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ABSTRACT. We consider a mathematical model of two competing species for the evolution of conditional
dispersal in a spatially varying but temporally constant environment. Two species are different only in their
dispersal strategies, which are a combination of random dispersal and biased movement upward along the
resource gradient. In the absence of biased movement or advection, Hastings showed that the mutant can
invade when rare if and only if it has smaller random dispersal rate than the resident. When there is a small
amount of biased movement or advection, we show that there is a positive random dispersal rate that is
both locally evolutionarily stable and convergent stable. Our analysis of the model suggests that a balanced
combination of random and biased movement might be a better habitat selection strategy for populations.
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1. Introduction

Biological dispersal refers to the movement of organisms from one location to another within a habitat.
Dispersal of organisms has important consequence on population dynamics, disease spread and distribution
of species [3, 32, 36, 37]. Unconditional dispersal refers to the movement of organisms in which the probability
of movement is independent of the local environment, while conditional dispersal refers to those that are
contingent on the local environmental cues. Understanding the evolution of dispersal is an important topic
in ecology and evolutionary biology [9, 35]. In the following, we limit our discussion to phenotypic evolution
under clonal reproduction, where the importance of genes and sex are ignored.

The evolution of unconditional dispersal is relatively well understood. For instance, Hastings [18] showed
that in spatially heterogeneous but temporally constant environment an exotic species can invade when rare
if and only if it has a smaller dispersal rate than the resident population; See also [26]. It is shown by
Dockery et al. [13] that a slower diffusing population can always replace a faster diffusing one, irrespective
of their initial distributions; See also [21]. In contrast, faster unconditional dispersal rate can be selected in
spatially and temporally varying environments [19, 30].

Conditional dispersal is prevalent in nature. It is well-accepted that conditional dispersal confers a strong
advantage in variable environments, as long as ecological cues give an accurate prediction of the habitat
[14]. In recent years there has been growing interest in studying the evolution of conditional dispersal
strategies in reaction-diffusion models and more broadly, advective movement of populations across the
habitat [1, 2, 4, 5, 10, 20, 27, 28, 31, 34, 38].

In this paper we consider a reaction-diffusion-advection model, which is proposed and studied in [6, 7, 17],
for two competing populations. In this model, both populations have the same population dynamics and

adopt a combination of random dispersal and directed movement upward along the resource gradient. We
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regard two populations as different phenotypes of the same species, which are varied in two different traits:
random dispersal rate and directed movement rate, and inquire into the evolution of these traits in spatially
heterogeneous and temporally constant environments. A previous result (Theorem 7.1, [17]) implies that if
both traits evolve simultaneously, the selection is against the movement, a prediction similar to the evolution
of unconditional dispersal.

As a natural extension of the studies on the evolution of unconditional dispersal rate, in which the directed
movement rate is fixed to be zero, we turn to investigate the evolution of random dispersal rate with the
directed movement rate, or advection rate, being fixed at a positive value. In this direction, the following

results were established (see [7, 17]): For any positive advection rate (equal for both populations),

m if one random dispersal rate is sufficiently small (relative to the advective rate) and the other is

sufficiently large, two populations will coexist;

m if both random dispersal rates are sufficiently small, then the population with larger dispersal rate

drives the other to extinction. In particular, small dispersal rate is selected against;

m if both random dispersal rates are sufficiently large, then the population with the smaller dispersal

rate will drive the other to extinction. In particular, large dispersal rate is selected against.

These results suggest that intermediate random dispersal rates, relative to the advection rate, are favored.

In this paper we focus on the evolution of intermediate random dispersal rates. We closely follow the
general approach of Adaptive Dynamics [11, 12, 15, 16]. Roughly speaking, it is an invasion analysis approach
across different phenotypes. The first important concept is the invasion exponent. The idea is as follows:
Suppose that the resident population is at equilibrium and a rare mutant population is introduced. The
invasion exponent corresponds to the initial (exponential) growth rate of the mutant population. If the
mutant has identical trait as the resident, the invasion exponent is necessarily zero. The primary focus
of Adaptive Dynamics is to determine the sign of the invasion exponent (which corresponds to success or
failure of mutant invasions) in the trait space, whose graphical representation is referred to as the Pairwise
Invasibility Plot (PIP). A central concept in evolutionary game theory is that of evolutionarily stable strategies
[29]. A strategy is called evolutionarily stable if “a population using it cannot be invaded by any small
population using a different strategy”. A closely related concept is that of convergent stable strategies. We
say that a strategy is convergent stable, loosely speaking, if the mutant is always able to invade a resident
population when the mutant strategy is closer to the convergent stable strategy than the resident strategy.
We will use the standard abbreviations ESS for “evolutionarily stable strategy” and CSS for “convergent
stable strategy.” More precise mathematical descriptions of the invasion exponent, ESS and CSS in the
reaction-diffusion-advection context will be given in the next section.

The goal of this paper is to show that there is selection for intermediate random dispersal rate, relative to
directed movment rate, by rigorously proving the existence of ESS and CSS in the ratio of random dispersal
rate to directed movement rate. Surprisingly, the multiplicities of ESS and CSS depend on the spatial

heterogeneity in a subtle way. More precisely,

m if the spatial variation of the environment is less than a threshold value, there exists a unique ESS,
which is also a CSS;

m if the spatial variation of the environment is greater than the threshold value, there might be multiple
ESS/CSS.
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This paper is a continuation of our recent work [24], where we considered the case when two populations

have equal random dispersal rates but different directed movement coefficients.

2. Statement of main results

We shall follow the general approach of Adaptive Dynamics to state and interpret our main results. Let
the habitat be given by a bounded domain €2 in RY with smooth boundary 92, and denote by n the outward
unit normal vector on 0f2, and % =n-V. Let m(z) represent the quality of habitat, or available resource,

at location . Throughout this paper, we assume
(A1) m € C%(Q), it is positive and non-constant in €.

Let us recall the reaction-diffusion-advection model proposed and studied in [6, 7, 17].
ug = V- (d1Vu — aquVm) + u(m —u —v)  in 2 x (0,00),
(1) vy =V- (dQVv - agva) + v( —u—v) inQ x (0,00),
d18 —aluﬁ—dg——agva——o on 09 x (0, 00),
u(z,O) =up(z) and v(z,0)=ve(x) in Q.
Here u(z,t), v(z,t) denote the densities of two populations at location = and time ¢ in the habitat €; dy, da
are their random dispersal rates, and a1, ay are their rate of directed movement upward along the resource
gradient. The boundary conditions is of no-flux type, i.e. there is no net movement across the boundary.
Now, if we fix the directed movement rates to be equal, i.e. assume that o1 = ag = «, and set u = dy /«
and v = dy/a. Then (1) can be rewritten as
up =aV - (uVu—uVm) +ulm—u—wv) inQ x (0,00),
@) w=aV-@Vv—oVm)+v(m—u—v) inQx(0,00),
ua—nfu%fzyg—flfv%70 on 99 x (0, 00),
u(z,0) =up(z) and wv(x,0)=uve(z) in Q.
It is well known that under assumption (A1), any single population persists (so long as p > 0 and o > 0)

and reaches an equilibrium distribution given by the unique positive solution to the equation (See, e.g. [8])

