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Abstract:

For each subset of Baire space, we define, in a way similar to a common proof of the
Cantor-Bendixson Theorem, a sequence of decreasing subsets Sα of N

<N , indexed
by ordinals. We use this to obtain two new characterizationsof the boldface∆∆∆0

2

Borel pointclass. ADDENDUM: In January 2012 we learned thatthe notion of
guessability appeared in an equivalent form, and even with the same name, in the
doctoral dissertation of William Wadge [4]. As for the main result of this paper,
Wadge proved one direction and gave a proof for the other direction which he
attributed to Hausdorff. The proofs in this paper present analternate means to
those results.
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Please read the addendum in the above abstract for an important note on this paper’s
unoriginality.

The usual Cantor-Bendixson derivative “detects” countability, in the sense that the
perfect kernel ofS ⊆ N

N (the result of applying the Cantor-Bendixson derivative
repeatedly until a fixed point is reached) is empty if and only ifS is countable ([3],
page 34). In this paper, I will show a process which “detects”∆∆∆

0
2: a process which

depends onS⊆ N
N and which reaches a fixed point or kernel, a kernel which will be

empty if and only ifS is ∆∆∆
0
2.

Definition 1 SupposeS ⊆ N
N . If X ⊆ N

<N , let [X] denote the set of infinite
sequences whose initial segments are all inX.

• Define Sα ⊆ N
<N for every ordinalα by induction as follows:S0 = N

<N ,
Sλ = ∩β<λSβ for any limit ordinalλ. And finally, for any ordinalβ define

Sβ+1 = {x ∈ Sβ : ∃x′, x′′ ∈ [Sβ] such thatx ⊆ x′ , x ⊆ x′′ , x′ ∈ S, andx′′ 6∈ S}

• Let α(S) be the minimal ordinalα such thatSα = Sα+1.

http://www.ams.org/mathscinet/search/mscdoc.html?code=03E15,(28A05)
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• Let S∞ = Sα(S) (thekernelof the above process).

Throughout the paper,S will denote a subset ofNN . If f : N → N andn ∈ N, I will
use f ↾ n to denote (f (0), . . . , f (n − 1)); f ↾ 0 will denote the empty sequence. My
goal is to prove that the following are equivalent:

• S is ∆∆∆
0
2.

• S∞ = ∅.

• S= T\[T∞] for someT .

The reader might wonder why I defineSα to lie in N
<N , rather than inNN as one

might expect by extrapolating from the classical Cantor-Bendixson derivative. Why
not define a new derivative

S∗ = {f ∈ S : f is a limit of points ofS\{f} and also ofSc},

and then follow Cantor-Bendixson more directly? If we do this, we end up getting a
kernel which doesnot detect∆∆∆0

2. For example, letS = {f : ∀n f(n) 6= 0}, a ∆∆∆
0
2

subset ofNN . It’s easy to seeS∗ = S, whereas in order for our process to detect∆∆∆
0
2,

we would like for it to reduceS to ∅. The reader can check thatS0 = N
<N , S1 is the

set of finite sequences not containing 0, andS2 = ∅.

Definition 2 Say thatS⊆ N
N is guessableif there is a functionG : N

<N → N such
that for everyf : N → N,

lim
n→∞

G(f ↾ n) =

{

1, if f ∈ S;
0, otherwise.

If so, we sayG is a guesserfor S.

Theorem 3 A subset ofNN is guessable if and only if it is∆∆∆0
2.

This theorem is proved on page 11 of Alexander [1]. It is also a special case of the
main theorem of Alexander [2].

Proposition 4 SupposeS is ∆∆∆
0
2. ThenS∞ = ∅.

Proof Contrapositively, supposeS∞ 6= ∅. I will show S is non-guessable, hence non-
∆∆∆

0
2 by Theorem3. Assume not, and letG : N

<N → N be a guesser forS. I will build a
sequence on whose initial segmentsG diverges, contrary to Definition2. There is some
σ0 ∈ S∞ . Now inductively suppose I’ve defined finite sequencesσ0 ⊂6= · · · ⊂ 6= σk

in S∞ such that for 0< i ≤ k, G(σi) ≡ i mod 2. Sinceσk ∈ S∞ = Sα(S) = Sα(S)+1,
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this means there areσ′, σ′′ ∈ [S∞], extendingσk , with σ′ ∈ S, σ′′ 6∈ S. Choose
σ ∈ {σ′, σ′′} with σ ∈ S iff k is even. Then limn→∞ G(σ ↾ n) ≡ k + 1 mod 2. Let
σk+1 ⊂ σ properly extendσk such thatG(σk+1) ≡ k + 1 mod 2. Noteσk+1 ∈ S∞
sinceσ ∈ [S∞].

By induction, I’ve definedσ0 ⊂6= σ1 ⊂6= · · · such that fori > 0, G(σi) ≡ i mod 2.
This contradicts Definition2 since limn→∞ G((∪iσi) ↾ n) ought to converge.

For the converse we need more machinery.

Definition 5 If σ ∈ N
<N , σ 6∈ S∞ , then letβ(σ) denote the least ordinal such that

σ 6∈ Sβ(σ) .

Note that wheneverσ 6∈ S∞ , β(σ) is a successor ordinal.

