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We review recent rigorous results concerning the ionization of model quantum systems
by time periodic external fields. The systems we consider consist of a single particle
(electron) with a reference Hamiltonian Hy = —A+V,(x) (z € RY) having both bound
and continuum states. Starting from an initially localized state vy(x) € L*(R?),
the system is subjected for £ > 0 to an arbitrary strength time-periodic potential
Vi(z,t) = Vi(x,t 4+ 2w /w). We prove that for a large class of Vy(z) and Vi(z,t)
the wavefunction v (z,t) will delocalize as t — oo, i.e. the system will ionize. The
only exceptions are cases where there are time-periodic bound states of the Floquet
operator associated to Hy + Vj. These do occur (albeit rarely) when V] is not small.
For spatially rapidly decaying Vi and Vi, 9(z,t) is generally given, for very long

1/2 which we prove in some cases to be Borel summable.

times, by a power series in ¢~
For the Coulomb potential Vy(z) = —b|z|~" in R?, we prove ionization for Vi (z,t) =
Vi(Jz|) sin(wt —0), Vi(|z]) = 0 for |z| > R and Vi(z) > 0 for |z| < R. For this model,
if ¢y is compactly supported both in z and in angular momentum, L, we obtain that

Y(x,t) ~ O(t°/5) as t — oo,

PACS numbers: 03.65.Db, 03.65.Ge, 32.80.Fb



I. INTRODUCTION

The ionization of atoms or dissociation of molecules subjected to external time-dependent
fields is an issue of central importance in atomic physics. There exist a variety of methods
for treating this problem, including perturbation theory (Fermi’s golden rule), numerical
integration of the time-dependent Schrodinger equation, semi-classical phase-space analysis,
Floquet theory and complex dilations!:10712:14:2023 " Gti]] there are very few rigorous results
proving or disproving ionization by a periodic field of arbitrary strength and frequency, even
for the simplest systems with both bound and continuum states. Such results are clearly
desirable from both a theoretical and practical point of view. Numerical results are also
difficult since delocalization of the wavefunction of the electron creates truncation errors at
the boundary of the computational domain (absorbing potentials can help, but may also
cause difficult to detect errors).

We present here a review of recent rigorous results for this problem in the context of non-
relativistic quantum mechanics where the field causing the ionization is treated classically®.
Most of these results are derived in detail in3-8,!8. We give here the ideas of the proofs in a
unified and simple form.

Our analysis is based on the study of the long time behavior of the solution of the

Schrodinger equation in d dimensions (in units such that i = 2m = 1),

(. t) = (= A+ Volw) + Vilw, ) )l ) (0,2) = vola) € LPRY (L)

Here, z € R? ¢ > 0, Vo(z) is a binding potential having both bound and continuum states,

and V; is a time-periodic field of zero average,
Vi(z,t) = Z (Qj(x)eij“’t + c.c.) (1.2)
j=1

representing the external forcing.

A. Ionization

Our primary interest is whether the system ionizes under the influence of the forcing
Vi(z,t), as well as to determine the rate of ionization if it occurs. Ionization corresponds

to delocalization of the wavefunction as ¢ — oo. In particular we say that the system, e.g.



a Hydrogen atom, will completely ionize if the probability of finding the electron in any

bounded spatial region B C R? goes to zero as time becomes large, i.e.

lim /B (e, B d = 0. (1.3)

At a heuristic level, complete ionization is expected since the potential V] constantly

imparts energy, eventually overcoming V whatever the relative strengths of the two is.
Generically, ¥ should thus decay. But exceptions do exist, and will be discussed.

By simple triangle inequality arguments, it is seen that ionization occurs for any initial

condition ¥ (z,0) = tg(x) in L? if this is the case on a dense set. For this reason, we

typically take 1y to be compactly supported since this allows for a more detailed analysis of

the ionization process.

B. Overview

The basic strategy followed to prove ionization is to first show that the time Laplace
transform of the wave function 1/;(x, p), is regular and analytic for Re p > 0 and bounded for
p € 1R. We then show that, after subtraction of a few explicit terms, the Riemann-Lebesgue
lemma applies and ¢ (z,t), the inverse Laplace transform of &(m,p), decays as t — oo,
implying ionization.

The rest of the paper is organized as follows. We first review the common elements in our
approach outlined above and then describe various models we studied using these methods.
We start with simple one-dimensional systems where Vi = —2§(z) subjected to various types
of forcing, including the dipole one, V;(z,t) = Ex coswt. We then discuss higher dimensional
systems in which Vy(z) and Vj(x,t) have compact support in R?. Finally, we describe our
results for the most difficult and interesting system, the Hydrogen atom, where Vo = —b/|z|,

x € R3.

1II. GENERAL FRAMEWORK
A. Laplace reformulation of the problem

The time Laplace transform of i (z, t),

(e, p) = / e P, t)dt
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converts the asymptotic problem (I.3) into an analytical one, which turns out to be easier
to study. The Laplace transform is well defined for Rep > 0 due to the existence of a
continuous unitary propagator for the solution of (I.2).