3) { aV - (pVu—uVm) +(m—u)u=0 inQ,

,ug—z - u%—’ﬁ =0 on 05}
We denote this unique solution of (3) by @ = 4(u, ). Now we are in position to define, mathematically, the
invasion exponent of our reaction-diffusion-advection model. By standard theory, if some rare population v
is introduced into the resident population u at equilibrium (i.e. u = @), then the initial (exponential) growth

rate of the population of v is given by —A, where A = A(u, v; «) is the principal eigenvalue of the problem

([6])
(4)
where the positive principal eigenfunction ¢ = ¢(u, v; ) is uniquely determined by the normalization

(5) [ e ma) = [ i),

In particular, when u = v, we have p(u, ;) = @ and A(p, ;) = 0 for any o and p. This is easy to

{aV (uV(p ©eVm)+e(m—a)+Ap=0 inQ,

)
Vot — pdm 5 =0 on 012,

understand since two species u and v are identical when p = v. Intuitively, (4) gives the exponential growth
rate of a population adopting random dispersal rate v in the “effective environment” as given by m — ,

after taking the resident population v into account.
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Therefore, —\ is the invasion exponent in the language of Adaptive Dynamics, and it is the main object of
our investigation. Roughly speaking, a rare mutant species v can invade the resident species u at equilibrium
if A < 0 and fails to invade if A > 0. Since an evolutionarily stable strategy must be evolutionarily singular,
we first study the existence and multiplicity of evolutionarily singular strategies. The latter refers to the class
of strategies where the selection pressure is neutral, i.e. there is neither selection for higher nor for lower

dispersal rates. For the convenience of readers we recall the definition of evolutionarily singular strategy.

Definition 1. Fiz o > 0. We say that p* > 0 is an evolutionarily singular strategy if
oA
—(p*, p"a)=0.
gy 1T @)

We abbreviate g—l’) as A,. Our first main result concerns the existence and multiplicity of singular strategies.

Theorem 1. Suppose that % < 34 2v2. Given any § € (0, min{ming m, (maxgm)~1}), for all small
positive «, there is exactly one evolutionarily singular strategy, denoted as i = fi(c), in [6,671]. Moreover,
i € (ming m, maxgm) and i — po as a« — 0, where pg is the unique positive root of the function

(6) go(p) == [ Vm-V(e™™"m), 0<p< oo.
Q

Furthermore, A\, satisfies

) :U’ S [&ﬂ)v
(7) A, i) =9 0, p=j
+, pe (o

The ratio % is a measurement of the spatial variation of function m. Theorem 1 says that if the
spatial variation of the inhomogeneous environment is suitably small, then for small advection rate, there
is exactly one evolutionarily singular strategy. Interestingly, this singular dispersal strategy is of the same
order as the advection rate. Moreover, (7) implies that when the dispersal rate of the resident population is
less (or greater) than the evolutionarily singular strategy, then a rare mutant with a slightly greater (resp.
smaller) dispersal rate v can invade the resident population successfully.

When 2 is an interval and m is a monotone function, Theorem 1 can be improved as follows.

Theorem 2. Suppose that Q = (a,b), m; > 0 in [a,b], and mb) <34 2\/2. Then for all small positive a,

m(a)

there is exactly one evolutionarily singular strategy in [0, 00).
A bit surprisingly, the constant 3 4+ 21/2 in Theorems 1 and 2 is sharp, as shown by the following result.

Theorem 3. Let Q = (a,b). For any L > 3+2/2, there exists some function m € C?([a,b]) withm, m, >0
d ™o

m(@) L such that for all o > 0 small, there are three or more evolutionarily singular strategies.

From the proof of Theorem 3 we know that at least one of the three evolutionarily singular strategies is
not an ESS (Remark 5.1). It is natural to inquire whether the unique singular strategy in Theorems 1 and

2 is evolutionarily stable and/or convergent stable. To address these issues, we first recall the definition of
a local ESS.

Definition 2. Fiz o > 0. A strategy p* is a local ESS if there exists § > 0 such that \(u*,v;«) > 0 for all
vE (ut —0o,p* +6)\ {p}.
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Under some further restrictions we are able to show that the unique singular strategy fi in Theorem 1 is
a local ESS.

Theorem 4. Suppose that ) is convexr with diameter d and ||V Inm| =) < Bo/d, where By =~ 0.615 is

the unique positive root of the function t — 7tT22 —e % (eil — 1). Then for a sufficiently small, i given in
Theorem 1 is a local ESS.

The assumption of Theorem 4 on m is more restrictive than that of Theorem 1, as can be seen from

MaxXgm - dllVinm| e < ePo x1.849 < 3+ 2V2.

ming m

We do not know whether an evolutionarily singular strategy, whenever it is unique, is always an ESS. On

the other hand, at least one of the singular strategies constructed in Theorem 3 is not an ESS, so in general
we do not expect every singular strategy to be evolutionarily stable.

Our next result shows that for our model a local ESS is always a local CSS. Again, for the convenience of

readers we recall the definition of a local CSS.

Definition 3. A strategy p* is a local convergence stable strategy if there exists some 0 > 0 such that
Apvia) = {

>0 if pr<p<v<p 44§ or pr-d<v<pu<pt,
<0 if wr<v<p<pr+4 or pr-d<p<v<pt.

Our final result is

Theorem 5. For any small § > 0, there exists some a; > 0 such that if o € (0, 1), any local ESS in [§,57!]

is necessarily a local CSS.

In particular, this excludes the possibility of a “Garden of Eden” type of ESS in the class of random
dispersal rates which are of the same order as the advection rate. Figure 1(a) gives an illustration of
Theorems 1, 2, 4 and 5, where there is a unique singular strategy which is both locally evolutionarily stable
and convergent stable. Figure 1(b) illustrates the possibility of multiple evolutionarily stable strategies, as
suggested by Theorem 3.

Our results, especially Theorems 4 and 5, suggest that in spatially varying but temporally constant
environment, an evolutionarily stable and convergent stable strategy for random dispersal is proportional
to the directed movement rate. In the biological context, while tracking the resource gradient might help
a population invade quickly, but if the population overly pursue the resource by excessive advection along
the resource gradient, its distribution will only be concentrated near locally most favorable resources; See
[8, 22, 23, 25]. Such strategy may not be evolutionarily stable since populations using a better mixture of
random movement and resource tracking can utilize all available resource and thus invade when rare. Hence
a balanced combination of random and biased movement might be a better habitat selection strategy for
populations.

This paper is a continuation of our recent work [24], where we considered the case when two populations
have equal diffusion rates but different advection coefficients. While some proofs in current paper rely upon

those in [24], there exist some notable differences between these two works:

(1) Convergent stability is an important aspect in the evolution of dispersal. There were no discussions

of CSS in our previous work [24], while in this paper we are able to show that a local ESS is always
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FIGURE 1. Possible pairwise invasibility plots (PIP) illustrating Theorems 1, 2 (Fig. 1(a)) and
Theorem 3 (Fig. 1(b)). White coloring indicates the mutant invades, and black that the mutant
loses (does not invade). On the horizontal axis the resident random dispersal rate (1) is represented,
and on the vertical axis the mutant random dispersal rate (v). The evolutionarily singular strategies
are given by the intersection of black and white parts of the plane, along the diagonal. In Fig. 1(a),
the unique singular strategy is an ESS (since it lies vertically between black regions). It is also a
CSS. In Fig. 1(b), there are three singular strategies. The one in the middle is neither an ESS nor

a CSS.

a CSS, provided that the advection rate is small and the random dispersal rate is of the same order
as the advection rate.

