Exponential asymptotics, trans-series and generalized Borel summation for analytic nonlinear rank one systems of ODE’s

Ovidiu Costin^�

Abstract

For analytic nonlinear systems of ordinary differential equations, under some non-degeneracy and integrability conditions we prove that the formal exponential series solutions (trans-series) at an irregular singularity of rank one are Borel summable (in a sense similar to that of Ecalle). The functions obtained by re-summation of the trans-series are precisely the solutions of the differential equation that decay in a specified sector in the complex plane.

We find the dependence of the correspondence between the solutions of the differential equation and trans-series as the ray in the complex plane changes (local Stokes phenomenon).

We study, in addition, the general solution in L^1_{loc} of the convolution equations corresponding, by inverse Laplace transform, to the given system of ODE’s, and its analytic properties.

Simple analytic identities lead to “resurgence” relations and to an averaging formula having, in addition to the properties of the medianization of Ecalle, the property of preserving exponential growth at infinity.

1 Introduction and main results

We consider an n-dimensional, rank one, level-one vector differential equation in a neighborhood of an irregular singularity, say x = ∞. We assume that the

�Mathematics Department, Hill Center Rutgers University, New Brunswick, NJ 08903; e-mail: costin@maxwell.rutgers.edu

Stokes lines are simple. In normalized form (see [7], [11] ), such an equation can be written in the form

y^′ = f_0(x) − Λ̂y − 1 x B̂y + g(x, y), y ∈ C^n , (1.1)

(The reason to separate out the second and third term on the r.h.s. of (1.1) is that they play a special role in the asymptotic behavior of the solutions).

The functions ξ → f_0(ξ^{−1}) and (ξ, y) → g(ξ^{−1}, y) are taken to be analytic for small arguments. The normalization can be chosen so that f_0(x) = O(x^{−2}) for large x, and, by construction, we have g(x, y) = O(|y|^2, x^{−2}y).

Λ̂ and B̂ are n × n matrices with constant coefficients. We assume that Λ̂ is invertible and that the (“non-resonance”) condition arg λ_j ≠ arg λ_i, for j ≠ i, λ ∈ spec Λ̂, is satisfied.

By a change of variables we can then arrange that Λ̂ is diagonal, Λ̂ = diag{λ_i} with arg λ_j > arg λ_i for j > i and make λ_1 = 1. The matrix B̂ can be diagonalized at the same time [11].

To simplify the analysis we assume further that ℜ(B̂_{1,1}) := β > 0. Through normalization we make

ℜ(B̂_{1,1}) = β ∈ (0, 1] (1.2)

We are interested in the study of the solutions of (1.1) that are decaying for large x, in one of the half-planes ℜ(xe^{−iϕ}) > 0 with ϕ ∈ (arg λ_n − 2π, arg λ_2). These solutions have the same asymptotic behavior at large x, described by a (typically divergent) power series

y(x) ∼ ỹ_0 = ∞∑ k=2 ỹ_{0,k} x^k (|x| → ∞; ℜ ( xe^{−iϕ} ) > const > 0) (1.3) For instance, all the solutions of the equation y^′ + y = x^{−1} have the property y(x) ∼ ∑∞ k=0 k!x^{−k−1} as x → ∞. If ϕ ≠ 0 there is only one solution of (1.1) satisfying (1.3). A much more interesting case is when we take ϕ = 0. Then, as it is known (and will also follow from the present paper) there is a one dimensional manifold M^+ of solutions of (1.1) such that (1.3) holds. The manifold M̃^+ of all formal solutions which decay in the half plane ℜx > 0

ỹ = ỹ_0 + ∞∑ k=1 C^ke^{−kx}ỹ_k (1.4) also has one free parameter, C ∈ C . In (1.4), ỹ_k, k ≥ 0, are formal power series and ỹ is an instance of a trans-series. In our example y^′ +y = x^{−1}, ỹ = ∑∞ k=0 k!x^{−k−1} + Ce^{−x}. See Section 2.6 a heuristic construction leading to trans-series solutions and for references.

The series ỹ_k satisfy the system of differential equations

y^′_0 + ( Λ̂ + 1 x B̂ ) y_0 = f_0(x) + g(x, y_0)

y^′_k + ( Λ̂ + 1 x B̂ − k − ∂g(x, y_0) ) y_k = ∑ |l|>1 g^{(l)}(x, y_0) l! ∑ Σm=k n∏ i=1 l_i∏ j=1 (y_{mi,j} )_i (1.5) where g^{(l)} := ∂^{(l)}g/∂y^l, (∂g)y_k := ∑n i=1(y_k)_i(∂g/∂y_i), and ∑ Σm=k stands

for the sum over all integers m_{i,j} ≥ 1 with 1 ≤ i ≤ n, 1 ≤ j ≤ l_i such that ∑n i=1 ∑l_i j=1 m_{i,j} = k. Because m_{i,j} ≥ 1, ∑ m_{i,j} = k (fixed) and card{m_{i,j}} = |l|, the sums in (1.5) contain only a finite number of terms. We use the convention ∏ i∈∅ ≡ 0. The system (1.5) is derived in Section 2.6.

Starting with k = 1 the equations (1.5) are linear. Note that the inhomogeneous term in these linear equations is zero for k = 1, and for k > 1 it involves only y_n with n < k.

While some connection between ỹ_0 and actual solutions of (1.1) is given by (1.3), the interpretation of (1.4) is less immediate, since generically all the series involved are (factorially) divergent and “beyond all orders of each other”. The interest in trans-series is motivated partly by their formal simplicity compared to the vast class of differential equations that they “solve” and by the fact that they can be algorithmically found, once the equation is given. Finding the connection between formal expansions and true solutions is the object of exponential asymptotics, a field that has been growing constantly, especially after the pioneering works of M. Berry, J. Ecalle and M. Kruskal.

The formalism of generalized Borel summation as well as the theory of trans-series, in a very comprehensive setting, were introduced by Ecalle [1], [2], [3].

For the problem (1.1)—(1.3), we prove that there is a one-to-one natural correspondence between actual solutions y and the trans-series ỹ (1.4).

We show that the general solution of (1.1), (1.3) is obtained by replacing each formal series in (1.4) by its Borel sum which gives a one-to-one correspondence between the formal solutions (trans-series) and the actual solutions of (1.1), (1.3):

ỹ = ỹ_0 + ∞∑ k=1 C^ke^{−kx}ỹ_k ←→ L_ϕB_ϕỹ_0 + ∞∑ k=1 C^ke^{−kx}L_ϕB_ϕỹ_k = y (1.6)

The Borel summation operator, LB will be defined precisely. The function y ∈ M^+ is convergently defined by (1.6) for large x. The left arrow in (1.6) means that L_ϕB_ϕỹ_k(x) ∼ ỹ_k(x) for x → ∞. The exact statement corresponding to (1.6) is given in Theorem 2.

We study in detail the features of the representation (1.6) and the properties of the objects involved. The technique that we use differs from that of [1], [2], [3] and leads to new results. In particular we obtain for the Borel transform of the formal series solutions of differential systems an averaging formula, having, as the medianization of Ecalle the quality of preserving reality and of commuting with convolution, but involving a smaller number of analytic continuations and in addition satisfying the condition of at most exponential growth at infinity.

For m > 1, the inverse Laplace transform of x^{−m} is L^{−1}x^{−m} = p^{m−1}/Γ(m − 1) = B x^{−m} The Borel transform B of a formal series

ỹ = x^r ∞∑ k=1 ỹ_kx^{−k}, r ∈ (0, 1) (1.7)

is by definition the formal series gotten by taking L^{−1} term by term:

B ỹ = Y := p^{−r} ∞∑ k=0 ỹ_{k+1} Γ(k − r) p^k (1.8)

A priori Y is still a formal series. If it has a nonzero radius of convergence, then it generates an element of an analytic function which we will denote, all the same, by Y.

A formal series ỹ is Borel summable in the classical sense along a ray Φ (the direction of which is given by the angle ϕ) if the following conditions are met:

1) The series Y has a nonzero radius of convergence;

2) Y can be analytically continued along the ray and 3) The analytic continuation Y grows at most exponentially along the ray and is therefore Laplace transformable along Φ.

The Laplace transform along that ray of Y, L_ϕY, is well defined and gives the so called Borel sum of ỹ. We prove that the conditions 1 through 3 are met by Bỹ_k, k ≥ 0, away from the Stokes rays, i.e., if ϕ ≠ arg λ_i, λ_i ∈spec Λ̂.

Of all the formal solutions (1.4), only the one with C = 0 (formally) decays in a half-plane, if the half-plane is not centered on the real axis. On the other hand, L_ϕBỹ_0 turns out to be the only solution of (1.1), (1.3) which decays in the same half-plane centered on Φ. Borel summation associates uniquely a true solution to Y_0.

The situation is more complicated and more interesting along Stokes rays (we focus on one of them, Φ = R^+). Condition 2) above is violated and, generically, the functions Y_k have an array of branch points along R^+. If we reinterpret 2) and consider paths that avoid the singularities then first of all, analytic continuation is (a priori) ambiguous. What is worse, the Laplace transform of such analytic continuations of Y_0 are, typically, not solutions of (1.1) (see Section A.2). However, Laplace transforms of (a one-parameter family) of suitable weighted combinations of analytic continuations of Y_0 are, as we will prove, solutions of (1.1). If we require in addition that real series are Borel-summed to real-valued functions then one of weighted average of analytic continuations appears as more natural (see also Theorem 5 below). * To define the Borel transform along the Stokes line R^+ we construct a suitable space of analytic functions. Let ϕ_+ = arg λ_2, ϕ_− = 2π − arg λ_n, and

W_1 := {p : p ∉ N ∪ {0} and arg p ∈ (−ϕ_−, ϕ_+)} (1.9)

(Fig.1), a sector containing only the eigenvalue λ_1 = 1 and punctured at all the integers (where the functions Bỹ_k are typically singular). We construct over W_1 a surface R_1, consisting of homotopy classes of curves starting at the origin, going only forward and crossing the real axis at most once:

R_1 := { γ : (0, 1) → W_1 s.t. γ(0_+) = 0; ℜ (γ(t)) increases in t and

0 = ℑ(γ(t_1)) = ℑ(γ(t_2)) ⇒ t_1 = t_2 } (1.10) modulo homotopies. Let also

D := C \ ∪^n_{i=1} {αλ_i : α ≥ 1} (1.11)

be the complex plane without the rays originating at the eigenvalues λ_i of Λ̂.

O_{1 2 3 4 5 6 7 8}

¸¸¸¸¸

¸¸¸¸¸

¸¸¸¸¸

¸¸¸¸¸ ¸¸¸ PPPP

PPPP PPPP PPPP PPPP PPP

⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄ (−^4+) W1 Fig 1. The region W_1. The dotted line is one of the paths that generate R_1.

Using notations similar to those of Ecalle, we symbolize the paths in R_1 by a sequence of signs ϵ_1, .., ϵ_j, .., ϵ_n, ϵ_j = + or −. For example, −−−−+ = −^4+ will symbolize a path in R_1 that crosses the real line from below through the interval (4, 5), and then goes only through the upper half-plane (Fig.1);^{′′}+^{′′} is a path confined to the upper half plane, etc. The analytic continuation of a function Y along the path −^4+ will be denoted Y^{−4+}.

The result below gives a first characterization of the analytic properties of Bỹ_k. (In the following, we choose the determination of the logarithm which is real for positive argument.)

