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We study a two-species competition model in a closed advective environment, where individuals are
exposed to unidirectional flow (advection) but no individuals are lost through the boundary. The two
species have the same growth and advection rates but different random dispersal rates. The linear stability
analysisof the semi-trivial steady state suggeststhat, in contrast to the case without advection, slow disper-
sal is generally selected against in closed advective environments. We investigate the invasion exponent
for various types of resource functions, and our analysis suggests that there might exist some intermediate
dispersal rate that will be selected. When the diffusion and advection rates are small and comparable,
we determine criteria for the existence and multiplicity of singular strategies and evolutionarily stable
strategies. We further show that every singular strategy is convergent stable.

Keywords: evolution of dispersal; closed advective environments; invasion analysis; reaction—diffusion—
advection

AMS Classification: 35K57; 92D25

1. Introduction

Hastings [25] showed that in a spatialy varying but temporally constant environment, faster
dispersal is always selected against if dispersal is completely random, see also [1,21]. However,
organisms sometimes are forced to move in certain directions, for example, in advective environ-
ments such as rivers, water columns or the gut [4,26,30,40,43-46], or when environmental con-
ditions shift, for example, movement of temperature isoclines caused by global climate change
[6,37,41]. Active movement of organisms may also be biased in certain directions, for example,
moving up aresource gradient [5,8,18,23,42], or afitness gradient [10,12,17,19,27-29,35,39].
Evolution of biased movement along aresource gradient has received much attention recently
[9,13,14,16]. Evolutionarily stable dispersal strategies are found to be those that have comparable
dispersal and advection rates [2,11,24,33,34]. On the one hand, when individuals move upward
along the gradient of a resource distribution, and the random dispersa rate is small relative to
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the advection rate, then individuals can become ‘too good’ at tracking favourable regions. They
become overcrowded at only the best quality locations and miss other, reasonably beneficial
areas [15,31,32,36]. Higher dispersal rates can help individuals utilize those resources as well.
Therefore, slower dispersal is selected against. On the other hand, if random dispersal islargein
comparison to resource tracking, the population will spread widely in the habitat so that it only
utilizes some average quality of the resource. Therefore, fast dispersal is also selected against.
Altogether, intermediate dispersal rates can evolve.

Much lessis known about the evolution of dispersal in advective environments, where move-
ment bias is caused by external forces such as river flow, gravity or climate. How should
organisms disperse to better persist in advective environments? How should species disperse to
avoid the invasion of a mutant with different movement strategies? We have recently attempted
to address these questions in [38] in the framework of evolutionary game theory. We considered
a two-species competition model in an open advective environment: individuals are exposed to
unidirectional flow, with anet loss of individual s at the downstream end of the domain, for exam-
ple, ariver. We assumed that two species have the same growth dynamics and advection rates but
different random dispersal rates. Among other things, we found that in such context of an open
advective environment, unidirectional flow can put slow dispersers at a disadvantage and higher
dispersal rates can evolve. In particular, the boundary conditions played an important role in the
outcome of evolution. In [38], we derived several different boundary conditions and explained
their biological significance in detail. Two contrasting results from [38] are as follows:

(1) Inahomogeneous (i.e. constant intrinsic growth rate) advective environment with zero Neu-
mann boundary conditions, a population with higher dispersal rate will always displace one
with lower dispersal rate. In particular, larger dispersal rates evolve.

(2) In a homogeneous advective environment with zero Dirichlet boundary conditions, there
seems to evolve aunique, intermediate dispersal rate, which is evolutionarily stable.

In this paper, we consider closed advective environments, where individuals cannot pass
through the boundary. We had explicitly excluded this case in [38]. One biological scenario
that results in such a closed advective environment is the community of microorganismsin the
water column of alake: most phytoplankton species have a higher density relative to water, so
they tend to sink to the bottom of the water column. Besides that, water turbulence allows phyto-
plankton to mix randomly within the water column. These two processes of sinking and random
mixing can be approximated by advection and diffusion, respectively. The upper boundary isthe
water surface, the lower boundary is the ground. Neither boundary allows individuals to pass
through, so that we have a closed environment, which we model by imposing no-flux conditions
at both ends. We refer to [22] and references therein.

Following the approach in [38], we study a system of reaction—diffusion equations for two
logistically growing and competing species that differ only in their random diffusion rates:

Ug = iUy — Quy + U(r(X) —u—v), O<x<L,t>0,
Ve = oV — QVx +V(r(x) —u—v), O<x<L,t>0, @
diuy —qu=dvy —qv=0, x=0,L, t>0.

Here u and v denote the densities of two species (e.g. phytoplankton species) at timet and loca-
tion x in the bounded interval [0, L]. Function r(x) accounts for the quality of the habitat; arare
single population can grow where r > 0 and will decline where r < 0. Diffusion rates are posi-
tive, that is, d; > 0, and advection points towards larger x, that is, g > 0. In analogy with rivers,
we call x = 0 the upstream end and x = L the downstream end of the habitat.

The rest of the paper is organized as follows. In Section 2, we consider sufficient conditions
for the existence of a single-species steady state and establish various a priori estimates of the
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steady state. In Section 3, we perform a preliminary linear stability analysis of the semi-trivial
steady state and find that small dispersal rates should generally be selected against. In Section 4,
we investigate the selection gradient (see Lemma 4.1 for the definition) for various types of
resource functions, and our analysis suggests that for a monotone increasing resource function,
there might exist some intermediate dispersal rate that is convergent stable. In Sections 5-7, we
focus on the case when the diffusion and advection rates are small and comparable. Section 5
is devoted to further analysis of the selection gradient and to the existence of singular strategies
(see Section 5 for the definition); in Section 6, we give criteriafor the existence of evolutionarily
stable strategies; in Section 7, we show that every singular strategy is convergent stable. Finally,
we conclude with some discussions in Section 8.

2. Persistence of a single species

In this section, we consider sufficient conditions for the existence of a single-species steady state
(u*(x), 0) of system (1), where u* is a positive solution of the equation

diUy — qQuy +u(rx) —u) =0, O<x <L, ©
diuy —qu=0 ax=0,L.

It is known that existence and uniqueness of u* is equivalent to the zero solution of Equation (2)
being linearly unstable [7]. Hence, we study conditions for the dominant eigenval ue of

dl¢xx — Qox +r(X)¢ = A¢, 0<x<lL,

3)
digy —qp =0 ax=0,L

to be positive.
In the following, we frequently use the identity

digux — Aoy = di (€ (€ p)x)x, Wherea = q/d1. 4

All integrals are definite integrals over the interval [0, L], unless otherwise specified.

