SOCIETY OF ACTUARIES/CASUALTY ACTUARIAL SOCIETY

EXAM P PROBABILITY

EXAM P SAMPLE SOLUTIONS

Copyright 2005 by the Society of Actuaries and the Casualty Actuarial Society

Some of the questions in this study note are taken from past SOA/CAS examinations.

P-09-05 PRINTED IN U.S.A.

Page 1 of 54



1. Solution: D
Let
G = event that a viewer watched gymnastics

B = event that a viewer watched baseball

S =event that a viewer watched soccer
Then we want to find

Pr[(GUBULS) |=1-Pr(GUBUS)
=1—[Pr(G)+Pr(B)+Pr(S)—Pr(GmB)—Pr(GmS)—Pr(BmS)+ Pr(GmBmS)]
:1—(0.28+0.29+0.19—0.14—0.10—0.12+0.08)=1—O.48:0.52

2. Solution: A
Let R = event of referral to a specialist
L = event of lab work
We want to find
P[RNL] = P[R] + P[L] = P[RUL] = P[R] + P[L] - 1 + P[~(RUL)]
=P[R]+P[L]-1+P[~Rn~L]=0.30+0.40-1+0.35=0.05.

3. Solution: D

First note
P[AUB]=P[A]+P[B]-P[ANB]
P[AUB'|=P[A]+P[B']-P[ANB']

Then add these two equations to get
P[AUB]+P[AUB"=2P[A]+(P[B]+P[B"])-(P[AnB]+P[ANB)
0.7+0.9=2P[A]+1-P[(ANB)U(ANB')]
1.6=2P[A]+1-P[A]

P[A]=06
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4.

Solution: A
Fori=1 2, let

R. =event that a red ball is drawn form urn i
B, = event that a blue ball is drawn from urn'i .
Then if x is the number of blue balls in urn 2,

0.44 =Pr[(RNR,)U(B,NB,)]1=Pr[R,NR,]+Pr[B,NB,]
=Pr[R,]Pr[R,]+Pr[B,]Pr[B,]

_i 16 +£ X
10\ x+16,) 10\ x+16

Therefore,

32 N 3x  3x+32
X+16 x+16 x+16
2.2x+35.2=3x+32

0.8x=3.2
Xx=4

2.2=

Solution: D

Let N(C) denote the number of policyholders in classification C. Then

N(Young m Female m Single) = N(Young n Female) — N(Young n Female N Married)
= N(Young) — N(Young n Male) — [N(Young n Married) — N(Young n Married N
Male)] = 3000 — 1320 — (1400 — 600) = 880 .

Solution: B
Let
H = event that a death is due to heart disease
F = event that at least one parent suffered from heart disease
Then based on the medical records,
P[H A F°] _ 210-102 _ 108
937 937
P[F°] _ 937-312 _ 625
937 937

[H mF°]_108/625_108
P[F®] 937/ 937 625

and P[H|F°]=P =0.173
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7. Solution: D
Let
A =event that a policyholder has an auto policy

H =event that a policyholder has a homeowners policy

Then based on the information given,
Pr(AnH)=0.15
Pr(AnH®)=Pr(A)-Pr(AnH)=0.65-0.15=0.50
Pr(A°nH)=Pr(H)-Pr(AnH)=050-0.15=0.35

and the portion of policyholders that will renew at least one policy is given by
0.4 Pr(ANH®)+0.6 Pr(A°nH)+0.8 Pr(AnH)

=(0.4)(0.5)+(0.6)(0.35)+(0.8)(0.15)=0.53  (=53%)

100292 01B-9
8. Solution: D
Let
C = event that patient visits a chiropractor
T = event that patient visits a physical therapist
We are given that

Pr[C]="Pr[T]+0.14
Pr(CNT)=0.22
Pr(c°mT°)=o.12
Therefore,
0.88=1-Pr[C°NT® |=Pr[CUT]="Pr[C]+Pr[T]-Pr[CNT]
=Pr[T]+0.14+Pr[T]-0.22
= 2Pr[T]-0.08
or
Pr[T]=(0.88+0.08)/2=0.48
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9. Solution: B
Let
M = event that customer insures more than one car

S = event that customer insures a sports car

Then applying DeMorgan’s Law, we may compute the desired
probability as follows:

Pr(M®n8°)=Pr[ (M US)" | =1-Pr(M US)=1-[Pr(M)+Pr(S)-Pr(M nS)]
—1-Pr(M)=Pr(S)+Pr(S|M)Pr(M)=1-0.70-0.20+(0.15)(0.70) = 0.205

10.  Solution: C
Consider the following events about a randomly selected auto insurance customer:
A = customer insures more than one car
B = customer insures a sports car
We want to find the probability of the complement of A intersecting the complement of B
(exactly one car, non-sports). ButP (A~ B9 =1-P (AuUB)
And, by the Additive Law,P (AuB)=P(A)+P(B)-P(ANnB).
By the Multiplicative Law, P (AnB)=P(B|A)P (A)=0.15* 0.64 = 0.096
It follows that P (A U B ) =0.64 +0.20 - 0.096 = 0.744 and P (A° " B®) =0.744 =
0.256

11. Solution: B
Let
C = Event that a policyholder buys collision coverage
D = Event that a policyholder buys disability coverage
Then we are given that P[C] = 2P[D] and P[C n D] =0.15.
By the independence of C and D, it therefore follows that
0.15 = P[C n D] = P[C] P[D] = 2P[D] P[D] = 2(P[D])?
(P[D])? = 0.15/2 = 0.075
P[D] = +0.075 and P[C] = 2P[D] = 2+/0.075
Now the independence of C and D also implies the independence of C“ and D¢. Asa
result, we see that P[C® n D] = P[C®] P[D®] = (1 - P[C]) (1 - P[D])

=(1-240.075) (1 - 1/0.075) =0.33.
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12.

Solution: E
“Boxed” numbers in the table below were computed.
HighBP LowBP NormBP Total

Regular heartbeat | 0.09 0.20 0.56 085 |
Irregular heartbeat 0.05 0.02 0.08 0.15
Total 0.14 0.22 0.64 1.00

From the table, we can see that 20% of patients have a regular heartbeat and low blood
pressure.

Solution: C
The Venn diagram below summarizes the unconditional probabilities described in the
problem.

In addition, we are told that

1

5=P[ANBAC|ANB]- P[ANBAC]_ x

P[ANB]  x+0.12

It follows that

x:l(x+0.12):lx+0.04
3 3

24 =0.04

3

x =0.06

Now we want to find
Pl (AUBUC)

Pl(AUBULC) | A | Br{Aj /]
11— P[AUBUC]
- 1-P[A]

_ 1-3(0.10)-3(0.12)-0.06
~ 1-0.10-2(0.12)-0.06

_028_ 0.467
0.60
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14. Solution: A

p=lp it o111 _ﬂp (>0
k 5 k-1 55 k-2 55 5 k=3 — ** 5 o
1: = —_ = 0 = —
;pk g[Sj Po 1 7P
5
po:4/5.