Proposition 1 i) The function Y_0 := Bỹ_0 is analytic in D and Laplace transformable along any direction in D. In a neighborhood of p = 1

Y_0(p) = { S_β(1 − p)^{β−1}A(p) + B(p) for β < 1 S_β ln(1 − p)A(p) + B(p) for β = 1

(1.12)

(see (1.2)), where A, B are (C^n -valued) analytic functions in a neighborhood of p = 1.

ii) The functions Y_k := Bỹ_k, k = 0, 1, 2, .. are analytic in R_1.

iii) For small p,

Y_0(p) = pA_0(p); Y_k(p) = p^{kβ−1}A_k(p), k = 1, 2, .. (1.13) where A_k, k ≥ 0, are analytic functions in a neighborhood of p = 0 in C .

iv) If S_β = 0 then Y_k, k ≥ 0, are analytic in W_1 ∪ N.

v) The analytic continuations of Y_k along paths in R_1 are in L^1_{loc}(R^+) (their singularities along R^+ are integrable). The analytic continuations of the Y_k in R_1 can be expressed in terms of each other through “resurgence” relations of the type:

S^k_βY_k = ( Y^−_0 − Y^{−k−1 +}_0 ) ∘ τ_k, on (0, 1); (τ_a := p → p − a) (1.14)

relating the higher order series in the trans-series to the first series and

Y^{−m+}_k = Y^+_k + m∑ j=1 ( k + j k ) S^j_βY^+_{k+j} ∘ τ_j (1.15)

S_β is related to the Stokes constant S by

S_β = iS 2 sin(π(1 − β)) for β ≠ 1 iS 2π for β = 1

The Borel transformability of the principal series ỹ_0 has been considered for general systems of differential equations, allowing for resonances (see [4],[5]).

Let Y be one of the functions Y_k and define, on R^+ ∩ R_1 the “balanced average” of Y:

Y^{ba} = Y^+ + ∞∑ k=1 2^{−k} ( Y^− − Y^{−k−1+} ) H ∘ τ_k (1.16)

(H is Heaviside’s function). For any value of the argument, only finitely many terms (1.16) are nonzero. Moreover, the balanced average preserves reality in the sense that if (1.1) is real and ỹ_0 is real then Y^{ba} is real on

R^+−N (and in this case the formula can be symmetrized by taking 1/2 of the

expression above plus 1/2 of the same expression with + and − interchanged). Equation (1.16) has the main features of medianization (cf. [2]), in particular (unlike individual analytic continuations, see Appendix A.2) commutes with convolution (cf. Theorem 5). As it will become clear, the advantage of the definition (1.16) is that Y^{ba} is exponentially bounded at infinity for the functions we are dealing with.

Let again ỹ be one of ỹ_k and Y = Bỹ. We define:

L_ϕBỹ := L_ϕ Y = x → ∫ ∞eiϕ 0 Y(p)e^{−px}dp if Φ ≠ R^+

L_0Bỹ := L_0 Y = x → ∫ ∞ 0 Y^{ba}(p)e^{−px}dp if Φ = R^+ (1.17)

The connection between true and formal solutions of the differential equation is given in the following theorem:

Theorem 2 i) There is a large enough b such that, for ℜ(x) > b the Laplace transforms L_ϕY_k exist for all k ≥ 0 and ϕ ∈ (−ϕ_−, ϕ_+), cf. (1.9).

For ϕ ∈ (−ϕ_−, ϕ_+) and any C the series

y(x) = (L_ϕBỹ_0)(x) + ∞∑ k=1 C^ke^{−kx}(L_ϕBỹ_k)(x) (1.18)

is convergent for large enough x in the right half plane.

The function y in (1.18) is a solution of the differential equation (1.1). Furthermore, for any k ≥ 0 we have L_ϕBỹ_k ∼ ỹ_k in the right half plane and L_ϕBỹ_k is a solution of the corresponding equation in (1.5).

ii) Conversely, given ϕ, any solution of (1.1) having ỹ_0 as an asymptotic series in the right half plane can be written in the form (1.18), for a unique C. iii) The constant C, associated in ii) with a given solution y of (1.1), depends on the angle ϕ:

C(ϕ) = C(0_+) for ϕ > 0 C(0_+) −^1_2 S_β for ϕ = 0 C(0_+) − S_β for ϕ < 0

(1.19)

(see also (1.12) ).

Note that by (1.19) the change in the correspondence (1.6) occurs when the Stokes line arg x = 0 is crossed. This is a local manifestation of the Stokes phenomenon ([6], [7], [8]). ** Next, we study the correspondence between the solutions of the differential equations (1.1), (1.27), their formal solutions and the solutions of the inverse Laplace transform of these equations, which, in the transformed space, are convolution equations.

With the convolution defined as f ∗ g := p → ∫ p 0 f(s)g(p − s)ds (1.20) we have, as is well known, L(f ∗ g) = L(f)L(g), L(−pf(p)) = L(f(p))^′. (See Section A.3 for a few more useful formulas.) In (1.1) we write

g(ξ^{−1}, y) = ∑ |l|≥1 g_l(ξ)y^l = ∑ m≥0;|l|≥1 g_{m,l}ξ^my^l (|ξ| < ξ_0, |y| < y_0) (1.21)

where by construction g_{0,l} = g_{1,l} = 0 if |l| = 1 and the notation z^l means z^{l1}_1 ·z^{ln}_n and |l| = l_1 +..+l_n. The formal inverse Laplace transform of g(x, y(x)) is given by:

L^{−1} ∑ |l|≥1 y(x)^l ∑ m≥0 g_{m,l}x^{−m} = ∑ |l|≥1 G_l ∗ Y^{∗l} + ∑ |l|≥2 g_{0,l}Y^{∗l} =: N (Y) (1.22)

where

G_l(p) = ∞∑ m=1 g_{m,l} p^{m−1} m! (G_{1,l}(0) = 0 if |l| = 1) (1.23)

G_l ∗ Y^{∗l} ∈ C^n ; (G_l ∗ Y^{∗l})_j := (G_l)_j ∗ Y^{∗l1}_1 ∗ .. ∗ Y^{∗ln}_n (1.24) The inverse Laplace transform of (1.1) is the convolution equation:

−pY(p) = F_0(p) − Λ̂Y(p) − B̂ ∫ p 0 Y(s)ds + N (Y)(p) (1.25)

(see (1.22)) where, since f_0(x) = O(x^{−2}),

F_0(0) = 0 (1.26) By transforming (1.5) we get, similarly:

(Λ̂ − p − k)Y_k(p) + B̂ ∫ p 0 Y_k(s)ds − n∑ j=1 ∫ p 0 (Y_k)_j(s)D_j(p − s)ds = ∑ |l|>1 d_l ∗ ∑ Σm=k ∗ n∏ i=1 ∗ l_i∏ j=1 (Y_{mi,j} )_i =: R_k(p) (k = 1, 2, ..) (1.27)

with d_m := L^{−1}(g^{(m)}(x, y_0)/m!), D_j := L^{−1}(∂g(x, y_0)/∂y_j) and ∗ ∏ standing for the convolution product.

For a given ray Φ we consider the equations (1.25) and (1.27) in L^1_{loc}(Φ). When Φ is not a Stokes line, the description of the solutions is quite simple:

Proposition 3 i) If Φ is a ray in D, then the equation (1.25) has a unique solution in L^1_{loc}(Φ), namely Y_0 = Bỹ_0.

ii) For any ray in W_1, the system (1.25), (1.27) has the general solution solution C^kY_k = C^kBỹ_k, k ≥ 0.

The more interesting case Φ = R^+ is dealt with in the following theorem:

Theorem 4 i) The general solution in L^1_{loc}(R^+) of the equation (1.25) can be written in the form:

Y_C (p) = ∞∑ k=0 C^kY^{ba}_k (p − k)H(x − k) (1.28)

with C ∈ C arbitrary.

ii) Near p = 1, Y_C is given by:

Y_C (p) = { S_β(1 − p)^{β−1}A(p) + B(p) for p < 1 C(1 − p)^{β−1}A(p) + B(p) for p > 1

(β < 1) (1.29)

Y_C (p) = { S_β ln(1 − p)A(p) + B(p) for p < 1 (S_β ln(1 − p) + C)A(p) + B(p) for p > 1

(β = 1)

where A and B extend to analytic functions in a neighborhood of p = 1.

iii) With the choice Y_0 = Y^{ba}_0 , the general solution of (1.27) in L^1_{loc}(R^+) is C^kY^{ba}_k , k ∈ N.

Comparing (1.29) with (1.12) we see that if S ≠ 0 (which is the generic case) the general solution of (1.25) can be written on the interval (0, 2) as a linear combination of the upper and lower analytic continuations of Bỹ_0:

Y_C = λ_C Y^+_0 + (1 − λ_C )Y^−_0 (1.30)

Finally we mention the following result, which shows that the balanced average, like medianization [2], commutes with convolution.

Theorem 5 If f and g are analytic in R_1 then f ∗ g extends analytically in R_1 and furthermore,

(f ∗ g)^{ba} = f^{ba} ∗ g^{ba} (1.31)

As a consequence of the linearity of the balanced averaging and its commutation with convolution, if t̃_{1,2} are the trans-series of the solutions f_{1,2} of differential equations of the type considered in the present paper (cf. (1.6)), and if LBt̃_{1,2} = f_{1,2} then LB ( at̃_1 + bt̃_2 ) = af_1 + bf_2 (1.32)

Moreover, what is less obvious, we have for the component-wise product

LB(t̃_1t̃_2) = f_1f_2 (1.33)

Borel summation is in fact an isomorphism between a sub-algebra of transseries and a function algebra.

2 Proofs and further results

2.1 Outline of the proofs of the main results

To show the results stated in the previous section, we first obtain the general solution in L^1_{loc} of the convolution system (1.27) in D and then, separately, on the Stokes line R^+. We show that along a ray in D, the solution is unique whereas along the ray R^+ there is a one-parameter family of solutions of the system, branching off at p = 1. We show that any L^1_{loc} solution of the system is (uniformly in k) exponentially bounded at infinity therefore Laplace transformable and (by the usual properties of the Laplace transform) these transforms solve (1.1). Conversely, any solution of (1.1) with the required asymptotic properties is inverse Laplace transformable, therefore it has to be one of the previously obtained solutions of the equation corresponding to k = 0. We then study the regularity properties of the solutions of the convolution equation by local analysis.

Having the complete description of the family of L^1_{loc} solutions we compare different ways that lead to the same solution and obtain interesting identities; the identities, together with the local properties of the solutions are instrumental in finding the analytic properties of Y_k in R_1.

Key to the main proofs. The complete connection with Equation (1.16) is established in Section 2.7. For the remaining parts: Proposition 1: i) follows from Proposition 6 and Lemma 12; ii) and iii) follow from Proposition 23. The proof of (1.13) is given in Remark 14 and iv) is shown in Remark 17. Part v) follows from Proposition 22 and Proposition 23. Theorem 2: i) and ii) follow from Lemma 21 and Proposition 20; iii) is Equation (2.89). Proposition 3 follows from Proposition 6 and Lemma 21. Theorem 4: follows from Proposition 15, Lemma 14, Proposition 19. The proof of Theorem 5 starts with Proposition 24 and is continued after it.

2.2 The convolution equation away from Stokes rays

For any star-shaped set E in the complex plane containing the origin (i.e., a region such that the origin can be connected with any other point in E by a straight line segment contained in E) we denote by L_{ray}(E) the set of functions which are locally integrable along each ray in E.

Proposition 6 There is a unique solution of (1.25) in L_{ray}(D) (cf. (1.11)) namely Y_0 = Bỹ_0.

This solution is analytic in D, Laplace transformable along any ray Φ contained in D and L_ϕY_0 is a solution of (1.1).

For the proof we need a few more results.