(2) When two populations have same random dispersal rates (d; = dz := d), we proved in [24] that if
the random dispersal rate d is small, there is an evolutionarily stable strategy for advection rate.
That is, there exists some & = @(d) such that if a3 = & and «s is close to (but not equal to) &, then
population v can not invade when rare. Moreover, as d — 0+, a/d — n*, where n* is the unique

positive root of the function
g1(n) = / mVm - V(e ™m), 0<n<oo.
Q

On the other hand, Theorem 4 shows that when two populations have same but small advection
rates (@1 = ag := «), there is an evolutionarily stable strategy for random dispersal rate. That is,
there exists some d = d(«) such that if d; = d and d is close to (but not equal to) d, then population
v can not invade when rare. Moreover, as a — 0+, d/a — &%, where ¢* is the unique positive root

of the function
go(&) == / Vm - V(e ™¢m), 0<£< oo
Q

Since a/d is the “optimal” ratio of advection rate to random dispersal rate and d/« is the “optimal”
ratio of random dispersal rate to advection rate, our first thought is that &/d might be inverse to
d/a for small dispersal rates. But apparently this is not the case since their limits are not inverse
to each other; i.e., n* # Ei* These discussions indicate that understanding the invasion exponent at

(@, 0) is quite subtle, even for small d;, a;, i = 1, 2.

While there are these differences between current paper and our previous work [24], both works suggest

that a balanced combination of random and biased movement might be a better habitat selection strategy
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for populations, provided that the diffusion and advection rates are small. It is interesting to inquire whether
similar conclusions can be drawn for large advection rate.

This paper is organized as follows. Section 3 is devoted to the study of evolutionarily singular strategies
and we establish Theorems 1 and 2 there. In Section 4 we determine whether the evolutionarily singular
strategy from Theorem 1 is evolutionarily stable and prove Theorem 4. In Section 5 we establish Theorem
3. Theorem 5 is proved in Section 6. Finally we end with some biological discussions and interpretations of

our results.

3. Evolutionarily Singular Strategies

In this section we establish Theorems 1 and 2. We first derive the formula of A, (u, ;&) in Subsect. 3.1.
Subsect. 3.2 is devoted to various estimates of u for sufficiently small o, which in turn enables us to obtain
the limit problem for A, (u, u; @) with sufficiently small « in Subsect. 3.3. The proofs of Theorems 1 and
2 are given in Subsect. 3.4. Materials of this section rely heavily on results from [24], especially those in
Subsects. 3.2 and 3.3. Readers who are interested in learning more about the technical details may wish to
consult [24].

3.1. Formula for )\,. We recall that @ satisfies
(8) { aV - (pVa —aVm) + (m—a)i =0 in Q,

n- (uVi—aVm) =0 on 0N.
The stability of (@, 0) is determined by the sign of the principal eigenvalue A = A(u, v; «) of (4). Differentiate
(4) with respect to v we get

9) { avV - (vVe, — 9, Vm) + (m — @), + \p, = —alp — Ay in Q,

n-(vVe, — 9, Vm) = *% on 02 and fefm/”gpygo =0.

Multiplying (9) by e=™/*p and (4) by e~™/¥¢,,, subtracting and integrating the result, we get
>\l/ m m

(10) E/eﬁ@?:/w.v(e*v@).

Setting v = p in (10), then by ¢(u, u;a) = @ and (10) we have the following result:

Lemma 3.1. For any o > 0 and p > 0, the following holds:

(11) M/e*m/wﬂ = /Vﬂ-V(e’m/"ﬁ).

(%

3.2. Estimates. We collect some known limiting behaviors of 4 as a@ — 0.

Lemma 3.2 (See, e.g. Lemma 3.2 of [24]). For any § > 0, there exists a positive constant C' such that for
all a and p > 6,

(12) cl'<a<C inQ.

Moreover, as a — 0, || — m|| (o) — 0 uniformly for 6 < p <1/4.

Lemma 3.3 (Lemma 3.3 of [24]). For each 6 > 0, there exists C > 0 such that for any ¢ € H*(Q),
[ 1V = Vmf6? < Clfa = mll o161 o

where C'= C(u) is independent of o and bounded uniformly for p > 9.
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For later purposes, we state the following corollary, which follows from Lemmas 3.2 and 3.3.
Corollary 3.4. For each § > 0, there exists C > 0 such that for all ¢; € H*(Q), i = 1,2,
/|va — Vm|? {fQ
U

where C'= C(u) is independent of o and bounded uniformly for p > 4.

< Clli = mlloc@y (1613 ) + 16203y ) -

Next, we have the following estimate of g—ﬁ.

Lemma 3.5. For each 6 > 0, g—z — 0 in HY(Q) as a — 0, uniformly for § < u < 1/6.

Proof. Denote %Z = @' and differentiate (8) with respect to u, we have

aV - (pVi' —a@’'Vm) + (m — 20)d’ = —aAa  in Q,
(13) o' _ ~19m _ _ Odu 90
Han Un = " on on '
Multiply (13) by e~™/##/ and integrate by parts, we find
(14) au/em/“|V(e_m/”&')\2 + /em/“(2& —m)(e”™/r)? = —a/VfL SV (em™/ .

By Hoélder’s inequality,
%/em/ﬂ\we*m/ﬂa')ﬁ +/em/ﬂ(2afm)(e*m/ﬂa')2 < %/e*m/u\vm?.

By the fact that 2 — m — m > 0 uniformly in Q as o — 0 (Lemma 3.2), we see that uniformly for p > 6,
[1V(e=™/m@)|? = O(1) and [(e~™/*i')? = O(a) and hence e~™/#4' — 0 in H'(Q2). Upon considering (14)
again, we conclude that e=™/#% — 0 in H'(Q2) as a — 0. O

Next, we show the following lemma.

Lemma 3.6. For each § > 0,

% </ Vi - V(em/”ﬁ)) — %/Vm -V (em™/mm?),
as a — 0 uniformly, for 6 < p <1/6.

Proof. By Lemma 3.5, as a — 0,

% (/ va~V(em/“a))
= /V?Z-V(e—m/#a) + %/Vﬂ-V(e_m/“mﬂ) +/Va~v (e—m/#gf‘L)
— %/Vm . V(e*mmm2).
This completes the proof. O
By Lemmas 3.3 and 3.6, we have the following result.
Corollary 3.7. As a — 0,
(15) /Vﬂ SV (eT™a) = golp) = /Vm SV(e™™#rm) in CL.((0,00)).

And we see that for o small, the roots of A\, (u, ;@) = 0 and the roots of gg are in one-to-one correspon-

dence, provided that the latter roots are non-degenerate.
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3.3. Limit Problem for )\,. By Lemma 3.1 and Corollary 3.7, the first step in establishing the existence
of evolutionarily singular strategies is to study the roots of go(u) = [Vm - V(e™™/#m). Since go(n) =
[ emm/H|Vm|? (1 - %), we observe that

(16) go(p) <0  for g€ (0,minm] and go(u) >0 for u € [maxm, o).
Q O

Proposition 3.8. Let Q C RN. Suppose that ™22 < 3 4 2/2. Then there exists o > 0 such that (i)

ming m

go(p) < 0if [0, po); (ii) go(p) = 0 if p = po; (iii) go(p) > 0 if p > po. Moreover, g'(po) > 0.