15.  Solution: C
A Venn diagram for this situation looks like:

We want to find w=1—(x+y+z)

We havex+y=£, x+z=1, y+z=£
4 3 12

Adding these three equations gives

11 5
X+Y)+(X+Z)+(y+z)==+=+—
(e y)+ (e 2)+(y+2) = g5+ 1
2(x+y+z)=1
x+y+z—1
2
1 1
w=1l-(Xx+y+z)=1-—=—
(x+y+2)=1-2=2
Alternatively the three equations can be solved to give x = 1/12, y = 1/6, z =1/4
. . 1 1 1 1
again leadingto w=1-| —+=+= |==
12 6 4) 2
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16.

Solution: D
Let N, and N, denote the number of claims during weeks one and two, respectively.

Then since N, and N, are independent,

Pr[N, +N, =7]= ZzoPr[len]Pr[Nz =7-n]

L

7 1
_Zn:0§
.8 _1_1
2° 2° 64

Solution: D
Let
O = Event of operating room charges

E = Event of emergency room charges
Then
0.85=Pr(O U E)=Pr(0)+Pr(E)-Pr(ONE)
=Pr(O)+Pr(E)—-Pr(O)Pr(E) (Independence)
Since Pr(EC):0.25=1—Pr(E), it follows Pr(E)=0.75.
So  0.85=Pr(0)+0.75—Pr(0)(0.75)
Pr(0)(1-0.75)=0.10
Pr(0)=0.40

Solution: D

Let X; and X, denote the measurement errors of the less and more accurate instruments,
respectively. If N(u,c) denotes a normal random variable with mean p and standard
deviation o, then we are given X; is N(0, 0.0056h), X; is N(0, 0.0044h) and X, X; are

22 22
independent. It follows that Y = Xl;XZ is N (0, \/0'0056 h 20'0044 h

0.00356h) . Therefore, P[-0.005h < Y < 0.005h] = P[Y < 0.005h] - P[Y < —0.005h] =
P[Y < 0.005h] - P[Y > 0.005h]

= 2P[Y <0.005h] - 1 = ZP[Z <

) =N(,

0.005h

2 | _1=2P[Z<1.4]-1=2(0.9192) - 1 =0.84.
0.00356h
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19. Solution: B
Apply Bayes’ Formula. Let
A = Event of an accident

B, =Event the driver’s age is in the range 16-20
B, =Event the driver’s age is in the range 21-30
B, = Event the driver’s age is in the range 30-65
B, = Event the driver’s age is in the range 66-99

Then
Pr(A|B,)Pr(
Pr(B,|A) = Pr(A|B,)Pr(B,)+Pr(A|B,)Pr(B )+Pr(A|B )Pr(B,)+Pr(A|B,)Pr(B,)
(0.06)(0.08) —0.1584

- (0.06)(0.08)+(0.03)(0.15)+(0.02)(0.49) +(0.04)(0.28)

20.  Solution: D
Let
S = Event of a standard policy
F = Event of a preferred policy
U = Event of an ultra-preferred policy
D = Event that a policyholder dies
Then

P[D|U]P[U]
P[D|S]P[S]+P[D|F]P[F]+P[D|U]P[U]
~ (0.001)(0.10)

- (0.01)(0.50)+(0.005)(0.40) +(0.001)(0.10)
=0.0141

P[U|D]=

21. Solution: B
Apply Baye’s Formula:
Pr[Seri.|Surv.]
~ Pr[Surv.|Seri.] Pr[Seri.]
Pr [Surv.|Crit.] Pr[Crit.]+Pr [Surv.|Seri.:| Pr[Seri.]+Pr [Surv.|8tab.] Pr[Stab.]

(0.9)(03)

~(0.6)(0.1)+(0.9)(0.3)+(0.99)(0.6)

=0.29
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22. Solution: D
Let
H = Event of a heavy smoker

L = Event of a light smoker
N = Event of a non-smoker
D = Event of a death within five-year period

Now we are given that Pr[ D|L =2 Pr[ D|N | and Pr[D|L]=%Pr[D|H]
Therefore, upon applying Bayes’ Formula, we find that
Pr[D|H |Pr[H]
Pr[D|N]Pr[N]+Pr[D|L]Pr[L]+Pr[D|H |Pr[H]
2Pr[ DIL|(0.2) ~ 0.4 ~
0.25+0.3+0.4

Pr{H|D]=

0.42

. ;Pr[D|L](0.5)+Pr[D|L](0.3)+2Pr[D|L](O.2)

23. Solution: D

Let

C = Event of a collision

T = Event of a teen driver

Y = Event of a young adult driver

M = Event of a midlife driver

S = Event of a senior driver

Then using Bayes’ Theorem, we see that
P[C|YIP[Y]

PIC TIP[T]+ P[C|YIPIY]+ P[C|MP[M]+ PIC|S]P[S]

_ (0.08)(0.16) — .20
(0.15)(0.08) + (0.08)(0.16) + (0.04)(0.45) + (0.05)(0.31)

P[Y|C] =

24. Solution: B
Observe

Pril<N <4
Pr[N21|N§4]:Q:[1+1+1+1}/[1+1+1+1+1
Pr[N£4] 6 12 20 30 2 6 12 20 30
_ 10+45+3+2 20 _2
30+10+5+3+2 50 5
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25.

26.

Solution: B
Let Y = positive test result
D = disease is present (and ~D = not D)
Using Baye’s theorem:
P[Y | D]P[D] (0.95)(0.01)

P[D|Y] = = =0.657 .
P[Y | D]JP[D]+ P[Y |~ D]P[~ D] (0.95)(0.01) +(0.005)(0.99)
Solution: C
Let:
S = Event of a smoker
C = Event of a circulation problem
Then we are given that P[C] = 0.25 and P[S | C] = 2 P[S | C°]
P[S|C]PIC
Now applying Bayes’ Theorem, we find that P[C | S]= [ | IPL 1 S
P[S |CIPIC]+ PIS [C°1(PIC®])

_ 2P[S|C°IPIC] 2025 2 2
2P[S|C°IP[C]+P[S[C°]@-P[C]) 2(0.25)+0.75 2+3 5

Solution: D
Use Baye’s Theorem with A = the event of an accident in one of the years 1997, 1998 or
1999.

P[A[1997]P[1997]
P[A‘1997][P[1997] + P[A‘1998]P[1998] + P[A[1999]P[1999]
_ (0.05)(0.16) = 045
(0.05)(0.16) +(0.02)(0.18) + (0.03)(0.20)

P[1997]A] =
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28.