Remark 1 There is a constant K > 0 (independent of p and l) such that for all p ∈ C and all l ≥ 0

|G_l(p)|_∧ < Kμ^{|l|}e^{μ|p|} (2.1)

for μ > max{ξ^{−1}_0 , y^{−1}_0 } (cf. (1.21)) (|f|_∧ := max_{1..n}{|f_1|, .., |f_n|} is an Euclidean norm; for the definition of G see (1.23), (1.21) and (1.1)).

Proof.

From the analyticity assumption it follows that

|g_{m,l}|_∧ < Const μ^{m+|l|} (2.2) where the constant is independent on m and l. Then, by (1.23),

|G_l(p)|_∧ < Const μ^{|l|+1} e^{μ|p|} − 1 μ|p| < Const μ^{|l|+1}e^{μ|p|}

Consider the ray segments

Φ_D = {αe^{iϕ} : 0 ≤ α < D} (2.3) and along Φ_D the L^1 norm with exponential weight ‖f‖_{b,Φ} = ‖f‖_b := ∫ Φ e^{−b|p|}|f(p)||dp| = ∫ D 0 e^{−bt}|f(te^{iϕ})|dt (2.4) and the space

L^1_b (Φ_D) := {f : ‖f‖_b < ∞} (if D < ∞, L^1_b (Φ_D) = L^1_{loc}(Φ_D)). We mention the following elementary property:

Remark 2 The Laplace transform L is a continuous operator from L^1_b (Φ_D) to the space of analytic functions in the half plane ℜ(x) > b with the uniform norm.

Let K ∈ C be a bounded domain, diam (K) = D < ∞. On the space of continuous functions on K we take the uniform norm with exponential weight: ‖f‖_u := D sup_{p∈K}{|f(p)|e^{−b|p|}} (2.5) (which is equivalent to the usual uniform norm).

Let O ⊂ D, O ∋ 0 be a star-shaped, open set, diam(O) = D containing a ray segment Φ. Let A be the space of analytic functions f in O such that f(0) = 0, endowed with the norm (2.5).

Proposition 7 The spaces L^1_b (Φ_D) and A are Banach algebras with respect to the usual addition of functions and the convolution (1.20). Furthermore ‖f ∗ g‖_b ≤ ‖f‖_b‖g‖_b (f, g ∈ L^1_b (Φ_D)) ‖f ∗ g‖_u ≤ ‖f‖_u‖g‖_u (f, g ∈ A) ‖f ∗ g‖_u ≤ ‖f‖_u‖g‖_b (f ∈ C(Φ_D), g ∈ L^1_b (Φ_D) (2.6)

(D = ∞ is allowed in the first inequality).

With F (s) := f(se^{iϕ}) and G(s) := g(se^{iϕ}) we have: ∫ D 0 dte^{−bt} | | | | ∫ t 0 dsF (s)G(t − s) | | | | ≤ ∫ D 0 dte^{−bt} ∫ t 0 ds|F (s)G(t − s)| = ∫ D 0 ∫ D−v 0 e^{−b(u+v)}|F (v)||G(u)|dudv ≤ ∫ D 0 ∫ D 0 e^{−b(u+v)}|F (v)||G(u)|dudv = ‖f‖_b‖g‖_b (2.7)

On the other hand, for f, g ∈ A we have f ∗ g ∈ A. Also,

‖f ∗ g‖_u = D sup_{p∈O} e^{−b|p|} | | | ∫ p 0 f(s)g(p − s)ds | | | ≤ D sup_{p∈O} ∫ |p| 0 | | |f(te^{i arg p})e^{−bt}g(p − te^{i arg p})e^{−b(|p|−t)} | | | dt (2.8)

which is less than both ‖f‖_u‖g‖_u and ‖f‖_u‖g‖_b.

Remark 3 For f in A or f in L^1_b(Φ_D), ‖f‖_{u,b} → 0 as b → ∞ (2.9) where ‖‖_{u,b} is either of the ‖‖_u or ‖‖_b and D = ∞ is allowed in the second case.

For ‖‖_b, Eq. (2.9) is an immediate consequence of the dominated convergence theorem whereas for ‖‖_u it follows from the definition of A.

Corollary 8 Let f be continuous along Φ_D, D < ∞ and g ∈ L^1_b (Φ_D). Given ϵ > 0 there exists a large enough b and K = K(ϵ, Φ_D) such that for all k ‖f ∗ g^{∗k}‖_u < K ϵ^k By Remark 3 we can choose b = b(ϵ, Φ_D) so large that ‖g‖_b < ϵ. Then, by Remark 7: | | | | | ∫ peiϕ 0 f(pe^{iϕ} − s)g^{∗k}(s)ds | | | | | ≤ D^{−1}e^{b|p|}‖f‖_u ∫ peiϕ 0 e^{−b|s|}|g^{∗k}(s)||ds| ≤ D^{−1}e^{b|p|}‖f‖_u‖g‖^k_b < K ϵ^k

Remark 4 By (2.1), for any b > μ, and Φ_D ⊂ C , D ≤ ∞ ‖G_l‖_b ≤ Kμ^{|l|} ∫ ∞ 0 |dp|e^{|p|(μ−b)} = K μ^{|l|} b − μ (2.10)

where, to avoid cumbersome notations, we write

f ∈ L^1_b (Φ_D) iff ‖f‖_b := ‖|f|_∧‖_b ∈ L^1_b (Φ_D) (2.11)

(and similarly for other norms of vector functions).

Proof of Proposition 6.

We first show existence and uniqueness in L_{ray}(D) which amounts to nothing more then existence and uniqueness along each Φ_D ⊂ D.

Then we show that for large enough b there exists a unique solution of (1.25) in L^1_b(Φ_∞). Since this solution is also in L^1_{loc}(Φ_∞) it follows that our (unique) L^1_{loc} solution is Laplace transformable. Analyticity is proven by finding the solution as a fixed point of a contraction with respect to the uniform norm in a suitable space of analytic functions.

Proposition 9 i) For Φ_D ∈ D and large enough b, the operator

N_1 := Y(p) → (Λ̂ − p)^{−1} ( F_0(p) − B̂ ∫ p 0 Y(s)ds + N (Y)(p) ) (2.12) is a contraction in a small enough neighborhood of the origin with respect to ‖‖_u if D < ∞ and with respect to ‖‖_b for D ≤ ∞.

ii) For D ≤ ∞ the operator N given formally in (1.22) is continuous in L^1_{loc}(Φ_D). The last sum in (1.22) converges uniformly on compact subsets of Φ_D. N (L^1_{loc}(Φ_D)) ⊂ AC(Φ_D), the absolutely continuous functions on Φ_D. Moreover, if v_n → v in ‖‖_b on Φ_D, D ≤ ∞, then for b^′ ≥ b large enough, N (v_n) exist and converge in ‖‖_b′ to v.

The last statements amounts to saying that N is continuous in the topology of the inductive limit of the L^1_b .

Proof.

Since Λ̂ and B̂ are constant matrices,

‖N_1(Y)‖_{u,b} ≤ Const(Φ) (‖F_0‖_{u,b} + ‖Y‖_{u,b}‖1‖_b + ‖N (Y)‖_{u,b}) (2.13)

As both ‖1‖_b and ‖F_0‖_{u,b} are O(b^{−1}) for large b, the fact that N_1 maps a small ball into itself follows from the following Remark.

Remark 5 Let ϵ > 0 be small enough. Then, there is a K such that for large b and all v such that ‖v‖_{u,b} =: δ < ϵ, ‖N (v)‖_{u,b} ≤ K ( b^{−1} + ‖v‖_{u,b} ) ‖v‖_{u,b} (2.14)

By (2.2) and (2.10), for large b and some positive constants C_1, .., C_5, ‖N (v)‖_{u,b} ≤ C_1 ∑ |l|≥1 ‖G_l‖_b‖v‖^{|l|}_{u,b} + ∑ |l|≥2 ‖g_{0,l}‖_b‖v‖^{|l|}_{u,b} ≤ C_2 b ∑ |l|≥1 μ^{|l|} b − μ δ^{|l|} + ∑ |l|≥2 μ^{|l|}δ^{|l|} ≤ ( C_2 ∞∑ m=1 + ∞∑ m=2 ) μ^mδ^m ∑ |l|=m 1 ≤ (C_4 b + μδ ) ∞∑ m=1 μ^mδ^m(m + 4)^n ≤ (C_4 b + μδ ) C_5δ

(2.15)

To show that N_1 is a contraction we need the following:

Remark 6

‖h_l‖ := ‖(f + h)^{∗l} − f^{∗l}‖ ≤ |l| (‖f‖ + ‖h‖)^{|l|−1} ‖h‖ (2.16)

where ‖‖ = ‖‖_u or ‖‖_b.

This estimate will be useful to us when h is a “small perturbation”. The proof of (2.16) is a simple induction on l, with respect to the lexicographic ordering. For |l| = 1, (2.16) is trivial; assume (2.16) holds for all l < l_1 and that l_1 differs from its predecessor l_0 at the position k (we can take k = 1), i.e., (l_1)_1 = 1 + (l_0)_1. We have:

‖(f + h)^{∗l1} − f^{∗l1} ‖ = ‖(f + h)^{∗l0} ∗ (f_1 + h_1) − f^{∗l1} ‖ = ‖(f^{∗l0} + h_{l0} ) ∗ (f_1 + h_1) − f^{∗l1} ‖ = ‖f^{∗l0} ∗ h_1 + h_{l0} ∗ f_1 + h_{l0} ∗ h_1‖ ≤

‖f‖^{|l0|}‖h‖ + ‖h_{l0} ‖‖f‖ + ‖h_{l0} ‖‖h‖ ≤ ‖h‖ ( ‖f‖^{|l0|} + |l_0|(‖f‖ + ‖h‖)^{|l0|} ) ≤ ‖h‖(|l_0| + 1)(‖f‖ + ‖h‖)^{|l0|} (2.17)

Remark 7 For small δ and large enough b, N_1 defined in a ball centered at zero, of radius δ in the norms ‖‖_{u,b} is contractive.

By (2.13) and (2.14) we know that the ball is mapped into itself for large b. Let ϵ > 0 be small and let f, h be such that ‖f‖ < δ − ϵ, ‖h‖ < ϵ. Using (2.16) and the notations (1.25) (2.13) and ‖‖ = ‖‖_{u,b} we obtain, for some positive constants C_1, .., C_4 and large b,

‖N_1(f + h) − N_1(f)‖ ≤ C_1‖ ∑ |l|≥2 g_{0,l} · + ∑ |l|≥1 G_l∗ ( (f + h)^{∗l} − f^{∗l} ) ‖ ≤

C_2‖h‖ ∑ |l|≥1 μ^{|l|} b − μ |l‖δ^{|l|−1} + ∑ |l|≥2 |l|μ^{|l|}δ^{|l|−1} < (C_3b^{−1} + C_4δ)‖h‖

(2.18)

To finish the proof of Proposition 9 take v ∈ A. Given ϵ > 0 we can choose b large enough (by Remark 3) to make ‖v‖_u < ϵ. Then the sum in the formal definition of N is convergent in A, by (2.15). Now, if D < ∞ L^1_{loc}(Φ_D) = L^1_b (Φ_D) for any b > 0. If v_n → v in L^1_b (Φ_D), we choose ϵ small enough, then b large so that ‖v‖_b < ϵ, and finally n_0 large so that for n > n_0 ‖v_n − v‖_b < ϵ (note that ‖‖_b decreases w.r. to b) thus ‖v_n‖_b < 2ϵ and continuity (in L^1_b (Φ_D) as well as in L^1_{loc}(Φ_∞) ≡ ∪_{k∈Φ∞} L^1_b (0, k)) follows from Remark 7. Continuity with respect to the topology of the inductive limit of the L^1_b is proven in the same way. It is straightforward to show that N (L^1_{loc}(Φ)) ⊂ AC(Φ).

