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SIAM REvVIEW
Vol. 14, No. 4, October 1972

SIMPLIFICATION AND SCALING*

LEE A. SEGELt

Abstract. An attempt is made to clarify two frequently used applied mathematical techniques.
Section 1 begins with a description of the basic simplification procedure in which a term is neglected
under the assumption that it is small, and the consistency of this assumption is later checked. Successful
uses of the basic simplification procedure are illustrated. Wretched consistent approximations are
presented, showing that the procedure can be misused. The situation is clarified by a discussion of the
relation between the size of the residual and the goodness of the approximation in three simple problem
classes. Section 2 discusses scaling: how to choose dimensionless variables in such a way that the
relative size of the various terms in an equation is explicitly indicated by the magnitudes of the dimen-
sionless parameters which precede them. Scaling is illustrated on a simple physical problem and on
several known functions. It is pointed out that more than one scale may be necessary, and the connection
with singular perturbation theory is established. Advice is given on circumventing the dilemma of
choosing scales for the unknown functions which comprise the solution of the very problem whose
investigation one is trying to facilitate by appropriate scaling.

Introduction. In his effort to acquire understanding of the subject he is
investigating, an applied mathematician cannot restrict himself to rigorously
justified operations. Sometimes years of research are necessary before his results
can be firmly established, and he cannot wait until this is accomplished. Yet, aside
from its obvious merit of providing reliable deductions from assumptions, rigorous
reasoning has the further advantage that it proceeds in a carefully defined and
well-understood manner. By contrast, reliable as they have proved to be, the freer
and more diverse techniques of the applied mathematician are rarely explicitly
delineated but rather are transmitted indirectly and informally. The techniques I
refer to here are not, say, use of Fourier methods to solve linear problems but the
techniques of constructing models and of simplifying equations, etc. I believe that
it will be useful to have available detailed explicit expositions of these matters.

The techniques I have in mind comprise the core of the applied mathemati-
cian’s art (or craft), so their description is necessarily incomplete and somewhat
subjective. Attempts to explain part of the artists’ methods yield material which
probably is not easy to read and (if the present effort is a guide) is definitely not easy
to write. Yet it is my experience with unpublished attempts in this direction that
the effort is worthwhile. Students are repelled by presentations beginning with
incantations like ‘“Many years work by experts indicates - --”’ but have their
interest aroused and their understanding aided by honest struggles to describe
what is being done. Researchers find that their command of the techniques is
enhanced by efforts to make them more readily understandable.

This paper comprises an attempt to describe two frequently used applied
mathematical methods: the utilization of consistent simplifications of problems
wherein a neglected term is verified a posteriori to be small, and the employment
of dimensionless variables which are selected so as to cause the appearance in the
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governing problem of meaningful small parameters (if this is possible). The ex-
position proceeds to a large extent from consideration of various examples. These
examples are very simple, so that the vista of ideas is not blocked by mountains of
calculations. (In the training of students, more complicated examples should be
referred to as well—whether by further class exposition, homework, or assigned
reading—to dispel notions that the ideas are trivial.) In trying to make explict what
is “well-known”’ I have probably briefly discussed a few matters which really are
thoroughly understood, but this does no harm. No attempt has been made to
give final and detailed procedural recommendations for specified classes of prob-
lems ; such recommendations can never be complete, and applied mathematicians
must cultivate the ability to extract a widely applicable method from the analysis
of a particular problem.

1. The basic simplification procedure. Simplification of a given set of equations
may make it possible to avoid large machine calculations or massive analytic work
and still to obtain a useful answer. Even if the equations can be solved exactly
without undue effort, simplified equations may yield a sufficiently accurate
solution whose features are more readily apparent than those of the exact solution.
Drastic simplification may allow rapid solution and immediate determination of
whether one is on the right track.

The following basic simplification procedure is used time and again by applied
mathematicians:

(i) Somehow identify terms which appear relatively small.
(i) Delete apparently small terms and solve the resulting simplified problem.

(iii) Check for consistency. That is, use the approximate solution just obtained
to evaluate the neglected terms, and check that they are indeed relatively small.
In practice, the smallness of a given term is generally gauged in relation to other
terms in the same equation.

We shall now present some examples of the procedure. In doing so we shall
use the symbol ~ to mean “‘seems to be approximately equal to”’ and = to mean
““is approximately equal to.”

Example 1.1. Pretend that the problem

(1.1a) x + 10y = 21,
(1.1b) Sx+y=17

is nontrivial. In (1.1a) the coefficient of the x-term is small compared to the co-
efficient of the y term so it is tempting to assume that the x-term may be neglected
to first approximation. Omitting this term we obtain

(1.2) y~21, x~X7—21)~0998.

Approximating the unknowns by means of the values given in (1.2), we estimate
that the ratio of the first term on the left side of (1.1a) to the second has magnitude
0.998/21 ~ 0.05. This number is small compared to unity so our approximation
appears consistent. And our approximate values of x and y are close to the true
values x = 1,y = 2.
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Example 1.2. Consider a body of constant mass m which is radially projected
upward from the earth’s surface with initial speed V. Let R denote the radius of
the earth and let x*(t*) denote radial distance from the earth’s surface at time t*.
(We use starred variables here so that later we can introduce unstarred dimension-
less variables.) Neglecting air resistance, the governing equations and initial
conditions are

2% 2 *
(13) X K w0, &
d(t*) (x*+ R) dr*

If V is small in some sense, the displacement x* should be small compared
to R. Instead of (1.3), we can then consider the simplified problem

d?x* dx*

©0) = V.

- (1.4) prer it £ x*(0) = 0, EF(O) =V,
with solution
dx* L w2
(1.5) e —gt* + V, x* = —3gt** + Vi*,

At the time t* = Vg~!, when the speed vanishes, we find from (1.5) that x* reaches
a maximum of 1V?/g. Thus x*/R is at most 1V2/(gR), and our approximation is
consistent when V2 is small compared to gR.

Example 1.3. (Our discussion will be similar to that found in [4, p. 258].)
Consider two-dimensional surface waves in inviscid water. The equation obtained
by balancing the product of the density p and the vertical acceleration with the
vertical pressure gradient and the gravitational body force is

Dv ap

1.6 e
(1.6) P D 3y gp
Let us consider wave motions which are slow in the sense that the vertical accelera-
tion Dv/Dt is negligible compared to the gravitational acceleration g, so that (1.6)

can be integrated with respect to y to obtain

(1.7) P —po=28Po +1—y.
This equation states that the difference between the pressure p and the atmospheric
pressure p, is due simply to the weight of water below the free surface y(x, t)
=y, + n(x, t). A second equation is obtained from the requirement of mass
conservation. The resulting problem yields waves whose speed c is roughly (gh)!/2,
where h is the water depth. (If the problem is linearized, ¢ = (gh)'/? exactly.) If
these waves have length 4L, a particle rises from the mean surface height y, to the
peak height # in about the time it takes the wave to move a quarter wavelength,
namely, L/c. Assuming smooth changes in #, we thus estimate the vertical speed
as cn/L and the vertical acceleration by nc?/L2. For consistency we must have
nc?/L? « g, where c? ~ gh.Asn < h, wecertainly have a consistent approximation
for waves which are long compared to the water depth in the sense L2 >» h?.
There is a feeling of general well-being attached to the property of being
consistent, but precisely what does consistency imply in the present context? To
generate interest in the answer to this question, let us turn to some examples which
illustrate some possibly disturbing aspects of the basic simplification procedure.
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Example 1.4. Consider the equations
(1.8a) 001x + y =0.1,
(1.8b) x + 101y = 11.