After writing the transformed equation (I.1) in suitable integral forms for Rep > 0
and using weighted L? spaces, the question of ionization becomes a question of sufficient
regularity of the resolvent of a compact operator for p € H. Here H denotes the right half
complex plane and H is its closure.

To study the regularity question, we formulate it as a Fredholm alternative problem.
The transformations needed for that are relatively straightforward in simple models but can
be quite challenging to find when Vj is the Coulomb potential, the slow decay of which
leads to substantial difficulties. The regularity of the resolvent translates into regularity of
the solution via the Fredholm alternative. The question then becomes one of existence of
acceptable solutions of an associated homogeneous problem. These solutions turn out to be

closely related to eigenfunctions of the Floquet operator.

1. The Laplace space equations

Subtracting first a few asymptotic terms from 1) in (I.1) in order to ensure decay in the
dual variable p and Laplace transforming the resulting equation, we obtain the following
system of linear differential-difference equations

(Ho + 0 + nw)ijn = y% — ZQ (I1.1)

jEL
where p = i(c+nw), Hy = —A+Vy(z) is the reference Hamiltonian, g, (x, o) = g(x, inw+io)
for n € Z, 4! is related to vy, and ¢ may be restricted to Re o € [0,w). It is often more
convenient to study the dependence on o for Re 0 € (—¢,w) and fixed n. This avoids a
separate analysis of n = 0, ¢ close to 0, and of n = —1 and o close to w, needed to study
the behavior of the solution near p = 0. The corresponding homogeneous system, used in

the sequel, is

(Ho + 0 + nw)v Z Qi (z)vn—j (I1.2)
JEZ

This homogeneous problem is always highly overdetermined. In the case V; is compactly
supported in space, we obtain that for all n < 0, v,, = 0 outside the support of V;, implying

simultaneous Dirichlet and Neumann conditions for the associated differential equations.
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Generically no nonzero solution is possible, and in that case the Fredholm alternative
ensures sufficient regularity in p to show complete ionization. However, proving that the
homogeneous system has indeed no nonzero solution is sometimes delicate, particularly in

higher dimensional problems.

B. Integral form of Laplace space equations

For inverting the differential operators, it is convenient to add a suitable purely imaginary
term of the form —i3(p)X g, (z), where X g, () is the characteristic of the ball of radius R to
both sides of the equation. (The choice of X g, (z) and of 3(p) will be explained as necessary
in the examples considered.) Eq. (II.1) becomes

Agniin = (Ho+ 0 +nw — iBXp, (1) = —iBX 5, ()i + ¥ =Y Q(2)jy;  (IL3)

JEZ
C. Compact operator formulation

Inverting now the differential operators in (I1.3), after possibly some further simple trans-

formations, the system is brought to the form
Y =%Y, + &Y (11.4)

where Y = {y, tnez, Yo = {yg) ]}nez, and € and T are compact operators. The exact form of
¢ and the associated Hilbert space will depend on the problem and will vary from case to
case; for example, in the Coulomb case, it is given in (V.2). The properties of the solution
of (I.1) will follow from those of (II.4) on which we focus from now on.

Applying now the Fredholm alternative, we see that existence of a sufficiently regular
solution of (II.4) is equivalent to the absence of a regular solution of the homogeneous
system corresponding to (I1.4).

v==~Cv (IL.5)

The operator € is shown to be sufficiently regular: it is analytic in a suitable parameter.
This is simply ,/p in problems where the potential has sufficient decay in . For the Coulomb
potential, an extended parameter space needs to be introduced.

In essence, analyticity in the modified parameter ensures that the solution of (II.4) is

sufficiently regular for the contour of integration of the inverse Laplace transform to be



pushed all the way to the imaginary line, where the Riemann-Lebesgue lemma implies decay
of the wave function.
With a few simple exceptions, we do not present the proofs in this review; for proofs we

refer to our articles, in particular® and?.

D. Connection with Floquet theory

Our analysis connects with Floquet theory in a number of ways, that we briefly sketch.

Let K be the quasi-energy operator in Floquet theory

0
(Ku)(x,0) = (—z% — A+ Vo(z) + Vl(:v,9)> u(z,0); = €R? 0 €S, (IL.6)
Then, letting
u(x,0;0) Zym z; 0)em? (IL.7)
neZ
be the solution of the eigenvalue equation
Ku = —ou (IL.8)

we get an equation for the yg] which is identical to the homogeneous part of equation
(IL.1). (However, the functional spaces are generally different.) Solutions of (I1.8) with
ue L*(RYx S 1) correspond to L? eigenfunctions of K.

Complete ionization clearly requires the absence of such solutions, i.e., of a point spectrum
of (I1.8), 0,(K). Otherwise, if u(x, ) is an eigenfunction of K, then e‘u(x,t) would be a
space localized solution of the Schrédinger equation.

In fact, we show that the converse is also true in the models we considered.

Theorem 1 In our ezamples, we show that (11.5) has no nontrivial solutions, i.e. ionization

is complete, iff 0,(K) = 0.