P_9

The fact that L_ϕY_0 is a solution of (1.1) follows from Proposition 9, from Remark 2 and the elementary properties of L (see also the proof of Proposition 16).

Since Y_0(p) is analytic for small p, (LY_0)(x) has an asymptotic series for large x, which has to agree with ỹ_0 since LY_0 solves (1.1). This shows that Y_0 = Bỹ_0. P 6 Remark 8 For any δ there is a constant K_2 = K_2(δ, |p|) so that for all l we have

|Y^{∗l}_0 (p)|_∧ ≤ K_2δ^{|l|} (2.19)

The estimates (2.19) follow immediately from analyticity and from Corollary 8.

2.3 Behavior of Y_0(p) near p = 1.

Let Y_0 be the unique solution in L_{ray}(D) of (1.25) and let ϵ > 0 be small. Define

H(p) := { Y_0(p) for p ∈ D ,|p| < 1 − ϵ 0 otherwise and h(1 − p) := Y_0(p) − H(p)

(2.20) In terms of h, for real z = 1 − p, z < ϵ, the equation (1.25) reads:

−(1 − z)h(z) = F_1(z) − Λ̂h(z) + B̂ ∫ z ϵ h(s)ds + N (H + h) (2.21) where

F_1(1 − s) := F_0(s) − B̂ ∫_1−ϵ 0 H(s)ds Proposition 10 i) For small ϵ, H^{∗l}(1 + z) extends to an analytic function in the disk D_ϵ := {z : |z| < ϵ}. Furthermore, for any δ there is an ϵ and a constant K_1 := K_1(δ, ϵ) such that for z ∈ D_ϵ the analytic continuation satisfies the estimate

|H^{∗l}(1 + z)|_∧ < K_1δ^l (2.22)

Proof.

The case |l| = 1 is trivial: H itself extends as the zero analytic function. We assume by induction on |l| that Proposition 10 is true for all l, |l| ≤ l and show that it then holds for (e.g.) H_1 ∗ H^{∗l}, for all l, |l| ≤ l.

H is analytic in an ϵ–neighborhood of [0, 1 − 2ϵ], and therefore so is H^{∗l}. Taking first z ∈ R^+, z < ϵ, we have ∫_1−z 0 H_1(s)H^{∗l}(1 − z − s)ds = ∫_1−ϵ 0 H_1(s)H^{∗l}(1 − z − s)ds =

∫_1/_2 0 H_1(s)H^{∗l}(1 − z − s)ds + ∫_1−ϵ 1/2 H_1(s)H^{∗l}(1 − z − s)ds (2.23)

The integral on [1/2, 1 − ϵ] is analytic for small z, since the argument of H^{∗l} varies in an ϵ-neighborhood of [0, 1/2]; the integral on [0, 1/2) equals ∫_1−z 1/2−z H_1(1 − z − t)H^{∗l}(t)dt = (∫_1 /2 1/2−z + ∫_1−ϵ 1/2 + ∫_1−z 1−ϵ ) H_1(1 − z − t)H^{∗l}(t)dt

(2.24) In (2.24) the integral on [1/2 − z, 1/2] is clearly analytic in D_ϵ , the following one is the integral of an analytic function of the parameter z with respect to the absolutely continuous measure H^{∗l}dt whereas in the last integral, both H^{∗l} (by induction) and H_1 extend analytically in D_ϵ .

To prove now the the induction step for the estimate (2.22), fix δ small and let:

η < δ; M_1 := max_{|p|<1/2+ϵ} |H(p)|_∧; M_2(ϵ) := max_{0≤x≤1−ϵ} |H(p)|_∧; ϵ < δ 4M_1

(2.25)

Let K_2 := K_2(η; ϵ) be large enough so that (2.19) holds with η in place of δ for real x ∈ [0, 1−ϵ] and also in an ϵ neighborhood in C of the interval [0, 1/2+ 2ϵ]. We use (2.19) to estimate the second integral in the decomposition (2.23) and the first two integrals on the r.h.s. of (2.24). For the last integral in (2.24) we use the induction hypothesis. If K_1 > 2K_2 (2M_1 + M_2), it follows that |H^{∗l} ∗ H_1|_∧ is bounded by (the terms are in the order explained above):

M_2(ϵ)K_2η^l + M_1K_2η^l + M_1K_2η^l + (2ϵ)M_1K_1δ^l < K_1δ^{l+1} (2.26)

Proposition 11 The equation (2.21) can be written as

−(1−z)h(z) = F(z)−Λ̂h(z)+B̂ ∫ z ϵ h(s)ds− n∑ k=1 ∫ z ϵ h_j(s)D_j(s−z)ds (2.27)

where

F(z) := N (H)(1 − z) + F_0(z) (2.28)

D_j = ∑ |l|≥1 l_jG_l ∗ H^{∗l̄j} + ∑ |l|≥2 l_jg_{0,l}H^{∗l̄j} ; l̄^j := (l_1, l_2, ..(l_j − 1), ..l_n) (2.29)

(cf. also (1.24)) extend to analytic functions in D_ϵ (cf. Proposition 10). Moreover, if H is a vector in L^1_b (R^+) then, for large b, D_j ∈ L^1_b (R^+) and the functions F(z) and D_j extend to analytic functions in D_ϵ .

Proof.

Noting that (Y_0 − H)^{∗2}(1 − z) = 0 for ϵ < 1/2 and z ∈ D_ϵ the result is easily obtained by re-expanding N (H + h) since Proposition 10 guarantees the uniform convergence of the series thus obtained. The proof that D_j ∈ L^1_b for large b is very similar to the proof of (2.18). The analyticity properties follow easily from Proposition 10, since the series involved in N (H) and D_j converge uniformly for |z| < ϵ.

Consider again the equation (2.27). Let Γ̂ = Λ̂ − (1 − z)^1, where ^1 is the identity matrix. By construction Γ̂ and B̂ are block-diagonal, their first block is one-dimensional: Γ̂_{00} = z and B̂_{0,0} = β. We write this as Γ̂ = z ⊕ Γ̂_c(z) and similarly, B̂ = β ⊕ B̂_c, where Γ̂_c and B̂_c are (n − 1) × (n − 1) matrices. Γ̂_c(z) and Γ̂^{−1}_c (z) are analytic in D_ϵ .

Lemma 12 The function Y_0 given in Proposition 6 can be written in the form

Y_0(p) = (1 − p)^{β−1}a_1(p) + a_2(p) (β ≠ 1) Y_0(p) = ln(1 − p)a_1(p) + a_2(p) (β = 1) (2.30)

for p in the region (D_ϵ + 1) ∩ D (D_ϵ + 1 := {z : 1 + z ∈ D_ϵ }) where a_1, a_2 are analytic functions in D_ϵ + 1 and (a_1)_j = 0 for j > 1.

Proof.

Let Q(z) := ∫ z ϵ h(s)ds. By Proposition 6, Q is analytic in D_ϵ ∩ (D − 1).

From (2.27) we obtain

(z ⊕ Γ̂_c(z))Q^′(z) − (β ⊕ B̂_c)Q(z) = F(z) − n∑ j=1 ∫ z ϵ D_j(s − z)Q^′_j(s)ds (2.31)

or, after integration by parts in the r.h.s. of (2.31), (D_j(0) = 0, cf. (2.29)),

(z ⊕ Γ̂_c(z))Q^′(z) − (β ⊕ B̂_c)Q(z) = F(z) + n∑ j=1 ∫ z ϵ D^′_j(s − z)Q_j(s)ds (2.32)

With the notation (Q_1, Q_⊥) := (Q_1, Q_2, .., Q_n) we write the system in the form

(z^{−β}Q_1(z))^′ = z^{−β−1}

F_1(z) + n∑ j=1 ∫ z ϵ D^′_{1j} (s − z)Q_j(s)ds (e^{Ĉ(z)}Q_⊥)^′ = e^{Ĉ(z)}Γ̂_c(z)^{−1}

F_⊥ + n∑ j=1 ∫ z ϵ D^′_⊥(s − z)Q_j(s)ds Ĉ(z) := − ∫ z 0 Γ̂_c(s)^{−1}B̂_c(s)ds

Q(ϵ) = 0 (2.33)

After integration we get:

Q_1(z) = R_1(z) + J_1(Q) Q_⊥(z) = R_⊥(z) + J_⊥(Q) (2.34) with

J_1(Q) = z^β ∫ z ϵ t^{−β−1} n∑ j=1 ∫ t ϵ Q_j(s)D^′_{1j} (t − s)dsdt J_⊥(Q)(z) := e^{−Ĉ(z)} ∫ z ϵ e^{Ĉ(t)}Γ̂_c(t)^{−1} n∑ j=1 ∫ z ϵ D^′_⊥(s − z)Q_j(s)ds dt R_⊥(z) := e^{−Ĉ(z)} ∫ z ϵ e^{Ĉ(t)}Γ̂_c(t)^{−1}F_⊥(t)dt R_1(z) = z^β ∫ z ϵ t^{−β−1}F_1(t)dt (β ≠ 1) R_1(z) = F_1(0)z ln z + z ∫ z ϵ F_1(s) − F_1(0) s ds (β = 1) (2.35) Consider the following space of functions:

T_β = { Q analytic in D_ϵ ∩ (D − 1) : Q = z^βA(z) + B(z) } for β ≠ 1 and T_1 = { Q analytic in D_ϵ ∩ (D − 1) : Q = z ln zA(z) + zB(z) } (2.36) where A, B are analytic in D_ϵ . (The decomposition of Q in (2.36) is unambiguous since z^β and z ln z are not meromorphic in D_ϵ .)

The norm ‖Q‖ = sup {|A(z)|_∧, |B(z)|_∧ : z ∈ D_ϵ } (2.37) makes T_β a Banach space.

For A(z) analytic in D_ϵ the following elementary identities are useful in what follows: ∫ z ϵ A(s)s^rds = Const + z^{r+1} ∫_1 0 A(zt)t^rdt = Const + z^{r+1}Analytic(z)

∫ z 0 s^r ln s A(s)ds = z^{r+1} ln z

∫_1 0 A(zt)t^rdt + z^{r+1} ∫_1 0 A(zt)t^r ln tdt (2.38)

where the second equality is obtained by differentiating with respect to r the first equality.

Using (2.38) it is straightforward to check that the r.h.s. of (2.34) extends to a linear inhomogeneous operator on T_β with image in T_β and that the norm of J is O(ϵ) for small ϵ. For instance, one of the terms in J for β = 1,

z ∫ z 0 t^{−2} ∫ t 0 s ln s A(s)D^′(t − s)ds = z^2 ln z

∫_1 0 ∫_1 0 σA(zτ σ)D^′(zτ − zτ σ)dσdτ + z^2

∫_1 0 dτ ln τ ∫_1 0 dσσ(1 + ln σ)A(zτ σ)D^′(zτ − zτ σ) (2.39)

manifestly in T_β if A is analytic in D_ϵ . Comparing with (2.36), the extra power of z accounts for a norm O(ϵ) for this term.

Therefore, in (2.33) (1−J) is invertible and the solution Q ∈ T_β ⊂ L (D). In view of the the uniqueness of Y_0 (cf. Proposition 6), the rest of the proof of Lemma 12 is immediate.

2.4 The solutions of (1.25) on [0, 1 + ϵ]

Let Y_0 be the solution given by Proposition 6, take ϵ small enough and denote by O_ϵ a neighborhood in C of width ϵ of the interval [0, 1 + ϵ].