LeEmma 2.1 If fo" eV/dXr(x) dx > 0, then the dominant eigenvalue of Equation (3) is positive. In
particular, there exists a unique positive solution of Equation (2).

Proof Using« = q/d; and identity (4), we write the eigenvalue problem as

di(e (&7 D) )x + r(X)p = A¢p. ©)
Now, we denote ¢ = e **¢ and divide the previous equation by v to obtain
X
dl(éx I/IX)X +é¥xr(x) — )\'ea)(. (6)
v
Integration by partsyields
X X L ehx
/ (€ Yx gy _ eaw% wx o / U o, @
0

where the second equality follows from the no-flux boundary conditions,

A6y = dipy —qp =0 forx =0,L. (8)
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Integrating Equation (6) by parts, we arrive at

X 2
dy / 1%*) dx + / er(x) dx = A / e dx. (9)
Asr(x) isnon-constant, the first term in this equation is always positive (by Equation (7)); asthe
second term is non-negative, we deduce that A > 0. |

Remark 2.2 By Lemma 2.1, if r > 0in [O,L], then for any d; > 0 and g > 0O, there exists a
unique positive solution of Equation (2). For most of this paper, we consider the case whenr is
strictly positivein [0, L] only.

Next, we establish some a priori estimates of u*.

LEmMA 2.3 Denote « := q/d;. For any x € [0, L], we have

e {gier(r(X)e*“x) Sut(x) < e r[g%(r(X)e*“X). (10)

Proof Setw = e **u*. Then, w satisfies
oWy + gwy +W(r —e”w) =0, O <x <L, w(0)=wy(L)=0.

Let w(xg) = maxo, W(X) for some xo € [0, L]. Hence, we have wy(Xo) < 0 and wy(Xo) = O.
Therefore,

W(Xo) < r(Xp)e™®° < r[gza((r(ne*”x
which implies that

u*(X) = e*w(x) < é*w(xg) < & r[rg?}(r(x)e*"‘x).

Similarly, we can show that
u*(x) > e EgiLT(r(x)e‘“X).
This proves Equation (10). |
LEmMMA 2.4 Denote « := q/d;. Suppose that r > 0.
(i) 1fo = maxjoyj ry/r, then for any x € [0, L],
u*(x) > r(L)e?*b,
(i1) Ifa < mingy ry/r, then for any x € [0, L],

u*(x) < r(L)e**b.

Proof The proof follows directly from Lemma 2.3 and the monotonicity of r(x)e=** in x when
o < Ming fx/r Or o > MaX[g,] I'x/T- [ |

LEMMA 25 [u*(x)dx — 0asq — oo.
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Proof Integrating the steady state equation (2) and using the boundary conditions, we find
/u*(r —u")dx=0. (12)

From this, we obtain

f(u*)2 dx < \// r2 dx\//‘(u*)2 dx. (12)

In particular, [(u*)?dx is bounded, independently of g.
Now, we choose any function g € C?[0, L] with g,(0) = gy(L) = 0. Multiplying the steady
state equation (2) with g and integrating by parts, we obtain

—d; / g U™ dx — q / gxu™ dx + / gu*(r—u*)dx = 0. (13)

Dividing by q and letting q — co, we see that [ giu*dx — 0. From this, we see that
Jur(x) dx — O. [ |

3. Local stability of the semi-trivial state (u*, 0)

We perform a preliminary linear stability analysis of the steady state (u*,0). The linearized
system at (u*, 0) decouples, so that it suffices to consider the eigenvalue problem

d2¢xx_q¢x+¢(r_u*) =xrp, O<x<lL,

(14)
dapx —qp =0 atx=0,L.
To determine the stability of the semi-trivial state (u*, 0), we study the sign of the dominant
(i.e. the largest) eigenvalue of Equation (14), denoted by A. We emphasize that A = A(d1, dy), as
in the following this form is used frequently.

LemMma 3.1 Suppose that d; < do. Then, for sufficiently small positive g, (u*, 0) is stable.

Proof When g = 0, the equation and boundary conditions reduce to the case studied by Hast-
ings [25]. Hence, we know that A < 0 when d; < d, and g = 0. By continuous dependence of A
on parameters, we have A < 0 for small enough values of q. [ |

Lemma 3.1 implies that a faster disperser cannot invade when rare by slightly increasing the
advection rate of both species. An interesting open problem isto describe the changes of stability
of (u*,0) whend; < d; arefixed and q varies from small to large. See [3] for related effort.

We are particularly interested in situations where a faster disperser can invade when it israre.
To thisend, we first consider the case when g and d, are sufficiently large.

THEOREM 3.2 Suppose that r > 01in [0, L]. Fix d; > O. There exists some positive constant g*
such that if g > g* and dz > (q2L)/(2 [ r), then (u*, 0) is unstable.
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Proof Thetransformation ¢ = €™/?%)y; gives

2
Ao+ v (r—u— ) =y, 0<x<L (15)
4d,
with boundary conditions
Ao — g¢ —0 forx=0,L. (16)
Hence, we obtain the dominant eigenvalue as
_ 2 g2 q .. 2 q?
A= max (—dy | EFdX+ [ (r—unHE“dx+ S(E(LD) —£°0) ¢ — —.  (17)
feHLE]| 2=1 2 4d,
Choosing the constant function &(x) = 1/+/L in Equation (17), we obtain the lower bound
A > ! /[r(x) u*(x)] dx ¢ (18)
L 4d,”

By assumptiond; > g2L/(2 /1), we have

1 1
s = [r=2 19
Zszr L/u (19

By Lemma2.5and [ r > 0, we seethat in the limit for large g, A is positive. |

Theorem 3.2 implies that if the advection rate is large, a mutant can invade when rare aslong
as it disperses sufficiently fast. This is very different from the case of no advection or small
advection, where a mutant cannot invade when rare if it disperses sufficiently fast.

THEOREM 3.3 Suppose thatr > 0in[O,L] and g > O.

(i) 1fg/d1 > maxoy ry/r, then for sufficiently small dy, (u*, 0) is stable.
(i) 1fg/dy < mingy ry/r, then for sufficiently small dy, (u*, 0) is unstable.