Proof. Let go(n) = go(1/n), then it suffices to show that gg has a unique non-degenerate root in (0, 00),
which follows from Proposition 3.8 and Remark 3.11 of [24]. O

3.4. Proofs of Theorems 1 and 2.

Proof of Theorem 1. By Proposition 3.8, go(1) = [ Vm - V(e~™/*m) has a unique, non-degenerate root in
(0, 00). For each § > 0,

/Vﬂ V(e ™Ri) — /Vm SV (em™/mm)
in C*([6,671]) as @ — 0. Hence, we see that for any 0 < § < ming[min{m(z), m(z)~1}], [ Vi - V(e ™/ a)
has a unique positive root in [§, 61| for all sufficiently small a. By Lemma 3.1

1 [ Vi V(e ™/ ha)
7>\V 5 3 - ~
AACEL) Teming

Therefore, given any § > 0, for sufficiently small «, ), also changes sign exactly once in [§,6~!]. Moreover,
denoting the unique root by fi, we see that i — pg as @ — 0, where g is the unique positive root of
go()- O

To show Theorem 2, we first prove a useful lemma.

Lemma 3.9. Let ¢ € C?([0,1]) be a solution to

Grz + b(2) by + g(x,c(x) — d(x)) =0 in (0,1),
(17) {¢m>0() 9(@, c(x) — ¢(x)) at;:é,L

where sign g(z, s) = signs and ¢, > 0 in [0,1]. Then ¢, > 0 in (0,1).
Proof of Lemma 3.9.

Claim 3.10. ¢, > 0 in (0,1) if ¢ is strictly increasing in [0, 1].

Suppose to the contrary that there exists 0 < z7 < x5 < 1 such that ¢, < 0 in (z1,22) and ¢, (x1) =
¢z (x2) = 0. Then x1,x are one-sided local maxima of ¢, in [z, zs]. Hence ¢pp(z1) < 0 < ¢dpp(x2), which
implies (by (17)), that c¢(z1) > ¢(z1) and c(z2) < ¢(z2). Combining with the strict monotonicity of ¢ in
[1, 23], we have

c(r1) > ¢(x1) > d(2) > c(2),
which contradicts the strict monotonicity of ¢. This proves Claim 3.10.

Next, assume further that ¢, > 0 in [0, 1]. Suppose for contradiction that ¢, (xg) = 0 for some z € (0, 1).
Then by the previous claim, z is a local interior minimum of ¢, in (0,1). Therefore, ¢, (z¢) = 0 and by
(17), we have c(xg) = ¢(xg). Together with

(¢ = ¢)z(x0) = cz(w0) > 0,
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we derive that ¢ — ¢ > 0 in (29, z¢ + 0) for some ¢ > 0. But then
(el t0deg,) = el PGz c—6) <0 and  u () = 0.
Hence ¢, < 0 in (xg, 2 + 9). This contradicts Claim 3.10, and completes the proof. |

Corollary 3.11. Suppose Q = (0,1), m,m, > 0 in [0,1] and let G be the unique positive solution of (3).
Then
(i) for alla >0 and p >0, 4, > 0 in (0,1);
(ii) if p > maxqg 1y m, then (e~™/" @), > 0 in (0,1);
(iii) if p < minjg,1ym, then (e=™/1q), < 0 in (0,1).

Proof of Corollary 3.11. Firstly, (i) follows as a direct consequence of Lemma 3.9. For (ii), we observe that
v = e~ ™/1{ satisfies
Uty + ampv, + ™ Fo(me=™/" —v) =0 in (0,1),
v, =0 at x =0, 1.
In addition, the assumption p > maxjy ;) m implies that (me~™/1), > 0 in [0, 1]. Hence, Lemma 3.9 applies
and yields (e™™/# @), = v, > 0in (0,1). For (iii), set w(x) = v(1 — ), then w satisfies
QUiW,y — QW5 + €™/ (e ™/ H —w) =0 in (0,1),
Wy =0 at x =0,1,
where m(z) = m(l — z). In addition, the assumption p < minj 1) m implies that (rhe=™/#), > 0 in [0,1].
Hence, Lemma 3.9 applies and yields w, > 0, which is equivalent to (e~"/#@), < 0 in [0, 1]. This completes

the proof of the corollary. O

Proof of Theorem 2. Without loss of generality, assume Q = (0,1). In view of Lemma 3.1 and Theorem 1,
it suffices to show that

A, / o — / (e~ ), # 0

for all p € (0, miny 1) m) U (maxjg 1) m, o0), which follows from Corollary 3.11. |

4. Evolutionarily Stable Strategies

In this section we provide a sufficient condition for the evolutionarily singular strategy identified in Theo-
rem 1 to be evolutionarily stable. The formula of \,, (i, ;) is given in Subsect. 4.1. We establish various
estimates of eigenfunctions for sufficiently small o in Subsect. 4.2. We apply these results to find the limit
of Ay (fi, fi; ) /v as @ — 0. The sign of this limit is determined in Subsect. 4.3, which helps us complete
the proof of Theorem 4.

4.1. Formula for \,,. Differentiate (9) with respect to v and denote 227? = ., and g%‘ = Ay, we have

(18)

{ aV - (vVeu, — 0, Vm) + (m — @) e, + Aoy = —2aA@, — 22X, — Ay in Q,

Opvy __ om _ _90py
H=5n Povgny = 2 on on 9.

Set v = pu, we have A =0, ¢(u, p; ) = @ and

{ aV - (uVeu, — @, Vm) + (m — @), = —2alAp, —2X,0, — A\t in Q,

aSOVV om 8LPV

(19) plee _ o, Im 90 on 99.
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Multiplying (19) by e~™/#4, we obtain, via integration by parts,
Avw (s 145 /i . A (1, 145 .
(20) 7@#0[)/6 m/“u2:2/Vsﬁu‘V(e m/”u)—2 (uua)/(pye m/kg
! @

where ¢, = ¢, (1, u; @) is the unique solution to (9). Hence, we have the following formula for \,,:

Lemma 4.1. Suppose that p is an evolutionarily singular strategy, i.e., A, (s, p; ) = 0. Then
Avw (1, 15 . .
(21) Avo (1 15 @) / e—ming? _ o / Vo,V (e m//tu) ’
!
where ¢, = @, (u, 15 ) is the unique solution to
(22) aV - (uVe, — o, Vm) + ¢, (m —a) = —ala  in Q,
uaafl“—@,,%zlz gz on 0, [e” m/tp, i = 0.
4.2. Estimates. Let (A, px) be the eigenpairs of (4) (counting multiplicities) with v = g such that A\; <
A2 < A3---. By the transformation ¢ = e~™/#¢ and (8), (4) becomes
(23) pv - (/B ) — TWYEINm) om/ug 4 Aem/ug — 0 in Q,
% on 0f).
Then A/« is the k-th eigenvalue of (23) (counting multiplicities). The following result determines the
asymptotic behavior of A\ as a — 0.

Proposition 4.2. For each 6 > 0, \/a — o as o — 0 uniformly for § < u < 1/0, where M\, = A (p, 5 @)
is the k-th eigenvalue of (4) when v = p, and o = op(p) is the k-th eigenvalue of

'uv ( m/p.vd)) M m/ﬂ¢+a'6m/”‘¢ =0 m Q,
(24) 06 _ (u=m) gom _ o0
luan m on T on ’

Remark 4.1. One can check that all o, are real, o1 = 0, and e~™/#m is an eigenfunction corresponding to
o1. In particular, o, > 0 for k > 2.