Remark 9 . Y_0 ∈ L^1(O_ϵ). As ϕ → ±0, Y_0(pe^{iϕ}) → Y^±_0 (p) in the sense of L^1([0, 1 + ϵ]) and also in the sense of pointwise convergence for p ≠ 1, where

Y^±_0 := { Y_0(p) p < 1 (1 − p ± 0i)^{β−1}a_1(p) + a_2(p) p > 1

(β ≠ 1)

Y^±_0 := { Y_0(p) p < 1 ln(1 − p ± 0i)a_1(p) + a_2(p) p > 1

(β = 1) (2.40)

Moreover, Y^±_0 are L^1_{loc} solutions of the convolution equation (1.25) on the interval [0, 1 + ϵ].

The proof is immediate from Lemma 12 and Proposition 9.

Proposition 13 For any λ ∈ C the combination Y_λ = λY^+_0 + (1 − λ)Y^−_0

is a solution of (1.25) on [0, 1 + ϵ].

Proof. For p ∈ [0, 1) ∪ (1, 1 + ϵ] let y_λ(p) := Y_λ − H(p). Since y^{∗2}_λ = 0

the equation (1.25) is actually linear in y_λ (compare with (2.27)). * Note: We consider the application Y := y_0 → Y_λ and require that it is

compatible with complex conjugation: Y(y_0) = Y(y_0): we get ℜ λ = 1/2. It

is natural to choose λ = 1/2 to make the linear combination a true average.

This choice corresponds, on [0, 1 + ϵ], to the balanced averaging (1.16). * Remark 10 For any δ > 0 there is a constant C(δ) such that for large b

‖(Y^{ba}_0 )^{∗l}‖_u < C(δ)δ^{|l|} ∀ l with |l| > 1 (2.41)

(‖‖_u is taken on the interval [0, 1 + ϵ]).

Without loss of generality, assume that l_1 > 1. Using the notation (2.29), ‖ ‖ ‖ ‖ ∫ p 0 (Y_0)^{ba}_1 (s)(Y^{ba}_0 )^{∗l̄1} (p − s)ds ‖ ‖ ‖ ‖ u ≤ ‖ ‖ ‖ ‖ ‖ ∫ p_2 0 (Y^{ba}_0 )_1(s)(Y^{ba}_0 )^{∗l̄1} (p − s)ds ‖ ‖ ‖ ‖ ‖ u_2 + ‖ ‖ ‖ ‖ ‖ ∫ p_2 0 (Y_0)_1(p − s)(Y^{ba}_0 )^{∗l̄1} (s)ds ‖ ‖ ‖ ‖ ‖ u_2

(2.42)

(‖‖_{u2} refers to the interval p ∈ [0, 1/2 + ϵ/2].) The first u_2 norm can be

estimated directly using Corollary 8 whereas we majorize the second one by

‖(Y^{ba}_0 )_1‖_b‖(Y^{ba}_0 )^{∗l̄1} (x)‖_{u2}

and apply Corollary 8 to it for |l| > 2 (if |l| = 2 simply observe that (Y^{ba}_0 )^{∗l}

is analytic on [0, 1/2 + ϵ/2]).

Lemma 14 The set of all solutions of (1.25) in L^1_{loc}([0, 1+ϵ]) is parameterized by a complex constant C and is given by

Y_0(p) = { Y^{ba}_0 (p) for p ∈ [0, 1) Y^{ba}_0 (p) + C(p − 1)^{β−1}A(p) for p ∈ (1, 1 + ϵ]

(2.43)

for β ≠ 1 or, for β = 1,

Y_0(p) = { Y^{ba}_0 (p) for p ∈ [0, 1) Y^{ba}_0 (p) + C(p − 1)A(p) for p ∈ (1, 1 + ϵ]

(2.43)^′

where A extend analytically in a neighborhood of p = 1.

Different values of C correspond to different solutions. This result remains true if Y^{ba}_0 is replaced by any other combination Y_λ := λY^+_0 + (1 − λ)Y^−_0 , λ ∈ C .

Proof.

We look for solutions of (1.25) in the form

Y^{ba}(p) + h(p − 1) (2.44)

By Lemma 12 , h(p − 1) = 0 for p < 1. Note that

N (Y^{ba}_0 ∘ τ_{−1} + h)(z) = N (Y^{ba}_0 )(1 + z) + n∑ j=1 ∫ z 0 h_j(s)D_j(z − s)ds (2.45)

where the D_j are given in (2.29), and by Remark 2.41 all the infinite sums involved are uniformly convergent. For z < ϵ (1.25) translates to (compare with (2.27)):

−(1 + z)h(z) = −Λ̂h(z) − B̂ ∫ z 0 h(s)ds + n∑ j=1 ∫ z 0 h_j (s)D_j(z − s)ds (2.46) Let Q(z) := ∫ z 0 h(s)ds (2.47)

As we are looking for solutions h ∈ L^1, we have Q ∈ AC[0, ϵ] and Q(0) = 0.

Following the same steps as in the proof of Lemma 12 we get the system of equations:

(z^{−β}Q_1(z))^′ = z^{−β−1} n∑ j=1 ∫ z 0 D^′_{1j}(z − s)Q_j(s)ds (e^{Ĉ(z)}Q_⊥)^′ = e^{Ĉ(z)}Γ̂_c(z)^{−1} n∑ j=1 ∫ z 0 D^′_⊥(z − s)Q_j(s)ds Ĉ(z) := − ∫ z 0 Γ̂_c(s)^{−1}B̂_c(s)ds Q(0) = 0 (2.48) which by integration gives

(^1 + J)Q(z) = CR(z) (2.49) where C ∈ C and

(J(Q))_1(z) = z^β ∫ z 0 t^{−β−1} n∑ j=1 ∫ t 0 Q_j(s)D^′_{1j} (t − s)dsdt J(Q)_⊥(z) := e^{−Ĉ(z)} ∫ z 0 e^{Ĉ(t)}Γ̂_c(t)^{−1} n∑ j=1 ∫ z 0 D^′_⊥(z − s)Q_j(s)ds dt R_⊥ = 0 R_1(z) = z^β (2.50) First we note the presence of an arbitrary constant C in (2.49) (Unlike in Lemma 12 when the initial condition, given at z = ϵ was determining the integration constant, now the initial condition Q(0) = 0 is satisfied for all C). For small ϵ the norm of the operator J defined on AC[0, ϵ] is O(ϵ), as in the proof of Lemma 12. Given C the solution of the system (2.48) is unique and can be written as

Q = CQ_0; Q_0 := (^1 + J)^{−1}R ≠ 0 (2.51) It remains to find the analytic structure of Q_0. We now introduce the space

T = { Q : [0, ϵ) → C^n : Q = z^βA(z) } (2.52)

where A(z) extends to an analytic function in D_ϵ . With the norm (2.37) (with B ≡ 0), T is a Banach space. As in the proof of Lemma 12 the operator J extends naturally to T where it has a norm O(ϵ) for small ϵ. It follows immediately that

Q_0 ∈ T (2.53)

The formulas (2.43), (2.43’) follow from (2.44) and (2.47).

Remark 11 If S_β ≠ 0 (cf. Lemma 12) then the general solution of (1.25) is given by

Y_0(p) = (1 − λ)Y^+_0 (p) + λY^−_0 (p) (2.54)

with λ ∈ C .

Indeed, if a_1 ≢ 0 (cf. Lemma 12) we get at least two distinct solutions of (2.49) (i.e., two distinct values of C) by taking different values of λ in (2.54). The remark follows from (2.53) (2.52) and Lemma 14..

2.5 The solutions of (1.25) on [0, ∞)

In this section we show that the leading asymptotic behavior of Y_p as p → 1_+ determines a unique solution of (1.25) in L^1_{loc}(R^+). Furthermore, any L^1_{loc} solution of (1.25) is exponentially bounded at infinity and thus Laplace transformable. We also study some properties of these solutions and of their Laplace transforms.

Let H be a solution of (1.25) on an interval [0, 1 + ϵ], which we extend to

R^+ letting H(p) = 0 for p > 1 + ϵ. For a large enough b, define

S_H := {f ∈ L^1_{loc}([0, ∞)) : f(p) = H(p) on [0, 1 + ϵ]} (2.55) and

S_0 := {f ∈ L^1_{loc}([0, ∞)) : f(p) = 0 on [0, 1 + ϵ]} (2.56) We extend H to R^+ by putting H(p) = 0 for p > 1 + ϵ; for p ≥ 1 + ϵ (1.25) reads:

−p(H + h) = F_0 − Λ̂(H + h) − B̂ ∫ p 0 (H + h)(s)ds + N (H + h) (2.57) with h ∈ S_0, or

h = −H + (Λ̂ − p)^{−1} ( F_0 − B̂ ∫ p 0 (H + h)(s)ds + N (H + h) ) := M(h) (2.58) For small ϕ_0 > 0 and 0 ≤ ρ_1 < ρ_2 ≤ ∞, consider the truncated sectors S^±_{(ρ1,ρ2)} := {z : z = ρe^{±iϕ}, ρ_1 < ρ < ρ_2; 0 ≤ ϕ < ϕ_0} (2.59) and the spaces of functions analytic in S^±_{(ρ1,ρ2)} and continuous in its closure: T^±_{ρ1,ρ2} = { f : f ∈ C(S_{(ρ1,ρ2)}); f analytic in S^±_{(ρ1,ρ2)} } (2.60) which are Banach spaces with respect to ‖‖_u on compact subsets of S_{(ρ1,ρ2)}. Proposition 15 i) Given H, the equation (2.58) has a unique solution in L^1_{loc}[1 + ϵ, ∞). For large b, this solution is in L^1_b ([1 + ϵ, ∞)) and thus Laplace transformable.

ii) Let Y_0 be the solution defined in Proposition 6. Then Y^±_0 (p) := lim_{ϕ→±0} Y_0(pe^{iϕ}) ∈ C(R^+\{1}) ∩ L^1_{loc}(R^+) (2.61) (and the limit exists pointwise on R^+\{1} and in L^1_{loc}(R^+).)

Furthermore, Y^±_0 are particular solutions of (1.25) and

Y^±_0 (p) = (1 − p)^{β−1}a^±(p) (β ≠ 1) Y^±_0 (p) = ln(1 − p) a^±(p) (β = 1) (2.62) where a^± ∈ T^±_{0,∞}

Proof Note first that by Proposition 9, M (eq. (2.58)) is well defined on S_0, (eq.(2.56)). Moreover, since H is a solution of (1.25) on [0, 1 + ϵ), we have, for h_0 ∈ S_0, M(h) = 0 a.e. on [0, 1 + ϵ), i.e.,

M(S_0) ⊂ S_0

Remark 12 For large b, M is a contraction in a small neighborhood of the origin in ‖‖_{u,b}.

Indeed, sup{‖(Λ̂ − p)^{−1}‖_Cn_{→C}n : p ≥ 1 + ϵ} = O(ϵ^{−1}) so that

‖M(h_1) − M(h_2)‖_{u,b} ≤

Const ϵ ‖N (f + h) − N (f)‖_{u,b} (2.63)

The rest follows from (2.18) —Proposition 9 and Remark 3 applied to H.

The existence of a solution of (2.58) in S_0 ∩ L^1_b([0, ∞)) for large enough b is now immediate.

Uniqueness in L^1_{loc} is tantamount to uniqueness in L^1([1+ϵ, K]) = L^1_b ([1+ ϵ, K], for all K − 1 − ϵ ∈ R^+. Now, assuming M had two fixed points in L^1_b ([1 + ϵ, K]), by Remark 3, we can choose b large enough so that these solutions have arbitrarily small norm, in contradiction with Remark 12.

ii). For p < 1, Y^±_0 (p) = Y_0(p). For p ∈ (1, 1 + ϵ) the result follows from Lemma 12. Noting that (in view of the estimate (2.15)) M(T^±_{1+ϵ,∞}) ⊂ T^±_{1+ϵ,∞}, the rest of the proof follows from the Remark 12 and Lemma 12.