Solution: A
Let
C = Event that shipment came from Company X
I; = Event that one of the vaccine vials tested is ineffective

P[I,|C]P[C]
P[I,IC]P[C]+P[1,|C*]P[C’]

Then by Bayes’ Formula, P[C|1,]=
Now
1
P[C]==
€)=

1 4
] P[C]= 1—55

[
P[1,1C]=(}")(0.10)(0.90)" =0.141
P[1,1C%]=(7)(0.02)(0.98)" =0.334

P

Therefore,
(0.141)(1/5)

PO = ozayws)+ (ozsa)(ars)

=0.096

Solution: C

Let T denote the number of days that elapse before a high-risk driver is involved in an
accident. Then T is exponentially distributed with unknown parameter A . Now we are
given that

50
0.3=P[T<50]= [edt=—e"|® =1-¢™*
0
Therefore, e = 0.7 or A = — (1/50) In(0.7)
80
It follows that P[T < 80] = j dedt = —e \‘j’ =1-¢%

0
- 1 _ e(80/50) |I’1(0.7) - 1 _ (0.7)80/50 - 0'435 .

Solution: D
e’ _e’a
Let N be the number of claims filed. We are given P[N = 2] = TR 3 2 =3:-P[N
=4]24 32 =6 \*
M=4=)0=2

Therefore, Var[N] =1 =2.
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31.

Solution: D
Let X denote the number of employees that achieve the high performance level. Then X
follows a binomial distribution with parameters n=20 and p =0.02 . Now we want to

determine x such that
Pr[X >x]<0.01
or, equivalently,
0.99<Pr[X <x]=Y " (%)(0.02)"(0.98)""

The following table summariz:sothe selection process for x:
X Pr[X =x] Pr{X <x]
0 (0.98)" =0.668 0.668
1 20(0.02)(0.98)" =0.272 0.940
2 190(0.02)°(0.98)°=0.053  0.993

Consequently, there is less than a 1% chance that more than two employees will achieve
the high performance level. We conclude that we should choose the payment amount C
such that

2C =120,000
or

C =60,000
Solution: D
Let

X = number of low-risk drivers insured

Y = number of moderate-risk drivers insured

Z = number of high-risk drivers insured

f(x, y, ) = probability function of X, Y, and Z
Then f is a trinomial probability function, so

Pr[z>x+2]=f(0,0,4)+ f (1,0,3)+ f(0,1,3)+ f (0,2,2)

=(0.20)" +4(0.50)(0.20)" +4(0.30)(0.20)’ +%(o.3o)2 (0.20)°

=0.0488

Page 13 of 54



33.

Solution: B
Note that

PrX >x] =] "0.005(20~ t)dt = 0.005[20t —%tzj

20
X

= 0.005[400 —200—-20x +%X2j = 0.00S(ZOO —20x +%X2j
where 0< x <20 . Therefore,
Pr[X >16] _ 200-20(16)+ 1(16)° g
[X >8] 200-20(8)+ 1 (8) 72

Pr[ X >16|X >8]_

Solution: C
We know the density has the form C (10+ x)_2 for 0 < x <40 (equals zero otherwise).

First, determine the proportionality constant C from the condition J'go f (x)dx=1:

40
1j (10+x)” dx=-C(10+X)"| L. 2
o 10 50 25

so C=25/2,0r12.5. Then, calculate the probability over the interval (0, 6):

6 —2 716 1 1
12.5] (10 dx=-(10 = ———1((125)=0.47 .
N L I e

Solution: C
Let the random variable T be the future lifetime of a 30-year-old. We know that the
density of T has the form f (x) = C(10 + x) ™ for 0 < x < 40 (and it is equal to zero
otherwise). First, determine the proportionality constant C from the condition
[0 f (x)dx=1:
40 0 2
1= jo f(dx=-C(L0+x)* [ =—-C

sothat C = % =12.5. Then, calculate P(T < 5) by integrating f (x) = 12.5 (10 + x) ™

over the interval (0.5).
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36.

Solution: B
To determine k, note that

o 4 K 5, Kk
1= {k(l— y) dyz—g(l— y) ‘0 =t

k —_

We ext need to find P[V > 10,000] = P[100,000 Y > 10,000] = P[Y > 0.1]
1

j 5(1-y)'dy =—(1-y)’|}, =(0.9)° =059 and P[V > 40,000]

0.1

1
= P[100,000 Y > 40,000] = P[Y > 0.4] = j 5(1-y)'dy=—(1-y)’|!, =(0.6)°=0.078.
0.4
It now follows that P[V > 40,000 V> 10,000]
_ P[V >40,000nV >10,000] _ P[V >40,000] _0.078

PV >10,000] ~ P[V >10,000] 0.590

=0.132.

Solution: D
Let T denote printer lifetime. Then f(t) =% e 0<t< oo
Note that

P[T < 1] =j
0

N |-

edt=e""?|} =1-¢=0393

0

e _e1=0239

2
PL<T<2]= | %e“zdt —e 2]
1

Next, denote refunds for the 100 printers sold by independent and identically distributed
random variables Y1, . . ., Y100 Where

200  with probability 0.393
Y, =<100  with probability 0.239 i=1,...,100
0 with probability 0.368
Now E[Y;] = 200(0.393) + 100(0.239) = 102.56

100

Therefore, Expected Refunds = > E[Y;] = 100(102.56) = 10,256 .
i=1
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38. Solution: A
Let F denote the distribution function of f. Then

F(x)=Pr[X <x]= '[1X3t’4dt = —tﬂ: =1-x7
Using this result, we see
Pr{(X<2)n(X=15)] Pr[X<2]-Pr[X <15]

Pr[X <2| X >15]=

Pr[X >1.5] Pr{X >1.5]
_F(-F@5)_(15)"-(2)" _, (3 _
“CFES T @) _1—(—j =0.578

39.  Solution: E
Let X be the number of hurricanes over the 20-year period. The conditions of the
problem give x is a binomial distribution with n =20 and p = 0.05 . It follows that
P[X < 2] = (0.95)%°(0.05)° + 20(0.95)*°(0.05) + 190(0.95)*%(0.05)?
=0.358 + 0.377 + 0.189 = 0.925 .