Proof Sety = e @%Xgp Then, y satisfies
Ao + QU + ¥ (r —u*) = Ay, O<x<L; y¥y=0 ax=0,L. (20
By Theorem 2 of [16], asq > 0, we have

lim A =r() —u*L). (2D
do—0+
The rest of the proof follows from Equation (21) and Lemma 2.4. |

Part (i) of Theorem 3.3 implies that if d; is suitably small (relative to q) and d, is chosen
smaller, then the species v cannot invade when rare. This means that slow dispersal is always
selected against in such advection environments, in contrast with the case of no advection where
fast dispersal is aways selected against. Part (ii) implies that if the resident is a fast disperser
(relative to q), a slow dispersing mutant can invade when rare, provided that, for example, the
resource function is monotone increasing. These results suggest that when the resource function
is monotone increasing, there might exist some intermediate dispersal rate (comparableto q) that
will be selected. We will investigate thisissuein later sections when both diffusion and advection
rates are small.
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4. Theselection gradient

Let A be the dominant eigenvalue of Equation (14) with corresponding eigenfunction ¢. When
d; =dy, A = 0and ¢ = u*. Theselection gradient isgiven by (d/9d>)A(dq, d1) [20]. If the selec-
tion gradient is positive, an invader with d, slightly larger than d; will invade, and thus evolution
will proceed to larger diffusion. If the selection gradient is negative, then the reverse statement
holds. The big advantage of calculating the selection gradient is that for d; = d,, the eigen-
function ¢ in Equation (14) corresponding to the dominant eigenvalue A = 0O is given by the
equilibrium density u* of asingle species.

LemMma 4.1 The selection gradient of mutant invader v at the steady state (u*, 0) of Equation
(2) is given by
[ (e ™/, uz dx

- fequ/dl(u*)Z ax (22)

0
——A(dq,dq) =
adz(l 1)

The calculations are exactly the same asin Lemma 4.1 of [38].
When r(x) = r = const., we can show that an invader is successful exactly when its diffusion
rateis higher than that of the resident.

LemMma 4.2 If ris constant, then the selection gradient is positive.

Proof Integrating the equation for u* and using the boundary conditions, we find
/u*(r —u")dx=0. (23

Therefore, r — u* has to have at least one sign change. We shall show that u} > 0in [0, L] and
therefore there is exactly one sign change, from positive to negative. First, the following claim
follows directly from the defining equation of u*.

Cramv 4.3 (@ If uy, <0 and uf(x) =0, then u*(x’) <r. In particular, there can be no
interior maximum point in {X : u*(x) > r}.
(b) If uy, > 0and uj(x') = 0, then u*(x') > r. In particular, there can be no interior minimum

pointin {X : u*(x) < r}.

[t remains to show that uj # 0in [0, L], asu;(0) = qu*(0)/d; > 0. Suppose now that uf = 0
somewhere. Define

X1 :=inf{x € [O,L] : u;(y) > Oforaly € [0,X]}.
Then, x3 < L and u;(x1) = 0, by our assumption that u* = 0 somewhere.
CLamm 4.4 u*(xy) =T.

As Ui (x1) <0 and uj(xy) = 0, Claim 4.3(a) says that u*(xq) < r. Suppose u*(x1) < r, then
Ui (X1) < 0= u;(x1) by the defining equation of u*. These, together with the fact that uj(L) =
qu*(L)/d; > 0, imply that u* attains alocal minimum value strictly lessthan r in (x1, L), which
contradicts Claim 4.3(b). This establishes Claim 4.4.

Now u*(x1) =r, u;(x1) = 0. By the uniqueness of solution to ordinary differential equation,
we deduce that u* =r in [O,L]. Thisis in contradiction with the boundary condition satisfied
by u*. Hence, we conclude that uj #~ 0in[O,L]. Thisgivesu; > 0in[O,L].
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Now we integrate the equation for u* from 0 to x and use the boundary condition again:

diuz(x) — qu(x) = / u*(s)(u*(s) — r) ds. (24)
0

Theright-hand side (RHS) iszero at x = 0, L. It isdecreasing when u* < r and increasing when
u* > r. Hence, it is always negative. Therefore, the flux on the left-hand side (LHS) is dways
negative. This implies that the term (e~**u*) in the selection gradient is negative. Since u; is
positive, thisimplies (by Equation (22)) that the selection gradient is positive. [ |

Based on Lemma 4.2, we conjecture that in a homogeneous advective environment with
no-flux boundary conditions, populations with higher dispersal rate will always competitively
exclude populations with lower dispersal rate.

The main result of this section, which includes the constant resource as a special case, can be
stated as follows.

THEOREM 4.5 Suppose thatr > Oand ry > 0in [0, L].
(i) 1fg/d < ming rk/r, then (9/0d2)A(d,d) < O.
(i) 1fg/d > maxp,j I'/r, then (3/9d2)x(d,d) > O.

Theorem 4.5 suggests that when the resource function is monotone increasing, there might
exist some intermediate dispersal rate which is convergent stable (but may not be evolutionarily
stable, aswe will seein Section 6). It isinteresting to enquire the corresponding scenario for the
case of monotone decreasing resource functions.

Before we prove Theorem 4.5, we prove an auxiliary one-dimensional lemma.

LEmMA 4.6 Let ¢ € C%([0,L]) be a solution to

dxx +b(X) Py +g(X,c(x) —d (X)) =0 in(O,L), 25)
¢y >0 whenx=0,L,

where signg(x,s) = signs. If ¢, > 0in [0, L], then ¢4 > 0in [0, L]. If in additionc, > 0in (O,L),
then ¢ > 0in (O,L).

CoRrOLLARY 4.7 Let u* be the unique positive solution to

duy, — qu; +u(r) —u") =0 in(0,L),
duy —qu* =0 atx=0,L.

(i) Ifry>0in[O,L], thenforalld > Oand g > O, uf > 0in (O,L).
(i) 1fq/d < mingy rx/r, then (e=®/%u*), > 0in (O,L).
(i) Ifg/d > maxo, ry/r, then (e"®/9u*), < 0in (O, L).

Proof of Corollary 4.7 (i) follows from Lemma 4.6 immediately.
For (ii), we observe that v := e~ ®/4u* satisfies

AV + Qv + €¥/9y[re ™4 —y] =0 in(0,L),
vww=0 ax=0,L.

In addition, the assumption ¢/d < minyy; ry/r implies that (re"®/d), > 0in [0, L]. Hence,
Lemma4.6 impliesthat (e-%/4u*), > 0in (0,L).
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For (iii), set w(x) := v(L — x), then w satisfies
AWy — QW 4+ 1 [r(L — x)e 92/ _w] =0 in(O,L),
wy=0 atx=0,L.

In addition, the assumption q/d > maxgo, rx/r implies that (r(L — x)e~9-/9), > 0in [0, L].
This completes the proof. |

Now we give the proof of Lemma 4.6.