Proof of Proposition 4.2. Tt follows from Proposition 4.2 of [24]. |

Next, we study the asymptotic behavior of ¢, (u, ;) as @ — 0. Recall that o, (u, ;@) is the unique
solution of (22). We shall assume that @ = p(«) is an evolutionarily singular strategy (i.e. Ay (p, p; ) = 0)

maxg m
ming m

and p — p* as a — 0. Note that if < 3 +2v2, then p = fi() is the unique evolutionarily singular
strategy as determined in Theorem 1, and p* = y is the unique positive root of go(u) = [ Vm - V(e m/ Hm)

as determined in Proposition 3.8.

Lemma 4.3. Suppose that i = p(«) is an evolutionarily singular strategy and p — p* as « — 0. By passing

to a subsequence, ¢, (u, p; ) — @' in HY(Q) as a — 0, where ¢’ is the unique solution to

(25) { V- (1Y —¢'Vm) - Ty — _Amin ©,

WS - MG = g ondQ, [ g'm =0,

Proof. First we estimate |V, ||12(q) in terms of [¢,||z2(q). To this end, multiply (22) by e~™/tp, and
integrate by parts,

I R | e’"/HWe—m/Mﬂ)V[( Bila ) } - [vave i),

e~m/ug
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which can be rewritten as
e~ ™/ H )2 “m
Jem /v (e, )P + [ em/m T (e e, )?

(27) —m ~ —m
-9 fem/u V(e /“u)-V(e /“go,,)e—m/p(py _ i‘[ Vi - v(e—m/u@y).

e—m/bqg

By Holder’s inequality, this yields
1 m —m
5 [ v, )

4 G I .
2/6 I (e_m/”a)Q (e Au‘ﬁuf“‘m/@ /”|Vu|2

o [wirenie+ [z 1)

c/ [[Vm[? + Vi — Vm|? + 1] (e7™/*p, )2 + C

IN

IN

IN

IN

¢ </(€_m/”<ﬁu)2 + [[@ — m| Loy lle™ ™ o1 3 ) + 1) .

The second and last inequalities follow from Lemmas 3.2 and 3.3 respectively. Hence for each § > 0, there

is some constant C' independent of a small and p > § such that

(28) Jwarze([ere).

Next, we show that |¢, || g1 () is bounded uniformly as a — 0. By applying the Poincaré’s inequality and
(26),

Az
(67

—m/p 2
R B L (R E= sy

= _/vg . V(e—m/u(py)
< Cllleullir @) + 1)

By Proposition 4.2, % — 09 as @ — 0. Observe that 0; = 0 and is simple, one can deduce that oo > 0

(Remark 4.1). So combining with (28), we deduce that

el (@) < Cllewlla @) +1)-

Hence [|¢y || i1 () is bounded independent of a small and ¢, converges weakly in H'(£2) to some ¢o € H*(Q)
satisfying [ em/”*goom = 0. Passing to the limit using the weak formulation of (22), we see that ¢y = ¢’ by

uniqueness. This proves the lemma. O

The following result is a direct consequence of Lemmas 4.1 and 4.3.

Corollary 4.4. Suppose that p = p(a) is an evolutionarily singular strategy and p — p* as o — 0. Then

. AI/V(M?/’[’; Oé) _ 2 ’ —m/u*
olzlgb ! -~ [em/nim?2 /V(p V(e m),

where ¢’ is the unique solution of (25).

(29)
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4.3. Limit problem for A,,. In this subsection we study, for sufficiently small «, the sign of A\, ({, fi; @)
where fi is the unique evolutionarily singular strategy determined in Theorem 1. By Corollary 4.4, it suffices
to study the sign of [ V¢’ - V(e™™/#om), where ¢’ is the unique solution of (25) with u* = g, and yo is a
positive root of go(u). A sufficient condition for the uniqueness of pg is given in Proposition 3.8. The main

result of this subsection is

Proposition 4.5. Suppose that §) is convex with diameter d. If m is non-constant and d||V Inm|| (o) < Bo,
then
Avw (2 1
i v (B 5 @)
a—0 «

2
_ v V4 —-m/
a fem/ﬂom2 / QOI (6 Hom) > Oa

where @' is the unique solution to (25) (with pu* = up), Bo =~ 0.615 is the unique positive root of t
t2 —4t( 2t
e

== 7 — 1), and pg s given in Proposition 3.8.

That By is well-defined follows from the following lemma.

Lemma 4.6. Let f4(t) = (%)2 — e ¥ ( 2o — 1) , then f4 has a unique root By ~ 0.615 in (0,1). In fact,

we have
) te (07 50)7
fat) =9 0, t=Po;
+, te (/807 OO)
Proof of Lemma 4.6. One can show that (i) limyo fa(t) = —1, (ii) f4 is strictly increasing in [0, 0.8] and

that (iii) f4(¢t) > 0 for all ¢ > 0.8.

f4(t):<t>2 N otet— 14 e

r) 1—et
d 2t e M4 -3, _, _t et

2t e 4t . t .
:§+1—e—t [(436 )<21—e—t6 1>+e (Qtl)]

>t f__f-t [(4=3e7") (2e7" 1) +e7"(2t - 1) ( . 1)

1—et
2t —2e76¢ . o
= S+ 7 = B (G0 +2e7].
Since the first term is positive and ¢ > ¢y := 0, fy is strictly increasing if ¢t € (to,t1], where t; :=

/ 2_
I &Fto)t fHO) 22 Therefore we may assume ¢ > t1. Similarly, fy is strictly increasing if ¢ € (¢1,12],

In (54t1)++/(5+t1)2—24
4

where to := . Thus defining an increasing sequence {t;}22, by induction

(5+t)+/(5+t)2—24
4 b
then we see that f4 is strictly increasing for ¢ € (0, lim; o t;), where lim;_, o ¢; = 0.8004 > 0.8. Also, for all

t208 (byet%l<1)7
2 2
t 2t t
() —e_4t( - —1) > () —e >0,
T et —1 ™

This completes the proof. ([l

ti+1 =In
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Let w denote the unique solution to

(30) { V- (uVw — wVm) — W’w =—-Am inQ,

ug—’: — Ldm — _Im o 90, [ me” ™ Hw = 0.

m "~ On on

It is clear that Proposition 4.5 follows from the following result:

Proposition 4.7. Suppose that Q is convexr with diameter d. If m is non-constant, p > 0 satisfies go(p) = 0
and d||VInm||pe~q) < Bo, then

(31) /Vw -V (e~™/*m) > 0.
Proof. First, consider the transformation w = m (z — h‘Tm) After some tedious but direct calculations, z
satisfies
uV - (m2e”™/1EV2) = Vm - V(me™™/")  in Q,
(32) 2 =0 on 99
on '

Integrating over {2, we have

(33) 0= /V S(mPeTM/IV ) = /Vm -V (me ™M) = /e_m/“|Vm|2 (1 - m) .
©

Multiplying by z and integrate by parts, we have

(34) —M/m%—m/ﬂvz\? - /va.v(me—m/u) _ /Ze—m/ulvm‘z (1 B 7:)

1 2In ™ 2
Lemma 4.8. /Vw V(e ™ Fm) = 7/ (m _”1 - 1) e~ H|Vm|? (1 - TZ) - ,u/mze*m/ﬂv,z\z.