40.  Solution: B
Denote the insurance payment by the random variable Y. Then
0 if 0<X<C
Y_{x—c if C<X<l
Now we are given that

0.64=Pr(Y <05)=Pr(0<X <05+C)=[ """ 2x dx=x’

0.5+C

=(05+C)’

0
Therefore, solving for C, we find C =+0.8-0.5
Finally, since 0 <C <1, we conclude that C =0.3
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41.  Solution: E
Let
X = number of group 1 participants that complete the study.
Y = number of group 2 participants that complete the study.
Now we are given that X and Y are independent.
Therefore,

P{{(X=29)n(Y<9)Ju[(X<9)n(Y=9)]}

=P[(X29)n(Y<9)]+P[(X<9)n(Y 29)]

=2P[(X 29)n(Y <9)] (due to symmetry)
—2P[X >9]P[Y < 9]

=2P[X 29]P[X < 9] (again due to symmetry)
=2P[X 29](1-P[X 29])

=2[(¥)(02)(0.8) +(32)(0-8)" || 1-(¥)(02)(0.8) - (33) (08)" |

—2[0.376][1-0.376] = 0.469

42.  Solution: D
Let
Ia = Event that Company A makes a claim
Ig = Event that Company B makes a claim
Xa = Expense paid to Company A if claims are made
Xg = Expense paid to Company B if claims are made
Then we want to find

P15 A 1g Ju[(1an1s) (X, < X, ) ]
=Prl1g g J+Pri(1,n 1) (X, < Xg)]
=Pr[ 15 |Pr[1]+Pr[1,]Pr[Is]Pr[X, < X;]  (independence)
=(0.60)(0.30)+(0.40)(0.30)Pr[ X, — X , > 0]
=0.18+0.12Pr[ X, — X, > 0]
Now X, — X, is a linear combination of independent normal random variables.

Therefore, X; — X, is also a normal random variable with mean
M =E[X; - X,]=E[Xs]-E[X,]=9,000-10,000 = 1,000

and standard deviation o = \/Var(XB )+Var(X,)= \/(2000)2 + (2000)2 = 200072
It follows that
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1000
2000+/2

-7 z2575]
:1—Pr{2<%}

—1-Pr[z <0.354]
=1-0.638 =0.362

Pr[Xs;—X,>0]= Pr[z > } (Z is standard normal)

Finally,
Pri[1% N 1g Ju[(1a M 1) N (X, < X)) =0.18+(0.12)(0.362)
=0.223

Solution: D

If a month with one or more accidents is regarded as success and k = the number of
failures before the fourth success, then k follows a negative binomial distribution and the
requested probability is

Prik >4]=1-Pr[k <3]=1- i(SK)( }4(3

-0

RulEHRIGREGREG)
{333

=0.2898
Alternatively the solution is
2 (2Y'3 e (2Y (3 e 2)(3Y
3]+ 203 (3] (3] (3) -ozmme
which can be derived directly or by regarding the problem as a negative binomial
distribution with
1) success taken as a month with no accidents
ii) k = the number of failures before the fourth success, and

iii) calculating Pr[k <3]
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44,

Solution: C
If k is the number of days of hospitalization, then the insurance payment g(k) is
g(k) = 100k for k=1, 2,3
300+50(k—-3) for k=4, 5.

5
Thus, the expected payment is Z g(k) p« =100 p, +200p, +300p, +350p, +400 p,
k=1
=(100x5 + 200x4 + 300x3 + 350x2 + 400x1) =

%(100+200><2+300><3+350><4+ 400x5)=220

Solution: D
0o X2 4 X2 T ' 8 64 56 28
NotethatE(X):j ——dx+| —dx=——+| +—| =—F+—=—=—
-2 10 010 30, 30|, 30 30 30 15
Solution: D
The density function of T is
f(t)zée“3 , 0<t<w
Therefore,

E[X]=E[max(T,2)]
=Izze‘t’3dt+jw£e“’3dt
0 3 2 3
_ g3 g_te—t/slc; +L°°e—t/3dt
:_2e72/3+2+2e72/3_397t/3|;o
=2+3e7"°
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47.

Solution: D

Let T be the time from purchase until failure of the equipment. We are given that T is
exponentially distributed with parameter A = 10 since 10 = E[T] = A . Next define the
payment

X for0<T <1
P under the insurance contract by P = % forl<T <3
0 forT >3
We want to find x such that
h X F X1 _yo tox
1000 = E[P] = J'— e 0 dt + j——e‘ dt= —xe " ——e“’1°‘3
- 10 1210 0o 2 1

= xeM 0+ x—(x/2) e+ (x/2) e = x(1 - h e — 1 10 = 0.1772x .
We conclude that x = 5644 .

Solution: E
Let X and Y denote the year the device fails and the benefit amount, respectively. Then
the density function of X is given by

f(x)=(0.6)"(04) , x=12,3..
and

0 if x>4
It follows that
E [Y] = 4000(0.4) +3000(0.6)(0.4) + 2000(0.6)2 (0.4) +1000(0.6)3 (0.4)

y_{lOOO(S—x) if x=12,34

=2694
Solution: D
Define f(X) to be hospitalization payments made by the insurance policy. Then
100X if X=1,23
f(X)= .
300+25(X -3) if X =45
and
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E[f(X)]= 25: K)Pr[X =k]

=100 [ij +200 (ij +300 (ij + 325(£J +350 (ij
15 15 15 15 15
= %[100 +160+180+130+70] = 6;;0 =213.33

50. Solution: C

Let N be the number of major snowstorms per year, and let P be the amount paid to
n,-3/2
the company under the policy. Then Pr[N =n] = /2.6
n!
{0 forN =0

~110,000(N -1) for N >1'

,n=0,1,2,... and

© n —3/2
Now observe that E[P] = »_10,000(n - )&

n=1

n —3/2
= 10,000 72 + 210 000(n — 1)&

= 10,000 e~ + E[10,000 (N — 1)]
= 10,000 e~ + E[lO 000N] — E[10,000] = 10,000 e~ + 10,000 (3/2) — 10,000 = 7,231 .

51. Solution: C
Let Y denote the manufacturer’s retained annual losses.

X for0.6<x<2
Then Y =
2 forx>2
2 250625 250625 2 2.5(0.6)%° 2(0.6)%° |,
and E[Y] = | x [ (06 jz ( ) x= | ()(2'5) dx — (les) ",
0.6 0.6
25 25 25 25 25
_2506)*°|, 2(06)*°  25(0.6) . 2.5(0.6)*° (0.6)*° _ 0.9343

+ = +
1'5X1.5 0.6 (2)2.5 1'5(2)1.5 1'5(0'6)1.5 21.5
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52.

Solution: A
Let us first determine K. Observe that

1- K(l+%+%+%+lj= K(60+30+20+15+12j: K(B?j

5 60 60
60

T137
It then follows that

Pr[N =n]= Pr[N = n||nsured Suffers a Loss] Pr[Insured Suffers a Loss]
:ﬂ(o_os) :i

137N 137N
Now because of the deductible of 2, the net annual premium P = E[X | where

X_o Cif N<2
S IN=2 | if N>2

, N=1..,5

Then,

PE[X]= )L (N-2) o= (1)(1;7]+2{1373(4)}3{1373(5)} ~00314

Solution: D
. y for1<y<10
Let W denote claim payments. Then W =
10 fory>10
10 0
It follows that E[W] = [ y%dy+ jlo%dy - —3’“ - QL =2-2/10+1/10=19.
1 Y A yI y“ 1o
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54, Solution: B
Let Y denote the claim payment made by the insurance company.