In (1.8a) the coefficient of the x-term is small compared to the coefficient of the
y-term. Seeing no reason to believe that x and y differ too much, we neglect the
former term to obtain

(1.9) y~01, x~11—-101(0.1) =0.9.

Using (1.9) we estimate that the ratio of the first term on the left side of (1.8) to the
second has magnitude (0.01) (0.9)/(0.1) = 0.09. This number is small compared to
unity so our approximation appears to be consistent. But the exact answer is
y=1,x = —90, so our “approximation” for y is off by a factor of 10, while our
“approximation” for x is off by a factor of 100 and has the wrong sign to boot.

To see what went wrong, let us generalize (1.8) and consider the following
equations for x(¢) and y(¢):

(1.10) ex +y=01, x+ 101y = 11.

Equations (1.10) reduce to (1.8) when & = 0.01. The approximation (1.9) cor-
responds to taking ¢ = 0. But is it true that x(g) ~ x(0), y(¢) ~ y(0) when ¢ = 0.01?
As soon as we ask this question it becomes clear that we shall be in trouble if x(¢)
and y(g) change rapidly with ¢ near ¢ = 0. That this is indeed the case can be seen
from the exact solution to (1.10):

0.9 01— 1le

(L11) *T1T101e YT 1= 1018

¢ # 1/101.

Example 1.4 illustrates the fact that an approximation which appears con-
sistent may not actually be so. In approximating x(0.01) and »(0.01) by x(0) and
y(0) we simplified the equations by neglecting the &x (¢) term. This is a consistent
procedure if [0.01 x(0.01)| is small compared to [y(0.01)|. Pretending that we only
knew the approximate solutions x(0) and y(0), we checked for consistency as best
we could by examining |0.01 x(0)/y(0)|. This ratio had the satisfactorily small
value 0.09 so the approximation appeared consistent. We were deceived, however,
since

0.01 x(0.01)/y(0.01) = 9.

We thus distinguish apparent consistency (the approximation to the neglected
term is small) from genuine consistency (the term neglected is truly small). The
third step in the basic simplification procedure should really be called checking
for apparent consistency.

It is not surprising that our approximation in Example 1.4 was a poor one,
because it was apparently consistent but not genuinely consistent. But it is dis-
heartening that an approximation can be apparently consistent but not genuinely
so. Even more disheartening is the fact that an approximation which seems
genuinely consistent may be very inaccurate, as is illustrated in the next example.
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Example 1.5 [6, p. 41]. The polynomial
(1.12) (x — D(x — 2)(x — 3) -+ (x — 20) = x2° — 210x!° + ---

has as zeros the first twenty positive integers. If the coefficient of x'? is changed by
the addition of ex!® where e = —2723 x —1.19 x 10~8, then the smaller zeros
are almost unaltered, but the larger zeros are so radically altered that the changed
equation has five pairs of complex conjugate roots, given roughly by 10 + 0.64i,
12 + 1.7i,14 + 2.5i,17 + 2.8i,20 + 1.9i. Whether the added term ex!? is evaluated
using the “approximate’ zeros or the exact zeros, it is still small in magnitude
compared to the retained term —210x'°. Both apparent and genuine consistency
seem verified, but the approximation is again a poor one.

We have established the existence of wretched consistent approximations. It
is clearly necessary to examine matters with more care. We shall find that certain
general remarks can be made, but that further understanding requires a somewhat
detailed analysis of various problem classes.

As was illustrated in Example 1.4, that a problem has been altered slightly is
a significant fact only if it is known that small changes in the problem cause
small changes in its solution. Numerical analysts call a problem ill-conditioned if
this is not the case. It will be convenient here also to use the terminology that the
solution to a problem is sensitive to neglect of a term T if such neglect cannot be
expected to result in a small change in the solution even when the neglected term
is genuinely small. Thus Wilkinson reports in [6] that the smaller zeros of (1.12)
are not sensitive to alterations in any of the coefficients (these alterations can be
regarded as the neglect of certain terms in an obvious way) and even the larger zeros
are not sensitive to the neglect of certain coefficients. But the larger zeros are
sensitive to the neglect of some of the coeflicients, namely, those multiplying the
higher powered terms in the polynomial. v

The only blanket statement which I can make concerning the value of con-
sistency checks is that lack of apparent consistency is almost certainly associated
with poor approximation. To show this, let x symbolize the true solution to some
problem and let X denote the approximate solution which one obtains when the
term T'is neglected. Neglect of T'is apparently or genuinely consistent, respectively,
if T(X) or T(x) is small. (The notation used here is symbolic. x could be a vector
function, for example, and T could depend on the components of x and several of
their derivatives.) If the solution is sensitive to the neglect of T, then, by definition,
such neglect cannot be expected to lead to a good approximation. If the solution
18 not sensitive to the neglect of T, then

[T(x)small] implies [X ~ x] implies [T(X)small],

assuming that T varies continuously. Finding a large apparent error T(X) is there-
fore logically inconsistent with the supposition that the term neglected is genuinely
small, and neglect of a genuinely large term cannot be expected to lead to a good
approximation.

The imprecise words “small’’ and “large”” appear again and again, but these
words can only be given a definite meaning in the context of a particular problem.
Thus, the numerical magnitude of an acceleration (say) can be changed by altering
the time scale, but this change can have no effect on the question of whether the
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acceleration is negligible or not. To mention a slightly different example, if a
certain temperature should be 1°C but was calculated as 1.1°C the error is 10%.
If the Fahrenheit scale is employed, the percentage error is only about 0.5 %, but
it is without significance that the latter percentage is much smaller than the former.
Whatever temperature scale is used, the decision as to whether an error is accept-
able or not rests on scientific grounds and must be independent of the units
employed. (Note: The difference between the alterations of the time scale and the
temperature scale is that the former involves only the choice of a unit, while the
latter also involves the choice of a zero.)

To make further progress, it is necessary to consider particular types of
problems. We shall discuss linear algebraic equations, the determination of the
zeros of a function, and second order ordinary differential equations.