Remark 2 Theorem 1 rules out the existence of singular continuous spectrum of K in the
models we study. Under assumptions of smoothness and sufficiently fast spatial decay of V}
and Vi, Galtbayar, Jensen and Yajima'? obtained absence of singular continuous spectrum

as well as an asymptotic power series for ¢ in powers of t~1/2

as t — 0o, assuming o, (K) = 0.
Moéller and Skibsted proved in'® the equivalence of absence of point spectrum and ionization
for a large class of systems subject to periodic fields, with weaker decay conditions, for

dilation-analytic potentials.



*

The main problem for us is finding 0,(X). In most cases 0,(K) is empty, but, as shown
in the examples below, there are situations when it is not, and in this latter case, complete

ionization does not occur.

III. ONE DIMENSIONAL MODELS WITH V,(z) = —20(x)

The zero range (delta—function) attractive potential is much used in the literature to
model short range attractive potentials. In time dependent settings it captures qualitative
and sometimes even quantitative features of more realistic models. In one dimension, the

unperturbed Hamiltonian Hy has, in suitable units, the form

d2
Hoz—@—25(x), —00 < T < 00. (II.1)

and belongs to the class K;°. Hy has a single bound state
up(z) = eI (I11.2)

with energy —wg = —1. It also has continuous uniform spectrum on the positive real line,

with generalized eigenfunctions

1 . 1 )
k _ ikx i|kx| . k
u(k, x) N (e —1+i|k:|€ , —00<k<o0

and energies k2.

Note 3 It turns out that for delta-potential models it suffices to look at the projection of

the wave function on the bound state,

0(t) = (W) = [ e}l t)da
A. Parametric forcing
Parametric forcing simply means
Vi(z,t) = =2n(t)é(x); n(t) = Z (Cjei”ﬁ +c.c.) (I1L.3)

J=1

The following condition turns out to be crucial to the nature of o,(K).

7



Genericity condition (g). Consider the right shift operator 7" on [5(N) given by

T(Cy, Co, ... Cy ) = (Csy O, ooy G, )

We say that C € [5(N) is generic with respect to T if the Hilbert space generated by all
the translates of C contains the vector e; = (1, 0,0, ...,) (which is the kernel of T'):

er€\/T"C (I11.4)

n=0

(where the right side of (I11.4) denotes the closure of the space generated by the 7"C with
n > 0.) This condition is generically satisfied, and is obviously weaker than the “cyclicity”
condition l»(N) © \/72  T"C = {0}, which is also generic'”.

A case which satisfies (II1.4), (but fails the cyclicity condition) corresponds to n being a
trigonometric polynomial, namely C # 0 but C,, = 0 for all large enough n. (We can in fact
replace e; in (I11.4) by ej, with any k£ > 1.)

Under this genericity condition, we prove that complete ionization occurs.

A simple example which fails (I11.4) is C,, = —rA™ for n > 1, for some A € (0,1). In this
case the space generated by 7" C is one-dimensional. The associated 7 is

A — cos(wt)
1+ A2 — 2\ cos(wt)

For this case we prove that there are values of r and A\ for which ionization is incomplete

n(t) = 2rA

(111.5)

and 1(z,t) does not delocalize as t — 0.

The precise results are given below.

Theorem 4 Under the assumption (g) the survival probability P(t) of the bound state uy,

10(t)|? tends to zero ast — oc.

Theorem 5 Fory(z) = uy(x) there exist values of A\, w and r in (111.5), for which |0(t)|

0 ast — o0.

For the proof of these theorems, see?.

1. Harmonic 1

In® we investigated in detail the case when 7 is harmonic,
n(t) = rsinwt
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Sketch of proof of ionization. In this case the Laplace transform of 6(t) is clearly

independent of z, and (IL.5) is just an infinite scalar difference system of the form

1 1

Vo + nwu, = v, — §vn+1 — 5”"_1 (I11.6)

The proof that v, is zero if n < 0 and subsequently showing that (I.5) has no nonzero
solution are then particularly simple. Multiplying both sides of (II1.6) by 7,, and summing

over n, which in the associated Hilbert space must converge, we get

Z Vo + nwu,t, = Z Vp Uy — % Z Upi1Up — % Z Up—1Un (I11.7)

nez nez nez nez

The second and third terms on the right side of (II1.7) are complex conjugates of each-other,
so the right side of (IIL.7) is real. For Im o # 0, we see that Im(v/o + nwv,,7,,) has the same
sign as Im o. The left side cannot be real and hence the equation has only zero solutions.

In the (most interesting) case Im o = 0, we see that for n < 0 the sign of Im(v/o + nwv,v,)
does not depend on n, and for n > 0, \/o + nwv, v, is real. Clearly, since /nw is purely
imaginary for negative n and |v,|? is purely real, we must have v, = 0 for all n < 0.
Induction shows that v, = 0 for all n. From this result and regularity considerations,
complete ionization follows.

The proofs in more complex models follow completely different lines.

