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ABSTRACT. We provide a corrected proof of [4, Theorem 2.2], which preserves
the validity of the theorem exactly under those assumptions as stated in the
original paper.

1. Corrigendum. This Corrigendum concerns the proof of [4, Theorem 2.2]. In
the original proof we used [1, Theorem 2.4] and [3, Proposition 3.2], which re-
quire more restrictive conditions than necessary. We provide here an elementary
maximum principle argument which preserves the validity of Theorem 2.2, exactly
under the assumptions as appeared in [4]. For the reader’s convenience we recall
the statement of Theorem 2.2 and give its complete proof.

The result concerns the unique positive solution 6, o (1 > 0, & > 0) of (See [2]
for existence and uniqueness results)

V- (uVl—abVm)+0(m—0)=0 inQ, (1)

u% —a@%—’: =0 on 0§,
where € is a bounded domain in RY with smooth boundary 99, and % denotes
the outward normal derivative. Denote the set of local maximum points of m by 2
and

So={x€Q:Vm=0and z &M},
My = {z € M:m(z) > 0}
We recall the following non-degeneracy assumption on m(z) contained in [4]:
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(M1) Every critical points of m are non-degenerate, and Am > 0 on Xy. Moreover,
9m <0 on 0.

Theorem 2.2. Assume (M1). There exist some positive constants ay, C,r,y and
6* < 1 such that for all p >0 and o > ay,

0, a(2) Ced" [m(@)—m(zo)l/n 4 B, (xg), for any xo € M,
S P L in Q\ Ugyem, Br(zo).

Proof of Theorem 2.2. Transform the equation by w(x) = e“"m(w)/”%,a which sat-
isfies
{ uV - (e 1T w) 4 e/ [m(z) — eo‘m/“w] =0 inQ,

‘3—’;’:0 on 0f2.

If «/p is bounded, by applying the maximum principle, we have
10p.0ll Lo () < ™™ #{| oo @ llwll Loy < €™ H]| Loo (o) me™ ™ #|| oo (). (2)

Next we consider o/ — 00. As a consequence of (M1), 9 consists of finitely many
points. Denote

{m(x): x € M} = {my,ma,....mi}, my <ma <..<my;
M ={zeM:mx)=m;}, i=1,... k.
By the non-degeneracy of critical points of m, there exist » > 0, K > 0 such that
for any z € 9,
LIz — a2 < m(2) - m(z) < K]z — af? 5
Llz— 2| < |Vm(z)| < K|z — 2
for all 2 € B,(z). Set my = mingm and choose 0 < 1 < minj<;<p{m; —
m;_1,7%/K} such that
m; —n  are regular values of m as well as m|(,m for all i. (4)
Fix 0 < §; < 1 and define recursively
din

B =12,k — 1. (5)
Mip1 — M4 +1

0it1 =
Then we have

k—1
n

o i1 — M+

1=

1> >8> - >0,=0"=01 > 0.

Furthermore, by (3) and (M1) there exists a large constant K7 independent of u, a
such that
e’

I

IVm|? +Am >0 inQ\D, D=U.,cnB 7, (2). (6)

Define

0 =9, Qui={zecQ:mx)>m;—n}\Usem Br(2).
By the choice of 1 as in (4) and the fact that %—2“’89 < 0, the domains Q;,Q; \ D
are piecewise smooth. Moreover, ;1 C €, since {x € Q : m(z) > m; —n} C Q.
Define

M = |0y allie@)y, d=KK?, ¢ = Meleaditm@=—m/p
and

N[¢] := =V - (uV¢ — apVm) — ¢p(m — 0,.4).
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Then we have
Vo 2 6 a1 - ) (22
in W \D=Q\Dfori=1,..k by (6) and by choosing o > «; large. Moreover,
by (M1) we see that
0¢;
K on
Note that in D Ny, m(z) —m; > —K(K;+\/p/a)?. Hence for all 4,
¢i(x) = Meledialm(@)—mi)/p > Medebia =KKiu/a)/u >M>0,, inDNQ;. (9)
Now by (7), and the fact that N[, ] =0,
Nipi —0,0] >0 inQ\D, fori=1,2,..,k. (10)

We shall show by induction that 6, ., < ¢; in §;, for i = 1,...,k. Consider ¢; on
Q; = Q. By (9), it remains to prove that ¢; > 60, in Q; \ D. We already have a
differential inequality given in (10). Therefore, we proceed to look at the boundary
condition satisfied by ¢ — 0, . Since € = {; and % is large, one may decompose
9(Q1\ D) =9D U Q. By (9),

|Vm|? + Am> - m} >0 (7)

om om

¢1— 0,0 >0 ind(Q\D)NAD, (11)
while
9 = 0,0)—alr— 0,02 >0 o\ D) noo (12)
/Jan 1 oo 1 oo on = 1 .