1.1. Linear algebraic equations. Suppose that we are confronted with the
equation Ax = b, where A is a square matrix and x is a column vector. Instead, we
solve a simplified or modified problem in which A is replaced by 4, . (We assume
the existence of 4~ ! and A !.) If we denote the solution to the modified problem
by x;, we have A;x; = b. We shall designate the terms which are apparently
neglected in the modified problem as the residual r and the terms which are
genuinely neglected as the genuine equation error g. The vectors g and r are given by

(1.13) g=Ax — A x=b — Ax, r=Ax, — A;x; = Ax; — b.

We denote the difference between the answers to the modified and exact problems
by h:h = x; — x. Since A(x, + h) = b we find

(1.14) Ah=r, h=A1r,

so the error & can be expressed in terms of the residual r and the original matrix A.

(We can also express h in terms of the genuine equation error g and the modified
matrix A,, by h = A 'g, but this is less useful.) From (1.14),

AR Z |7l and &I < JA7") 7],

by the fundamental inequality connecting a vector norm and its subordinate
matrix norm [6, p. 80]. Thus we can bound the error by

(1.15) TAI= el < Il < 1A e
To bound the relative error we use the original equation Ax = b to write
1Bl 141~ < lixll and [Ix]| < A7) bl
We thereby obtain
(1.16) k'R < E £ kR,
where
E = relative magnitude of error = | k| /|| x|,
R = relative magnitude of residual = | r||/||b]l,

x = condition number = |4 ||[4A7!].
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Hopefully, the residual is close to the genuine equation error. As we have
already mentioned, however, the error in the answer depends not only on the error
in the equation, but also on how sensitive the equation is to modification. As is
frequently the case in matrix problems, in (1.16) the sensitivity or condition is
quantitatively expressed by the condition number | 4| |4~ '|| = k. We shall not
use the Euclidean norm, so that |I|| = 1and x = ||A4~!| = 1. Thus the condition
number cannot be less than unity, but (by definition) in well-conditioned problems
it will not be too much greater than unity. For well-conditioned problems, then,
(1.16) shows that the error will be large if the residual is large, and the error will be
small if the residual is small. For ill-conditioned problems, on the other hand, the
error can be large in spite of the fact that the residual is small. Further, the error
can be small even though the residual is large. This last result demonstrates
particularly forcefully that ““anything can happen” with anill-conditioned problem,
for a small error may result even if such a problem is drastically altered.

To illustrate (1.16), consider Example 1.1. There,

[1 10] ) [— 1/49 10/49] [0.998:' [21]
A= , A= , = , b= .
5 1 549  —1/49 0 7

We shall employ the sup norm so that
x| = max|x] and [A] =max} |a,
1 13 J

where the x; and a;; are the elements of x and A respectively. Thus
k= ||A|l |[A7Y = 11(11/49) =~ 2.4,
R = |r|/IIb]| = 0-998/21 ~ 0.05,

and (1.16) gives, approximately,

(1.17) 0.02 < E £0.12.

Actually,
1 _ [0.002 Al

Example 1.4 shows what happens in an ill-conditioned problem. We have
(1.18) |Al = 102, A~ = 10,200, k ~ 10°, R =~ 1073,
so roughly, 107° < E < 10°. Actually, E ~ 1. The error bounds are of little help,
but the vast size of the condition number tells us all we need to know—that our
“‘approximation’’ is almost certainly useless.

The estimate (1.16) does not give any justification for comparing the residual
with “a term retained,” but rather shows that comparison with the right side of
the equation is informative. I have been unable to find any evidence for the use-
fulness of the statement the residual is small compared to a term retained except the
following very crude remark : If the term retained is “typical,” and if there is no
near-cancellation of typical terms which results in a decrease in magnitude of the
left side of the equation, then the italicized statement is equivalent to a comparison
with the right side of the equation. Rather than contemplate this string of ““ifs,”
why not compare r with b?*

"In Example 1.1; the apparent value of the retained term 10y equals 21 so that |x| « [10y| implies
the desired fact that |x| « max [21, 7].
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The estimates given by (1.16) are of a general type which is common in the
numerical analysis literature, but I was unaware of explicit mention of them.
E. Rogers has pointed out to me, however, that (1.16) is found in L. Collatz [7, p. 100]
and in E. Isaacson and H. Keller [8, p. 48].

Successive reduction of residuals by an iteration process forms the basis of
many techniques of numerical analysis. For example, this is the explicit strategy of
relaxation methods. In the present case, the equation Ah = r can be used to
approximate the error s, and a better approximation can generally be obtained by
repeating the process. (For details, see [6, p. 121 ff].) But we are primarily interested
in situations where it is not feasible to calculate higher approximations, so to gain
further understanding of the meaning of a small residual we turn from linear
systems to another class of problems.

1.2. Zeros of a function. Let a zero of f(x, ) be x(¢), so

(1.19) fIx(e),e] = 0.

Suppose ¢ is a smalt parameter, and let an approximation x© to the zero x(¢) be
found by setting ¢ = 0, so that f[x®, 0] = 0. (We shall consistently use a super-
script zero to indicate that ¢ has been set equal to zero.) The equation error in
equating f(x, 0) to zero rather than f(x, ¢) is f(x, ¢) — f(x, 0). The error is apparent
or genuine depending on whether this expression is evaluated when x = x® or
x = x(¢). Thus for the genuine equation error g we have

g = f[x(e), &] — fIx(e), 0] = —¢fPx'(0) + O(e?),
while the residual satisfies
r= 1,8 - f1x.0] = f[x*&] = of © + 0(e?).

We wish to relate r to h(e) = x(e) — x'?, the error in the solution. We shall
retain only lowest powers of ¢. To lowest order,

h(e) = ex'(0).
But
0 = f[x(e), &] — f[x0,0] = &{ fOX(0) + £V} + O(e?).

The vanishing of the expression within the curly brackets implies two things.
(i) The genuine error and the apparent error are equal to first approximation.
(ii) To first order, the error is given by

(1.20) h=—r/fO

The error again depends not only on the residual r but on a measure of the
condition of the problem, in this case f{°. Here, the influence of condition is par-
ticularly clear. If f(*) is small, then a small change in fis associated with an order
one change in x ; in other words, a small change in the equation is associated with
a non-small change in the solution. When this is the case, one expects a large
error in spite of a small residual.

