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Asymptotic Properties of a Family of Solutions
of the Painlevé Equation Py;

Ovidiu Costin and Rodica D. Costin

1 Introduction and setting

In analyzing the question whether nonlinear equations can define new functions with
good global properties, Fuchs had the idea that a crucial feature now known as the
Painlevé property (PP) is the absence of movable (meaning their position is solution-
dependent) essential singularities, primarily branch-points, see [8]. First order equa-
tions were classified with respect to the PP by Fuchs, Briot and Bouquet, and Painlevé
by 1888, and it was concluded that they give rise to no new functions. Painlevé and
Gambier took this analysis to second order, looking for all equations of the form u” =
F(u’,u,z), with F rational in u’, algebraic in u, and analytic in z, having the PP [18, 19].
They found some fifty types with this property and succeeded to solve all but six of
them in terms of previously known functions. The remaining six types are now known
as the Painlevé equations. Beginning in the 1980s, almost a century after their discov-
ery, these equations were related to linear problems (and thereby solved) by various
methods including the powerful techniques of isomonodromic deformation and reduc-
tion to Riemann-Hilbert problems [3, 4, 7, 11]. The solutions of the six Painlevé equa-
tions play a fundamental role in many areas of pure and applied mathematics due to
their integrability properties. In particular, there are numerous physical applications
of the Painlevé Py; equation (for some references see, e.g., [6]) among which we mention

the problem of construction of self-dual Bianchi-type IX Einstein metrics, [2, 5, 17, 21]
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the classification of the solutions of Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equa-
tion in 2D-topological field theories and probability theory, especially random matrix
theory (see, e.g., [22, 23]). The connection between determinants and Painlevé equations
was established in the early '70s (see [16], [24] and the references therein). The two
point correlation functions for holonomic fields on the Poincaré disk are shown to be
expressible in terms of Py; [20].

A three parameter family of solutions of the Painlevé equation Py arises in the
context of random matrix theory in a recent work of Borodin and Deift [1].

The asymptotic behavior of the solutions of the Painlevé equations is of utmost
importance. The main purpose of this paper is to characterize a family of solutions of Py
for large argument, relevant to the study [1]

In the o-form these solutions satisfy (see [12, equation (C.61)], with v; =v;)

2
u/[u”t(t — 1)]2 + {Zu’(tu’ —u) — u'?— V%V3V4} )
1.1

= (u —I—v%)z(u’ +v3) (v +v3),

where Rv; > 0.

Equation (1.1) admits the exact solution

1
u(t) = —vit + 3 (Vi +v3v4) (1.2)

and a one-parameter family of solutions with the behavior for large t

u(t) = —vit+ %(V% +vava) + C2T O ). (1.3)

Proposition 1.1. For any C € C, equation (1.1) has a unique solution satisfying

u(t) = —vit+ %(v% + V3V4) +Ct 2V + o(tfzy1 ) (1.4)

for t — oo in any fixed sector 8. O

2 Proof of Proposition 1.1
2.1 Notation

Denote by F the set of functions of the form a(t) = f(t~',t~"') where f is analytic at (0, 0).

Note that the functions in F are bounded for t large enough.
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Let C € C and denote

1
u(t) = —vit+ 3 (Vi +v3va) + Ct 2 +A(R).

We only consider A such that
A(t) =o(t™¥1)

for large t in 8. Then we also have, as is easy to see by the Cauchy formula,
At)=o(t "), A'(t)=o(t??)

for large t in the sector.

2.2 Equation for the remainder A

Substituting (2.1) in (1.1) we get the equation
T2 (AH)Z +THA" +To =0,
where T; depend on t, A, and A’ and have the form

T, = ax(t) — A
T=t 2 b(t) +t 2 P a(v)A,
To =t 5 e () + 741 co(H)A + 7372V 1¢q (1A + t 2P,
where aj, bj, ¢; € F, and
P=d;(t)t ?A'A% +t1da (1) A'A + t 2 d3(t)A?
+(a)? {q1 (1) +t Ta2(H) A+t 2q3(1)A% + qa(t)A’
_ 2
+t 'g5()AA + qe(t) (A) }
with dj, q; € F (the appendix contains exact formulae). We also have
a(t)=vi+0(t ),
c1(t) =8viC(2vi + 1)+ O(t 1),
co(t) ==8viC(2vi +1)+0(t ).