FIGURE 1. Diagram illustrating the case when 9t = 9t; U 9015.

FIGURE 2. Diagram illustrating €1 \ D when 2T = 9t; U Ms.
D= U;eM B (z)

ik,

Now ¢, is a supersolution which is strictly positive on 92 and that ¢1,0,,. €
C?%(Q). It is elementary that the maximum principle applies to yield that ¢; > 6,, 4
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on 7 \ D. But for the sake of completeness, we include a proof here. Using the
fact that ¢ > 0 in Q, we define z; := ¢1;€“’“ , which satisfies

2 am/p N
€ V(e‘am/“qﬁl) + ZVm) V21 — le <0.

Az + ( <
' pih1 111

Since 21 € C?(2), ¢; > 0 in Q and N[¢1] > 0 (by (7)), we easily deduce that
info,\p 21 is attained on 9(2; \ D) = (9D) U (092).
Case (i). infg,\p 21 = 21(20) for some zo € ID.

Then info,\p 21 = 21(70) = %(Io) >0 by (11).
Case (ii). infg\p 21 = 21(x0) for some x¢ € 9.

Since 0f) is smooth, and 9(Qy \ D) = 90Q U dD, the outer normal derivative {%
is well defined at xg,

821 o 1 8(251 om
0< “on = [/wh <M8n - O“blan)} 21(o).

Since the terms in the square bracket is strictly positive (by (8)), we deduce that
ianI\D 21 2 0.

Therefore, in any case we have infg \p (bl;f“"" > 0, and hence ¢ > 0, in

1\ D. Combining with (9), we have proved that ¢1 > 6, o in Q4.
Next, suppose for induction that for some 1 <i <k — 1,

¢i > 00 in (13)
By (9), it remains to show that ¢; 11 > 6, o in Q;11 \ D. By (7), we have N[¢;41 —

0,0) > 0in Q41 \ D. Again, ¢;41 satisfies a differential inequality given by (10).
We turn to the boundary condition of ¢;11 — 6, . Firstly, by (8),

0 om .
u%(¢i+1 —0u.0) — a(pir1 — 9“"1)87 >0 in 9(Qiy1 \ D) N O (14)

(Note that by (4) and the fact that $2|, <0, Z($ir1 — Oy.q) is well-defined by
values in 2,11\ D even at z¢ € {y € 9Q : m(y) = m; —n}. Here n denotes the unit
outer normal of 9 at xy.) Secondly, observe that
Qi1 \ D) = [0(Qi1 \ D) NOY U [0(i11 \ D) N 1Y,
and that
[8(Qi+1 \ D) N Q] C [Qi+1 n (GD)] U [(891+1) n Q}

We claim that ¢;41 — 0,0 > 0 in 02,41 N Q. By (9),

¢i+1 — 0,“1 Z O in Qi+1 N (8D) (15)
Whereas in (0Q;41) N €, we have m(x) > m; —n. We either have (i) = €
Uzemt, 0By (2); or (i) © € U,eom,0Br(z) and m(z) = m; —n. But (i) is impos-
sible, since on U, econ, 0B, (2),

2

m(m)<mA—i|x—z|2—m»—r—<m»—

— (3 K - 1 K 7 ,'7'

So we must have (ii), i.e. m(z) = m; —n. Consequently on 9,11 N Q,
b
f = exp{dit1a(m(z) — mi1) /i — da(m(x) — mi) /p}

= exp{a[d;1(mi —n — miy1) + 6n]/p}
=1 by (5).
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Hence ¢;+1 = ¢; on 9211 N Q. Also, (0Q;41 N Q) C Q;, so by (13)

(]57;+1 — 9,“1 Z (bz — GH,Q Z O on aQZ‘+1 M Q (16)
Now let z;41 := %, then z; 11 satisfies
geam/n N[é:
Azi+1+< ¢ V(e‘“”/”(/)iﬂ) + an) 'VZZ'+1— [¢ +1] Zi4+1 < 0 in Qi+1\D.
BPit1 1 Piy1

Since z;41 € C%(Q) and %ﬁ] > 0, we deduce that infq, \p 2it+1 is attained on
(11 \ D).
Claim 1. iani+l\D Zi+1 Z 0.

Suppose to the contrary that

inf z1 = inf  z,.1 <O. 17
Qip1\D i 0(Qi+1\D) A (a7)

FiGUure 3. Diagram illustrating Q2o when 9t = 9t; U M.