H I

Proof of Lemma 4.8.

m
u u
1
= /mZe—m/MV (lnm — m) .Vz +/ (Z _ mn) Vm - v(me—m/u)
I I
= —/ (hlm — m) V- (m2e ™1V ) +/ (z - lnm) Vm - V(me™ ™)
H I

3 (F2mm+ 2) 4 2] 9 Tlmerny
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where we used (33) in the second equality, integrated by parts in the second last equality and used (32) in
the last line. By (33) and (34),

1
/Vw -V (me™ ™) = / - (—21n L 1) Vm - V(me™™H) + /sz -V (me™™/H)
[ pwoop

1
= 7/ <—2lnm + 2 1) e~ H|Vm|? (1 - m> - u/mQG*m/“|Vz|2
1 T [
1 2In 2
= 7/ 1) e ™| Vm|? (1 — m) —,u/mge_m/“|Vz|2.
H T 1 2

This completes the proof of Lemma 4.8. ]

By Lemma 4.8, (31) is equivalent to

1 2ln ™ 2
(35) u/er*m/N\vZF < ﬁ/ <m _"1 - 1) eI | Vm|? <1 — ’Z) :

m

In particular we may assume without loss of generality (by replacing z by z + C) that z satisfies (32) and

(36) /e_m/“|Vm|2z 0.

Set L = {52, Since L™! < ™ < L (by (16)) and that f(t) = It s strictly decreasing for ¢ > 0, it is

ming m (t-1)
enough to show the following:

1 2InL m\?
2 —m/p 2 = 1 —-m/p 21— )
(37) u/me |Vz| _,u/(L—l )e |[Vm| ( .

To this end, we prove the following Poincaré-type inequality.

Lemma 4.9.

2
M/m2e—m/p|vz|2 < é/e—m/u|vm|2 (1 _ m) ,
wyz K

where Ao is the second (or first positive) eigenvalue of

2 2
N —-m/p Se—m/p |7 m — :
(38) \V [(M) e V(b} + e velg=0 ing,
2 _ on Of).

on

Proof of Lemma 4.9. Let (4x, ¢r) be the eigenpairs of (38), canceling % on both sides, we have

(39) 26 _ on 99).

{ V- (m2e ™V ) +4e ™/ Vm?¢ =0 in Q,
on
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Observe that 71 = 0 and ¢; = 1. Now set 2 = 377, ap¢y, (a1 = 0 by (36)) and 1 — =t = 37,7, by, then

one can deduce that a; = —% and by = 0. Now,

,u/mze*m/“\VzF = f/z [/LV . (mze*m/”Vz)}

= —/2|Vm\26_m/“ (1 - 7:)

B oS —bk: 2 (oo )
= - — Ok | [Vm[Ze ™" b
/(Z MYk k) kZ::Q RO

k=2

1 /‘V |2 —-m/p = b% ¢2
— m|“e g —
H A ¥

k=2

1 m\ >
A /|Vm|2e_m/” <1 - > .
Hy2 H

IA

And the lemma follows.

maxg m
ming m

Next, we derive a lower estimate of 45 in terms of L. Recall that L =

d = diam(2). Then by mean value theorem, we have

InL = lnm < d||[VInm| g ()
Suppose ds < [y, then
1 V1
(40) L<e <efo < w

The following claim follows from 0 < ds < 8y and Lemma 4.6.

ds\* 2d
Claim 4.10. (S> < e4ds [ds = 1} :
T e% —1

Next, we show the following claim.

Claim 4.11. Suppose that Q is convexr with diameter d, then

ds\? 2In L
-2 < 4 —1l.
(%) <= [321 ]

By (40), Claim 4.11 is proved if we can show that

Falt) = 4 (21“ _ 1) — :741 @t —t+1)

t—1 —
is strictly decreasing in ¢t € [17 13% ”05]. Now,
d t=5(4 — 5t) t=5

dt

O

and set s = ||V Inm||p(q),

f3(t) = W(21mt —t+1)+ m@ —t)(t—1).
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Fort>1,Int = —In(t1) > —(t~1 — 1) + “=D° Hence,
%fg(t) < (ttSQ {@-st)[2¢' =)+t =12 —t+1]+(2-tt -1}
(tt__l S{@=5t) [2t1—t) + (1 —t)> =2 (t — )] + 22— t)(t — 1)}
_ tt: =5t (2 3t — 1) + 27 — %)

Jﬁ) (t_13+\/ﬁ>
- DTV

13 —
=t T(4t* — 13t +4) =4t~ 7 (t kL] 2

Therefore f3(t) is strictly decreasing in {1, 1344105 \/105:| This proves Claim 4.11.
Recalling that 44 is the second (or first positive) eigenvalue of (38), we claim the following:

2In L -1
- —1] .

Claim 4.12. 4
alm Y2 > {L—l

We prove Claim 4.12. Let fo(t) := t2et. If L € [1,3 + 2V/2], then f(t) > f(L™') for all t € [L™}, L).
Hence by L™! < % < L and eigenvalue comparison,
o\ —1
) (e ()
Q i

:
() s

%>wm%mmmm
Q

m

> 13(0) (g
Q

-1
> 5 (@) (/4T Immlf}n g L?) L)
= 1 ()| VInm| ;2 o L7
T 2
> (T —27 -4
—(d s L
2

L 7
> -1
~|L-1
where the last inequality follows from Claim 4.11, whereas p2' () is the second Neumann eigenvalue of the

Laplacian of  and the second last inequality follows from the following optimal estimate of u3’ () for convex

domains due to Payne and Weinberger.

Theorem 6 ([33]). Suppose that Q is a convexr domain in RY with diameter d, then
2
™
,“év Q) > Z

This proves Claim 4.12. Finally, by Lemma 4.9 and Claim 4.12, we have

1 [(2lnL ?
,u/er_m/”\VZF < 7/ (L i - 1) e—m/u|vm|2 (1 _ m) .
H H

This proves (37) and hence Proposition 4.7. O
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4.4. ESS: Theorem 4.

Proof of Theorem 4. By the assumptions,

In (M) < d|V I ey < fo < In(3 + 2v2).
ming m

Hence (by Theorem 1), for all p sufficiently small, there exists a unique evolutionarily singular strategy,
denoted by i = fi(«) € (mingm, maxgm). Moreover, ji — po as g — 0, where g is the unique positive
root of go(p) guaranteed by Proposition 3.8. Then, by Corollary 4.4 and Proposition 4.5, we have

(41) lim

a—0

> 0.

Ao (i ;) 2 [V -V (me™™/Ho)
(&7 - fe—m/#omQ

As A, ;) = A\ (fi, ;) = 0 for all @ small, there exists §; = d1(a) > 0 such that A\(,v;a) > 0 if
v e (fi — 1,0+ 01)\ {ii}. Thus, the strategy u = ji(a) is a local ESS. O

The following result will be needed in the next section.
Lemma 4.13. Let w denote the unique solution of (30). If gy(11) < 0, then [ Vw - V(e™™/#m) < 0.