(2.3)

(2.4)

(2.7)

We write (2.4) in normal form, solved for A”, and we separate the dominant terms.
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Lemma 2.1. The function A satisfies the equation
A"+ 2vit AT = 2vit2A =R, (2.8)
where R depends on t, A, and A’, and gathers smaller terms
R=t3"21¢+Fs+R—r, (2.9)

where the terms are given by (A.10), (A.14), (A.15), (A.16), and (2.14). O

Proof of Lemma 2.1. From (2.4) we have

T+ /T2 —4TeT,
A = ! . (2.10)

N 2T,

The minus choice in (2.10) is not consistent with (2.3). Indeed, since ToT,/T# =

o(1) we have

T =T =4TT, T,

T :—Ei(2+o(1)) (2.11)

which is of order t=2Y1 2, hence is not o(t=2V'~2).

Thus
—Ty +/T? —4To T, 2T, 1
A" = 1 =29 =F(t,A,0). (2.12)
2T, T ] | AT
ERTA

To separate the dominant linear part of (2.12) we rewrite F as

F(t,A,A") =22 — 1, (2.13)

where

2
124(?> % 1 5. (2.14)
1/ 14 4Tk
17

A direct calculation of Ty/T; yields (2.8) (see Section A.5 for details). |
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2.3 Integral equations for A and A’

The left-hand side of (2.8) has the solutions t and t~2V', hence (2.8) can be written in

integral form as

1 t t
At) = Y {tj R(s)ds —t 2 J sTT2VIR(s) ds} (2.15)
Denote
A=A, A=A (2.16)

Equation (2.15) becomes the system of first-order integral equations for (A, A;)

A (t) = ] Ht R(s)ds —t 2 Jt sTH2VIR(s) ds] =T11(A1,42),

2vi +1 . o
(2.17)
1 t —1-2v;, ¢ T14+2v, R d _ A1 A
w0t [ s s b
2.4 Existence and uniqueness of A = O(t~172"1)
Consider the domain
D={teC; It|>p, argt € (A,B)}, (2.18)

where p will be chosen large enough and A < B < A + 27t. (Sectors of larger angles can
be considered on the Riemann surface above C\ 0.)
Let B be the Banach space of pairs A = (A, A;) of analytic function on D, con-

tinuous on D with

|A|| = max { supt' "2V |A(t)], sup t*t2! Az(t)} < 00. (2.19)
teD teD

We will show that the integral operator J = (J;,].) defined by (2.17) applies

a ball of B into itself and is a contraction there. This implies that (2.17) has a unique

solution in B.

2.4.1 ] applies a ball of B into itself. Let By be the ball of elements of A € B of norm
at most M, we have [A;| < Mt™'=2¥1 and |A,| < Mt—272V1,
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From (A.14)

IF1s] < const [t~ (|t|*2w A+ 72 \A’|), (2.20)
hence for (A,A’) € Bm,

[F1s| < const [t| =471 M. (2.21)

To estimate R, from (A.15) we note that for (A,A’) € By we have |Sg 2] < [t|=]

(see (A.8) for notations) and we have

‘ﬁz, < const ‘t‘—4—2v1 Mz [1 + M|t|_2_2"1 + (M‘t‘_z—bm )2}

1 (2.22)
< (1= MJt22v1)
From (2.9), (2.21), (2.22), (A.22), (A.25), and (A.27) we get
RI< KR (1T+t oM, 1)), (2.23)
where
DM, £) = M+ M2[14+ M2 4 (M2 2) 2 (1= Mjy=272v1)
2
+ [1 MM 4+ (M3 M“)t‘*“} (2.24)
x (T4ME 22 (1 =M 2273
and K is independent of M.
For |t| > p, (2.23) implies
RI< K2 (1407 0(M, p)) (2.25)
therefore, from (2.17) we get
T1 (A1, A2)| <K (14 p7T0(M, p)),
(2.26)

12(A1,A2)| <K't 221 (14 p7 T O(M, p)).