Leaving conditioning aside, when relative error is to be estimated it is the
relative residual r/x which is relevant, where x is the solution. Barring cases of
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ill-conditioning, r can be compared to the approximate solution. Consequently,
in Example 1.5 one should not examine the ratio of the neglected term to a term
retained, but the ratio of the neglected term to the estimated solution.? The latter
ratio is eX'°/%. For ¢ = — 2723 this ratio is small for X close to unity but becomes
large for X much bigger than 2. There is a clear warning of difficulty for the larger
roots. Actually the warning is somewhat premature, for here the conditioning
factor acts to keep the errors reasonable for zeros up to about 10. (See [6] for a
full discussion of sensitivity in this problem.) ““Normally’’ the various terms in a
polynomial might be expected to be of the same size with coefficients of unit
magnitude ; in such a case comparison with any term retained will give the mag-
nitude of the desired ratio between the residual and the solution. The present
polynomial is not ““‘normal,” however. Many of its coefficients are very large, but
- the terms nearly cancel because of sign alternations. ‘“‘Abnormal’” equations with
such large but nearly canceling terms are not a rarity ; this must be kept in mind
when comparing a term neglected with an allegedly ‘““typical’’ term retained.

1.3. A differential equation. Consider the following initial value problem for
x(t, e):
S, x,%,%,8)=0;  x(0)=4,%0) = B;
lg) « 1; “=d/dt.
The following reasoning closely parallels that used in the discussion of (19).
An approximate solution x‘%(¢) is found by setting ¢ = 0:

(£, x, %9, %9 0) = 0.

(1.21)

The residual r satisfies
r=f(t,x?, x9 %9 ¢) = ¢ f5l,-o + O(e?),
while the genuine equation error g satisfies '
g=—f(t,x,%,%,0) = —e[fox, + fiX, + fiX),—0 + O(£?).
(Subscripts denote partial derivatives.) But
0=f(t, x,%,%,8 — f(t, x?9, x?, % 0)
= e[ f3x, + f3X, + fa¥X, + fs)i=o + O(&?).

Thus, as before, using a superscript to remind us that all terms are evaluated at
¢ = 0, we have

(1.22) SORD 4 [9%, + [Px, =~
We conclude from (1.22) that the residual and the genuine equation error are the

same to lowest order. Also, we can now obtain an expression for the error in
terms of the residual. To do this we make the definitions

F@&) = (/9. 9. 1),

(1.23)
h(t) = (x — x9, x — xO, % — £,

2 Infatuates of our terminology could say that Example 1.5 provides an example of “apparently
genuine consistency.”
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We note that
h(t) = &(x{, 9, ) + 0(e?).
Thus to lowest order, (1.22) implies
(1.24) F-h= —r.
Since |r| < |F| |h|, we have

("
= F| = min [F’

Here is the presently appropriate version of our now-familiar result that a large
residual precludes a small error unless the problem is ill-conditioned. If a single
condition number is required, that number is the smallest value of |F|. Note that
both the error vector h and the condition vector F involve not only the behavior
of the solution but also of its first two derivatives. Thus, even if a small change in
the equation is associated with a small change in the solution itself, ill-conditioning
arises if, for example, the solution’s second derivative is markedly affected.

It is difficult to make any general statements from (1.24) about whether a
smallresidual implies a small error. All one can say is that, as usual, ill-conditioning
must be excluded. Further, one must somehow satisfy oneself that the smallness
of r does not arise from cancellation of non-small errors in x{?, %{*) and %(*. In
particular cases one can often make stronger statements. To illustrate this, consider

(1.25) X+ (1+ex)”2=0; x(0) =0, x(0)=1.

As weshall demonstrate below, (1.25)is the governing equation of the appropriately
nondimensionalized version of the projectile problem of Example 1.2 when the
parameter ¢ = V2/Rg is small. In this case, F = (0,0, 1)and r = £x'®(t) so one can
immediately deduce from (1.24) that

(1.26) |eX(?) < e max x°t).

To first order in ¢, the above relation shows that the error in the acceleration is
small. Two integrations permit estimates of the error in x itself.

An important point can be introduced via consideration of small vibrations
of a simple nonlinear pendulum. It can be shown that the proper formulation of
this problem is

(1.27) 0 +¢ sin(e20)=0;  00)=1, 60)=0; 0<exl.

(It is not necessary here to identify the variables.) The zeroth approximation is
0® = cos t. Using (1.24) to express the error, we find

(1.28) e[0° + 0] = r = ¢[00,

We see illustrated here why it is difficult to bound the error from a knowledge of
the residual, for (1.28) is nothing less than a differential equation for 6{*). We are
faced with the problem of obtaining an estimate of the solution to a linear differ-
ential equation from a knowledge of the magnitude of its forcing term. There is no
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universal formula here, but the following simple calculation is typical of what can
be done. Using the methogi of variation of parameters and observing that the
initial conditions 0(2(0) = 6{°(0) = 0 hold, we write

00 = ft sin (t — &r(&)d¢E.
0

Since |r| < ¢/6,
|e09%t) < eT/6 for0 <t < T.

As is well known, there is indeed an increase of error with T.

From another point of view, the current example illustrates the fact that
perhaps the best way to obtain information about the validity of the first approxi-
mation is to compute the second approximation. After all, 6 is nothing more
than the O(e) coefficient in the power series expansion of 0(t, ¢). Equation (1.28)
which governs 6 was obtained by what can be regarded as the parametric
differentiation approach to perturbation theory.

This is where we terminate our analysis of the basic simplification procedure.
We have begun a probe into the relation between the residual and the error. We
gave some examples of approximations which were poor in spite of small residuals.
(See [5, p. 198 ff. and p. 276 ff.] for other examples.) In trying to pinpoint what went
wrong we considered some classical problems but only scratched the surface of the
available body of knowledge concerning the use of residuals to obtain good
approximate solutions. For such problems, the basic simplification procedure is
only the beginning of a proper approach. (Those interested in passing beyond the
beginner level are urged to consult the slim but extremely helpful book of Wilkinson
[6] which we have repeatedly cited.)

But time and time again the applied mathematician is faced with a problem
which is so formidable that he can barely solve a highly simplified version of it.
We have discussed classical examples as a means for acquiring a general under-
standing which will be useful in attacking these more formidable problems. Our
discussion leads us to the following recommendations

(i) Use the basic simplification procedure in difficult problems. Not much
extra work is required to estimate the magnitude of neglected terms, and you will
at least learn where your simplification is almost certainly invalid (when the
residual is large).

(ii) Although itis difficult to bound the error associated with a given residual,
it may be helpful to regard the residual as an extraneous forcing and to use physical
intuition to estimate its effect. Another possibility is to replace the residual by its
mean or maximum value and to evaluate the effect of this constant forcing. To
spot hidden ill-conditioning, make small random modifications in the problem
and solve again [5, p. 170].

(iii) Beware of comparing a term neglected with a term retained. To estimate
relative error, compare the neglected term with your approximate solution.