Proof. Suppose
1
(42) 0> (p) = E/e_m/“|Vm|2m (2 - 7:) )

Define as before z by w =m (z — me> such that z satisfies (32). Then z can be characterized as a global

minimizer of the functional
J(3) = g/e_m/“m2|v,§|2 +/2e—m/#|vm|2 (1 - ’:) .
By (34), we have J(z) = —4 [e=™/#m?|Vz|. Hence,

e (22)

1 1
_H/e—7n/um2|vz|2 < —/e_m/“\VmF =+ /6_7”/“ nm|vm|2 (1 _ m)
2 2p 1% 1%

1
:7/3*’”/”\Vm|2 1+2lnm 1—m
2u H
1
(23) —/efm/”|vm|2 [1+2lnm (1 — m) —2np (1 - m)}
24 H H

2
(42) 1
<) — [ e ™/#|VUm|? <1 — m) +2In 2 <1 - m)
2p % I %
1 2ln ™ 2
=—— — 1| e/ Vm|? m_q) .
20 % -1 1

By Lemma 4.8, this is equivalent to [ Vw - V(me™™/#) < 0. O
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5. Counterexample for 220 ~ 3 4 9,/2

mm m
To study the multiplicity of evolutionarily singular strategies when « is small, by (16) it suffices to consider
the number of roots of go(u1) for p € (ming m, maxg m). Equivalently, let n = u~1, it suffices to consider the
number of roots of

(13) s = [ e ITmP ) brne( L ).

maxgm ming m

Suppose that 2 = (0,1) and m is non-decreasing (i.e. m’ > 0), then by making the substitution s = nm(x),
2 ! 12 () !
(44) o) = [ o) —pmye e = [ S @nisyas,
0 nm(0

where h(s) = e *(1 — s).

Proposition 5.1. If Q = (0,1) and m(z) = a + (b — a)x for some 0 < a < b, then g1(n) has exactly one
root in [0,00).

Proof. By (16), it suffices to consider n € [b~%,a™']. Now m/(z) = b— a. By (44),
d 2 ’71’
4 (n _d h(s
d77 b— a
h(nb)b —

T dn
[b(l nb)e _"b} + [—a(l - na)e‘"a}
<0

for all n € [b~1,a"!], as both terms on the last line are negative. Hence n?g;(n) is strictly decreasing in

[b=!,a~'] and has exactly one root. O

Proposition 5.2. Let Q = (0, 1), then for each L > 3+2+/2, there exists m € C2([0,1]) satisfying m,m’ > 0

such that go(p) has at least three roots in (ming m, maxgm).

Proof. Consider again g1(n) = go(1/n) defined in (43). Fix L > 3 + 2v/2. Set mingm = a = 1 and
maxgm = b = L. Choose 7. € (1/L,1) such that n.a < 2 — /2 and n,b > 2 4+ v/2. Such 7, exists as
L > 3+ 2v/2. Note that

(45) sh'(s) +2h(s) >0 ifand only if s<2—+v2 or s>2+ V2.

Hence, by our choice of 1., (n.a)h’(n.a) + 2h(n.a) > 0 and (n.b)h'(n.b) + 2h(n.b) > 0. Furthermore, as
nxa < 1 < n.b, we also have

(46) h(n«a) > 0 > h(n.b).
Let m(z) be the piecewise linear function given by m(0) = a, m(1) = b, and

Ly z € |0, LL1:|
m/(x) =< Lo x € 1—%271}

Ly:={29-td 5 ¢ (L—l—L—)

L1 L2
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where € > 0 is to be chosen small, and Ly, L, are to be chosen positive and large. Note that L3 — b —a
remains uniformly bounded for small € and Ly, Ly > 1. By the choices of m and 7., we see that 7, satisfies
Ny € ( L 1 ) Then

maxg m’ ming m

n*g1(n) = L /

na
= L1[1 -+ LQIQ —+ Lg[g.

n(a+e) n(b—e)
h(s)ds+ Ls / h(s)ds

n(a+te)

nb

h(s)ds + Lo /

n(b—e)

Both |I3] and \d%lg| are uniformly bounded for ¢ > 0 small:

Iy = Hin(b— ) — H(n(a +¢)), H(s) = s,
dif?fg = h(n(b— ) (b—€) — h(n(a+ )(a+e).

It is easy to see that for sufficiently small ¢,
I = Ii(ns, €) ® eh(nea) >0  and Iy = Ix(n.,€) & eh(n.b) < 0.

Therefore, for each small but fixed €, there exists Lq, Lo arbitrarily large such that

L —h(n.b)
47 — = d «) = 0.
(47) Ex ) wd )
It remains to fix sufficiently small € > 0 such that for Li, Lo arbitrarily large, we have
d d
(48) lefll +L2d7[2 — +00.
N N="n= n N="x

Since then ¢; (*) >0, ¢1 ( L ) < 0 and ¢7(n«) > 0 and therefore g; has at least 3 roots in

maxg m ming m

1 1
maxg m’ mingm /°

Firstly we compute d—‘f?ll.

%]l =h(n(a+¢€))(a+e)—h(nla))a
= alh(n(a +€)) — h(na)] + eh(n(a + €))
= e[nah/(61) + h(n(a +¢€))]

where 61 € (na,n(a+ €)), and lim [nah'(01) + h(n(a + €))] = nah’(na) + h(na).
Similarly,

d

2= e[nbh'(02) + h(n(b — €))],
where 6y € (n(b — €),nb) and hn’[l) [nbh/ (02) + h(n(b — €))] = nbh'(nb) + h(nb). In view of (47), a sufficient

e—
condition for (48) is
=h(n*0)[(n* )k’ (n"a) + h(n"a)] + h(n*a)[(n"b)L' (n") + h(n*D)] > 0
which is equivalent to
(49) —h(m"b)[(n* )k (n*a) + 2h(n"a)] + h(n"a)[(n"b)A' (n"b) + 2h(n"b)] > 0,
which holds by (45) and (46). We have proved the proposition.
In conclusion, we have found a piecewise C' function m and some 7, > 0 such that the statement of

the proposition holds. Although the m constructed is only piecewise C*, one can approximate it by C2(Q)

functions /m such that XM — MM ,n 5 s gy in W20 (Q). O

ming m ming m
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Remark 5.1. For the singular strategy u = p(a) such that g — p* := 1/n*, by Lemma 4.1 we have

<lirrb )\W(M’M;a)> /e_m/“*m2 = 2/V90/ : V(mem/”*).
a—r

(67

Since gj(p*) = —ﬁgi (n*) < 0, the last term above is negative by Lemma 4.13. Hence \,, < 0 for «
sufficiently small. That is, the evolutionarily singular strategy p = p(a) — p* is not an ESS for all «

sufficiently small.

6. Convergence Stable Strategy

This section is devoted to the proof of Theorem 5. In fact, we will prove a stronger result.

Theorem 7. For each § > 0, there exists oy > 0 such that for all a € (0,1), if i is an evolutionarily
singular strategy satisfying fi € [6,671] and

d
(50) Tt E0)| = O+ A (i) > 0,
t=1

then fi is a local CSS.

Corollary 6.1. For all « sufficiently small, the unique evolutionarily singular strategy fi from Theorem 1 is
a local CSS. In particular, the local ESS from Theorem 4 is also a local CSS.

Proof. By Theorem 1, i = ji(ar) — po, the latter being the unique positive root of go(p). By Lemma 3.1,
Corollary 3.7 and Proposition 3.8, as a — 0 we have

d
%Au(ﬂt; @) — go(o) > 0.
t=p

Hence the desired result follows from Theorem 7. O

For the sake of brevity we abbreviate the invasion exponent as A(u,v); i.e., omitting its dependence on

a. Firstly,

(51) Alp, ) =0 for all p.
Secondly, for any evolutionarily singular strategies yu = fi

(52) Nl 1) = = (i 1) = 0

and hence any evolutionarily singular strategy (fi, fi) is a critical point of A on the u-v plane. Therefore, the

sign of A(p, V) in a neighborhood of (fi, 1) is determined by the Hessian of A, which satisfies (by (51) again)

(53) /\H#(ﬂa ﬂ) + 2)‘;“/(,[% ﬂ) + AVV(,LAIH ﬂ) =0.