Lemma 6 Supposeσ ⊆ τ are finite sequences. Ifτ ∈ S∞ then σ ∈ S∞ . And if
σ 6∈ S∞ , thenβ(τ ) ≤ β(σ).

Proof It’s enough to show for any ordinalβ if τ ∈ Sβ then σ ∈ Sβ . This is by
induction onβ , the limit case andβ = 0 case being trivial. Assumeβ is successor. If
τ ∈ Sβ , this meansτ ∈ Sβ−1 and there areτ ′, τ ′′ ∈ [Sβ−1] extendingτ with τ ′ ∈ S,
τ ′′ 6∈ S. Sinceτ ′ andτ ′′ extendτ , andτ extendsσ , τ ′ andτ ′′ extendσ , and since
σ ∈ Sβ−1 by induction, this showsσ ∈ Sβ .

Lemma 7 Supposef : N → N, f 6∈ [S∞] . Then there is somei such that for all
j ≥ i , f ↾ j 6∈ S∞ andβ(f ↾ j) = β(f ↾ i). Furthermore,f ∈ [Sβ(f↾i)−1] .

Proof The first part of the lemma follows from Lemma6 and the well-foundedness
of ORD. For the second part we must showf ↾ k ∈ Sβ(f↾i)−1 for every k. If k ≤ i ,
then f ↾ k ∈ Sβ(f↾i)−1 by Lemma6. If k ≥ i , then β(f ↾ k) = β(f ↾ i) and so
f ↾ k ∈ Sβ(f↾i)−1 since it is inSβ(f↾k)−1 by definition ofβ .

Proposition 8 If S∞ = ∅ thenS is ∆∆∆
0
2.

Proof AssumeS∞ = ∅. I will define a functionG : N
<N → N which guessesS,

which is sufficient by Theorem3.

Let σ ∈ N
<N , we haveσ 6∈ S∞ (sinceS∞ = ∅) and soσ ∈ Sβ(σ)−1\Sβ(σ) . Since

σ 6∈ Sβ(σ) , this means that for every two extensionsσ′, σ′′ of σ in [Sβ(σ)−1], eitherσ′
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andσ′′ are both inS, or both are outsideS. It might be that thereis no extension of
σ lying in [Sβ(σ)−1]. In that case, arbitrarily defineG(σ) = 0. But if there are such
extensions, letG(σ) = 1 if all of those extensions are inS, and letG(σ) = 0 if all of
those extensions are outsideS.

I claim G guessesS. To see this, letf ∈ S. I will show G(f ↾ n) → 1 asn → ∞.
Since f 6∈ [S∞], let i be as in Lemma7. I claim G(f ↾ j) = 1 wheneverj ≥ i . Fix
j ≥ i . We haveβ(f ↾ j) = β(f ↾ i) by choice ofi , and f ∈ [Sβ(f↾i)−1] = [Sβ(f↾j)−1].
By the previous paragraph, if any infinite sequence extendsf ↾ j and lies in [Sβ(f↾j)−1],
then either all such sequences are inS, or all are outsideS. One such sequence isf ,
and it is insideS, and therefore, all such sequences are insideS, wherebyG(f ↾ j) = 1
as desired.

Identical reasoning shows that iff 6∈ S then limn→∞ G(f ↾ n) = 0. SoG guessesS,
S is guessable, and by Theorem3, S is ∆∆∆

0
2.

Theorem 9 S is ∆∆∆
0
2 if and only if S∞ = ∅.

Proof By combining Propositions4 and8.

We will close by giving one more characterization of∆∆∆
0
2.

Theorem 10 S is ∆∆∆
0
2 if and only if S= T\[T∞] for someT ⊆ N

N .

Proof By Theorem9, if S is ∆∆∆
0
2 thenS= S\[S∞]. For the converse, it suffices to let

S be arbitrary and proveS\[S∞] is ∆∆∆
0
2.

By Theorem3, it is enough to exhibit a guesserG : N
<N → N for S\[S∞]. Let

σ ∈ N
<N . If σ ∈ S∞ , let G(σ) = 0. Otherwise, ifσ has at least one infinite extension

in [Sβ(σ)−1], and all such extensions are also inS, then letG(σ) = 1. In any other
case, letG(σ) = 0.

We claimG guessesS\[S∞].

Case 1:f ∈ S\[S∞]. By Lemma7, find ani such that for allj ≥ i we havef ↾ j 6∈ S∞
andβ(f ↾ j) = β(f ↾ i) and f ∈ [Sβ(f↾i)−1]. Thus for anyj ≥ i , f ↾ j does have one
extension in [Sβ(f↾j)−1], namelyf itself, andf is in S. All other such extensions must
also be inS, or else we would havef ↾ j ∈ Sβ(f↾j), violating the definition ofβ . So
G(f ↾ j) = 1, showing thatG(f ↾ n) → 1 asn → ∞.

Case 2:f ∈ [S∞]. Then for everyn, f ↾ n ∈ S∞ and thus by definitionG(f ↾ n) = 0.

Case 3:f 6∈ S and f 6∈ [S∞]. As in Case 1, findi such that for allj ≥ i , f ↾ j 6∈ S∞
andβ(f ↾ j) = β(f ↾ i), and f ∈ [Sβ(f↾j)−1]. For any j ≥ i , f ↾ j has one extension in
[Sβ(f↾j)−1], namelyf , andf 6∈ S; so by definitionG(f ↾ j) = 0.
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