2. Dependence of ionization rates on the parameters in the harmonic case

We also obtained a detailed picture of how the decay of (t) depends on r and w, when

o = up. For all r,w, 0(t) can be (uniquely) written in the form

e(t) —e —y(r;w) t-i-th Z e(mzw i th ) (IIIS)

m=—00

where [, is periodic of period 27rw™! and the functions h,,(t) are equal to the Borel sums of

/2 The decomposition is the time-periodic analog of

their asymptotic series in powers of ¢~
a resonance expansion, with the added information about Borel summability. The infinite
sum in (II1.8) is convergent for all ¢ > 0, and rapidly so if ¢ is large. For large ¢ we have

o0

Z e(miwfi)thm(t) _ O(T2t73/2)

m=—00
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FIG. 1. Plot of logyq |0(t)|? vs. time in units of wy* for several values of w and r.

For small r and w™! not too close to an integer we get an exponential decay of |0(t)|?,
with a decay exponent I' = 2v(r,w) ~ 20+ 7)) where |w™!] is the integer part of w™'. For
w > 1, this corresponds to I' ~ ', the Fermi golden rule constant. At times large compared
to T71, |0()|? decays as t3. The picture becomes much more complicated when r is large
and/or w™! is an integer. In particular there is no monotonicity in |6(¢)| as a function of r,
see Fig. 1.

The ionization results for this very simple delta function model compares relatively well

with actual experimental ones obtained for Rydberg atoms, using an effective value of r, see

Fig. 2.

B. Non-parametric delta-function forcing

Using the same Hy as in (IT1.1) we considered in'® two different forcings,
Vl(l)(a:, t) = 20(x — a)rsinwt (I11.9)

and

V& (2,t) = 2[6(x — a) — 6(z + a)] rsinwt (1I1.10)

where a € R is a new parameter. When a = 0, (I11.9) reduces to the previous case. The

spatial part of V; in (II1.10) suggests a dipolar type forcing. (The actual dipole forcing is
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FIG. 2. Threshold amplitudes for 50% ionization vs. w/wg, calculated from the delta function

model, and the experiment, seeS for details.

considered in §II1C.)

We prove in both cases that the survival probability goes to zero as t — oo for almost
all values of r,w and a. The decay is initially exponential, followed by a ¢~3 law if w is
not close to resonances and r is small; otherwise, the exponential term is not visible and
Fermi’s golden rule fails. We further show that there are exceptional sets of parameters r,
|2

w and a for which the survival probability |#(¢)|* never decays to zero, corresponding to the

Floquet operator having a bound state. These values form a two-dimensional manifold in
2

the parameter space. We show examples of decay of |0(t)|?, and of lack of decay, in Fig. 3.

This lack of decay is presumably due to the exceptional nature of the delta function
forcings in one dimension. In fact, we show similar behavior even in the absence of a
binding potential, i.e., Vo = 0,V = VI(Q), permitting a free particle to be trapped by the

harmonically oscillating delta function potential.

C. Dipole forcing

A common model of ionization in the physical literature is the dipole model. The most

realistic model of (monochromatic) radiation would be to take Vi(z,t) = F(kx — wt) with
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FIG. 3. Plot of logy |6(t)|? vs. time for VI(Q), for a = 0.59, r = 1 and several values of w, including

a critical one w ~ 1.12, for which there is no decay. See'® for details.

F(0) a periodic function. By Taylor expanding about x = 0 to linear order and using a
gauge transformation to remove the constant term we obtain the frequently used dipole
model. The model has the same Hy as in(II.1) and V;(z,t) = E(t)z with E(t) being 27 /w-
periodic. This approximation is valid when the wavelength of F'(kx — wt) is large compared
to the size of the bound state.

In the dipole case, the analysis was simplified considerably by using the Zak transform:
(w,0,t) =Y UMy (g, ¢+ 2mj fw) (IIL.11)
JEZ

The Zak transform is related to the Laplace transform in a fairly straightforward manner

via the Poisson Summation formula:
_ w N . —inwt
Z[Yl(x,0,t) = Py EEZ Y(z, —i(o + nw))e (I1.12)

The key property of the Zak transform is that it commutes with periodic operators, as well

as with the periodic parts of other integral operators. This is useful for the following reason.
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In the time domain, one can show that (0, ¢) satisfies (modulo a gauge transformation) the

integral equation:

0(0,8) = [¢3140] (0, 1) + \[/exp< :it_s))2)w(0,t—s)%

where ¢(t) is periodic and ¢’(t) = . The Zak transform “commutes” with the integral

operator in the following manner:

Z[)(0,1) = Z([¢"%"40])(0,1)

4 \/;/OOO exp (Mt) _it - 5>)2) Z[](0, — s)%

It is shown in® that this integral operator is compact after Zak transformation, and that
therefore the same theory as described in Section IIB and II C applies. This formulation
also allows us to prove a result analogous to Theorem 1.

Using Theorem 1, we can then provide a general condition for ionization to hold:

Theorem 6 Suppose E(t) is a trigonometric polynomial. Then for any 1y(z) € L*(R)
complete ionization occurs, i.e. (1.3) holds. If o(x) € L'(R)NL*(R), then ||@Z)(x,t)||iz([_L7LD

approaches zero at least as fast as t*.

1. Sketch of the proof of tonization

The approach to proving Theorem 6 is as follows. By Theorem 1, if ionization fails, it
fails because 0,(K) # () which in turn implies the existence of a nonzero eigenvector u of
the quasi-energy operator K from Section IID. To prove ionization, we need to prove that
this cannot occur.

