"Some Numerical Verifications of the Circle Method."


It has been almost a century since Hardy and Littlewood developed the Circle Method and applied it to several types of problems. While it doesn't always produce a proof that Mathematicians usually demand, it does give some very accurate estimates for certain problems. What we tried to do here was test the accuracy of the results for large numbers, and to see if these results indeed improve as we look at larger and larger numbers.  Specifically, we looked at the application of the Circle Method to calculate the number of k - prime pairs on a certain interval.

(*PART 1 - THE CODE*)

In our testing, we tended to examine an interval beginning with a power of 10, just for the sake of simplicity. But it is not clear that this is characteristic of the behavior of the general interval, so sometimes it became necessary to generate random numbers, here's one such bit of code for that purpose. 

(* Procedure to generate 3 Random Integers in [10^40, 10^50) *)

<Code>

Our evaluation of the number of k -prime pairs on an interval consisted of 2 main parts, first the compilation of an Array with all the prime numbers on that interval, and then the computation of their differences. It may be worth noting that for low numbers the second part takes longer for a PC to work out, while for large numbers, finding the list of primes becomes harder

(*Procedure to Obtain the List of Prime Numbers between var1 and var1 + 10^8*)

We don't do anything extremely brilliant here, other than using an array instead of a list. The Mathematica function NextPrime is fairly fast even for large numbers, so we simply let it do the work and store the data in "parray." For convenience, we make it display a message every 10,000 primes, so as to know of the program's progress. We also have a timer at the end, which helps in evaluating how good a piece of hardware, or a different procedure is.

<Code>

This is the second part of the Algorithm, and the one that calculates the data that we actually want. It calculates exactly how many pairs of primes of the form p, p + 2k are on the given interval, with k ranging from 1 to 10,000. Since we are only interested in the differences between primes, we simplify the list obtained in the previous procedure by subtracting var1 from each prime in our list and dividing by 2. Then we look at which of these numbers form a pair with difference k, instead of 2k. This saves a considerable amount of computing time since we're dealing with smaller numbers, and the savings only improve the higher we go. The specific way in which we find the prime differences is the following: We have two indices running, i, and j, with i running through the entire list found just before, and j being the increment to the next number on the list. If the difference between parray[i + j] and parray[i] is less than 10,001, we store it, otherwise, we stop working with that i, and move on to the next one,  since the list is organized increasingly. As before, we have a status message displayed each time i hits a multiple of 10^5, and a timer at the end.

(* Procedure to Count the Number of k - prime pairs, i.e. where p, p + 2k are both prime, with k ranging from 1 to 10000*)

<Code>

Hardy & Littlewood claimed that the number of k - prime pairs less than a number, or for that matter, on an interval, depend only on the prime factors of k. This gives rise to certain "families" which have a very similar number of k - prime pairs on a given interval, e.g. k = 6, 12, 18, 24, 30 are all in the same family. The following procedure does some basic analysis of the data obtained above for a given family. The family should be put into "factlist" with prime factors separated by a comma and in increasing order.

(*Procedure to give a list of the k - prime pair counts with certain prime factors*)

<Code>

(*PART 2: SOME RESULTS*)

As the title claims, here we look at a couple of results obtained using the procedures listed above. The counts of differences are provided so that the calculations do not have to be repeated. This part is meant to be run independently from the above. 

(*First Case: We look at the interval [10^11, 10^11 + 10^8]*)

(* This is the data, run this part first. *)

<Large List of Data>

(*Procedure to give a list of the k - prime pair counts with certain prime factors. In this example, we look at the {2, 3, 5} family. Just change the numbers to look at another.*)

<Code and Sample Output>

*Second Case : We look at the interval [10^80, 10^80 + 10^8]*)

(* This is the data, run this part first. *)

<Large List of Data>

(*Procedure to give a list of the k - prime pair counts with certain prime factors. In this example, we look at the {2, 3, 5} family. Just change the numbers to look at another.*)

<Code and Sample Output>

(*This data was obtained on a Pentium 4 Processor, 2.4Ghz, 748 MB RAM*)

As we can see, at least for the family {2, 3, 5}, the Hardy&Littlewood formula gave a better estimate for the second case. This is, among other things, because the size of the interval is smaller with respect to the endpoints of the interval. The results are similar for other families. The reader should feel free to experiment on his own.

(*Raciel Valle, November 22, 2004. Ohio State University *)

P.S. I'm just the guy who typed this up. At least 90% of the ideas came from Professor Steve Miller.