(iv) An applied mathematician studies simplified models to gain an under-
standing of complicated situations. In this spirit, regard a deep study of the
simpler classical problems of numerical analysis and perturbation theory as not
only of value in itself but also of value in its indication of what to expect in more
complicated problems.
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2. Scaling. In much of our previous discussion, we took for granted that a
first approximation was obtained to the solution of some problem by letting the
small parameter ¢ tend to zero with the independent variable fixed. For this to be
the case, the variables must be properly chosen. As an illustration, consider

(2.1a) ux,e)=x+e ™ for0<x=<1, ¢>0,
where
(2.1b) lim u(x, €) = x.

e~ 0

If we switch to the new independent variable £ = x/e, we have
(2.2a) v(&,e) = ue,e) = ek + e 5,
(2.2b) limv(&, ) = e™°.

=0

On the other hand, if we introduce n = x/¢?, we obtain

(2.3a) wn, €) = ue’n, ¢) = e*n + e,

(2.3b) !:eré wn,e) = 1.

Which of (2.1b), (2.2b), and (2.3b)—if any—gives “the correct first approximation”

to (2.1a)? This is not a difficult question, but let us proceed slowly.

2.1. Dimensional analysis. It is appropriate to begin by reviewing the process
of introducing dimensionless variables [1], [2]. We shall illustrate the ideas on the
projectile problem of Example 1.2. We repeat the equations of (1.3):

d?x* gR? dx*
4 - - H0) =0,
(24) i = TRy OO0 g

©0) = V.

In (2.4) the parameters and their dimensions in terms of length (L) and time
(T) are:

Parameter Dimension
Earth radius R L
Gravitational acceleration g LT™?
Initial speed V LT™!

The quantities R and R/V are appropriate choices for an intrinsic reference length
and an intrinsic reference time, where intrinsic reference quantities are defined to
be standards of measurement formed from the parameters of a given problem. We
measure the dependent variable x* and the independent variable t* using the
above-named reference quantities as units. This is equivalent to introducing the
variables

(2.5) y = x*/R, ©=1t* RV,
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with which (2.4) becomes

d’y 1
(2.6a) SP = —m,
(2.6b) y0) =0,
dy =
(2.6c) E(O) =1,
where
2.7 e = V%/(gR).

The variables y and 7 in (2.6) are dimensionless because their values are independent
of the units used in the measurement process. The parameter ¢ is also dimen-
sionless.

If we explicitly note parameter dependence, (2.4) appears to have a solution
of the form

(2.8) x* = x*t*;g,R, V),
while the solution to (2.6) can be written

(2.9) y = )t;¢).

The solution (2.8) depends on the three parameters g, R, and V, but in (2.9) only
the single dimensionless parameter ¢ appears.

As an alternative to (2.5) we could base our time scale on the acceleration g,
writing

(2.10) z=x*R, 1,==t*/(Rg”")

with which (2.4) becomes

d2
z ! 20 =0, )=,

211 er___ 1
(11) dr} (z + 1% dr,

Now we expect a solution of the form
(2.12) z = z(1y,8).

There are innumerable reference times, for h(e)RV ~! will serve, for any
function h. Whichever of these reference times is employed, it will still be the
case, as in (2.9) and (2.12), that the dimensionless distance from the earth depends
only on a dimensionless time and the single dimensionless parameter .

A priori it would seem advantageous in a given problem to compare lengths
with an intrinsic reference length rather than with an arbitrary length such as the
distance between two scratches on a certain metal bar. As our example illustrates,
this is the case—and the advantage is that the number of parameters which appear
in a problem is reduced when dimensionless variables are employed. (To be more
precise, no parameters disappear, but they are seen to occur only in certain
dimensionless combinations called dimensionless groups.)
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Our example illustrates the fact that in all but the simplest problems, non-
dimensionalization can be carried out in a variety of ways, each of which confers
the same reduction in the number of parameters which appear. Is there a preferred
set of nondimensional variables? The ensuing remarks will show that often there is.

We turn now to the matter of how to take advantage of the knowledge that
a certain parameter is small. That a dimensional parameter is “small”’ is virtually
without meaning, for the size of the parameter depends on the units of measure-
ment. We are thus concerned with the presence of a small parameter in a set of
dimensionless equations. It is natural to derive a simplified problem by passing
to the limit when the small parameter is zero. This is not a straightforward matter,
however, because in obtaining an appropriate simplified equation, a term cannot
be neglected merely because it is preceded by a small dimensionless parameter.
If this were not the case, then in the trajectory problem we would deduce from (2.6)
that the lowest order approximation y, satisfies

dyo

(2.13) —o + )72 =10, ye(0) =0, J
T

0)=1.

But this problem has no solution. Using (2.11) on the other hand, the lowest order

equation would be

d?*z, 1 dz,
= - ) 0 = 0’ 5

72 o+ O dr,

(2.14) 0)=0.
The solution here is negative, and can therefore only apply beneath the surface
of the earth!

2.2. Definition of scaling. Since dimensionless variables can be chosen in a
variety of ways, one cannot expect that the appearance of a small dimensionless
parameter will inevitably signify the presence of a relatively small term. Scaling
amounts to nondimensionalizing so that the relative magnitude of each term is
indicated by a dimensionless factor preceding that term. More formally, in the
process of scaling one attempts to select intrinsic reference variables so that each
term in the dimensional equations transforms into the product of a constant dimen-
sional factor which closely estimates the term’s order of magnitude and a dimen-
sionless factor of unit order of magnitude. (For the time being we shall use the
phrase “order of magnitude” in the sense of “‘approximate size.”” We shall shortly
specify the meaning of this phrase more precisely.) Intrinsic reference variables
which are selected by this process are called scales. Generally, scales differ for
different parameter ranges. Also, we shall see that for a given range of parameters
it may be necessary to choose different scales for different ranges of independent
variables.

2.3. Scaling the trajectory problem. To illustrate the scaling procedure, let us
consider the projectile problem in situations where the projectile’s distance from
the earth’s surface x* is always small compared to the earth’s radius R. Such
limited motion occurs only when the initial speed V is ‘““sufficiently small.”” On
dimensional grounds we can assert that V' must be small compared to some
multiple of (Rg)'/?, the only combination of parameters other than V with
dimension length/time.



SIMPLIFICATION AND SCALING 561

When x* « R, it is clear that the acceleration has order of magnitude g,
the gravitational acceleration at the earth’s surface. Now if a projectile is launched
with initial speed V and is then acted on by a uniform decelleration of magnitude g,
the projectile will momentarily come to rest (at its maximum elevation) in time
V/g. Taking the average of its initial and final speeds, we estimate that in time V/g
it will move a distance equal to (3V)(V/g) = 4V?/g. To keep the factor £ in this
expression might imply more accuracy than we can legitimately claim—remember
that we have replaced the continuously changing speed of the particle by the
average of its initial and final values and we have ignored the change of the force
of gravity with distance. We thus take V?/g as our estimate of the order of
magnitude of x*.