The proof that no such u := wu(z,0) exists is performed in the following manner. Tt
is fairly straightforward to construct time-periodic solutions of (I1.8) ur(z,6) and ug(x,0)
which are valid for z < 0 and x > 0 respectively, and to show that this set of solutions is
complete. Of course, for u to be continuous, we need that ur(0,0) = ug(0,6).

The technical details of the proof consist of showing that one cannot continuously match
ur(x,0) to ug(x,0) at x = 0. The specific method of proving this is to analytically continue
u(0,0) in the complex € plane. By analytically continuing ug(0,6), we obtain decay condi-

tions in a certain region of the complex 6-plane. By analytically continuing u(0,6) in 6 we
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obtain decay conditions in a complementary region of the complex plane. The two decay
conditions can be combined to show that u(0,8) is bounded in the entire complex #-plane,
and is therefore constant (and zero). The details are contained in® (Section 2).

The requirement that F(t) be a trigonometric polynomial is needed because that implies
u(0,0) has finite exponential order. Using the finite exponential order is a key step in the

proof, making use of the Phragmen-Lindelof theorem.

IV. HIGHER DIMENSIONAL MODELS WITH COMPACTLY
SUPPORTED POTENTIALS

We consider now the case when z € R?, d = 1,2, 3, with Vy(z) and V;(z,t) supported in

a compact domain D,”, with
Vo(z) = Xp(2)Vo(x); Q;(x) = Xp(2)Q;(x) (IV.1)
where Xp(z) is the characteristic function of D.
We first show the following convenient condition of ionization.
Theorem 7 In the setting (IV.1), if (I1.5) has a nontrivial solution, then
Un(x) =0 forall n<0andx ¢ D (IV.2)

Proof. Assume there exists a nontrivial solution in the corresponding H to the system

(—A + 0 + nw)v, = —Vyu, — Z Qi (x)vn—; (IV.3)

JEL
We multiply (IV.3) by ©,, integrate over a ball B containing D, sum over n (the sum
converges in our space) and take the imaginary part of the resulting expression. Noting that

Z Qj(x)vn_jm = Z Q_ﬁn_jvn = Z Qjﬁnﬂvn

JmEZL Jm€EZ JmEZ

= Z Qj(l‘)mvmﬂ' (IV-4)

JmEZ

so the sum (IV.4) is real, we get

0=1TIm <—O’Z v ||® + / de@nAvn>
B

nez ne”Z

1
— —Imaz lonl? + 2—2/

neL 9B

(Z T, VU, — vnwn> ndS (IV.5)

ne”L
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We take d = 3 (the analysis is simpler in one or two dimensions). It is convenient to

decompose v,, using spherical harmonics; we write
Va= Y Ruum()Y™(0,9). (IV.6)
1>0,m|<l

The last integral in (IV.5), including the prefactor, then equals

. 9 D) / DI
—8miry g g [Rn,m,an,m,z - R,n,m,an,m,l:|

=—81irE Y > W[Rnmi Rumy] (AV.7)

neZ m,l
where rp is the radius of B and W{f,g] is the Wronskian of f and g. On the other hand,

since V' and () are compactly supported in B, we have outside of B
Av, — (0 +nw)v, =0 (IV.8)

Then, by (IV.6), R, satisfy for r > rp the equation
I(1+1)

r2

2
R" + ;R’ — R=(0c+nw)R (IV.9)

where we have suppressed the subscripts. Let g1 = 7Ry, m- Then for the g, ., we get

q" - W; D) + (0 +nw)|g=0 (IV.10)
thus
= 2
RR = i_g - % (IV.11)
and
r*WI[R, R] = W[g, g] =: W,,. (IV.12)

Multiplying (IV.10) by g, the conjugate of (IV.10) by ¢ and subtracting, we get for r > rp,
W, = (o —9)|g]* = 2ilg|*Imo (IV.13)

Remark 8 Simple estimates using the resolvent of the free Laplacian” imply that, for some

Cn)
—Knl|z|
vn() = e’T‘ (cn(6,0) + O(12l ™)) as Jz] — o0 (IV.14)
where
Kn =/ —Ip=+V0o+nw (when p € H, k, is in the fourth quadrant) (IV.15)
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Let us consider two cases of (IV.3).

Case (i): Imo < 0. By Remark 8 we have
g~ Ce ™ (140(1)) as r — o0 (IV.16)

There is a one-parameter family of solutions of (IV.10) satisfying (IV.16) and the asymptotic
expansion can be differentiated??. We assume, to get a contradiction, that there exist n for
which g, # 0. For these n we have, using (IV.16), differentiability of this asymptotic
expansion and (IV.15) that

1
— lim |g,|*W,, = —Imx,, > 0. (IV.17)

24 r—o0
It follows from (IV.13) and (IV.17) that W, is strictly positive for all r > rp and all n for
which g, # 0. This implies that the last term in (IV.5) is a sum of positive terms which
shows that (IV.5) cannot be satisfied.