Then
0 with probability 0.94
Y =<Max (0,x—1) with probability 0.04
14 with probability 0.02
and

_ 15 _ —x/2
E[Y]=(0.94)(0)+(0.04)(0.5003) [ " (x~1)e **dx+(0.02)(14)

- (0.020012)[ [Pxe7ax- | lse”zdx} +0.28

:0.28+(O.020012)[—2xe‘x’2 S42f e x| e‘”zdx}

+(0.020012)| =306 7% + 2675 + L ex’zdx}

=0.28+(0.020012

8+( )
( )

—0.28+(0.020012)
( )
(

[ —30e 7% +27%° 2e’x’2|ﬂ
( —30e 7% +2e7%° — 2675 + 2e*°'5)
(-

—0.28+(0.020012)(-32e7° + 4e*°5)

= 0.28+(0.020012) (2.408)

=0.328 (in thousands)
It follows that the expected claim payment is 328 .

55. Solution: C

The pdf of x is given by f(x) = ch ,0<x< o . Tofindk, note
@+x)
= kK

Tk k 1
:J‘ =3

dx=—-—-—"
1+ x)* 3(1+x)%°

0
k=3
It then follows that E[x] = j(la—xydx and substituting u = 1 + x, du = dx, we see

o (L+x
2

E[x] = '[3(u 1) ST( —u™)du = 3{_—2—{—;}00 :3[%—%} =32-1=%.
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56.

Solution: C
Let Y represent the payment made to the policyholder for a loss subject to a deductible D.

. 0 for0<X <D
Thatis Y =
x—D forD<X <1

Then since E[X] = 500, we want to choose D so that

1000 3 9 ~ ,
1500: j L(X_D)dxz 1 (X D) 1000 :M
4 5, 1000 1000 2 P 2000
(1000 - D)? = 2000/4 - 500 = 500
1000 - D = + 500

D =500 (or D = 1500 which is extraneous).

Solution: B
We are given that My(t) = ;4 for the claim size X in a certain class of accidents.
(1—2500t)
(—4)(=2500) 10,000
(1-2500t)°  (1—2500t)°
(10,000)(-5)(-2500) 125,000,000
(1-2500t)°  (1—2500t)°

Then E[X] =M’ (0) = 10,000

E[X?] = M, (0) = 125,000,000

Var[X] = E[X?] - {E[X]}* = 125,000,000 — (10,000)? = 25,000,000

\/Var[x = 5,000 .

First, compute M,/(t) =

M) =

Solution: E
Let X;, Xk, and X, represent annual losses for cities J, K, and L, respectively. Then
X = X; + Xk + X and due to independence

M(t) = E[e" |= E[e(XJ“K“L)f} =E[e" |E[e* |E[e™]

=My() M@ ML) =(1-202 @1 -202 1 -2 =(1-2t)"
Therefore,

M'(t) = 20(1 - 2t) ™

M”(t) = 440(1 - 2t) ™

M"’(t) = 10,560(1 — 2t)™*

E[X?] = M"'(0) = 10,560
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59.  Solution: B
The distribution function of X is given by

. 25(200)°°  —(200)°|
F(X):J.ZOO (t3.5 ) dt= (t2'5) | =1-"—%

200

Therefore, the p™ percentile x, of X is given by
(200)"*

25

Xp

Y
100 F(Xp)zl_

(200)25

25
p

s _ 200

1-0.01p=

(1-0.01p)
p

L 200

" (1-0.01p)*”°

It follows that X, —X;, = 200 200

60. Solution: E

, Xx>200

Let X and Y denote the annual cost of maintaining and repairing a car before and after
the 20% tax, respectively. Then Y = 1.2X and Var[Y] = Var[1.2X] = (1.2)* Var[X] =

(1.2)%(260) = 374 .

61. Solution: A

The first quartile, Q1, is found by % = jgl f(x) dx . Thatis, % = (200/Q1)*° or
Q1 =200 (4/3)>* = 224.4 . Similarly, the third quartile, Q3, is given by Q3 = 200 (4)**

= 348.2 . The interquartile range is the difference Q3 - Q1.
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62. Solution: C
First note that the density function of X is given by

N
2
f(x): x-1 if l<x<?2
0 otherwise
Then
2
E(X):—+I x(x—l)dx:%+j12(x2—x)dx=—+(%x3 ;xzjl
1 8 4 1 1 7 4
=" 4————= to=——1l=—
2 3 2 3 2 3 3
2
1 1 2 1 1 1
E(XZ):E+.[ xz(x—l)dx:E+J‘l(x3—x2)dx:§+(zx4 3x3j1
116 8 11 1r 7 23
2 4 3 4 3 4 3 12
23 (4) 23 16 5
Var(X)=E(X2)-[E(X) =222 ] =222
63. Solution: C
{X if 0<X<4
Note Y = .
4 if 4< X <5
Therefore,
4
E[Y]:I—xdx+_[ dx—10 2g+5x|f1

1620168412

1055555

Y2]=I —xzdx+j _dX:115X %xﬁ

_ 64 80 64 64 16 64 48 112

—t ==t
15 5 5 15 5 15 15 15
112 (12

Var[Y]=E[Y?]-(E[Y]) =T~ ?) ~1.71
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64.

Solution: A

Let X denote claim size. Then E[X] =[20(0.15) + 30(0.10) + 40(0.05) + 50(0.20) +
60(0.10) + 70(0.10) + 80(0.30)] =(3+3+2+10+6+7 +24) =55

E[X?] = 400(0.15) + 900(0.10) + 1600(0.05) + 2500(0.20) + 3600(0.10) + 4900(0.10)
+6400(0.30) = 60 + 90 + 80 + 500 + 360 + 490 + 1920 = 3500

Var[X] = E[X?] - (E[X])? = 3500 — 3025 = 475 and Var[X] =21.79.

Now the range of claims within one standard deviation of the mean is given by
[55.00 — 21.79, 55.00 + 21.79] = [33.21, 76.79]

Therefore, the proportion of claims within one standard deviation is
0.05+0.20+0.10 +0.10=0.45.