Remark. Our initial assumption that the parameters are such that x* is
always small compared to R is now seen to require that ¥'?/g be small compared
to R. Because we have thought more deeply about the problem, it is not surprising
that this is a more precise statement than the requirement “V must be small
compared to some multiple of (Rg)!/2,”” which is all one can deduce on dimensional
grounds.

We have completed the most difficult part of the scaling procedure, estimation
of the size of various terms in the special circumstances under consideration.
We now show how to take formal advantage of the above estimates which show
(i) that the displacement x* has order of magnitude V'2/g and (ii) that the accelera-
tion d2x*/dt*? has order of magnitude g.

Using (i), the dimensionless displacement x should be defined by

(2.15) x = x*/[(Vig™1.
With this change of variable x* will be replaced according to the equation
(2.16) x* = (V%/g)x.

The first factor on the right side of (2.16), namely, (V2/g), correctly and explicitly
shows the order of magnitude of x*. As x* is of order of magnitude V?/g, (2.15)
shows that the dimensionless factor x must have order of magnitude unity, as
required by the scaling procedure.

From estimate (ii) we must choose a time scale T such that if the dimen-
sionless time ¢, defined by

(2.17) t = t*T,

is introduced into (2.4), then the term d?x*/dt*? is transformed into the product
of a dimensionless term and the constant g. But, from (2.15) and (2.17),

d*x*  V? d?’x

dt** — gT? di*’

The requirement V?/(gT?) = g gives T = V/g as an equation defining the time
scale.
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With the appropriate scaled dimensionless variables

(2.18) x = x*/(V%¢~!) and t=1t*/(Vg™ "),
(2.4) becomes
d*x R?

-1 —_ = —_—
(2.19) 8a2 = T (xV%g T + R
(2.19b) x(0) = 0,

dx
2.1 —(@0) =1.
(2.19¢) dt( ) =1

To simplify we divide both sides of (2.19a) by g, and divide the numerator and
denominator of its right side by R?. This gives

(2.20) i=—-(1+ex)"%;  x(00=0, x0)=1.

(Note that because of this division, it is relative orders of magnitude which are
now explicitly displayed. In particular, the factor ¢ gives the order of magnitude
of x* divided by R.)

Since (2.4) has been nondimensionalized in the particular way called for by
the scaling procedure, we are confident that when ¢ is small compared to unity
the term ex is small compared to 1. If the lowest approximation to x(t) is denoted
by x°(t), we have from (2.20):

(2.21) ¥ = -1, xX9%0) =0, x90) =1.
Thus

xXP=¢t—42 and 0xXx9<L for0Zt <2,
so from (1.26) we find the error estimate

Ix(t,e) — xXOt) £ e+ O(?) for0 <t <2+ Of).

The inappropriateness of the previously obtained “‘approximate equations”
(2.13) and (2.14) when ¢ « 1 can now be ascribed to the fact that in both (2.6)
and (2.11) the nondimensionalization was not in accordance with the scaling
procedure. That these incorrect “approximate” problems do not have a sensible
solution is comforting, typical, but unfortunately not inevitable. (Recall Examples
1.4 and 1.5.)

We must emphasize that the choice of scales depends on the parameter range
under consideration. As an illustration of this, observe that we have scaled the
projectile problem when ¢ « 1, but if ¢~ ! is a small parameter, then new scaling
is required. To mention one facet of the new situation, when ¢! is small the
initial speed is so large that the particle soon passes many earth radii from the
earth’s surface and it becomes wrong to estimate that d*x*/dt*? has magnitude g.

2.4. Order of magnitude. Further work will be facilitated if we use the phrase
“order of magnitude” in a precisely defined way. A number A will be said to have
order of magnitude 10", n an integer, if

5-10"1 < 4] £5-10".
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By the order of magnitude of a function f defined over a certain region we mean
the order of magnitude of the number M, where M is the maximum (or perhaps
the least upper bound) of | f| over the given region.

In some situations, the degree of accuracy required could make it expedient
to base one’s definitions on powers of three or on powers of 100 rather than on
powers of 10. Also, note the distinction between the order of a function defined
over a certain domain, denoted by the O symbol, and the numerical order of
magnitude of a function as defined above.

2.5. Scaling known functions. Scaling of known functions is now a straight-
forward matter. It will be helpful to consider a few examples.

For definiteness let us at first consider a phenomenon which is governed by
a single first order ordinary differential equation in which the independent variable
x* does not explicitly appear, say,

(2.22) F(u*,du*/dx*) = 0.

Suppose that x* is restricted to an interval I* (which may be infinite). It will be
convenient to refer to u* as a velocity and to imagine that x* is a spatial variable,
although our discussion applies to any dimensional dependent and independent
variables u* and x*.

Let L be the length scale and U the velocity scale. Introduce the dimensionless
velocity u(x) by

(2.23) x=x*L, u=u*U.
We have
(224) u*(x*) = Uu(x*/L), dL* _ E du(x)

dx* L dx |goer

If U and L are indeed appropriate scales, then the combinations of U and L
which appear on the right side of the equations in (2.24) must be reasonable
estimates for the maximum absolute values of the terms on the left. Now ordinary
scales can usefully be regarded as estimates of exact scales in which U and U/L
actually equal these maximum absolute values. For exact scales,

(2.25) U = max |u*(x*)|
x*el*
and
U du*
(220) L= x|

From (2.26), using (2.25), we have

Iu*lmax

(227) L= m.
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u*(x*)

Tu™l max ———ﬁ ‘‘‘‘

/

| slopel = |du*/dx*|

max

1

F1G. 1. The length scale L according to formula (2.27)

Equations (2.25) and (2.27) give explicit expressions for the exact velocity and
length scales in problems governed by (2.22). Note from Fig. 1 that L can be
interpreted as the base of a right triangle whose altitude is |u*|,,, and whose
hypotenuse has the slope |du*/dx*| ..

Example2.1. u*(x*) = Asin Ax*, —o0 < x* < o0 ;Aand A positive constants.
Obviously U = A. Since

|du*/dx*| pax = |AA COS AX¥| oy = A4,
(2.27) implies L = A~ 1.

Example 2.2. u*(x*) = A[x* + exp(—x*/e)],0 < x* =< 1; A and ¢ positive
constants, ¢ « 1. Here

|u*|max ~ A7 |du*/dX*|max = lA + Ag_l exp(—X*/g)lmax X Ae—l’

so L = ¢. See Fig. 2.
Suppose that the problem is governed by

(2.28) F(u*,du*/dx*, - - -, d"u*/dx*N) = 0,

generalizing (2.18). Equation (2.25) is still an appropriate definition of the velocity
scale U, but in choosing the length scale L we have to consider each of the

derivatives

di K[k i

dur(x) _ Ufdulx) , i=1,2,.--.N.
dx*! L' dx' oo
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ul

U (x*)=A(l-e7 7€)

Islope| = |dU“/dx'|mox

|
0] € { x*

FiG. 2. The length scale L for the function u*, where u*(x*) = A(x* + exp (—x*/¢)]; A and ¢ posi-
tive constants,0 < x* < 1, e « 1.