Case (ii): Imo = 0. For n > 0 there exists only one solution g of (IV.10) which decays at
infinity (cf. Remark 8 and the discussion in Case (i)), and since (IV.10) has real coefficients
this g must be a real as well (up to a multiplicative constant); therefore we have W,, = 0 for
n > 0.

For n < 0, we use Remark 8 (and differentiability of the asymptotic expansion as in Case
(i) to calculate the Wronskian W, of g, g in the limit r — oo: W,, = |¢,]*(1 + o(1)). Since
for Imo = 0, W, is constant, cf. (IV.13), it follows that W, is exactly equal to |c,|?. Thus,
using (IV.5) and (IV.7) we have

vp(x) =0 for all n <0 and |z| >rp (IV.18)

Outside D we have Dv,, = 0, where O is the elliptic operator —A + o + nw. The proof
follows immediately from (IV.18), by standard unique continuation results'®!52! (in fact, O
is analytic hypoelliptic). O

To go from Theorem 7 to complete ionization requires further work and further assump-

tions. A particular such example is the parametric forcing of a well of arbitrary shape.

Theorem 9 Let
Vo(z) = Vp Xp(x); Vi(x,t) =2Qp Xp(x)sinwt (IV.19)

where Vp and Qp are arbitrary nonzero constants. Then, starting with vo(z) € H*(R3), the

system will completely ionize.
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A. Sketch of proof of Theorem 9

It is convenient to Fourier transform the system (IV.3) in z. In view of (IV.2), for n < 0,

v, = 0 outside D. We then have, for n < 0,

Un ::/ vne_ik'xdxz/vne_ik'xdx (IV.20)
R3 D

and
—kQVn:—k2/ vneik'”dx:/ Avneik'xdx:/Avneik’xdx (IV.21)
RS RS D

For the setting (IV.19) and n < —1, (IV.3) reads
(K* + 0 +nw)in = —VpUn + Q0 (Jns1 — Y1) (IV.22)

Remark 10 For n < —1, the functions 1, are entire of exponential order one; more pre-

cisely, if B is a ball containing D we have

|5 (k)| < /Vol(D) ™2 ||v,[| 12 (p) (IV.23)

Proof. This follows immediately from the definition of . (See also?* for a comprehensive

characterization of the Fourier transform of a compactly supported distribution.)

Proposition 11 The generating function

2) = Joma(k)2" (IV.24)

m>0

is entire in k and analytic in z for |z| < 1.
A straightforward calculation shows that Y satisfies the equation
Y 1 .
z z

where

M=w k> + 0 — 2w+ Vp) (IV.26)

and # = Qp/w. The solution of (IV.25) is

—ifB(z42"1 iB(s+s~1 Y- Y2
Y = Memi0F >{ —zﬂ/ (o >(SM+1+SM+2)ds} (IV.27)

where the integral follows a path in which 0 is approached along the negative imaginary line.
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Remark 12 Proposition 11 implies C(k) = 0.

Proof. 1t is easy to check that otherwise the limit of Y'(k, z) as z — 0 along iR~ would not

exist. [J
Thus
; —1f8(z+2" Ziss’ g*k) g*k
Y(k,z) = —i3zMe PGt 1)/0 e fls+s™) ( 31\14&1 + Ségﬂ)) ds (IV.28)
Let
eiBls+s™1)
F(M) = 7{ s (IV.29)
Proposition 13 We have
g1 (k)F(M + 1)+ g_o(k)F(M +2)=0 (IV.30)

Proof. This follows immediately from the discussion above. [

Proposition 14 For every large N € N, F(z) has exactly one zero of the form zy =
N +o(1). For large N we have F(1 + zy) # 0.

Proposition 15 Relation (IV.30), with y_1(k),y-2(k) entire of exponential order one (cf.
Remark 10) implies
J1(k) =79 9(k)=0Vke C? (IV.31)

and then

Yn(2) = 0 Vn € Z and almost all z € R? (IV.32)

V. THE COULOMB POTENTIAL

We now consider the case of the Coulomb potential, Vo(z) = —b/r, r = |z| with V}
compactly supported in space,®. Writing 1) = 1pe "t +y in (I.1) (in order to ensure decay in
the dual variable p), and Laplace transforming the resulting equation, we obtain (I1.3) with
Hy = Hc = —A —b/|z|. As is well known, the eigenvalues of He are E, = —b/n* n € N
where the multiplicity of £, is n?.

We proceed as in §II B where X, (z) is the characteristic function of Bg = {z : || < R}

and

5= Blp) = c if [Imp| € [0, p.] V1)

0 otherwise
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where p, > b?/4 (the ground state eigenvalue of —H.,.). (The artificially created discontinuity
of the modified problem at |Imp| = p. poses no problem, since p,. is arbitrary).

The following Hilbert space is natural here: H = {{v,}nez =: Y, v, € L*(Bg)} with

Y12 =Y+ )2 loall 2y < 00 (V.2)

neZ

The large |n| decay of v, required by this norm translates into decay for large |p| of v, (z, o)
(where in accordance with ref.® we have set 0 = —ip;) needed to analyze its inverse Laplace
transform.