Solution: B
Let X and Y denote repair cost and insurance payment, respectively, in the event the auto
is damaged. Then

{0 if x<250

“1x=250 if x>250

and
E[Y] = .[ 1500L(x—250)dx _L(X—250)2 ‘1500_12502 —591
e 1500 ~ 3000 = 3000
3
V2= ] 2 (x- 250 dx = o (x~250) 10 = 222 = 434,028
- 1500 4500 4500
Var[Y]=E[Y*]-{E[Y]}’ = 434,028 (521)
Var[Y ] =403
Solution: E

Let X1, Xz, X3, and X, denote the four independent bids with common distribution
function F. Then if we define Y = max (X1, Xz, X3, X4), the distribution function G of Y is
given by

G(y)=Pr[Y <y]
=Prl(X,<y)n(X,<y)n(X;<y)n(X, <Y)]
=Pr[X, <y]Pr[X, < y]Pr[X, < y]Pr[X, <]

=[F(y)]'
3 5

1 . 4
T (1+sinzy) 5 < y < >

It then follows that the density function g of Y is given by
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9(y)=G'(y)

:%(1+ sinﬂy)s(ﬂcomy)

:%cos;zy(1+sin7zy)3 ,

N | w
IA
<
IA

N | ol

Finally,
5/2
ELY]= ;. va(y)dy

- le ZyCOS”y(1+ Sinﬂ-y)g dy

67.  Solution: B
The amount of money the insurance company will have to pay is defined by the random
variable
_|1000x if x<2
2000 if x>2
where x is a Poisson random variable with mean 0.6 . The probability function for X is
e (0.6)"
p(x) =—a k=0,1,2,3--- and
E[Y]=0+1000(0.6)e*® +2000e >~ 06
[ ] - + ( ) ) + Zk:Z kl

k
=1000(0.6)e*° + ZOOO(e‘O'G D 0k6' —e% - (0.6)e‘°'6j

=2000e™° Z:(——ZOOOe‘O6 —1000(0. 6)e *° = 2000 — 2000e *° — 600e °

k=0

=573

E[v?]

» 0.6
k=2 kI

= (2000)* “Zfo%— (2000)° & - | (2000)" - (1000)° |(0.6)"**

= (2000)° - (2000)" &°° —| (2000)" - (1000)° |(0.6)e™*°
= 816,893
Var[Y]=E[Y2]-{E[Y]}" =816,893 (573)" = 488,564

(1000)"(0.6)¢** + (2000 5

Var[Y ] = 699
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68.

Solution: C
Note that X has an exponential distribution. Therefore, ¢ = 0.004 . Now let Y denote the

. i i X for x < 250 .
claim benefits paid. Then Y = and we want to find m such that 0.50
250 forx>250

m

— —0.004
o, =1l—e7m

= T0.004e0.004xdx — _e70.004x
0

This condition implies %™ =05 = m =250 In 2 = 173.29 .

Solution: D
The distribution function of an exponential random variable

T with parameter @ is given by F(t)=1-¢™", t>0
Since we are told that T has a median of four hours, we may determine & as follows:

=F(4)=1-¢"

T

N~ N~

_5In(2)

Therefore, Pr(T >5)=1-F(5)=e ¥ =e 4 =27=042

Solution: E
Let X denote actual losses incurred. We are given that X follows an exponential
distribution with mean 300, and we are asked to find the 95™ percentile of all claims that
exceed 100 . Consequently, we want to find pgs such that
0.95 = Prf100 < x < pgs] _ F(Pss)— F(100)
' P[X >100] 1- F(100)

Now F(x) = 1 — 3%

1— g Pes/300 _ (1- e7100/300) pL/3 _ g=Pos/300

Therefore, 0.95 = I (e ™) = =TE —1—g!/3gPes/300

where F(x) is the distribution function of X .

e—p95/300 — 005 e -1/3
Pes = —300 In(0.05 e ?) = 999

Page 29 of 54



71.  Solution: A
The distribution function of Y is given by

G(y)=Pr(T?<y)=Pr(T<\y)=F(Jy)=1-4/y
for y> 4. Differentiate to obtain the density function g ( y) =4y~

Alternate solution:
Differentiate F (t) to obtain f(t)=8t" and set y=t>. Then t=./y and

g(y)=f(t(y))ldt/dy|= T (\Jy ‘— = y”(ly“jﬂyz

72. Solution: E
We are given that R is uniform on the interval (0.04,0.08) and V =10,000¢e"
Therefore, the distribution function of V is given by
F(v)=Pr[V <v]=Pr[10,000¢* <v]|=Pr[R<In(v)-In(10,000)]

In(v)-In(10,000)

1 ¢ In(v)-In(10,000) dr — 1 =25In (V) —25In (10, 000) -1

=— =———r
0.04 Joo4 0.04

~ 25/ In| —— |-0.04
10,000

0.04

73. Solution: E

F(y)=Pr[Y <y]=Pr[10X**<y]= Pr[x s(\%o)l%}zl_e-mo

% 5/4
Therefore, f(y):F'(y):%(lY_oJ e—(Y/lO)/
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74,

Solution: E
First note R = 10/T . Then

Fr() =P[R<r]=P [%r—o < r} =P [T > E} =1-FK (Ej . Differentiating with respect to
r

"
' _ 10 d -10
r fr(r) = F'r(r) = d/dr (1— F (TD = _(a F. (t)j (7j
%FT (t) = £ (1) =% since T is uniformly distributed on [8, 12] .
-1(-10 5
Therefore fr(r) = —| — |=— .
-0 4( r j 2r?

Solution: A

Let X and Y be the monthly profits of Company | and Company Il, respectively. We are
given that the pdf of X is f. Let us also take g to be the pdf of Y and take F and G to be
the distribution functions corresponding to f and g . Then G(y) = Pr[Y <y] = P[2X <vY]
= P[X <y/2] = F(y/2) and g(y) = G'(y) = d/dy F(y/2) =Y. F'(y/2) = % f(y/2) .

Solution: A
First, observe that the distribution function of X is given by
x 3 1. 1
F (X) :-[1 t—4dt :—t—sllzl—F
Next, let X, Xz, and X3 denote the three claims made that have this distribution. Then if
Y denotes the largest of these three claims, it follows that the distribution function of Y is
given by
G(y)=Pr[X,<y]Pr[X, <y]Pr[X,<y]

3
(3] o
y

while the density function of Y is given by

O

Therefore,

, X>1
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y y Ly
:jwi_EJri dy=| - 9 +18_ 9 I
tly? oy Y 2y* 5y* 8y'
= F_é 1} 2.025 (in thousands)

77.  Solution: D
Prob. = 1- [ f%(m y)dxdy = 0.625
Note
Pr{(X <)U(Y <1)]=Pr{[(X >1)N(Y >1)]°} (De Morgan's Law)

=1-Pr[(X >1)N(Y >1)] =1- '[ I (x+ y)dxdy =1_%I12%(X+y)2‘12dy
1 1
-1-|, [(y+2) (y+1ﬂdy _1__[(y+z) (y+1)3]f:1—E(64—27—27+8)
= 18—@—0.625
48 48

78. Solution: B
That the device fails within the first hour means the joint density function must be
integrated over the shaded region shown below.