We must choose L so that

U
=L,'7r

d'u*

g i=1,2,---,N.

(2.29)

To make our estimate as sharp as possible we must select the largest value of L
such that (2.29) is satisfied. It follows that
U 1/i
L is the largest constant such that L < [W]

fori=1,2,---,N;or

llest of —J U 12 Y N
_ . R [
L= smallest ol e [Idzu*/dx*zlmx] ’ ’[ldNu*/dx*”lmax]

Example 2.3. For the sinusoid of Example 2.1,

U 1/i A 1/i _
(230 [m] = [H] =4

so L = 47! regardless of how many derivatives are involved in the governing
equation (2.28).

The absence of x* in (2.28) is characteristic of a wide class of spatially
homogeneous problems. For such problems, ““one place is just as good as another.”
Formally, spatial homogeneity manifests itself in the fact that the governing
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equation, having no explicit appearance of the independent variable x*, retains
its form when subject to the axis translation x* — x* + const. As would be
expected, length scales for problems not characterized by spatial homogeneity
must take into account the variations of the inhomogeneity. For homogeneous
problems, however, we can conclude that the length scale (A7') of a sinusoidal
function of zero mean value is approximately 1/6 of its period (2zd ™).
Example 2.4. The function considered in Example 2.3 has a length scale
which is independent of N, the number of derivatives which must be taken into
account. An example of a function whose length scale depends upon N is

u*(x*) = M + Asin Ax*, —oo < x* < o0,

M, A, and A positive constants. Here

A [T Yol i, M
U=M+da, |-—o | =i MY Uy M
[ld'u*/dx*'lmax] ,1[ - A:| so L ,1[ M A]

The dependence on N is weak providing M/A is not large compared to unity.
When M is large, the length scale is large.

Our discussion may be extended to problems where there is more than one
dependent variable or more than one independent variable. In the latter case,
scales are assigned to independent variables by treating each separately. In the
former case, the scale assigned to a given independent variable must take into
account derivatives of every dependent variable.

2.6. Orthodoxy. Two matters of concern remain even after the process of
scaling enables one to put a problem into a form which explicitly reveals the
presence of terms (if any) having relatively small orders of magnitude. The first
matter is that neglect of relatively small terms may have a large effect. This was
discussed in § 1. In what follows we shall assume that relatively small terms are
negligible.

The second matter of concern stems from the fact that the order of magnitude
of a term estimates that term’s maximum magnitude. If the magnitudes of the
various terms in an equation stray too far from their maximum values, then the
order of magnitude estimates may give misleading impressions of their relative
sizes over much of their domain of definition. We say that a term in an equation
satisfies the orthodoxy requirement in a given domain if the term’s absolute value
does not differ drastically from its maximum absolute value except perhaps for a
negligible portion of the domain in question. Suppose that in a certain equation,
the order of magnitude of a term T is much greater than that of a second term T, .
If the first term fails to satisfy the orthodoxy requirement, then the first term
may be smaller in absolute value than the second for much of the domain in
question, even though the maximum absolute value of the first term is much
greater than the maximum absolute value of the second term.

Difficulties due to unorthodoxy are less widespread than one might think.
Unorthodoxy might seem almost inevitable, for example, when the same length
scale must serve to characterize the change of several variables ; but this is not the
case. The reason seems to reside in the fact that the dependent variables are bound
to combine so that certain differential equations are satisfied. It is difficult to
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imagine how such variables can differ widely in behavior. Presumably this is why
it commonly occurs in practice that a length scale selected by concentrating on
just one of several dependent variables frequently serves well for all of them.

“Harmless” unorthodox functions occur in the study of small amplitude
water waves [4]. According to linear theory, the velocity components, the
(dynamic) pressure and their derivatives are unorthodox functions because they
decay rapidly with depth. But all decay at exactly the same exponential rate, so
the relative order of magnitude of the various terms is correctly estimated by
examining what goes on near the water surface. Such behavior is to be expected
whenever the problem can be regarded as governed by a system of linear equations
with constant coefficients.

Another common situation where a degree of unorthodoxy is tolerable
involves oscillatory terms of relatively large maximum amplitude. Thus, one
would say that terms of unit order of magnitude in an equation can probably be
neglected to first approximation if other terms are known to behave like sinusoids
of large amplitude. This is so in spite of the fact that the sinusoidal terms are small
near their zeros. Because there is almost no room for interesting behavior in a
function which must pass smoothly from values specified on one side of a narrow
region to nearby values which are specified on the other side, it would appear that
these small regions of anomalous behavior can be ignored. Orthodoxy is present
not merely because the region of anomalous behavior is relatively small but
because disregard of the anomaly has a negligible effect.

An important failure of orthodoxy often occurs when dependent variables
behave like the function

(2.31) u*(x*) = A[x* + exp (—x*/¢)], 0=x*=1,

whose graph appears in Fig. 2. Suppose that the term du*/dx* must be assessed.
The rapid change of the exponential in (2.31) means that an estimate of |du*/dx*|
in an interval containing points near x* = 0is a gross overestimate for an interval
not containing such points. For example, when 3¢ < x* < 1,

|du*/dx*| o = Ae" e 3

so L = e3¢, a length scale more than ten times as large as ¢, the length scale
appropriate for 0 < x* < 1. As in the situation discussed in the previous paragraph,
our present example contains only a narrow region of anomalous behavior. But
here the anomaly cannot be disregarded, because there is a sufficiently rapid rate
of change to give an appreciable effect even though the change is confined to a
narrow interval.

To satisfy the orthodoxy requirement for an equation involving the function
u* of (2.31) and its first derivative, we must split [0, 1] into two parts and choose
a different length scale in each part. In the outer region, more than a few multiples
of ¢ from x* = 0, we have

|[u*lmax ® A and  |du*/dx*| . = A,

so U = A and L = 1. Introducing these scales we obtain

u=u*/A, x=x*,
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so
u(x,e) = A 'u*(x,e) = x + e ¢,
In the inner region, within a few multiples of ¢ from x* = 0, we find
|u¥|max =& A and  |du*/dx¥|,,, ~ Ae™ !,

so U =Aand L =¢'. Using ¢ and v for scaled variables in the inner region,
we have

v=u*/A, &= x*/e,
S0
v(&, ) = A tu*(el,e) = e + e .

