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2.16 Let X be a compact Hausdorff space and let % denote the invertible elements
of C(X). Hence a function f in C(X) is in % if and only if f(x) # O for all x in
X, that is, G consists of the continuous functions from X to C* = C\{0}. Since
% is locally arcwise connected, a function f is in G if there exists a continuous
arc {fi}aepo,17 of functions in G such that Jo =1and f; = f.If we define the
function F from X x [0, 1] to C* such that F (x, 1) = f3(x), then F is continuous,
F(x,0) =1and F(x, 1) = S (x) for x in X. Hence f is homotopic to the constant
function 1. Conversely, if g is a function in % which is homotopic to 1, then g

is in G¢. Similarly, two functions &1 and g; in G represent the same element of

A =%4/% if and only if g, is homotopic to g;. Thus A is the group of homotopy

classes of maps from X to C*.

2.17 Definition. If X is a compact Hausdorff space, then the first cohomotopy
group ! (X) of X is the group of homotopy classes of continuous maps from X
to the circle group T with pointwise mraltiplication.

2.18 Theorem. IfX isa compact Hausdorff space, then the abstract index group
A for C(X) and 7 !(X) are naturally isomorphic.

Proof We define the mapping ® from 7!(X) to A as follows: A continuous
function f from X to T determines first an element {f} of x1(X) and second,
viewed as an invertible function on X , determines a coset f + 9y of A. We define
®({f}) = f+%o. To show, however, that ® is well defined we need to observe that
if g is a continuous function from X to T such that { f} = {g}, then f is homotopic
to g and hence f+%G, = & +%o. Moreover, since multiplication in both 7 ! (X) and
§ is defined pointwise, the mapping @ is obviously a homomorphism. It remains
only to show that ® is one to-one and onto.

To show @ is onto let S be an invertible element of C(X). Define the function F
from X x [0, 1] to C* such that F(x, ) = f(x)/ | f(x)I'. Then F is continuous,
F(x,0) = f(x) for x in X, and g(x) = F(x, 1) has modulus one for x in X.
Hence, 1 + <4, — g + %y so that P({g}) = f + % and therefore & is onto.

If f and g are continuous functions from X to T such that d({ f}) = ®({g}), then
fis hOmotopic to g in the functions in %, that is, there exists a continuous function
G from X x [0, 1] to C* such that G(x,0) = f(x) and G(x, 1) = g(x) for x
in X If, however, we define F(x,t) = G,/ |G(x, 1), then.F is connmfous
and establishes that f and g are homotopic in the class of contmu.ous functions
from x to T. Thus {f} = {g} and therefore ® is one-to-one, which completes
the proof, -

The Preceding result is usually stated in a slightly different way.

2.19 Col‘ollary. If X is acompact Hausdorff space, then A is naturz?lly isomorphic
' the firg; Cech cohomology group H!(X, Z) with integer coefficients.
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Proof It is proved in algebraic topology (see [67]) that ! (X) and H \(X, L)
naturally isomorphic. '

These results enable us to determine the abstract index group for simple
commutative Banach algebras,

2.20 Corollary, The abstract index group of C(T) is isomorphic t0 L.

Proof The first cohomoto

| p
Py group of T is th homotopy g s
of T and hence is 7. d ¢ same a5 the firs ’

We now return ta the haet - o