N

— > X
12 3
This evaluation is more easily performed by integrating over the unshaded region and

subtracting from 1.
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Pri(X <1)u(Y <1)]

1| j”+ydxd 1 IX+_2XY

1 ¢3
dy=1—ajl (9+6y-1-2y)dy

3

:1—i(24+18—8—2) 122U _om

1 3 1
=1-—| (8+4y)dy=1-—(8y+2y?
5411( +4y)ay 54( . y)l 54 54 27

Solution: E

The domain of s and t is pictured bglow.

(1,1/2)

t
Note that the shaded region is the portion of the domain of s and t over which the device
fails sometime during the first half hour. Therefore,

PrKSg%) ( ﬂ IML/Z s,t) det+II (s,t)dsdt

(where the first integral covers A and the second integral covers B).

Solution: C
By the central limit theorem, the total contributions are approximately normally

distributed with mean nyu =(2025)(3125)=6,328,125 and standard deviation

o+/n =2504/2025 =11,250. From the tables, the 90" percentile for a standard normal
random variable is 1.282 . Letting p be the 90™ percentile for total contributions,

P _J”_” ~1.282, and so p=nu+1.2820+/n = 6,328,125+ (1.282)(11,250) = 6,342,548
o+n
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Solution: C
Let Xy, . .., X5 denote the 25 collision claims, and let X =2i5(x1 +...+Xz). Weare

given that each X (i=1, ..., 25) follows a normal distribution with mean 19,400 and
standard deviation 5000 . As a result X also follows a normal distribution with mean

19,400 and standard deviation % (5000) = 1000 . We conclude that P[ X > 20,000]

J25
- p X —=19,400 . 20,000-19, 400 _p X —=19, 400 06| =1-®(06)=1-07257
1000 1000 1000
=0.2743 .
Solution: B

Let Xy, ..., Xi250 be the number of claims filed by each of the 1250 policyholders.

We are given that each X; follows a Poisson distribution with mean 2 . It follows that
E[Xi] = Var[Xi] =2 . Now we are interested in the random variable S = X; + ... + Xy250 .
Assuming that the random variables are independent, we may conclude that S has an
approximate normal distribution with E[S] = Var[S] = (2)(1250) = 2500 .

Therefore P[2450 < S < 2600] =

I:{2450—2500 - S —-2500 < 2600—2500} 3 P{—1< S —2500 < 2}
\/2500 \/2500 \/2500

_ P[S—2500<2}_P[S—2500<_1}
50 50
S — 2500

Then using the normal approximation with Z = 0 we have P[2450 < S < 2600]

~P[Z<2]-P[Z>1]=P[Z<2]+P[Z<1]-1=009773+0.8413 -1 =0.8186 .

Solution: B
Let Xj,..., X, denote the life spans of the n light bulbs purchased. Since these random
variables are independent and normally distributed with mean 3 and variance 1, the
random variable S = X; + ... + X, is also normally distributed with mean

H=3Nn
and standard deviation

o=+n
Now we want to choose the smallest value for n such that

S-3n_ 40—3n}
Jnovn

This implies that n should satisfy the following inequality:

0.9772 <Pr[S > 40] = Pr{

Page 34 of 54



40-3n
>

2> \/ﬁ

To find such an n, let’s solve the corresponding equation for n:
o 40-3n

Jn
~23/n =40-3n
3n-2v/n-40=0
(3vn+10)(vn-4)=0
Jn=4

n=16

84. Solution: B
Observe that

E[X +Y]=E[X]+E[Y]=50+20=70
Var[X +Y]=Var[X]+Var[Y]+2 Cov[X,Y]=50+30+20=100

for a randomly selected person. It then follows from the Central Limit Theorem that T is
approximately normal with mean

E[T]=100(70)="7000
and variance

Var[T]=100(100) = 1007
Therefore,

Pr[T <7100] = Pr[

T —7000 < 7100 - 7000
100 100

=Pr[Z <1]=0.8413
where Z is a standard normal random variable.
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Solution: B
Denote the policy premium by P . Since x is exponential with parameter 1000, it follows
from what we are given that E[X] = 1000, Var[X] = 1,000,000, /Var[X] = 1000 and P =
100 + E[X] = 1,100 . Now if 100 policies are sold, then Total Premium Collected =
100(1,100) = 110,000

Moreover, if we denote total claims by S, and assume the claims of each policy are
independent of the others then E[S] = 100 E[X] = (100)(1000) and Var[S] = 100 Var[X]
=(100)(1,000,000) . It follows from the Central Limit Theorem that S is approximately
normally distributed with mean 100,000 and standard deviation = 10,000 . Therefore,
110,000-100,000

10,000

Wsznammzl—Pﬁglmpmuzr-ﬂ}s }:1—HZ£H=1

-0.841~0.159 .

Solution: E
Let X,,..., X, denote the number of pensions that will be provided to each new recruit.

Now under the assumptions given,
0 with probability 1-0.4=0.6
X; =41 with probability (0.4)(0.25)=0.1
2 with probability (0.4)(0.75)=0.3
for i=1,...,100 . Therefore,
E[X;]=(0)(0.6)+(1)(0.1)+(2)(0.3)=0.7,
E[ X;*]=(0)°(0.6)+(1)"(0.1)+(2)°(0:3)=13, and
Var[X;]=E[ X{* |-{E[X;]} =1.3-(0.7)" = 0.81
Since X,,..., X,y are assumed by the consulting actuary to be independent, the Central
Limit Theorem then implies that S = X, +...+ X,,, is approximately normally distributed
with mean
E[S]=E[X,]+..+ E[ Xy ]=100(0.7) =70
and variance
Var[S]=Var[X,]+...+ Var[ X ,,] =100(0.81) =81
Consequently,

Pr[S <90.5]= Pr[

S-70 < 90.59— 70}

—Pr[z <2.28]
=0.99
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Solution: D

Let X denote the difference between true and reported age. We are given X is uniformly
distributed on (-2.5,2.5) . That is, X has pdf f(x) = 1/5, —=2.5 <x < 2.5 . It follows that
4, =E[X]=0

25 2 3 3
o’ = Var[X] =E[X*] = [ ~-dx :X—\fj; _2@5) 5083
55 D 15 15
ox =1.443
Now X, the difference between the means of the true and rounded ages, has a

1.443

="

distribution that is approximately normal with mean 0 and standard deviation

0.2083 . Therefore,

P[—ls X s sl}: P[ 025 _, 025 } =P[-12<Z<12]=P[Z<12]-P[Z<-
4 4 0.2083 0.2083

1.2]
=P[Z<12]-1+P[Z<12]=2P[Z<1.2]-1=2(0.8849)-1=0.77.