To obtain a first approximation in the two regions we let ¢ — 0, keeping the
respective independent variables fixed. We obtain in the outer region,

(2.32) u(x,e) =~ x,
and in the inner region,
(2.33) v, &) e ¢, sou(x,e) ~ e e,

Our simple example illustrates that lack of orthodoxy in a given domain
can be remedied by introducing subdomains in each of which orthodoxy is
present. Different scales will be required in the different subdomains. Moreover,
in the presence of unorthodoxy one should not seek a single first approximation but
rather should seek different first approximations in different subdomains.

By our last point, as illustrated in (2.32) and (2.33), we have essentially
answered the question under (2.3). It remains only to state that the approximation
u =~ 1, which is equivalent to (2.3b), is only valid very near x = 0. This is to be
expected, for lengths are measured with respect to &2, a quantity which is small
even compared to the width of the inner region. The limit ¢ — 0, = ¢~ 2x fixed,
gives an approximation which is valid only within a few multiples of &2 of x = 0;
u = 1 is clearly the appropriate form for such an approximation. Nothing of
interest is gained here by considering an “inner-inner” region of width O(e?).

In the present instance we have advocated the introduction of different
scales in different regions to overcome unorthodoxy, while in our earlier discussion
of large amplitude sinusoids we suggested that the unorthodoxy be ignored. The
region of unorthodoxy is narrow in both cases, but only in the present case does
the function change rapidly and so accumulate considerable alteration.

An example of a situation in which more than one scale must be introduced
is provided by the projectile problem when ¢! is large. The scaling of (14) is still
appropriate when the projectile is near the earth, but another scaling is required
when the projectileis far from the earth. As above there is an inner region (thickness
~V?/g) and a much larger outer region (particle more than a few radii from the
earth’s surface).

It can happen that two scales coexist, as in (5 + e~ *) sin ex. Under some
circumstances it is profitable to recognize the simultaneous existence of more than
one scale, e.g., in the slow change in the amplitude and frequency of lightly damped
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oscillations. Under other circumstances it may be best to ignore the rapid variation
or to average it out, even though this means that large errors will be made in
approximating the derivatives of the answer. Blurring small scale irregularities
in order to reveal major trends is the strategy of many successful phenomenological
theories. For a recent example, see Drew’s [3] use of averaging methods to obtain
field equations for two-phase problems in mechanics.

2.7. Perturbation theory. Once a problem has been correctly scaled, one can
in principle derive arbitrarily accurate approximations by systematic exploitation,
via perturbation theory, of the presence in the equations of a small parameter.
From the present point of view, regular perturbation theory deals with orthodox
situations where one set of scales suffices. Then, in particular, one first approxima-
~ tion holds throughout the domain of interest. Singular perturbation theory has

been developed to handle unorthodox situations where more than one scale must
be introduced in order to obtain an approximation which is uniformly valid
throughout the domain.

It is not appropriate to enter into an extended discussion of perturbation
theory, but a few remarks are in order. First, experience indicates that familiarity
with scaling, as we have presented it, makes it relatively easy to assimilate the
basic ideas of perturbation theory. The introductory remarks of the previous
paragraph can serve as a sample of the sort of explanation which is readily
comprehensible.

A second point stems from the observation that the choice of boundary layer
scales (or, equivalently, the choice of stretching transformation) has been raised
to a fine art by practitioners of singular perturbation theory. The art does not
seem to proceed from contemplation of the physical problem, but rather from
relatively abstract considerations of what is necessary to construct a uniformly
valid solution. (We can speak of abstract scaling as opposed to physical scaling.)
What then is the place of a physically-based attempt to select appropriate scales?
One answer is that abstract expertise on choosing boundary layer scales has been
acquired by generalizing singular perturbation solutions which have been obtained
with the help of physical reasoning and of experimental knowledge of the
phenomenon.

For the simple projectile problem, abstract scaling easily provides an exit
from the paradoxes we presented. Faced with the failure of (2.6) to furnish a
meaningful approximation for small ¢, for example, a trained analyst would
immediately introduce new variables such as y = &°x, © = &b, with which (2.6)
becomes

81 +a—2bd_2x_ - _ 1 .
dr? (1 + &x)*’

d
x(0) = 0, s“"’d—):(O) =1

The second derivative term must be retained if the two initial conditions are to be
satisfied. Thus 1 + a — 2b = 0. Initially at least, the speed must certainly be of
the same magnitude as the initial speed, so a — b = 0. Thus a = b = 1—and we
have arrived at the correctly scaled equation (2.18) by an essentially abstract
approach.
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It is no surprise that a routine application of abstract scaling techniques will
provide a quick solution to a simple problem. For complicated perturbation
problems at the frontiers of our technical ability, however, it may not be feasible
to examine all possible distinguished limiting equations, to select appropriate
matching conditions, and thereby to piece together a uniformly valid solution.
For such problems, physical scaling provides an extra weapon which can turn
failure into success.

2.8. Scaling unknown functions. Order of magnitude estimation and scaling
require knowledge of the main features of the solution to the very problem one
is trying to solve.

How can one obtain the information necessary for the required order of
magnitude estimates? We list six possibilities.

(i) Utilize experimental or observational evidence concerning the phenom-
ema in question.

(ii) Obtain hints from experience of related problems.

(iii) Solve highly simplified versions of the given problem. (This was illustrated
in our discussion of the projectile problem where we used knowledge of the
answer obtained when variation of gravitational force with distance is neglected.
Knowing the zeroth approximation, we employed scaling to adapt the problem
for efficient determination of higher approximations.)

(iv) (Inverse procedure). Make certain order of magnitude assumptions
merely because the concomitant neglect of terms renders the problem tractable.
(For example, assume that nonlinear terms are negligible.) Evaluate the neglected
terms using the approximate solution. If possible, select parameter ranges so that
these terms do indeed appear to be negligible. Hope that these parameter ranges
are characteristic of interesting phenomena, and that the demonstrated lack of
inconsistency signals justified neglect of small terms.

(v) Use a trial and error approach. Assume a certain scaling, solve the
resulting simplified dimensionless problem, and then check to see whether the
dimensionless terms are of unit order of magnitude.

(vi) Employ the results of numerical calculations for particular but repre-
sentative values of the various parameters involved in the problem.

The last item forms the basis for a joint numerical-analytical attack on
difficult problems. Such problems may involve many dimensionless parameters
and two or three spatial dimensions. To follow the temporal evolution of the
solution even once by numerical methods may be extremely demanding of
computer time. There may thus be no possibility of thoroughly understanding
the effect of parameter variation by using a direct numerical attack. But if a few
numerical solutions are available, order of magnitude estimates can often be made
which provide the key to the simplifications required in an analytic investigation.
If successful, such an investigation will exhibit the dependence of the solution on
the various parameters and will also reveal the general features of the solution
which form the basis for physical understanding.
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