Proof of Lemma 4.6  First we claim that ¢x > 0 in [0, L]. Suppose to the contrary that there
exists 0 < X1 < Xo < L such that ¢y < 0in (X1,X2) and ¢y (X1) = Px(X2) = 0. Then, gy (X1) <
0 < ¢y (X2), which implies by Equation (25) that c(X1) > ¢ (x1) and ¢c(X2) < ¢ (X2). Combining
with the strict monotonicity of ¢ in [xq, X2], we have

C(X1) = p(X1) > P(X2) = C(X2),

which contradicts the monotonicity of ¢. Thisshowsthat ¢, > 0in [0, L].

Next, under the assumption that ¢, > 0in (0, L), we wish to show that ¢4 > 0in (0,L). Sup-
pose to the contrary that ¢y (Xp) = O for some xg € (0,L). Then, by the previous claim, xg is a
local interior minimum of ¢y in (O,L). Therefore, ¢x«(Xo) = 0 and by Equation (25), we have
c(Xp) = ¢ (Xo). Together with

(€ — @)x(X0) = Cx(Xo) > O,
we derivethat c — ¢ > 01in (Xg,Xo + &) for some § > 0. But then

(eloP®dspy — _eobOBgx ¢ —¢) <0 and ¢Py(Xo) = O.

Hence ¢« < 0in (Xo, Xo + 8). This contradicts the fact that ¢4 > 0in (0, L), and completes the
proof. |

Proof of Theorem 4.5 The theorem follows directly from Lemma4.1 and Corollary 4.7. |

5. Singular strategiesand the small advection case

When diffusion and advection rates are small, we can use the techniques developed in [33,34] to
obtain a detailed description of the selection gradient and singular strategies. Recall that d isa
singular strategy if the selection gradient vanishes at d, that is,

aidzua,m =0.
We write the model as
Uy = €(diUg — Quy) +U(r(x) —u—v), O<x<L,t>0,
Vi = €(daVyx — QVx) +V(r(x) —u—v), O<x<L,t>0, (26)
diuy —qu=dvy —qv=0, x=0,L, t>0.

From this point on, we adjust notation slightly and denote u* as the positive steady state of the
u equation in Equation (26) when v = 0. Here we need some estimates of u*.
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LemmMma 5.1 Convergence of u* tor(x) ase — 0. (i) For each K > 0O, there exist positive
constants ¢, C such that whenever g/d € [0, K], then

c<u*(x) <C in[O,L].
(if) For each K > 1, u* — r in L>((0,L)) uniformly for g,d satisfying d € [1/K,K] and q €
[0,K].
(iii) For each K > 0, there exists C such that for all ¢ € H%((0,L)), and for all g,d such that
q/d € [0,K],

L
2,2 2
/(; Uk — x| < ClIU™ — rll=o) 1P o)

Proof (i) issimilar to Lemma2.3. For the rest, we refer to Lemmas 3.2 and 3.3 of [33]. |

LEMMA 5.2 9u*/dd; — 0in H([O,L]), as € — 0, uniformly on compact subsets of (0, co) in
ds.

Proof Denoteu = du*/dd;, which satisfies

e(diuy, — quy) + (r — 2u™)u" = —eu, in(O,L),

27)
diuy, —qu' = —u; ax=0,L.
Multiplying by —e~®/%u’ /¢, and integrating by parts, we have
1
dl / eqX/dl(e*qX/dlu/))% + = f equ/dl(zu* _ r)(u/)z [ / u;’z (e*qx/dlu/)x. (28)
€

Since u* — r in L*°((0,L)) (Lemma 5.1(ii)) and r > O in [O,L], we may assume 2u* — r >
minp; /2 and the second integral is non-negative for e small. We obtain by Holder’sinequality
that

dl/eqx/dl(equ/dlu/)i_'_ mmz[O,L]r/e—qx/dl(u/)Z < d_;/eqx/dl(e—qx/dlu/))%
€

1

dy mingo, r 1
eqx/dl e—qx/dlu/ 2 [0, /e—qx/dl u’ 2 - fe—qx/dl uk 2_
> / ( )X+—26 (u): < 2, (uy)

Since the RHS is uniformly bounded (by Lemma 5.1), ||u'|| .2 — 0 and |u}]l.= = O(1). This
proves that U — 0 (weakly) in H. This implies in particular that the RHS of Equation (28)
goes to zero, and we deduce that ||(e~®™/%u’),||.= — 0. This, together with ||u’||.2 — O yields
||U/||H1 — 0. |

Denote by 2 the dominant eigenvalue of the linearization of the v equation at (u*, 0). Denote
d/0d, by " and set « = q/d;.

LemMma 5.3 The selection gradient satisfies

1 8 * — Xk
10,y = - L E

€ 9dy [ e X2 (29)
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Proof The stability of (u*,0) of Equation (26) is determined by the dominant eigenvalue 1 =
A(dq,d) of thefollowing problem.
€(dagxx — qgpx) + (r —u*)¢ = x¢ in (O, L),

(30)
doy —Qqp =0 ax=0,L.

We normalize the principal eigenfunction by f e Whigp2 — f e /% y*)?, so that ¢ = u*
when d; = d,. We can differentiate Equation (30) with respect to d,, and obtain (denoting the
derivative with respect to d, by )

€(dagyy — Ugy) + (r — UM + ey = 20" +1'¢  In(O,L),

L (31
dopy — Q¢ + ¢ =0 ax=0,L and / e ®hgpp = 0.
0
Setd, = dy and @ = (/dy, then . = 0 and ¢ = u*, so Equation (31) becomes
€(dagyy — Q) + (r — u")¢' + €U = A'u* in (O, L),
L (32)
dopy —q¢’ +u; =0 ax=0,L and / e ®/hyrg = 0.
0
Multiplying Equation (32) by e **u* and integrating by parts, we have
L L
_Ef u;t(efotxu*)x — )\.// efolX(u*)Z,
0 0
which proves the lemma. |
LEMMA 54 Ase — O,
L L
/ uy (€7 u*)x — / Iy (€7r)y (33)
0 0

inClL

loc

([0, 00)).

Proof By Lemmab5.1 (iii), | U (e ®/dyt), — i re(e=®/%p), uniformly in compact subsets of
(0,00) indy. Now,

a
u* e—qx/dlu*
ad]_ / X ( )X

:/(u*)/(e_qX/dllJ*)X+/u:(e_qX/dl(u*)/)x+/U: <e_qx/d1$u*>
1 X

_)f < —qx/dy X r) ase — 0, bylLemmab.2
X

= — [ rye®/p),.
8d1/ x( )x

Since the above convergence is again uniform on compact subsets of (0, oo) indy, thelemmais
proved. |

Define
L
F(oz):/ Iy (€79, dx.
0
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DerFiNITION 5.5  We say that dg is a singular strategy in the limit if F(q/do) = O.

By Lemma 5.4, one can conclude the following about the original problem by inverse function
theorem.