Proposition 16 There is a one parameter family of solutions of equation (1.25) in L^1_{loc}[0, ∞), branching off at p = 1 and in a neighborhood of p = 1 all solutions are of the form (2.43), (2.43’). The general solution of (1.25) is Laplace transformable for large b and the Laplace transform is a solution of the original differential equation in the half-space ℜ(x) > b.

Note: As of now, the correspondence (2.43), (2.43’) with the balanced average (1.16) is proven only near p = 1; the complete correspondence is established in Section 2.7.

Proof.

Let Y be any solution of (1.25). By Lemma 14, Remark 3 and Proposition 15, b large implies that Y ∈ L^1_b ([0, ∞)) (thus LY exists), that ‖Y‖_b is small and, in particular, that the sum defining N in (1.22) is convergent in L^1_b (R^+).

By Remark 2,

L ∑ |l|≥1 G_l ∗ Y^{∗l} + ∑ |l|≥2 g_{0,l}Y^{∗l} (x) = ∑ |l|≥1 (LG_l)(LY)^l(x) + ∑ |l|≥2 g_{0,l} (LY)^l = ∑ |l|≥1 g_l(x)y^l(x) = g(x, y(x))

(2.64)

(and g(x, y(x)) is analytic for ℜ(x) > b). The rest is straightforward.

2.6 Correspondence with formal solutions

Finally we consider formal solutions for large argument of the differential equation, in the differential algebra generated by formal power series (in decreasing powers of the large variable) and (decreasing) exponentials, i.e. solutions as formal asymptotic expansions. The theory of formal solutions is classical ([12], [9] [10]); see also [2] for a vast and very interesting generalization. We only sketch the facts that are relevant to us.

The simplest formal solution of (1.1) is an asymptotic series ỹ_0.

ỹ_0 = ∞∑ m=2 y_{0,m} x^m In view of the invertibility of Λ̂, the coefficients {y_{0,m}}_{m∈N} ⊂ C^n can be determined uniquely by expanding in (1.1) in powers of 1/x and equating the coefficients of the x^{−m}, m ≥ 2. The series ỹ_0 is generically divergent.

Since we expect an n − parameter family of solutions, we look for further solutions as perturbations of ỹ_0. Because of the uniqueness of ỹ_0 a perturbation must be smaller than all powers of x^{−1} i.e., “beyond all orders” of ỹ_0.

Taking ỹ = ỹ_0 + ỹ_1 we get, to the lowest order of approximation, ỹ^′_1 = −Λ̂ỹ_1. The solutions to this approximate equation are linear combinations of e^{−λx}, λ ∈specΛ̂. We only consider solutions ỹ_1 that are (formally) small perturbations of ỹ_0 in the half-plane ℜ(x) > 0; this condition selects out the eigenvalue λ = 1.

Continuing the perturbative procedure until we reach a formal solution of (1.1), we end up with an exponential series

ỹ = ỹ_0 + ∞∑ m=1 e^{−kx}ỹ_k (2.65)

where ỹ_k are formal power series. Substituting (2.65) into (1.1) and using the fact that ỹ_0 is already a formal solution we get for ỹ_k, k ≥ 1: ∞∑ k=1 e^{−kx} [ ỹ^′_k − ( k − Λ̂ − 1 x B̂ + ∂g(x, ỹ_0) ) ỹ_k ] = ∑ |l|>1 g^{(l)}(x, ỹ_0) l! ( ∞ ∑ k=1 e^{−kx}ỹ_k )l = ∞∑ k=2 e^{−kx} ∑ |l|>1 g^{(l)}(x, ỹ_0) l! ∑ Σm= n∏ i=1 l_i∏ j=1 (ỹ_{mi,j} )_i

(2.66)

Equating the coefficients of e^{−kx}, k ≥ 0 we get the system (1.5).

By assumption, Λ̂−1 has a one-dimensional null-space. Thus, by (1.5), ỹ_1 has the freedom of an arbitrary multiplicative constant. We make a definite choice of ỹ_1 by requiring that the first component of the coefficient of the leading power of x is one.

Still by assumption, for k ≠ 1 Λ̂ − k is invertible, so that, taking C = 1, all ỹ_k, k ≥ 1, are uniquely determined. Letting C be arbitrary we get instead Cỹ_1 for k = 1, C^2ỹ_2 for k = 2 (because of the condition ∑ m = 2), etc, so that the general formal solution of type (2.65) is

ỹ = ỹ_0 + ∞∑ k=1 C^ke^{−kx}ỹ_k The existence of formal exponential solutions has been considered in [12], [9], [13] and a very comprehensive theory can be found in Ecalle [1], [2], [3].

The following proposition is a classical result and is a specialization of general theorems (see [13]).

Proposition 17 There is exactly a one parameter family of solutions of (1.1) having the asymptotic behavior described by ỹ_0 in the half-plane ℜ(x) > 0.

Proof. Any solution with the properties stated in Proposition 17 is inverse Laplace transformable and its inverse Laplace transform has to be one of the L^1_{loc} solutions of the convolution equation (1.25). The rest of the proof follows from Proposition 16.

Proposition 18 Let Y be any L^1_{loc}(R^+) solution of (1.25). For large b and some ν > 0 the coefficients d_m in (1.27) are bounded by |d_m(p)|_∧ ≤ e^{μp}ν^{|m|} Note that L^{−1}(g^{(m)}(x, y)/m!) is the coefficient of Z^{∗m} in the expansion of N (Y + Z) in convolution powers of Z (1.22): ∑ |l|≥2 g_{0,l} · + ∑ |l|≥1 G_l∗

(Y + Z)^{∗l}

Z^∗m = ∑ |l|≥2 g_{0,l} · + ∑ |l|≥1 G_l∗ ∑ 0≤k≤l ( l k ) Z^{∗k}Y^{∗(l−k)}

Z^∗m = ∑ |l|≥2 g_{0,l} · + ∑ |l|≥1 G_l∗ ∑ l≥m ( l m ) G_l ∗ Y^{∗(l−m)} (2.67)

(m is fixed) where l ≥ m means l_i ≥ m_i, i = 1..n and ( l k ) := ∏n i=1 ( l_i k_i ) . Let ϵ be small and b large so that ‖Y‖_b < ϵ. Then, for some constant K, estimate (cf. (2.1)) | | | | | ( ∑ II g_{0,l} · + ∑ I G_l∗ ) ( l m ) G_l ∗ Y^{∗(l−m)} | | | | | ∧ ≤ ∑ I Ke^{μ|p|}(μϵ)^{|l−m|} ( l m ) =

ϵ^{−|m|}Ke^{μ|p|} n∏ i=1 ∑ l_i≥m_i ( l_i m_i ) (μϵ)^{li} = K e^{μ|p|}μ^{|m|} (1 − ϵμ)^{|m|+n} < e^{μ|p|}ν^{|m|} (2.68) (where I(II) ≡ {|l| ≥ 1(2); l ≥ m}) for large enough ν.

For k = 1, R_1 = 0 and equation (1.27) is (2.46) (with p ↔ z) but now on the whole line R^+. For small z the solution is given by (2.51) (note that

D_1 = d_{(1,0,..,0)} and so on) and depends on the free constant C (2.51). We choose a value for C (the values of Y_1 on [0, ϵ] are then determined) and we write the equation of Y_1 for p ≥ ϵ:

(Λ̂ − 1 − p)Y_1(p) + B̂ ∫ p ϵ Y_1(s)ds − n∑ j=1 ∫ p ϵ (Y_1)_j (s)D_j(p − s)ds =

R(p) := ∫ ϵ 0 Y_1(s)ds + n∑ j=1 ∫ ϵ 0 (Y_1)_j(s)D_j(p − s)ds (2.69)

(R only depends on the values of Y_1(p) on [0, ϵ]). We write

(1 + J_1)Y_1 = Q̂^{−1}_1 R (2.70) with Q_1 = 1 − Λ̂ + p. The operator J_1 is defined by (J_1Y_1)(p) := 0 for p < ϵ, while, for p > ϵ,

(J_1Y_1)(p) := Q^{−1}_1 B̂ ∫ p ϵ Y_1(s)ds − n∑ j=1 ∫ p ϵ (Y_1)_j (s)D_j(p − s)ds

By Proposition 11, (2.6) and Remark 3, noting that sup_{p>ϵ} ‖Q^{−1}_1 ‖ = O(ϵ^{−1}), b we find that (1 + J_1) is invertible as an operator in L^1_b since:

‖J_1‖_L1_{b→L}1_b < sup_{p>ϵ} ‖Q̂^{−1}_1 ‖ ( ‖B̂‖‖1‖_b + n max_{1≤j≤n} ‖D_j‖_b ) → 0 as b → ∞ (2.71)

Given C, Y_1 is therefore uniquely determined from (2.70) as an L^1_b (R^+) function.

The analytic structure of Y_1 for small z is contained in in (2.43), (2.43’). As a result,

L(Y_1)(x) ∼ C ∞∑ k=0 Γ(k − β) x^{k−β} a_k (2.72)

where ∑∞ k=0 a_kz^k is the series of a(z) near z = 0.

Correspondingly, we write (1.27) as

(1 + J_k)Y_k = Q̂^{−1}_k R_k (2.73) with Q̂_k := (−Λ̂ + p + k) and

(J_kh)(p) := Q̂^{−1}_k B̂ ∫ p 0 h(s)ds − n∑ j=1 ∫ p 0 h_j(s)D_j(p − s)ds (2.74)

‖J_k‖_L1_{b→L}1_b < sup_{p≥0} ‖Q̂^{−1}_k ‖ ( ‖B̂‖‖1‖_b + n max_{1≤j≤n} ‖D_j‖_b ) (2.75)

Since sup_{p≥0} ‖Q̂^{−1}_k ‖ → 0 as k → ∞ we have

sup_{k≥1} { ‖J_k‖_L1_{b →L}1_b } → 0 as b → ∞ (2.76) Thus, Proposition 19 For large b, (1 + J_k), k ≥ 1 are simultaneously invertible in L^1_b , (cf. 2.76). For specified Y_0 and C, Y_k, k ≥ 1 are uniquely determined and moreover, for k ≥ 2, ‖Y_k‖_b ≤ sup_{p≥0} ‖Q̂^{−1}_k ‖ 1 − sup_{k≥1} ‖J_k‖_L1_{b→L}1_b

‖R_k‖_b := K‖R_k‖_b (2.77)

(Note: As we will see later, there only is a one-parameter freedom in Y_k: a change in Y_0 can be compensated by a corresponding change in C.)

Because of condition ∑ m = k in the definition of R_k, we get, by an easy induction, the homogeneity relation with respect to the free constant C,

Y^{[C]}_k = C^kY^{[C=1]}_k =: C^kY_k (2.78) Proposition 20 For any δ > 0 there is a large enough b, so that

‖Y_k‖_b < δ^k, k = 0, 1, .. (2.79) Each Y_k is Laplace transformable and y_k = L(Y_k) solve (1.5).

Proof We first show inductively that the Y_k are bounded. Choose r small enough and b large so that ‖Y_0‖_b < r. Note that in the expression of R_k, only Y_i with i < k appear. We show by induction that ‖Y_k‖_b < r for all k. Using (2.77), (1.27) the explanation to (1.5) and Proposition 18 we get

‖Y_k‖_b < K‖R_k‖_b ≤ ∑ |l|>1 μ^{|l|}r^k ∑ Σm=k 1 ≤ r^k ∑ l>1 ( l k ) μ^l n ≤ (r(1 + μ)^n)^k < r

(2.80) if r is small which completes this induction step. But now if we look again at (2.80) we see that in fact ‖Y_k‖_b ≤ (r(1 + μ)^n)^k. Choosing r small enough, (and to that end, b large enough) the first part of Proposition 20 follows. Laplace transformability as well as the fact that y_k solve (1.5) follow immediately from (2.79) (observe again that, given k, there are only finitely many terms in the sum in R_k).