Choosing M > K’ and then py large enough, it follows that for any p > po the
operator J applies the ball By, into itself.
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2.4.2 Jisa contraction on By,. The parameter M is now fixed by Section 2.4.1 (hence
the constants in the estimates of the present section may depend on M); p will be chosen
large enough.

Let Al') , AP be two elements in B.

From (A.14) we see that

‘F1S (Am) —Fis (A[z] ) ’ < constt 42V

Al AP H (2.27)
and, from (A.15) we get

‘ﬁz (A[”) —R, (A[Z] ) ’ < constt— 42V

’Am Al H (2.28)

(see Section A.6 for details).

We also have

‘T(Am) —T(A[z])‘ < constt—*—%V

Al AR H (2.29)

The details are in Section A.7.
Then from (2.17)

) o) < ]t =

which shows that J is a contraction on By, if p is large enough.

Then (2.17) has a unique solution in By,.

2.5 Uniqueness of A = o(t™2V1)

Let A be a solution of (2.8) satisfying A = o(t~2¥") for large t in a sector. We now show
that, in fact, A = O(t~'~2¥1) which completes the proof of Proposition 1.1.

Note that we have A’ = o(t~172V1).

For any € > 0 there exists p > 0 such that

Al <elt 2V, A < elt 7T, (2.31)

for [t| > p in the sector.

From (A.13) we get

[F1s| < constelt| 372", (2.32)
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From (A.15) and the estimates of Section A.8.1 we get
|R2| < conste(|t 2A| + |t 'A’|) + const e?[t 3T*|. (2.33)

Using (A.22), (A.31), and the estimates detailed in Section A.8.2 we get that alsot
has an upper bound of the form of the right-hand side of (2.33).
Then from (2.9), (2.32), and (2.33) it follows that

R < const ([t32%" | + et 2| + e[t 1A' + 2t 2T4)). (2.34)
This shows that (in the notations (2.16)) the integrals in (2.17) are convergent,
so the solution A of (1.1) satisfies (2.17).
Denote
(A1, A2)]] = sup {|Aq], [tAz]}. (2.35)
t

Using (2.34) in (2.17) we get

|A1] < const (|t“‘2v‘ |+ e/(Ar1,42)]

)

(2.36)

A2l < comst (|22 |+ el [[ (A1, 42) ),
hence

|(A1,A2)|| < constsup [t 21| for|t| > p, (2.37)
so that A = O(t~'2¥1) and the proof of Proposition 1.1 is complete.
Appendix
A.1 Notation

T— v, (A1)
A.2 The expression of T,

2vit —t?vy — vy — 2t 2VICH4CE 2V = 2t1 2 C
T, = —A'(t) — 2 (2vit—thvi v ) (A.2)

(t=1)2
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A.3 The expression of Ty

(t—1)*Ty =4Cv; (2v1 + 1)(— L +2t—‘—2”1)A’(t) +4Cvi2(2vy +1)
x [t—z—“m F vy =2ty 2 G

—arvic i,

A.4 The expression of Ty

To =Loo + LotA+ Lo2A’ + Rem, (A.4)
where

Loo = —4\/?(:2 |:(4V? + 6\/% +4vi1v3vy + 2v3vy + 2V1)t

} 1
tH(t—1)2T4

— 8C3V%((4’V% +4v? +v1)t2 + (Zw + 4«/% +4viv3vy + 2’V3’V4)t

_

*4’V% — V1 —I—Vﬂ/ﬁ 74v? — 2ViV3Vy +v1v§

*4\/% -V —|—V1Vﬁ 74v? — 2V1V3Vy +V1V§)

(1 + 2v,q )C4’V%((] + 2V1)t — 2’V1)