ProrosITION 5.6 If dg is a §inguAIar strategy irl the limit, and F’(q/do) # O, then for all €
sufficiently small, there exists d = d(¢) such thatd — dy and

L B ~
on uj (e %/du*), dx
i)\‘(d,d) = —Gfo X( )X =

3d, [y e-/d (ur)2 dx

Moreover, d is the unique singular strategy near do.

Example Consider the linear growth rate r(x) = ro + rix. We require r(x) > 0, in particular,
ro > 0. By rescaling, we may assume L = 1. If r; < 0, then thereis no positive singular strategy
inthelimit. If ry > 0, then there is a unique positive singular strategy, and it is given by

q q

= = ., 34
IN(L+ry/rg)  In(maxr/minr) (34)
To seethis, replace r(x) = rg + rix in the equation
1
/ ry(e Ny, dx =0 (35)
0

and carry out the calculations. We can find that the integral equality is equivalent to (ro +
rp)e ® = ro. Thisequation is solvable for positive @ = q/d if and only if ry > 0.

The following two lemmas give sufficient condition for the existence of a unique singular
strategy in the limit (i.e. for F(«) to have a unique root).

LemmMma 5.7 F(«) has a unique root in either of the two following cases:

(i) rc(0),re(L) > 0andry < O.
(i) r(0) > O0and ry > 0.

Proof Without losswe assume L = 1. Write
F(a) = /e’“xrf —a/e"’xrrx, (36)
where all integrals are over [0, 1]. It is easy to see that
F(0) :/r§ >0, F(oo0)=—r(0)ry(0) <O. (37)
Hence, thereis at least one root. The derivative of F is
Fl(a) = —[e“"xxrf —/e‘“xrrera/e‘“xxrrx. (38)
Integrate the last term by parts and obtain
F(o) = -r(ry(l)e* + / e “Xrry < 0, (39)

wherethefinal inequality followsfrom the assumption (i). Since F’ isnegative, theroot is unique.
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To prove the claim under the second assumption, we integrate by parts the second integra in
expression (36). Assuming that « isaroot of F, wefind

F(a) = €r(Lry(1) — r0)ry(0) — / € 1y = 0. (40)
We use this expression to replace the boundary term in Equation (39) and find for any root «
F'(a) = —r(0)ry(0) — / € (1 — X)Iryy. (41)

Under the second assumption, thisfinal expression is negativesincex < 1. Hence, F' (@) < Ofor
all roots «, therefore the root is unique. |

LemMma 5.8 Ifr,ry > 0in[0,L] and r/r is monotone in [0, L], then the function F has a unique
root.

Remark 5.9 The assumptions are equivalent to r > 0 in [0, L], rc(0),ry(L) > 0 and ry/r is
monotonein [0, L].

One can immediately conclude the following result regarding the original problem.

CoroLLARY 5.10 Suppose the assumptions of either Lemma 5.7 or Lemma 5.8 hold, then for
all e sufficiently small, there exists a unique singular strategy for the original problem. In fact,
there exists d = d(e) € (minjgy r/rx, g MaX(o, r/rx) such that

3 >0 whenO<d <a,
—d,dy={=0 whend =d,
ad» ~

<0 whend > d.

Moreover, lim._,od = do, where dg is the unique singular strategy in the limit guaranteed by
either Lemma 5.7 or Lemma 5.8.

Proof of Corollary 5.10 By Theorem 4.5, the selection gradient (3/9d2)A(d, d) changes sign at
least once, from positive to negative. Moreover, any sign change has to take placein theinterval
d e [qmingy r/rx, gmaxjoy r/rx]. But then by Theorem 4.5 and Lemma 5.4, for sufficiently
small ¢, there is exactly one (non-degenerate) sign change of the selection gradient. |

Proof of Lemma 5.8 Letr(x) = e®, Then,

Fla) = / e 2g, (g — ). (42)

The assumption of the lemma says that g, > 0 and gy, does not change sign. We consider the
two cases: (i) g < O; (ii) gx > 0. If gx = constant, then the lemmais trivial. We henceforth
assume that gy is non-constant and monotonein [0, L]. It is clear then that F («) changes sign at
least once, and any root lies within the interval (mingy, max gy).
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Case (i): gxx < 0. Suppose g isaroot, then
F'(ao) = — / xe“*+%g, (g — o) — f e g,
<- / xe™ g, (gx — o)

= / xe g (g — gy)
<0,

where the last strict inequality follows from the fact that h(x) := e **+2g, (g — gx) changes
sign from negative to positive as x varies from 0 to L. More precisely, choose xo € (0,L) such
that h(x) < 0in[0,Xp) and h(x) > 0in (Xg, L], then

L Xo L L
/ xe O 8g, (o — gy) = / xh(x) + f xh(X) < Xo / h(x) = xoF () = 0.
0 0 0

Xo

This proves Case (i).
Case (ii): gxx > 0. Then, ry = €9(gy + g2) > 0 and the result follows from Lemma 5.7(ii).
[ |

Example 1 We consider the case of a piecewise linear growth function
rx) =A+Blx—C|, (43)

where parameters A, B, C arechosen suchthat r > Oontheinterval 2 = [0, 1]. (We again assume
L = 1 without loss of generality.) For 0 < C < 1, thisfunction is not differentiable in 2. How-
ever, one can ‘smooth’ the corner at x = C by altering the function r on an interval of arbitrarily
small length around C and with a bounded derivative between —1 and 1. Hence, the integral in
the selection gradient can be approximated arbitrarily closely by the piecewise integral

C 1
/ Iy (€7, dx + / Iy (€79%r)y dX,
0 C

which iswell defined. Explicit calculations lead to the expression
1
F(a) = f ry(€*r), dx = B[A + BC + (A + B(1 — C))e™® — 2Ae *“]. (44)
0

By settingy = e~ *, we obtain the following equation fory € (0,1] :
Ky + Koy = Kay©, (45)
where
Ki=A+BC=r0) >0 Ko=A+B1-C)=r(1) >0, Ks=2A=2rC)>0.

The LHS in Equation (45) is a straight line, the RHS aroot-like function (monotone increasing,
concave down). We observe the following.

(1) Thereisexactly oneroot of F(«) = 0 (no doubleroot) if B < 0. To seethis, simply consider
the condition that the straight line is below the root function at y = 1, or K; + K, < Ka.
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Hence, when the resource function has a single hump, then there is precisely one singular
strategy.

(2) LetB > 0.If F(«) = 0 hasadouble root, then necessarily C < % To seethis, we notice that
the straight line is tangent to the root function at y* = K;/K(1/C — 1). The requirement
y* € (0, 1) gives the condition on C. Hence, the minimum of the growth function has to be
upstream of the midpoint.