Therefore,

Remark 13 The series ∞∑ k=0 C^k(Y_k · H) ∘ τ_k (2.81)

is convergent in L^1_b for large b and thus the sum is Laplace transformable. By Remark 2 and Proposition 2.79 L ( ∞ ∑ k=0 C^k(Y_kH) ∘ τ_k ) (x) = ∞∑ k=0 e^{−kx}L(Y_k)(x) (2.82)

is uniformly convergent for large x (together with its derivatives with respect to x). Thus (by its formal construction) (2.82) is a solution of (1.1).

(Alternatively, we could have checked in a straightforward way that the series (2.81), truncated to order N is a solution of the convolution equation (1.25) on the interval p ∈ [0, N) and in view of the L^1_b (R^+) (or even L^1_{loc}) convergence it has to be one of the general solutions of the convolution equation and therefore provide a solution to (1.1).)

Proof of Proposition 1, ii) We now show (1.13). This is done from the system (1.27) by induction on k. For k = 0 and k = 1 the result follows from Proposition 6 and Proposition 9. For the induction step we consider the operator J_k (2.74) on the space

T_k = { Q : [0, ϵ) → C : Q(z) = z^{kβ−1}A_k(z) } (2.83) where A_k extends as an analytic function in a neighborhood D_ϵ of z = 0. Endowed with the norm

‖Q‖_{Tk} := sup_{z∈Dϵ} |A_k(z)|_∧

T_k is a Banach space.

Remark 14 For k ∈ N the operators J_k in (2.74) extend continuously to T_k and their norm is O(ϵ). The functions R_k, k ∈ N (cf. (2.73), (1.27)), belong to T_k. Thus for k ∈ N, Y_k ∈ T_k.

If A, B are analytic then for z < ϵ ∫ z 0 ds s^{kβ−1}A(s)B(z − s) = z^{kβ} ∫_1 0 dt t^rA(zt)B(z(1 − t)) (2.84) is in T_k with norm O(ϵ) and the assertion about J_k follows easily. Therefore Y_k ∈ T_k if R_k ∈ T_k. We prove both these properties by induction and (by the homogeneity of R_k and the fact that R_k depends only on Y_m, m < k)this amounts to checking that if Y_m ∈ T_m and Y_n ∈ T_n then

Y_m ∗ Y_n ∈ T_{m+n}

This follows from the identity ∫ z 0 ds s^rA(s)(z − s)^qB(z − s) = z^{r+q+1} ∫_1 0 dt t^r(1 − t)^qA(zt)B(z − zt)

It is now easy to see that L_ϕBỹ_k ∼ ỹ_k (cf. Theorem 2). Indeed, note that in view of Remark 14 and Proposition 20, L(Y_k) have asymptotic power series that can be differentiated for large x in the positive half plane. Since L(Y_k) are true solutions of the system (1.5) their asymptotic series are formal solutions of (1.5) and by the uniqueness of the formal solution of (1.5) once C is given, the property follows.

In the next subsection, we prove that the general solution of the system (1.5) can be obtained by means of Borel transform of formal series and analytic continuation.

We define Y^+ to be the function defined in Proposition 15, extended in

D ∩ C^+ by the unique solution of (1.25) Y0 provided by Proposition 6. (We

define Y^− correspondingly.)

By Proposition 15, ii) Y^± are solutions of (1.25) on [0, ∞) (cf. (2.60)). By Lemma 14 any solution on [0, ∞) can be obtained from, say, Y^+ by choosing C and then solving uniquely (2.58) on [1 + ϵ, ∞) (Proposition 15). We now show that the solutions of (2.70), (2.73) are continuous boundary values of functions analytic in a region bounded by R^+.

Remark 15 The function D(s) defined in (2.29) by substituting H = Y^±, is in T^±_{0,∞} (cf. (2.60)).

By Proposition 15, ii) it is easy to check that if H is any function in T^+_{0,A} then Y^+ ∗ Q ∈ T^+_{0,A}. Thus, with H = Y^+, ll the terms in the infinite sum in (2.29) are in T^+_{0,A}. For fixed A > 0, taking b large enough, the norm ρ_b of Y^+ in L^1_b can be made arbitrarily small uniformly in all rays in S^+_{0,A} (2.60) (Proposition 15). Then by Corollary 8 and Proposition 15 ii), the uniform norm of each term in the series (2.29) can be estimated by Const ρ^{|l−1|}_b ν^{|l|} and thus the series converges uniformly in T^+_{0,∞}, for large b.

Lemma 21 i) The system (1.27) with Y_0 = Y^+ (or Y^−) and given C (say C = 1) has a unique solution in L^1_{loc}(R^+), namely Y^+_k , (Y^−_k , resp.), k ∈ N. Furthermore, for large b and all k, Y^+_k ∈ T^+_{0,∞} (Y^−_k ∈ T^−_{0,∞}) (cf. (2.60)).

ii) The general solution of the equation (1.25) in L^1_{loc}(R^+) can be written in either of the forms:

Y^+ + ∞∑ k=1 C^k(Y^+_k · H) ∘ τ_k

Y^− + ∞∑ k=1 C^k(Y^−_k · H) ∘ τ_k (2.85)

Proof.

i) The first part follows from the same arguments as Proposition 19. For the last statement it is easy to see (cf. (2.84)) that J_kT^+_{0,∞} ⊂ T^+_{0,∞} and by Proposition 2.6 the inequalities (2.75), (2.76) hold for ‖‖_{T0,A→T0,A} (A arbitrary) replacing ‖‖_L1_{b→L}1_b .

ii) We already know that Y^+ solves (1.27) for k = 0. For k > 0 by i) C^kY_k ∈ T_{0,∞} and so, by continuity, the boundary values of Y^+_k on R^+ solve the system (1.27) on R^+ in L^1_{loc}. The rest of ii) follows from Lemma 14, Proposition 15 and the arbitrariness of C in (2.85) (cf. also (2.51). L4 2.7 Analytic structure and averaging

Having the general structure of the solutions of (1.25) given in Proposition 3 and in Lemma 21 we can obtain various analytic identities. The function Y^±_0 := Y^± has been defined in the previous section.

Proposition 22 For m ≥ 0,

Y^−_m = Y^+_m + ∞∑ k=1 ( m + k m ) S^k_β(Y^+_{m+k} · H) ∘ τ_k (2.86)

Proof.

Y^−_0 (p) is a particular solution of (1.25). It follows from Lemma 21 that the following identity holds on R^+:

Y^−_0 = Y^+_0 + ∞∑ k=1 S^k_β(Y^+_k · H) ∘ τ_k (2.87)

since, by (1.29) and (1.12), (2.87) holds for p ∈ (0, 2).

By Lemma 21 for any C_+ there is a C_− such that

Y^+_0 + ∞∑ k=1 C^k_+(Y^+_k · H) ∘ τ_k = Y^−_0 + ∞∑ k=1 C^k_−(Y^−_k · H) ∘ τ_k (2.88)

To find the relation C_+ and C_− we take p ∈ (1, 2); we get, comparing with (2.87):

Y^+_0 (p) + C_+Y_1(p − 1) = Y^−_0 (p) + C_−Y_1(p − 1) ⇒ C_+ = C_− + S_β (2.89)

whence, for any C ∈ C ,

Y^+_0 + ∞∑ k=1 (C + S_β)^k(Y^+_k · H) ∘ τ_k = Y^−_0 + ∞∑ k=1 C^k(Y^−_k · H) ∘ τ_k (2.90)

Differentiating m times w.r. to C and taking C = 0 we get ∞∑ k=m k! (k − m)! S^{k−m}_β (Y^+_k · H) ∘ τ_k = m!(Y^−_m · H) ∘ τ_m

from which we obtain (2.86) by rearranging the terms and applying τ_{−m}.

Proposition 23 The functions Y_k, k ≥ 0, are analytic in R_1. Proof.

Starting with (2.87), if we take p ∈ (1, 2) and obtain:

Y^−_0 (p) = Y^+_0 (p) + S_βY_1(p − 1) (2.91) By Proposition 15 and Lemma 21 the l.h.s of (2.91) is analytic in a lower half plane neighborhood of (ε, 1 − ε), (∀ε ∈ (0, 1)) and continuous in the closure of such a neighborhood. The r.h.s. is analytic in an upper half plane neighborhood of (ε, 1 − ε), (∀ε ∈ (0, 1)) and continuous in the closure of such a neighborhood. Thus, Y^−_0 (p) can be analytically continued along a path crossing the interval (1, 2) from below, i.e., Y^{−+}_0 exists and is analytic.

Now, in (2.87), let p ∈ (2, 3):

S^2_βY_2(p − 2) = Y_0(p)^− − Y(p)^+ − S_βY_1(p − 1)^+ = Y_0(p)^− − Y_0(p)^+ − Y_0(p)^{−+} + Y_0(p)^+ = Y_0(p)^− − Y_0(p)^{−+}(2.92)

and, in general, taking p ∈ (k, k + 1) we get

S^k_βY_k(p − k) = Y_0(p)^− − Y_0(p)^{−k−1+} (2.93) Using (2.93) inductively, the same arguments that we used for p ∈ (0, 1) show that Y^{−k}_0 (p) can be continued analytically in the upper half plane. Thus, we have

Remark 16 The function Y_0 is analytic in R_1. In fact, for p ∈ (j, j + 1), k ∈ N, Y^{−j +}_0 (p) = Y^+_0 (p) + j∑ k=1 S^k_βY^+_k (p − k)H(p − k) (2.94)

The relation (2.94) follows from (2.93) and (2.87).

R_{16}

Note: Unlike (2.87), in (2.94) the sum contains a finite number of terms. For instance we have:

Y^{−+}_0 (p) = Y^+_0 (p) + H(p − 1)Y^+_1 (p − 1). (∀p ∈ R^+) (2.95) The analyticity of Y_m, m ≥ 1 is shown inductively on m, using (2.86) and following exactly the same course of proof as for k = 0.

Remark 17 If S_β = 0 then Y_k are analytic in W_1 ∪ N.

Indeed, this follows from (2.87) (2.86) and Lemma 21, i)

On the other hand, if S_β ≠ 0, then all Y_k are analytic continuations of the Borel transform of y_0 (cf. (2.92)). This is an instance of the so-called resurgence.

Moreover, we can now calculate Y^{ba}_0 . By definition, (see the discussion before Remark 10) on the interval (0, 2),

Y^{ba}_0 = 1 2 (Y^+_0 + Y^−_0 ) = Y^+_0 + 1 2 S_β(Y_1 H) ∘ τ_1 (2.96)

Now we are looking for a solution of (1.25) which satisfies the condition (2.96). By comparing with Lemma 21, which gives the general form of the solutions of (1.25), we get, now on the whole positive axis,

Y^{ba}_0 = Y^+_0 + ∞∑ k=1 1 2^k

S^k_β (Y^+_k H) ∘ τ_k (on R^+) (2.97)

which we can rewrite using (2.93):

Y^{ba}_0 = Y^+_0 + ∞∑ k=1 1 2^k ( Y^{−k}_0 − Y^{−k−1,+}_0 ) (H ∘ τ_k) (2.98)

Proposition 24 Let y_1(p), y_2(p) be analytic in R_1, and such that for any path γ = t → t exp(iϕ(t)) in R_1,

|y_{1,2}(γ(t))| < f_γ(t) ∈ L^1_{loc}(R^+) (2.99)

Assume further that for some large enough b, M and any path γ in R_1: ∫ γ |y_{1,2}|(s)e^{−b|s|}|ds| < M (2.100) Then the analytic continuation AC_γ(y_1 ∗ y_2) along a path γ in R_1, of their convolution product y_1 ∗ y_2 (defined for small p by (1.20)) exists, is locally integrable and satisfies (2.99) and, for the same b and some γ-independent M^′ > 0, ∫ γ |y_1 ∗ y_2|(s)e^{−b|s|}|ds| < M^′ (2.101) Proof.

