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Graphs on surfaces
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Ribbon graphs

A ribbon graph R is a surface represented as a union of

vertices-discs Q and edges-ribbons 1]

@ discs and ribbons intersect by disjoint line segments,

@ each such line segment lies on the boundary of precisely
one vertex and precisely one edge;

@ every edge contains exactly two such line segments.
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Duality

R* = R {1,2,3,4,5,6}
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Partial duality
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Partial duality
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Partial duality
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Examples
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Let A C E(R) for a ribbon graph R.

(@) R" =R.
(b) RE(R) = R*,
© (RA)*=R.

(d) Foran edge e ¢ A, RAV(e} — (RAYI — (R{e})A,
(6) (RAYY = RAUANAW),
(f) Partial duality preserves orientability.
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Bollobas-Riordan polynomial

Let F be aribbon graph;
@ v(F) be the number of its vertices;
@ e(F) be the number of its edges;
@ k(F) be the number of components of F;
@ r(F):=v(F) —k(F) be the rank of F;
@ n(F) :=e(F) —r(F) be the nullity of F;
@ bc(F) be the number of boundary components of F;

Br(X.Y.Z) == > ([ %) ( I ve)

FCR ecF ecR\F

X" (R)=r(F)y n(F) 7 k(F)—be(F)-+n(F)
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Relation to the Tutte polynomial

Xe=Ye=1
BR(X - 17y - 171) = TR(Xay)

If R is planar (genus zero): Br(x — 1,y —1,z) = Tr(X,Y)

Signed graphs:
+-edge: Xe :=1, Ye:=1.

—-edge: Xe := /X/Y, Ye =Y /X.
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Duality theorem

The restriction of the polynomial (YZ)'(R)Bg(X,Y,Z) to the
surface XYZ? = 1 is invariant under the partial duality:

= (Yz2)'®RIBr/(X,Y,2)
XYZ2=1

(YZ)'®IBR(X,Y,2)

XYZ2=1

where R’ := R” with the weights correspondence

Xe ifedgA | Ve ifedgA
VeXZ ife €A, Ye =1 xYZ ife cA.

/
e =
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Idea of the proof

(YZ)'RIBg(X,Y,Z) = Z Mg (F

The weight correspondence gives
F C E(R)
a one-to-one correspondence: ) I
F' C E(R)

F'=(FUA)\ (FNA).

XYZ2=1
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Corollaries

Corollary 1. Letg :=k(R) — X(ﬁ)/z, where R is a closed
surface obtained from R by capping all boundary components.
Then
XgBR({X87y9}7X7Y7Z) :YgBR*({Ye;Xe}aYaXaZ)
XYz2=1

XYZ2=1

Corollary 2. Let R be a connected plane graph. Then

TR(X’y) = TR*(yvx)
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