(3) Forall B > 0, thereexists C*(B) € (0, 3) such that

(i) If C € (0,C*), then F(«) has exactly two roots.
(ii) If C = C*, then F(«) has adouble root.
(iii) 1f C € (C*, 1), then F(«) has no roots.
For existence, we first consider C = 1, then for all B > 0, F(«) = 0 has no root. Now if

we decrease C, then thelinear function on the LHS is decreasing, while the concave function
on the RHS isincreasing. Moreover,

Kayly=o = 0 < (K1 + K2Y)ly=0,

and limc_ o+ Kay® = K3 = 2A locally uniformly fory € (0, 1], hencefor al B > 0, there are
exactly two roots for al C sufficiently small. Finally, C*(B) belongs to (O, %) follows from
the previous claim.

(4) Thereexists o > 0 such that F () = 0 has exactly two roots when B, C € (0, 8o).

6. Criteriafor evolutionarily stable strategies (ESS)

In this section, we aim to find criteria for the existence of evolutionarily stable strategies, when
the diffusion and advection rates are small. Recall that ' = 9/dd5.

LEMMA 6.1 At asingular strategy d, we have A = A(d,d) = 0, and (9/9d2)A(d,d) = O. Then,
the second derivative of A is given by (¢ = q/d1)

;—l%zzzk(d,d) = —2%, (46)
where ¢’ satisfies
€( gl — ag)) + (r(x) — u")¢’' +eufy =0 in (O,L),
(47)

dp, —q¢’ +ui =0 whenx=0,L, / e ¥dy*p = 0.
Proof Let d be chosen such that 2'(d,d) = 0. Differentiate Equation (31) with respect to d,

andthensetd, = d; = d, sothat A = A’ = 0, we obtain

e(doy, — qpy) + (r —u"e” + 2e¢y, = A'u* in (O, L),
doy —q¢” +2¢, =0 ax=0,L and
L L
/ e—qx/du*¢// +/ e—qx/d¢/2 =0,
0

0

(48)

where ¢’ satisfies Equation (32). Multiplying the above by e~ %/9u* and integrating by parts, we
obtain

~2e [ et =i [ e w?

This provesthe lemma |
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ProposiTION 6.2 Suppose for € = ¢x — 0, {dx} are a sequence of singular strategies such that
d¢ — d for some d > O, then

/ ¢y (€7, — / U (&),

where  satisfies

dry — qr .
(o — ) — 2Ly = inO,L),
dry —qr (49)
dyy — qu — Xr q ¥ =-r, atx=0,L, /e‘qx/drwzo.
Proof Werefer to Lemma4.5 of [33]. [ |

DEFINITION 6.3 Suppose that dy is a singular strategy in the limit, that is, fOL re(e=®/dor), = 0.
We say that dy is a local ESS in the limit if f Yy (e W/dor), > 0,

Our first main result of this section provides an explicit criterion for the existence of alocal
ESSin the limit.

THEOREM 6.4 Suppose r,ry > 0in [0, L] and

T r
2min = > max —. (50)
[oL] r [oL] r

If ry/r is decreasing and non-constant, then the unique singular strategy dq in the limit, given by
Lemma 5.8, is also a local ESS in the limit.

As an interesting complement of Theorem 6.4, our next result gives a sufficient condition on
the non-existence of an ESSin the limit.

THEOREM 6.5 Suppose r,ry, > 0 in [0,L] and Equation (50) holds. If ry/r is increasing and
non-constant, then there are no ESSs in the limit.

Under the assumption of either Theorem 6.4 or Theorem 6.5, for al e sufficiently small,
Equation (26) has aunique singular strategy d = d(¢) (by Lemmas 5.3, 5.4 and 5.8). Therefore,
we have the following theorem regarding evolutionary stability of these singular strategies.

COROLLARY 6.6 Suppose r,ry > 0in[0,L], and Equation (50) holds.

(i) 1f ry/r is decreasing and non-constant, then for all e sufficiently small, the unique singular
strategy d is also a local ESS; that is, there exists § > 0 such that

A(d,dp) <0 foralld, e (d—8,d+6)\{d}.

(if) If ry/x is increasing and non-constant, then for all e sufficiently small, the unique singular
strategy d is not an ESS. In particular, there are no ESSs for all e sufficiently small.

Remark 6.7 (i) By adifferent method, itisprovedin[2] that whenry/r = co for some positive
constant co, then the unique singular strategy is given by d = q/co, which isindependent of
€ > 0. Moreover, d = q/co isan ESS. Our results here explores the stability of this result.
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(i) Itisunclear biologically why the shape of the resource function plays such acritical role. It
seems interesting to enquire whether the assumption (50) is purely technical or not.

Wefirst prepare by proving afew lemmas.

LEMMA 6.8 Suppose
/ rie ®n, =0, (51)

(if r,re > 0, then by Theorem 4.5 necessarily q/d e [mingy; rx/r, maxpo, rx/rl), then the
following conditions are equivalent:

(i) [ (e /1), > 0 (condition for d > 0to be an ESS in the limit),
(i) d [e ™92y < [(gx/d® — 2Inr/d)ry(e ®/Ir)y,
(i) [(y —2Inr/d 4 qx/d?)r(e ), > 0,

where  is given by Equation (49), and y is a solution to
d(rle ™4y, = r(@®9r),  and yyly—oL = O. (52)

Proof Lety = rz, then by some elementary but tedious computationsinvolving Equation (49),
we have

drzy + (2dry — gr)zy + r = 0 in (O, L),

53
zX=—B ax=0,L. 3)
dr
Now, lety =z + Inr/d, then (adding an integral constraint for unigqueness)
r .
dryx + (2dr — gryx = I (f - g) in(O,L),
(54)
yy=0 ax=0,L and /y:O.
Or equivalently,
d(e ™/ r?y)x = (e ¥ ), in(O,L),
(55)

It remains to show the following claim. Recall that v,y satisfies Equations (49) and (52),
respectively.

CLam 69 [ ys(e ®iny = [(y = 2Inr/d + gx/d?)ri(e ™).

First, we show Claim 6.9:

/ Y (&),

Il e



Downloaded by [Ohio State University Libraries] at 05:53 14 November 2014

18 K.-Y. Lam et a.

= / r(yx - %) (e ™), + / (y— IZ—r> rx(€%/9r)y

= / ry, (e /%), + / (y— I?j_r> ry (e ™), by Equation (51)

r d
_ [ aavdp2 _ ¥ _Inr —qx/d
_/e reyy (Inr q )X+f <y q ry(e Ny
X Inr
- _—/d(e ox/dy2 yx)X Inr— %) +/ (y— T) re(e=®/4r),

1 _ gx Inr _ .
S ax/d _ 7 _ ax/d
=3 /rx(e Ny (Inr g ) +f (y g )rx(e rNx by Equation (55)

2Inr X
= / (y 9 + %) re(e™™9r),.