Since

2y_1 ∗ y_2 = (y_1 + y_2) ∗ (y_1 + y_2) − y_1 ∗ y_1 − y_2 ∗ y_2 (2.102)

it is enough to take y_1 = y_2 = y. For p ∈ R^+\N we write:

y^− = y^+ + ∞∑ k=1 (H · y^+_k ) ∘ τ_k (2.103)

The functions y_k are defined inductively (the superscripts “+,(-)” mean, as before, the analytic continuations in R_1 going below(above) the real axis). In the same way (2.93) was obtained we get by induction:

y_k = (y^− − y^{−k−1+}) ∘ τ_{−k} (2.104)

where the equality holds on R^+\N and +, − mean the upper and lower continuations. For any p only finitely many terms in the sum in (2.103) are nonzero. The sum is also convergent in ‖‖_b (by dominated convergence; note that, by assumption, the functions y^{−−..−±} belong to the same L^1_b ).

If t → γ(t) in R_1, is a straight line, other than R^+, then:

AC_γ((y ∗ y)) = AC_γ(y) ∗_γ AC_γ(y) if arg(γ(t))=const≠ 0 (2.105)

(Since y is analytic along such a line). The notation ∗_γ means (1.20) with p = γ(t). Note though that, suggestive as it might be, (2.105) is incorrect if the condition stated there is not satisfied and γ is a path that crosses the real line (see the Appendix, Section A.2)!

We get from (2.105), (2.103) (see also (A.9), in the Appendix):

(y ∗ y)^− = y^− ∗ y^− = y^+ ∗ y^+ + ∞∑ k=1 ( H k∑ m=0 y^+_m ∗ y^+_{k−m} ) ∘ τ_k =

(y ∗ y)^+ + ∞∑ k=1 ( H k∑ m=0 ( y_m ∗ y_{k−m} )_+ ) ∘ τ_k (2.106)

and now the analyticity of y ∗ y in R_1 follows: on the interval p ∈ (m, m + 1) we have from (2.104) ( y ∗y )−j (p) = ( y ∗y )− (p) = ( y^{∗2} )_+

(p)+ j∑ k=1 k∑ m=0 ( y_m ∗y_{k−m} )_+

(p−k) (2.107)

Again, formula (2.107) is useful for analytically continuing (y ∗ y )−j along a path as the one depicted in Fig.1. By dominated convergence, (y ∗ y)^± ∈ T^±_{(0,∞)}, (2.60). By (2.104), y_m are analytic in R^+_1 := R_1 ∩ {p : ℑ(p) > 0} and thus by (2.105) the r.h.s. of (2.107) can be continued analytically in R^+_1 . The same is then true for (y ∗ y)^−. The function (y ∗ y) can be extended analytically along paths that cross the real line from below. Likewise, (y ∗y)^+ can be continued analytically in the lower half plane so that (y ∗y) is analytic in R_1.

Combining (2.107), (2.105) and (2.102) we get a similar formula for the analytic continuation of the convolution product of two functions, f, g satisfying the assumptions of Proposition 24

(f ∗ g)^{−j +} = f^+ ∗ g^+ + j∑ k=1 ( H k∑ m=0 f^+_m ∗ g^+_{k−m} ) ∘ τ_k (2.108)

Note that (2.108) corresponds to (2.103) and in those notations we have: ( f ∗ g ) k = k∑ m=0 f_m ∗ g_{k−m} (2.109)

Integrability as well as (2.101) follow from (2.104), (2.107) and Remark 7.

P 24

By (1.16) and (2.104), y^{ba} = y^+ + ∞∑ k=1 1 2^k

(y^+_k H) ∘ τ_k

so that (see (A.9))

y^{ba} ∗ y^{ba} = ( y^+ + ∞∑ k=1 1 2^k

(H ∘ τ_k)(y^+_k ∘ τ_k) )∗_2 = y^+ ∗ y^+ + ∞∑ k=1 1 2^k H ∘ τ_k k∑ m=0 (y^+_m ∘ τ_m) ∗ (y^+_{k−m} ∘ τ_{k−m}) ∘ τ_k =

y^+ ∗ y^+ + ∞∑ k=1 1 2^k H ∘ τ_k k∑ m=0 (y_m ∗ y_{k−m})^+ ∘ τ_k = (y^{∗2})^{ba} (2.110)

To finish the proof of Theorem 2 note that on any finite interval the sum in (1.16) has only a finite number of terms and by (2.110) balanced averaging commutes with any finite sum of the type ∑ k_1,..,kn c_{k1..kn} f_{k1} ∗ .. ∗ f_{kn} (2.111) and then, by continuity, with any sum of the form (2.111), with a finite or infinite number of terms, provided it converges in L^1_{loc}. Averaging thus commutes with all the operations involved in the equations (2.73). By uniqueness therefore, if Y_0 = Y^{ba} then Y_k = Y^{ba}_k for all k. Preservation of reality is immediate since (1.25), (1.27) are real if (1.1) is real, therefore Y^{ba}_0 is real-valued

on R^+\N (since it is real-valued on [0, 1) ∪ (1, 2)) and so are, inductively, all

Y_k.

3 Acknowledgments

The author would like to thank Professors Michael Berry, Percy Deift and Jean Ecalle for very interesting discussions. Special thanks are due to Prof. Martin Kruskal for long and illuminating debates and, together with Prof. Joel Lebowitz, for their continued support and encouragements throughout this work.

A Appendix

A.1 Example of non-typical behavior

Consider the equation f^′ = −f − 1 2x f + 1 x − 1 2x^2

(A.1)

The general solution of this equation is given by f = 1 x + Cx^{−1/2}e^{−x} = ∫ ∞ 0 ( p + C √ p − 1 H(1 − p) ) dp (A.2)

We see that the asymptotic series of f for x → ∞, ℜ(x) > 0, ỹ_0 = 1/x. The inverse Laplace transform of f is

L^{−1}f = p + C √ p − 1 H(1 − p) (A.3)

i) The Stokes constant is zero and Y_0 = B(ỹ_0) = p is entire. ii) All combinations λY^+_0 + (1 − λ)Y^−_0 coincide. Therefore (1.30) does not hold.

Equation (A.1) is exceptional, in the sense that the properties i), ii) above do not withstand a small perturbation. Indeed, for the equation f^′ = −f − 1 2x f + 1 + ϵ x − 1 2x^2

(A.4)

we have B(ỹ_0) = 2ϵ + p + ϵ(1 − p)^{−1/2} and the inverse Laplace transform of the general solution is

L^{−1}(f) = { 2ϵ + p + ϵ(1 − p)^{−1/2} for p < 1 2ϵ + p + C(p − 1)^{−1/2} for p > 1 A.2 AC(f ∗ g) versus AC(f) ∗ AC(g) Typically, the analytic continuation along curve in W_1 which is not homotopic to a straight line will not commute with convolution. For example, in equation (A.4), B(ỹ_0)^{−+} ∗ B(ỹ_0)^{−+} ≠ [B(ỹ_0) ∗ B(ỹ_0)]^{−+}, as it can be seen from Remark 18 below (or by direct calculation). This situation is generic:

Remark 18 Let y be a function satisfying the conditions stated in Proposition 24 and assume that p = 1 is a branch point of y. Then,

(y ∗ y)^{−+} ≠ y^{−+} ∗ y^{−+} (A.5)

Proof Indeed, by (2.108) and (2.104)

(y ∗ y)^{−+} = y^+ ∗ y^+ + 2[(y^+ ∗ y^+_1 )H] ∘ τ_1 ≠ y^{−+} ∗ y^{−+} = [y^+ + (Hy^+_1 ) ∘ τ_1]^{∗2} = y^+ ∗ y^+ + 2[(y^+ ∗ y^+_1 )H] ∘ τ_1 + [H(y^+_1 ∗ y^+_1 )] ∘ τ_2 (A.6)

since in view of (2.104), in our assumptions, y_1 ≢ 0 and thus y_1 ∗ y_1 ≢ 0.

There is also the following intuitive reasoning leading to the same conclusion. For a generic system of the form (1.1)–(1.3), p = 1 is a branch point of Y_0 and so Y^−_0 ≠ Y^{−+}_0 . On the other hand, if AC_{−+} commuted with convolution, then L(Y^{−+}_0 ) would provide a solution of (1.1). By Lemma 21, L(Y^−_0 ) is a different solution (since Y^−_0 ≠ Y^{−+}_0 ). As Y^−_0 and Y^{−+}_0 coincide up to p = 2 we have L(Y^{−+}_0 ) − L(Y^−_0 ) = O(e^{−2x}x^{power}) for x → +∞. By Theorem 2 however, no two solutions of (1.1)–(1.3) can differ by less than e^{−x}x^{power} without actually being equal (also, heuristically, this can be checked using formal perturbation theory), contradiction.

A.3 Useful formulas B( 1 x^n ) = p^{n−1} Γ(n) or L(p^n) =

Γ(n + 1) x^{n+1} (A.7)

p^q ∗ p^r =

Γ(q + 1)Γ(r + 1) Γ(q + r + 2) p^{q+r+1} (A.8)

with f_{1,2}(p) := p → H(p − k_{1,2})g_{1,2}(p − k_{1,2}) we have ( f_1 ∗ f_2 ) (p) = H(p − k_1 − k_2) ( g_1 ∗ g_2 ) (p − k_1 − k_2) (A.9)

References

[1] J. Ecalle Fonctions Resurgentes, Publications Mathematiques D’Orsay, 1981 [2] J. Ecalle in Bifurcations and periodic orbits of vector fields NATO ASI Series, Vol. 408, 1993 [3] J. Ecalle Finitude des cycles limites.., Preprint 90-36 of Universite de Paris-Sud, 1990 [4] W. Balser, B.L.J. Braaksma, J-P. Ramis, Y. Sibuya Asymptotic Anal.

5, no. 1 (1991), 27-45 [5] B. L. J. Braaksma Ann. Inst. Fourier, Grenoble,42, 3 (1992), 517-540 [6] G. G. Stokes Trans. Camb. Phil. Soc 10 106-128. Reprinted in Mathematical and Physical papers by late sir George Gabriel Stokes. Cambridge University Press 1904, vol. IV, 77-109 [7] W. Wasow Asymptotic expansions for ordinary differential equations, Interscience Publishers 1968 [8] Y. Sibuya Global theory of a second order linear ordinary differential equation with a polynomial coefficient , North-Holland 1975 [9] F. T. Cope Amer. J. Math. vol. 56 pp 411-437 (1934) [10] J.F. Ritt Differential algebra, American Mathematical Society, New York 1950 [11] A. Tovbis Linear Algebra and Applications, 162-164, 389-407 (1992). [12] C. E. Fabry Thèse (Faculté des Sciences), Paris, 1885 [13] M. Iwano Ann. Mat. Pura Appl. (4) 44 1957, 261-292 [14] M.V. Berry Proc. R. Soc. Lond. A 422, 7-21, 1989 [15] M.V. Berry Proc. R. Soc. Lond. A 430, 653-668, 1990 [16] H. Segur, S. Tanveer and H. Levine, ed. Asymptotics Beyond all Orders, Plenum Press 1991

[17] M.D. Kruskal, H. Segur Studies in Applied Mathematics 85:129-181, 1991