The operator € : H — H in (I1.4) is given here by

{€Y'}, = Xp,(2)Rs. X5, (2) [ —ifv,(o,x) — Z Qj(x)vy—j(o,x) (V.3)
JEL
where R, denotes the resolvent Ag}n
As mentioned before, the term —iGXg(z) is introduced to ensure invertibility of the op-
erators; the space-compactness of X p, () is needed for the sandwiched operator X g, Rz, X5,
to be compact. The poles of the resolvent Rg,,, are pushed into the left-half p -domain.
However, the eigenvalues close to 0 of Ho correspond to large orbitals and a compact per-
turbation has a small effect on them. As a result, the poles of g, accumulate tangentially
towards the positive imaginary axis at p = 0, and p = 0 remains an essential singularity
(though now an integrable one). The analysis at 0 is delicate, since detailed knowledge of
the nature of the singularity is needed in the final decay estimates of the inverse Laplace
transform.

With Y = {§,(z,0)}, o, and YO = {S)QﬁmXBlyr[?]}neZ we get, as in the general case,
Yy =Yl ¢y (V.4)

Compactness of R, ultimately translates into compactness of € in H. The proof is delicate,
since norm-decay in n is related to space decay of the Coulomb potential, which in turn is
very slow.

To describe the essential singularity of JRg,, at the origin, we extend the parameter space
from o to X = (\, Z2), A = /o, Z = €™/(N We rewrite € in a suitable way in the extended
parameter space and show that it is analytic in X in a neighborhood of D, x D; where D, is

the disk of radius a. This analyticity is inherited by Y = (I — €)™Y} as long as (I — €)™
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exists. Analyticity in X provides all the information needed to show that v decays like ¢ =5/

for large t, for ¢y compactly supported in & and angular momentum L.

Ruling out nonzero v for Im o < 0 is relatively straightforward and relies on self-
adjointness arguments in the Hilbert space H. However, for o € [0,w) C R as before,
analyzing the Floquet equation (I1.2) and determining that there is no nonzero solution in
‘H is a difficult problem. Unlike in one-dimensional problems, we do not have exact repre-
sentation of solutions to work with. Further, an infinite system of coupled linear differential
equations, one equation for each temporal Fourier mode (recalling (I1.2)), is involved. An

important intermediate step is the following result, similar to Theorem 7.

Theorem 16 If there exists a nonzero solution of (I1.2) v € H, then v has the further
property that for r > 1,
v, =0 forall n<0 (V.5)

Cauchy-Kowaleski type of arguments show that for a nonzero solution v, there must exist
some integer ng so that either (a) v,, or (b) dv,,/0r is nonzero at r = 1, the edge of support
of Vj.

Using Theorem 16, the asymptotics of a non zero solution v, to (I1.2) as n — —oo can
be extracted by using a novel rigorous WKB method. The heuristic argument is presented

in the following when €, in (IL.2) are spherically symmetric and
Q; =0 for [j| > M and ©; > 0 on their support {z : |z| <1}

We use a spherical harmonics representation

Yim
Unog—k = Tgno—k(r>

in equation (II.2) and note that

b l(l+1
LiGno—k = Gno—i + (no—k‘)w—i-a—i—;— ( )

72

M
} ok == Y (1) gno—k-
j=—M

In either of the cases (a) or (b), we substitute into the above equation the following ansatz

for the asymptotics for k£ > 1, r = O(1):

C

Gno—k(r) = m exp [k log fo(r) + ; kI ij(r)]
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and demand that the error terms of order O(k*~2/M) vanish for j = 0,.., M. This leads to
(M + 1) first order differential equations for f;. To leading order

wor = [ [ Ve

(we recall the assumption of positivity of €2;). The expressions for f;(r) for j > 1 are more
complicated and involve arbitrary constants to be determined from the information for small
k at r = 1 and are different for cases (a) and (b). Because of the presence of I(I + 1)r—2
term in Ly, the formal error is O(r~2), which is O(k?) when r = O(k™!). Therefore, we seek
uniform asymptotics in the revised form

(V.6)

M . G(akr)
Grg-i(r) ~ ¢ exp klogfo(?“)vL;kl_]/Mfﬂ'(r) T(2k/M + 1)

where s(r) = frl VQ2-n(s) and o = 24/Q_3,(0)/5(0). Then, if akr = = O(1), we find to
leading order G(¢) ~ Go(¢) where

I(1+1)

G~ 20— =

Go=0

We require Gy(¢) ~ 1 as ( — oo. This leads to

Go(¢) = \/g(fCClﬂKH;(C)

Thus for nonzero g,,_x, the constant multiple in (V.6) is nonzero. On the other hand, the
asymptotic behavior as ¢ | 0, Go(¢) ~ (7! implying a singular behavior of g,, /7 at
r = 0. This singularity is inconsistent with v € H since standard elliptic theory implies
that every component v,(x) should be in the Sobolev space H? and therefore continuous for
2 € R3. Thus, no nonzero solution exists in the space H for the Floquet problem.

While the heuristic argument presented above is relatively simple, its mathematical jus-
tification is not. It requires very delicate analysis and is quite involved. Thus far, rigorous

justification has been done® only for M = 1, which results in the following theorem.