Second, we notice, by multiplying Equation (55) by y and integrating by parts,
—d / e M2y, )? = f yr(e /), (56)

Lemma 6.8 follows from Claim 6.9 and Equation (56). |

Proof of Theorem 6.5 By Lemma 6.8(ii), it remains to show that

/ (% —2In r) re(e %), <0, (57)

which implies that lim._,o(32/dd3)x > 0. First, by the fact that [ ry(e"%/), = 0 (singular
strategy in limit) and that ry/r increasing, the expression
—x/d ey g—ax/d K_ 4
ry(e Ny=¢ rxr< ; d)
changes sign exactly once, from negative to positive (sincery/r isassumed to beincreasing, non-
constant) and [ r(e"%/4r), = 0 (singular strategy in the limit). Hence, there exists X € (0, L)
such that ry(e~%/9r), is non-constant, and
<0 whenx e [0,Xp),
(e 9, =1 =0 whenx = xo, (58)
>0 whenx e (Xo,L].

Moreover, (gx/d — 2Inr — gxo/d + 2Inr(Xg))x < 0 by Equation (50), hence
>0 forxe[0,xo),
gx 0Xo (X — Xo)

r
E—Zlnr—T—ZInr(xo)_T—ZInm =0 forx =X, (59)
<0 forxe (Xo,L].

Finally, Equations (58) and (59) imply

/ (qF —2Inr — % - 2Inr(xo)> r(e™ %), < 0. (60)

which is equivalent to Equation (57), by [ ry(e"%/4r), = 0. [}
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Proof of Theorem 6.4  First we show the following calculus lemma.

LEMMA 6.10 Suppose that g(t) : [0,L] — (0,00) is a decreasing function and it satisfies
2ming > maxg, then

g(x) —n
29(x) —n

Proof By the monotonicity of LHS with respect to g(x) and of RHS with respect to g(y), it is
equivalent to show

gx) < 29(y) —n forallx,y € [0,L], andn e [ming, maxg].

b_
b —2a—y foralyelab], (61)
2b—n

whereb = maxg = ¢g(0) anda = ming = g(L) asg isadecreasing function.
Next, define

b(b —n)
2b—n’

h(n) =2a—n—
then

0 h? — (2b — n)? >0 whenn e (b,3b),
3_77h(n) = T on_ 2

(2b — n)? <0 whenn ¢ [b,3b].
In particular, for al n € [ming, maxg] = [a,b], we have h’(n) < 0. Hence,
h(n) > h() =2a—b >0 foralne[ming, maxg] = [a,b].
This proves Equation (61) and completes the proof of the lemma. [ ]

To prove Theorem 6.4, it remains to show that

2Inr X
/ <y S + %) re(e ™), > 0. (62)

By (i) r,rx > O, (ii) rx/r non-constant and decreasing, and (iii) | re(e"%/9r), = 0, we deduce
ry(e"®/9r), changes sign exactly once, from positive to negative. (63)

Hence, Equation (62) holds provided we can show that

2Inr  gx
(y—T+@>X<O. (64)
It is enough to show
ry ¢
dr[rg’%(yx<2?—a. (65)

By Equations (55) and (63), yx > 0in (0, L). Suppose, maxjg ] yx = Yx(Xo) for somexo € (O,L).
(Xo # O, L by the Neumann b.c.) Then by Equation (54),

e (r/r—q/d)
r(2r/r—q/d) |y,

But then by Lemma 6.10 (here we use Equation (50)), taking g = ry/r, we deduce that for al
q/d € [minry/r, maxry/r],

dyx(Xo) =

_ I (/r—q/d)
= T G/ —q/d)

This proves Equation (65) and finishes the proof of Theorem 6.4. |

r
< 2min

K_4
our d

X=Xo
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7. Everysingular strategy is convergent stable

In this section, we show that every singular strategy is convergent stable, when both diffusion
and advection rates are small. The main result can be stated as follows.

THEOREM 7.1 Suppose as € — 0, d = d(e) are singular strategies such that d — dq, then

necessarily
2

190 A
liminf ——A(d,d) > 0.
Ie—>I0 € adf ( ) ~
If we assume in addition that limsup, o 9/9t[(1/0d2)(t,1)]|,_s < O, then for all € sufficiently
small, there exist 5 > 0 such that
A(dy,dp) >0 ifd—8y<d; <dy<d ord <dy<ds<d+ .

In particular, all assumptions of Theorem 7.1 can be verified under the assumption of Lemmas5.7
and 5.8.

CoroLLARY 7.2 Under the assumption of either Lemma 5.7 or Lemma 5.8, for all € sufficiently
small, there exists §o > 0 such that

A(dq,do) >0 ifa—30<d1<d2§a ora§d2<d1<a+60,
where d = d(e) is the unique singular strategy guaranteed by Corollary 5.10.
Proof Thatlimsup,_ ,d/dt[(dr/dd2)(t,1)]|,_5 < Ofollowsfrom the proofsof Lemmas5.7 and
5.8 and by Corollary 5.10. [ ]
7.1. Formulasfor 1/3d; and 8%1/dd?

Differentiating Equation (30) with respect to d; once, then we have
) d a a ar au* .
e(dz( ¢’> q( ¢>)+<r—u)—¢— 2 2y s in,

ad ad ad ad ad
1 1 8¢ 8¢1 1 1 (66)
d =0 ax=0,L.
? <3d1) ~ %94, ady X=
Multiplying Equation (66) by e~%/%¢ and integrating by parts, we have
dA ou*
- —ax/dp 42 qx/dz 2
oy dy [ e = ey 67

Differentiate Equation (67) with respect to d; again, and setd; = d, = d (d isasingular strategy)
(hence ¢ = u* and A = 9A/ddy = dA/dd, = 0), we have

13 A ; 1 92u* 2 u* 3¢
equ/d u* 2_ _ = f e7q></d u* 2_ = / e7q></d * 68
€ ad2 ) € adZ( ) € 9d; ady”’ 68)

where 3¢ /dd1 = (d¢/dd1)(d, d) satisfies

. (8¢ 2 o _ o .
€<d<8_d1> q<8d1)>+(r_U)a_dl adlu In(O,L),

a(3¢) q3¢ =0 ax=0,L.

(69)

ady ad,
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7.2, Asymptotic limit of 321/9d?

In this section, we shall prove Theorem 7.1 in afew lemmas.

