ITERATED INTEGRALS: THE CONTINUOUS CASE

Proposition 1. If f is continuous on R = [a,b] X [c,d] then

b d d b
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Proof. The function f(x,y) is continuous in y for every fixed x, and thus the

integral g(z f f(z,y)dy is well defined. By Theorem 4.5 p. 189 that we
proved today for R x R, g(z) is a continuous function. Thus, the iterated
integrals

(2) /ab (/cdf(w,y)dy> dz; /Cd (/abf(x,y)drc> dy

are well defined (the second one by a similar argument). Certainly, it suffices
to prove the first equality in . Let R’ C R be any rectangle. By the Mean
Value Theorem for Integrals 4.24, we have, for some (2/,y') € R/,

(3) / f(x,y)dzdy = f(z',y/)Area(R')

Take any rectangular partition P = {z1,...,zn; Y1, ..., yx } of R, and denote
the rectangles [z;—1, z;] X [yj—1,y;] by Ri;. We have, using Corollary 4.23 b,
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for some (7, yg) € R;;. On the other hand, by the same mean value theorem,
we have
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for some (z7,y7) € Ry;.

We now choose § so that, by uniform continuity, whenever two points in R
satisfy [(z1,y1) — (z2,92)| <6, we have [f(z1,y1) — f(z2,y2)| < €¢/Area(R).
We choose a partition of R into rectangles small enough so that |Az;| +
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|Ay;| < 0. In particular, |(z},y}) — (27, y})| <J. We then have

77

N K
€
=1 j=1

Since € > 0 is arbitrary, and by definition Jgr and J; do not depend on ¢, it
follows that Jr = J;.



