),

the relation Asu - c';(dn,dc) + ¢, for some constants €y 0 S s

2
vhich obviously contradicts the non-constancy of ¢ on the compact
manifold (M,g) . Therefore P = 0 everyvwhere, i.e., l“ = Oeeaogij
for 1 <1,j £n . Together vith (k) ana (), this gives E = C-G,

completing the proof.



WA . e mstric 0 required in our theorem can nov be construct-
ed as follows. If (M,g) is compect and bas constant curvetuwre K
and (W,h) is Rinstein, vith scalar curvature u.--p(rlk R
where ¢in M oa>2, danl=p end 2 *p2 L, thea (M=)
l‘l‘oloio. 0'0' being defined as in Losms ' vith any po-
sitive function £ oa N end vith

(9) s

The scalar curvature w, of C-Or is constent along B and ane
easily verifies (cf.[1], p. 126) that, ca ¥,

(10) o0 1 (ap)aop-2kr = {unhorz)(nrl)" ol

vith q given by (9). If £ is such that u, is comstast, thes, by
{(2) ana (1), $gRg = 0. Terefors, all ve oeed in order to comstruct,
is this vay, o (nev) metric O wvita § R, =0, is to find & non-
constant positive solution f of (10) vita (9) o8 (M,g) , for some
Asal sumbea ug and an integer p> 0. Wen K20, suchan ¢
does not exist, which one can essily prove using integration by
parts. On the other hand, if K <O and p>a-K 'Ay, A =

- l‘(l.l) . the existence of such an f is immediate from the fol-

loving result.

LDOWA 2 (N, Yemabe [8), cf. [1], p. 115-119). let (M,g) be & com-
pact Riemannian mani{fold, dim M =2 > 2 . Then, f0r any aeal a, g,
o with 2 <qecama2)’, a(e2)>1 =2 (Mg and ¢>0,
theae exiots & non-constant positive € function £ om M such
Ot

(1) af ¢ af = oY,

PROOF. The required function f can be found using Yemede's meibod

(see (1), p. 115-119), vhich consiste in minimizing the functionsl
1(e) e (f]ve]2e aled)(1 R )"
. " ALAEA

ia the class of all non-negative functions ¢ in Lhe first Bobolev
space L1(M) which 4o oot vanish ideatically. A minimm f of L
exists if 2 < q < 2a(a-2)"" and it is & positive C fusction oa
M, satisfying (11) wvith some ¢ » O ; by rescealing £ , eay ¢ > 0
cen be attained. Buppose bov that this minimwm £ e a positive
constent. Calculating the second veristioa of l‘ et £ , we thea

obtain
/1wl 2 elg-2) s o
[ ] | |

for each C function ¢ wvith / ¢ = 0 . Meace a(q-2) S, (see
]
{2]. p. 186), vhich contredicts our hypothesis. Therefore ¢ is

son-constant, vhich completes the proof.

Pasof of the Cheorem. Lot (M,g) , p end (N,h) satisfy our hypo-
theses. By rescaling b , wve may assume it has scalar curveturs w -
e - p(p-1)X . Piz a non-constant positive function £ satisfying
(10) with (9) on (M,g) ., for a constent w?>0., which existe by
leama 2. According to the remark preceding lemms 2, the metric G =
-g‘"-(.-.) on M x ¥ then has harmonic curvatwre, ¢ being
givea by (9). doreover, O is meither comformally flst ({{) of
Leams 1), sor locally reducible (by & receat result of D. DeTurck

and B. Goldsehmidt (6], all metrics vith harmonic curvature are ens-
lytic in suitadle coordisates, so that losal reducidility of (M =N,0)
would contredict (ii) of lesma 1). If G bad parallsl Ricel temsor,



it would be Einstein in view of local irreducibility. Therefore,
w‘(H x §) would be finite (since G has scalar curvature u, > 0),
vhich vould contradict the negativity of the curvature of (M,g) .
Thus, (M x N,G) is not, even locally, of the type represented by
examples (i), (ii) or (iv) of §1. If it were locally of type (iii),
then, in view of ﬁ;lﬂicity, MxN end a compact bundle over 8!
vhose fibre has finite fundamental group, would have homeomorphic
universal cové;ing spaces, which is obviously impossible as dim M >

2 2 . This completes the proof.
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