—16

t5(t—1)2T8 '
Cv? ((w + Zv%)t +V3Vvy — v%)
Lor =8 B3 (t—1)2T2
B ]6V%C2((2v1 +4vi)t—2vi +vava) 3 C3VE((T+2vi)t—v1)
tH(t—1)2T4 to(t —1)2Te
Also
4
Loz = mvfc[(zﬁ + vt + (= Vi 4+ 4vivava +vave —4vi)t
+ vw% — 2viv3vys + vwﬂ
4 2 2 3);2
+ (12viv3vs — 16v3 4+ 4v3vy + 2vi)t
+ 3\/1\/% — 4\/? 74v% + 3\/ﬁ/ﬁ -V — 6V1V3V4)
PN ((6vi+1+8v)t—8vi—3w1).
tA(t—1)2T¢
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Finally

A (8t —4)A”A
(t—1)t t2(t—1)2

Rem:_

+ 8t2v% 4+ dv3vat — 2v3vy + vﬁ — 8\/%’( + v%
t2(t—1)2

+4

C(—8vi +2t+8vit—1) A,g ! A?A?
t2(t —1)2T2 t2(t—1)2

- C(24vit—12vy +4t) 16v3t + 4v3vy — 8v3 A2A
B (t—1)2T2 t2(t—1)2

1
+ ( — ZWC(%@\Q& + Stzv% — 6v1Vv3vy + 12vv3vat

— 24V?t + 3vn/§ + 24V?t2 + 3\/1%21 — 4’V%t)

C2(t+12vit — 24v3 — 6vy + 24vit) (A7)

—4
B(t—1)2T4

B —Avit — 2viviva + 4vivavat +vivi +vivE + 4vit? A2
t2(t—1)2

2
Vi Cvq I A2
+ <8t2(t—1)2 +]6t3(t—1)2T2>A A

n <_I6C2’V](2t—3V] +6’V]t) V%(—V% +2V%‘t +V3V4)

4
(t—T1)2t414 + t2(t—1)2

+16

Cv;q (4’V%t +V3Vy — 2’V% + Vi t) A'A
B(t—1)2T12

RS L A*viC 16 AniC z
t2(t—1)2 3(t—1)2T12 (t—1)t2T2

A.5 Splitting of terms of Ty/T;

We introduce the notations
$q =t2v1A, S, =tV (A.8)

Note that in the assumptions of Proposition 1.1 we have S, S, = o(1), and for (A,A’) € B
we have S1, S, = O(t™1).
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Separating the terms of Ty/T; by degree and dominance we have

To

?:FO+F1d+Fls+ﬁ2» (A.9)
1
where
Fo= 2 — g, 321, (A.10)
bit3T2

The linear terms are

. CQA C1 C2aq 11
F1d+F]S_b]t2+<b1+t2T2b%)At (All)

and noting that

C - Cc ~ ~
a—o = 2vq -|—t71C5, (171 = —2v, -l-t*]Cg, Cs6 €T, (A.12)
1 1

we separate the dominant linear terms and write

Fia =2vit 2A —2vit A/, (A.13)
Fis =t 385A +t 2G6A . (A.14)

Finally, the terms which are at least quadratic are

. N
Re= oA sor (A.15)
where
2¢2 2 3 2
N — q3S7S5 | 42555, n qs551S3 n d1S257 ( Co d; )8281

Tét4 T4¢3 Tet4 T4¢3 b 3T T2¢2

46S3  qaS3  ds3S? _ciag c2a? n d1_\g2
Totd T T T T2 by t3T4 T 5Teb? | T2 )7

(A.16)

+

A.6 Estimate of Ry(Al') — R, (AP

The estimate is straightforward; below we provide details. Denote, for simplicity,

N(Al) =N s (a0 =P, st —max {18,018/,
(A.17)
S:max{S[”,S[z]}, |Al = max {|A],]A]}.
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We write

NI NE| !N[21||a1\‘A[2” _A[ZZ]‘
<

Ra(a) = Ra(8)] < = MR 2]
’a1A2 —|—b1‘ ’mAz —|—b1Ha1A2 |

We have
‘N[” — NGB ‘ < const ‘S“] — s ’(t*ZT*ZS F TS 4TS
(where the constant depends on py) and since ||A|| = sup, [tS| we get
N - N | < constt T2 A1 — AR
Also
‘N[Zl ‘ <constt *T 28% +t T 183 +t 7 657%,
The estimate (2.28) follows from (A.18), (A.20), and (A.21).