Theorem 17 For Vi(t,z) = Q(r)sin(wt — 0), where r = |z|, with Q(r) = 0 for r > 1,
Q(r) > 0 forr <1 and Q(r) € C*|0,1], there is no nonzero solution in H and therefore
tonization always occurs. Furthermore, if 1 is spatially compactly supported and has finitely

many spherical harmonic components, then || (x, t)||ig(BR) = O(t=5/3) for large t,
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Remark 18 The condition 2(17) # 0 simplifies the arguments but these could accommo-

date an algebraically vanishing 2.

Remark 19 The analysis likely extends to systems with H¢ replaced by
Hy =—-A—=b/r+W(r)

where b may be zero and W (r) = O(r='7) for large r and is in L>(R?).

VI. ACKNOWLEDGMENTS

We thank R. D. Costin and A. Rokhlenko who collaborated in earlier parts of this work
and S. Goldstein, A. Soffer and Yajima for very useful comments.

Work supported by in part by NSF Grants DMS-0100495, DMS-0406193, DMS-0600369,
DMS-0100490, DMS-0807266, DMR 01-279-26 and AFOSR grant AF-FA9550-04. Any opin-
ions, findings, conclusions or recommendations expressed in this material are those of the

authors and do not necessarily reflect the views of the National Science Foundation.

REFERENCES

1C. Cohen-Tannoudji, J. Dupont-Roc and G. Gryndberg, Atom-Photon Interactions, Wiley
- New York, (1992).

20 Costin, R D Costin and J Lebowitz, Transition to the continuum of a particle in time-
periodic potentials, in Advances in Differential Equations and Mathematical Physics, AMS
Contemporary Mathematics series ed. Karpeshina, Stolz, Weikard, and Zeng (2003).

30 Costin, J Lebowitz and A Rokhlenko, Exact Results for the Ionization of a Model
Quantum System, J. Phys. A: Math. Gen. 33 pp. 1-9 (2000).

40 Costin, R D Costin, J Lebowitz and A Rokhlenko, Evolution of a model quantum system
under time periodic forcing: conditions for complete ionization, Comm. Math. Phys. 221,
1, pp. 1-26, (2001).

0 Costin; J L Lebowitz; C. Stucchio, Ionization in a one-dimensional dipole model, Reviews
in Mathematical Physics, 7 , pp. 835-872, (2008).

60 Costin, A Rokhlenko and J Lebowitz, On the complete ionization of a periodically
perturbed quantum system, CRM Proceedings and Lecture Notes 27 pp 51-61 (2001).

22



0O Costin, R D Costin and J L Lebowitz, Time asymptotics of the Schrodinger wave
function in time-periodic potentials, J. Statist. Phys., 116, 1-4, pp. 283-310, (2004).

80. Costin, J.Lebowitz, S. Tanveer, Ionization of Coulomb Systems in R? by time periodic
forcings of arbitrary size, to appear in Comm. Math. Phys.,
http://arxiv.org/abs/math/0611818

H L Cycon, R G Froese, W Kirsch and B Simon, Schrédinger Operators, Springer-Verlag
(1987).

19D, Dimitrovski, E. A. Solov'ev and J. Briggs, Ionization and Recombination in Intense,
Short Electric Field Pulses, Phys. Rev. Let. 93, 8, (2004).

U Dimitrovski, T P Grozdanov, E A Solov’ev and J Briggs, Ionization and Excitation
of the Hydrogen Atom by an electric pulse, J. Phys. B.: Atomic, Molecular and Optical
Physics, 36, 1351-1362 (2003).

12A Galtbayar, A Jensen and K Yajima, Local time-decay of solutions to Schrodinger equa-
tions with time-periodic potentials, J. Stat. Phys., 116, 231, (2004).

131, Hormander, Linear partial differential operators, Springer (1963).

14§ Graffi and K Yajima, Exterior Complex Scaling and the AC-Stark Effect in a Coulomb
Field, Commun. Math. Phys., 89, 277-301, (1983).

15C Miranda, Partial differential equations of elliptic type, Springer-Verlag (1970).

163 S Maoller, E Skibsted, Spectral theory of time-periodic many-body systems. Adv. Math.
188, no. 1, 137-221, (2004).

"N K Nikol’skii, Treatise on the Shift Operator, Springer-Verlag (1986).

18A Rokhlenko, O Costin, J L Lebowitz, Decay versus survival of a local state subjected
to harmonic forcing: exact results. J. Phys. A: Mathematical and General, 35, p. 8943—,
(2002).

199 Saks and A Zygmund, Analytic Functions, Warszawa-Wroclaw (1952).

208 M. Susskind, S.C. Cowley, and E.J. Valeo, Multiphoton Ionization in a Short Range
Potential: A Nonperturbative Approach, Phys. Rev. A, 42 (1990).

2IF Treves, Basic linear partial differential equations, Academic Press (1975).

2W Wasow, Asymptotic expansions for ordinary differential equations, Interscience Pub-
lishers (1968).

K. Yajima, Resonances for the AC-Stark Effect, Commun. Math. Phys., 87, 331352
(1982).

23



24A H Zemanian, Distribution theory and transform analysis, McGraw-Hill New York (1965).

24