By the proof of Theorem 1, A\, (fi, i) = 0 and %)\V(t, t)|t=n # 0, hence A changes sign in every neighborhood
of (i, f1).
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6.1. Formulae for )\, and ),,. Denote by the subscript 1 derivatives with respect to p. Differentiate (4),
the equation of ¢ with respect to p, we have

{ aV - (VVeu — 9 Vm) + (m — @)y + App = T — Augp in Q,

Ovu om __
Vot —ugr =0 on 09.

(54)

Suppose p = [i is an evolutionarily singular strategy, and set v = u = fi, then by (52), (54) becomes

(55)

aV - (chpu 0, Vm) + (m—a)p, =U,p  in L,
,uaan =0 on 0f.

Multiplying (54) by e~™/¥¢ and integrate by parts, we have

(56) )\M/e_m/”go2 = /e_m/”ﬂugf.

Differentiate (56) and set v = p = fi and divide by «, we have
A ; 1 ; 2 )
(57) e /e—m/“fﬂ = /e—m/“awa? + E/e—m/“uua% when p = v = i,

where ¢,, satisfies (55).
6.2. Asymptotic limit of \,,.

Proposition 6.2. Suppose that u = p(a) is an evolutionarily singular strategy and p — p* as a — 0, then

necessarily limsup,_,o 2 A, (1, p) < O0.
We prove the proposition with three lemmas.

Lemma 6.3. Set v =y, then as a — 0, a subsequence ¢, — @' in H*(Q), where @' satisfies

(58) { V(1 Vg - §Vm) — T g A in @,

o’ w—rdm _ 9
W aw — ¥ o = on on 9%
In particular, if we define
1 Je iy
SDM = Pu — f@ m/lf'* ~5 m

then @ﬁ — @'t in HY(Q), where @'+ is the unique solution to

V- (u* V@ —@'Vm) — M 7 = Am in Q,
(59) x 0@ —19m _ dm m/p* f/ _
W ——<p h=4gn onaﬂ and e m=0.

Proof. It follows from the observation that ¢, 4+ ¢, = 14, 4+ Ct for some constant C, where ¢, is the unique

solution to (22) and @, — 0 in H'(2) (Lemma 3.5). O
1 "
Lemma 6.4. limsup — /e_m/”ﬂ,mﬂz <0.
a—0 &
Proof. First, we derive the equations for u, and .
aV - (uVi, —a,Vm) + (m —24)t, = —aAtd  in Q,

(60) o, B Om __ _ du GQ

Hn — gy = ~an on gds.

(61)

aV (U, — U, Vm) + (m — 2a)i,, = —2ala, +2(4,)%  in Q,
Upp om _ _23711" 89
,U on Uppgn = on on :
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Set = fi in (61), multiply by fée*m/ﬂﬂ and integrate by parts, we have

1 ; ; 2 7
7/€_m/“1~1/2’&mt _ _Q/Vﬂ’ll« A V(e_m/“ﬂ) _ = /e—m//L,II(,&N)Q

[0 (0%
< —Q/Vﬂu V(e ™) — 0.

Here the last quantity is of order o(1) as ||t/ g1 () — 0 as @ — 0 by Lemma 3.5. O
. 1 —m/p o~ -

Lemma 6.5. limsup — [ e " *p, 0,0 < 0.
a—0 «

Proof. Multiply (55) by e~™/F¢,,, then

1 —-m/p ~
a/e / Py
= [ [ v )P = - e

)\2 . 2
=-_ e (o)

— —Ug/e_m/“ (@’l)2

where the second last inequality follows from Poincaré’s inequality and the last term is negative by the

spectrum estimate in Proposition 4.2, Remark 4.1 and Lemma 6.3. ]
Proposition 6.2 follows from (57), Lemma 6.4 and @'t # 0 (Lemma 6.5).

Proof of Theorem 7. For any evolutionarily singular strategy fi, we have A, (1, 1) = —A, (1, 1) = 0 = A(f1, f1).
Therefore the sign of A depends on the Hessian of A\. We first claim

Claim 6.6. Given § > 0, for all a small, \,,(fi, t) < 0 for any evolutionarily singular strategy fi € [6,61].
Suppose to the contrary that for some av = a; — 0 and evolutionarily singular strategies i = fi; — fi,

A
(62) lim sup ~2& > 0.
a—0 @

Now let @ = ; — 0 in (57), then by Lemmas 6.4 and 6.5, we have

(hmsup )\““) /e*m/“*m2 < 0.
a—0 (e

And we obtained a contradiction to (62). This proves Claim 6.6.
Denote a = A, (ft, t) <0, b= Ay (ft, 1) and ¢ = A\, (f1, t). We assume in addition that b+ ¢ > 0. Then
by (53) we can write
b=-a—(b+¢) and c=a+2(b+c).
By Taylor’s theorem,
a . . Loc . . N
AMp,v) = 5 (=) +bp = ) (v = ) + 5w = )* +ol|p = il + v = ) (= v)

a+2(b+c)
2

p=0) [Sa—v) = o+ ) =) +ollu— ol + v —5])] <0

N N

(=) = la+ 0+ (n— @)V — i)+ (v = i)* +olp — il + v = o) (n—v)

—~
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-,

[p—
-

<0(1)

and (ii) %/‘%ﬁl — oo separately. This completes the proof of Theorem 7. O

for all |u — fi| + |v — fi| small and either u > v > fi or u < v < fi, by considering the cases (i)

=

Proof of Theorem 5. Suppose that i = fi(a) is a sequence of local ESS such that g — p* > 0. By Claim
6.6, A\ (f, ) <0 for all o sufficiently small. Suppose fi is a local ESS, i.e. A, (f, ;) > 0, then by (53),

1

()‘;w + X)) (i1, fi; @) = 5()‘111/ - A#N)(ﬂ?ﬂ; a) > 0.

And Theorem 5 follows from Theorem 7. O

7. Discussions

We considered a mathematical model of two competing species for the evolution of conditional dispersal
in a spatially heterogeneous but temporally constant environment. The two species have the same popu-
lation dynamics but different dispersal strategies, which are a combination of random dispersal and biased
movement upward along the resource gradient. If there is no biased movement for both species, Hastings
[18] showed that the mutant can invade when rare if only if it has smaller random dispersal rate than the
resident. In contrast, we show that positive random dispersal rate can evolve when both species adopt some
biased movement. More precisely, if both species have same but small advection rate, a positive random
dispersal rate is locally evolutionarily stable and convergent stable. We further determine the asymptotic
behavior of this evolutionarily stable dispersal rate for sufficiently small advection rate.

A recurring theme in the study of evolution of dispersal is resource matching. For unconditional dispersal
in spatially heterogeneous but temporally constant environments, selection is against dispersal since slower
dispersal helps individuals better match resources. However, if the population is able to tract local resouce
gradients, thus exhibiting a form of conditional dispersal, then intermediate dispersal rate might be selected.
On one hand, small random dispersal is selected against as it will cause the individuals to concentrate at the
locally most favorable locations and severely undermatch other available resources so that the mutant can
invade when rare. On the other hand, large random dispersal is selected against as well since the population
is only using average resource and is therefore also undermatching resources in high quality patches. Our
results suggest that a balanced combination of random and directed movement can help the population
better match resources and could be a better habitat selection strategy for populations. Furthermore, when
the spatial variation of the environment is not large, there may exist a unique random dispersal rate which
is evolutionarily and convergent stable. However, multiple evolutionarily stable strategies may appear if the

spatial variation of the environment is large.
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