A.7 Estimate of T

A direct calculation shows that (see (2.9) for the definition of 1)

T=Q%F,
where
- az—Al 1
(a1 +b1A7)3 o 4Ty T, B
7
_daS3 | q3S1S3 | qeS3 | d3ST | 1S €2 CoSi
Q_T3t2+ 53 5 ™ T TR Tt

d1S2S87 4253y d25251_|_Q1S%

2
+ T3¢2 T3t2 Tt Tt

Note that on By we have

QI < KT 't 2A(M, 1),

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)
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where

AM,t) =14+ M+ M1+ (M3 MHT 2473, (A.26)
and

IF| < KB(M, 1), (A.27)
where

B(M,t) = (1+ MT2t2)(1 - MT 2t 72) (A.28)

and K is a constant independent of M.
We use the notations of Section A.6.

To estimate the difference t!') — 12! of values of T on two elements Al'] , Al of Bm

we write
‘(QU])zFU] _ (Qm)sz
_ ‘(Qm Q) (QU + QR F 4 (Q[21)2<Fm FIZ])’ (A.29)
< ZQF’QH] —Qn ‘ n Q2’Fm _ il ‘
Since
QI < const (72T ! 4+ 71T (S + 82) 4 £2T 383 4 43T 55%), (A.30)

then on By we have |Q| < constt2T~'. Also

[F| < const. (A.31)
Similarly,
‘Q[” ~ Q| < constt 2T HA[” — Al H

(A.32)
‘Fm _Fm‘ < const (‘A[zn AR ‘ +t—1’A[111 _ AP D < t—3T—2HA[” _ Al H

The estimate (2.29) follows.

A.8 Estimates under the assumptions of Section 2.5

Note that in the assumptions of Section 2.5 we have |S; ;| < €.
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A.8.1 Estimate of N. We split (A.16) in the form

N = Ndom + 6Na
where
d2S2S1 4+ d3ST + 1S3 (d2S2 + d3S1)T?A + q1S,tT2A!
Ndom = tz—l—z = tsz )
B Cza%S% Sz( —coS1a; + q4S§b1 4+ q2S251by + d;4 S%b] — C]Q]Sz)
N 5Te2 30, T4
S3(d5S251 + q6S3 + q3S%)
+ e :
Note that

|Ngom| < conste(|t*zA| +[t'a’),

5n] < const e[t 3T 1.
A.8.2 Estimate of Q. We split (A.24) in the form

_ dgs%-l-C]Sz-i—CoS] 4+ d>S,5, +q1S§ n c2 45
N tT 27

Q

where

S2(q4S% 4+ 925281 + d1S%) n S2(a6S% + 455251 + q3S9)

b= T3t2 T5¢3

Hence from (A.36) we get

Qz = Qdom + 5Q)

where
1
Quom = 57 [dgs;‘ +2d3(d2S + co)S3
+ (d%S% + 2¢c0d2S, + Cé + 2d3q; S% + 2dsc; Sz)S%

+255(d2S2 + o) (9152 +¢1)S1 + 4383 + c253 +2c1$§q1},

C% 52 6(q18%+0031 4+ d;S25, +d3512+(3152)
b =25+ +2
t4T2 4T 374
c2(q1S3 + coS1 + d2S2S1 + d3S% +¢1S2) 5 €2
T2t3 o

+2

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)
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Since we can rewrite

1
Qdom = ﬁ{ {d%S? +2d3(d2S2 + CO)S%

+ (d%S% + 2¢cod2S; + C(z) + 2d3Q1S% + 2d3€152)51

we see that

(A.40)
+2S, (szz + Co) (q1 Sy + ¢ )} TZA
+ (q1ZS§ +c2S, + 2c1S%q1)tT2A’},
|Qdom| < conste(|t72A| + |t*1A”). (A.41)
Also, clearly
5ol < conste?|t 2T 3. (A.42)
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