Lemma 7.3 Set d;=dp =d, then as e — 0, a subsequence (3¢/dd1)(d,d) — ¢’ in
HL((0,L)), where ¢’ is a solution of

dOrxx qrx

d0¢>/<x - q¢>,( - —d’ = I'ix in (0, L),
(70)
’ ’ dOrX
dopy — Ao’ — ¢ =r, atx=0,L.
In particular, if we define
1 e qx/d 0¢ u*
W _ b9 JeM W (72)
adq 3d1 f e~a/d (u*)2
then 3¢ /dd:- — ¢+ weakly in H1((0, L)), where ¢'* is the unique solution to
d — .
do — g — g = 1 in (O,L),
(72)

dOrx qr

dogp- — g’ — ,

X Tt =r atx=0,L and /e‘qx/df’qb/ir =0

Proof From ¢|q4,—d,—d = U*|d,—d, ONE can observe that

a¢ a¢ Ju*
d,d) + — =
( ) + ( d) = 90s g,

It follows that (since we know the equation for d¢/ad, which is Equation (47)), by passing to a
subsequence, d¢/dd;)(d,d) — ¢’, which satisfies Equation (70). The rest follows from the fact
that r = lim._.gu* isin the kernel, and normalization. |

Lemma 7.4 For any d and any g, limsup,_, o(1/€) [ e %/9(u*)232u* /3d? < 0.
Proof Denote du*/dd; = U’ and 3%u*/3d? = u”, we have

e(du), —qul) + (r — 2u")u” = —2eu), 4+ 2(U)? in (O,L),
duy —qu' = —2u, atx=0,L.

X

(73)

Multiply by —1/ee~%/dy* and integrate by parts, we have
1 _ _ 2 [ _
_/e qx/d(u*)zu// — _Z/U;(e qX/du*)X _ _/e qx/du*(u/)Z
€ €
< —Z/U/X(e‘qx/du*)x.

The last quantity is of order o(1) as u' — 0 in H! (Lemma 5.2) and u* is bounded in H?!
(Lemma5.1). [ |
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LemMma 7.5 For each singular strategy d,ifd > dg > Oase — 0, then

1 5 00 ou*
lim 1 [(ewiy 9290 4
e—>0¢ adl adl

Proof Denoted¢/dd; = ¢’ and du*/dd; = u’. Multiply Equation (69) by e*qx/aqb’, then

}/e—qx/au*u/d)/ — _a / eqx/a[(e—qx/ad)/)i —(m-— u*)(¢/)2]

€
2
< _E/e—qx/a 8_¢J_
- € 3d1
— —op [ ey,

where the second last inequality follows from Poincaré's inequality and the definition of ¢+
in Equation (71). A2 is the first strictly negative eigenvalue of (which is Equation (14) with e,
d1=d2 =d andklzk(d,d) = O)

€(dgux — o) + (M — U*)p = A¢in (O, L),
dpy —qe = Oat x = O, L.

Since one can show (see, e.g. [33, Proposition 4.2]) that 1,/€ — o2, which denotes the first
negative eigenvalue of (assuming d — do)

dOrxx —Qrx

dodex — Qpx — ————@ =0¢ in(OL),
dop— a9~ "y 0 ax=oL,
we deduce that limsup, _,, [ e ®/du ¢’ < 0. ]

Proof of Theorem 7.1 When d; = d, = d, Equation (68) is valid. Thus, the theorem follows
from Lemmas 7.4 and 7.5. |

8. Discussion

The question of why individuals disperse has a long and distinguished history in ecology and
evolutionary theory. While it is fairly straightforward to understand why dispersal is beneficial
in atemporally varying environment, early results in temporally constant but spatially varying
environments all point towards the benefit of slower dispersal. Simply put, random dispersal
tendsto moveindividuals away from higher quality regionsto lower quality habitat and therefore
dower dispersal should be beneficial. Ever since the work by Hastings [25], the challenge is to
find ecological mechanisms—and mathematical proof —for intermediate or higher dispersal rates
to evolve.

One such mechanism that has recently received much attention is that random dispersal can
— and sometimes needs to — balance individual movement behaviour along a resource or fitness
gradient. In the absence of strong enough diffusion, intrinsic movement bias towards better envi-
ronmental conditions may trap individuals and lead to overcrowding. With too strong diffusion,
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on the other hand, individuals underutilize regions of highest resource quality. Combining these
two mechanisms, intermediate dispersal can emerge as an optimal strategy (e.g. [2,11,24,33,34]).

Here and in [38], we consider an extrinsic movement bias (advection) as a mechanism that
may make higher diffusion rates beneficial. In an open environment, where advection may push
individuals out of the domain, some minimal dispersal rate isrequired for a population to persist
in the first place [40], so that the evolution of slower dispersal is impossible. In fact, when
only advection causes boundary loss, then higher diffusion is always beneficial, whereas when
diffusion may also cause boundary loss, an intermediate diffusion rate seems most beneficial
[38]. In aclosed environment that we studied here, advection pushesindividualsin one direction
but not out of the domain. Therefore, the population concentrates at the downstream boundary
and, similar to the case of strong movement bias to better resources, higher diffusion can be
beneficial. The detailed results depend subtly on the actual resource distribution, that is, the
shape of the function r(x).

The example of a piecewise linear resource function could lead to the guessthat if the resource
decreases in the direction of advection, then higher dispersal rates should evolve as amechanism
for individuals to remain in areas where resources are high. Whereas when resources increase in
the direction of advection, then an intermediate optimal dispersal rate might exist. Some diffu-
sion isnecessary to get away from the boundary but too much diffusion spreads the population to
upstream areas of low resource. However, the more detailed analysis reveal s a condition invol v-
ing the function ry/r for the existence or non-existence of an ESS. Future work will investigate
the cases where condition (50) is not satisfied and consider examples when r,/r is not monotone.

The theory developed in this paper can a so be extended to other models such as

ut=[d1ux—q<r—:)u]x+u(r—u—v), O<x<L,t>0,
vt=[d2vx—q<r—rx>v]x+v(r—u—v), O<x<L,t>0, (74)
I Ix
dlux—q(?)u_dzvx—q<?)v_0, x=0,L,t>0.
We refer to [2,11] for adetailed derivation of such models and related mathematical results.

It will also be of interest to consider more general ecological models such as

u-+v
utzdluxx—qux+ru<1—%>, O<x<L, t>0,

u+v

vtzdzvxx—qvx+rv<1—T), O<x<L,t>0, (79)

diuy —qu=dvy —qv=0, x=0,L, t>0.

Notethat if r(x) = K(x), system (75) is reduced to system (1). We suspect that the theory of this
paper can be extended to the model (75).
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