U:E\al] B)(Z)

We decompose as before
I(Qiy1 \ D) = [0(Qi41\ D) N OQJ U [0(Qi11 \ D) N QY.
Since by (15) and (16),
zit1 >0 in [0(Qip1 \ D) NQ=0(Qi11 \D)N[OD U{z € Q:m(z) = m; —n}].
Hence necessarily xg € [0(Qi41 \ D)] N (092). Moreover, xg is bounded away from
[0(41\ D)) NQ, and hence J(2; 41 \ D) contains a smooth neighborhood of zg in
9. Hence the outer normal derivative -2 (Zi+1|sli+1\D> (20) is well-defined. Since

the minimum of z;41 is attaned at x,

0%i41 _ 1 0pit1 - Om
0< - o (wo) = L@H (M o — a1 o

This contradicts the strict positivity of the square bracket term (by (8)) and the
hypothesis that z;,1(zo) = infsq,,,\p)zi+1 < 0. This contradiction establishes
that info,, \p(dir1 — Ou,a) > 0. Combining with (9), we deduce that ¢;1 > 0,
in Qi+1-

By induction, ¢; > 6, on Q;, i = 1,...,k. Hence there exists r; € (0,r] such
that

Zi+1 (330)-
=0

for all i, 0, o(x) < Meded @M@ =—md/e 0 U, con, By, (2), (18)
Op0(z) < Mete i/ ) in O\ U, con By, (2). (19)
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It remains to show that M is bounded independent of p > 0 and a > ;. Firstly,
there exists Ry > 0 such that for each ¢ and each z € M;, (by (3))

_ Sra(m(z) —m;) ~ dalz — z|?

d <d

. K < —log2 in B, (2) \B\/ERO(Z)'

Secondly, since o/ — 00, we may assume d — ‘SLLKT? < —log?2. Hence, by (18) and
(19),
M .
ay,a(x) S 7 mn Q\ (Uzeme %RO(Z))

and the maximum value M = ||0,.q

| Lo () must be attained in B\/gRO (2p,a) for
some z;, o € M. Set & = 2, o + /2y, then

1 (ZAyﬂuya) — a\/jvzm “Vybua+0,a(m—20,,—aA;m)=0.

Divide the above equation by «,

0 —al
Ao — \/fvzm Ve + <m o — & m) 0,0 = 0. (20)

(07

By applying the maximum principle to 6, , and using %—7} < 0, we have M =

10,0l o) < Ml Lo (@) +al|Am| Lo (o). Also, the middle term \/a/uV om (2,0 +

v/Ey) in the above equation is bounded by 2| D?m/|| 1 (q) [|y||. Hence the coefficients

of (20) are bounded in L*°(Byg,(0)). By the Harnack Inequality (Theorem 8.20,

[5]), there exists a constant ¢ = ¢(N, Rg) > 0 (N being the dimension) such that
Opa(r)>cM in B\/ERO (Z,00)-

Hence
2 M2 (E)m RYVol(B(0)) < / 02, < / 02 .. (21)
«@ B\/ERO(ZM,Q) Q
Moreover, by (18) and (19),

[\ N/2
/awmg \|m||Lx(Q)/ 0 < OM (1) Vo(B,(0). (22)
Q Q «a

Now integrating the equation of 6, . to obtain

/92@:/0“,@771. (23)
Q Q

Combining (21), (22) and (23) we infer that
orp2 (P2 LN p\N/2
s < s
M (a) Ry <CM (a) '

This gives the boundedness of M as a/pu — oo and proves the theorem in the case
M =M, i.e. m(z) >0 for all x € M. If it is not the case, assume

my <mo < ..<my_1<0<m<..<myg, forsomel>2.

Then (18) and (19) can be obtained as before. Next, define ¢g = Mede(m@)=1) /;,
where —7} is a regular value of both m and m’aQ, chosen such that M N [—7,0) =0

and

]
0 <77<min{17,2[mé}. (24)
— 0
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Now consider Q¢ = {z € Q : m < =7} U (Uzem, Br(z)) where My = {x € M :
m(z) = 0} (possibly empty). Note that by similar considerations as before 9 \
0N C {z € Q:m(x) = —n} and it is smooth as —7 is a regular value of m. Since
m < 0 in Qp, it is easy to see that N[pg — 6,,4] > 0 in Q. Define
Bou = M% — au%—’; on 09y N 012,
U on 08 \ OS2
Then By[¢po — 0,.«) = 0 on 9y N O by simple calculation, and on 0QyNQ C {x €
Q:m(z) = -7 NQy,
bo = Mele(=1=1)/n
> Mededra(=n—mi)/u by (24)

= (bl > e,u,ow
Therefore, by applying the maximum principle much as before, ¢g —8,,, > 0 in Q.
This completes the proof of the general case. O
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