Solution: C

Let X denote the waiting time for a first claim from a good driver, and let Y denote the
waiting time for a first claim from a bad driver. The problem statement implies that the
respective distribution functions for X and Y are

F(x)=1-e** , x>0 and
G(y)=1-e7" ,y>0
Therefore,

Pr[

(Y £2)]=Pr[X <3]Pr[Y <2]
( 71/2)(1_e72/3):l_972/3 _p U2 4 g6
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89.

Solution: B

. (50—x-y) for0<x<50-y<50
We are given that f(x,y)=<125,000

0 otherwise

and we want to determine P[X >20 n'Y > 20] . In order to determine integration limits,
consider the following diagram:

y

30 50—x
We conclude that P[X > 20 N Y > 20] = 6 j j (50— x—y) dy dx ..
125,000 3, 3,

Solution: C
Let T; be the time until the next Basic Policy claim, and let T, be the time until the next
Deluxe policy claim. Then the joint pdf of T, and T, is

f(t,t,)=|=e"? Loun :le‘“’ze‘w, 0<t;< o0,0<t,< oo and we need to find
3 6

ootl
P[T2 < Tl] —_ J.I_e—t1/2 —t2/3dt dt1 J.|: —tl/2 —t2/3:| 4 dtl
0

- T{Ee—wz_l e /20 —t1/3:| 'T{ et/ _ 2 —5t1/6j|dtl { t1/2+§e_5t1/6i|00 :1_§:3
2 2 5 5 0 5 5

Solution: D
We want to find P[X + Y > 1] . To this end, note that P[X + Y > 1]

2

:ii{zx%f_y}dydx J{nyJr y—gy} dx
0

1-x

{523 } {53321}1_53117
XT+—=X+=|dX = | =X"+=X"+=X| = —+—+=-=—
8 4 8 24 8 8 b 24 8 8 24
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92. Solution: B

Let X and Y denote the two bids. Then the graph below illustrates the region over which
X and Y differ by less than 20:

y=x+20
2200 -

) y:X—ZO
2000 |

2000 2200
Based on the graph and the uniform distribution:

2 1 2
Shaded Region Area 200 _2'5(180)

(2200-2000)° 200°

1802

2007
More formally (still using symmetry)

Pri|X =Y |<20]=1-Pr[|X -Y |2 20]:1—2Pr[x -Y > 20]

19 2200 ¢ x-20 dvd 2200
Bl jzozo .[2000 2002 ydx =1- .[2020 2007

Pri|x -Y|<20]=

—1—

=1-(0.9)° =0.19

x—20
2000

2 1
—1- 2002j " (x—20-2000)dx = Oz(x—zozo)z\gggg
—1- (180) =0.19

200
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Solution: C

Define X and Y to be loss amounts covered by the policies having deductibles of 1 and 2,
respectively. The shaded portion of the graph below shows the region over which the
total benefit paid to the family does not exceed 5:

10

1 6 0
We can also infer from the graph that the uniform random variables X and Y have joint

density function f(x,y)zﬁ , 0<x<10, 0<y<10

We could integrate f over the shaded region in order to determine the desired probability.
However, since X and Y are uniform random variables, it is simpler to determine the
portion of the 10 x 10 square that is shaded in the graph above. That is,

Pr(Total Benefit Paid Does not Exceed 5)
=Pr(0<X <6, 0<Y <2)+Pr(0<X <1, 2<Y <7)+Pr(l<X <6, 2<Y <8-X)

_(6)2), (1), ¥2)(5)(5) _12 5 125 o

100 100 100 100 100 100

Solution: C
Let f(t,t,) denote the joint density function of T, and T, . The domain of f is pictured

below:

—+

LI ]

_—
=

(o)}
~

I N
IIIII’

Now the area of this domain is given by

A:62—%(6—4)2:36—2:34
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— , 0 6,0<t,<6,t +t,<10
Consequently, f(t,t,)=1<34 <h< <k b

0 elsewhere

and
E[T,+T,]= E[T |+ E[T,]=2E[T,] (due to symmetry)

{j j ~dt,dt, jtljol dtdt} {j:tl[; }dtlj' {ﬂ“’“}dt}
2{[04%&1 +j463i4(10t1 —tf)dtl} = 2{%: g+3i4(5tf —%tfj\j}

2 ﬁ-i-i 180-72 - 80+% =5.7
17 34 3

Solution: E
M (tﬂ_’tz) -E I:et1W+tZZ ] -E [etl(xw)nz(v-x)} - E |:e(t1—t2)Xe(t1+t2)Y }

1 1 1 1
—Ele |: (t-tp)X :| E |:e(t1+t2 Y :|: ez(tl t) ez(t1+t2)2 _ eE(t12_2t1t2+t22)ea(t12+2tlt2+t§) _ etlZHZZ

Solution: E
Observe that the bus driver collect 21x50 = 1050 for the 21 tickets he sells. However, he

may be required to refund 100 to one passenger if all 21 ticket holders show up. Since
passengers show up or do not show up independently of one another, the probability that

all 21 passengers will show up is (1—0.02)21 = (0.98)21 =0.65 . Therefore, the tour
operator’s expected revenue is 1050 —(100)(0.65)=985.
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97.  Solution: C
We are given f(ty, to) = 2/L%, 0<ty <t, < L.

Lt
Therefore, E[T:? + T, = ”(tlz +t22)%dt1dt2 =
00

L[ 43 t L 3
%{j{%ﬂﬁl} dtl} =%{I[%+t;]dt2}
0 0 0

254 21t " 2,

- F!gtz dtz =F|:? :—L
0

t

(L, L)

98.  Solution: A
Let g(y) be the probability function for Y = X;X,X3 . Note that Y = 1 if and only if

X1=Xz=X3z=1. Otherwise, Y =0. Since P[Y = 1] =P[X; =1 X;=1n X3 =1]
= P[Xy = 1] P[Xz = 1] P[X3 = 1] = (2/3)* = 8/27 .

19
— fory=0
27 y
We conclude that g(y) = % fory=1
0 otherwise
19 8
and M(t) = E|e” |==—=+—¢'
® [ ] 27 27
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99.  Solution: C
We use the relationships Var(aX +b)=a* Var(X ), Cov(aX,bY)=ab Cov(X,Y), and

Var(X +Y)=Var(X)+Var(Y)+2 Cov(X,Y). First we observe

17,000 = Var( X +Y )=5000+10,000+2 Cov(X,Y ), and so Cov(X,Y ) =1000.
We want to find Var[ (X +100)+1.1Y |= Var[(X +1.1Y )+100 |

=Var[X +1.1Y]=Var X + Var[ (1.1)Y ]+ 2 Cov(X,1.1Y)

= Var X +(L.1)" VarY +2(1.1)Cov(X,Y ) = 5000 +12,100+ 2200 = 19,300,

100. Solution: B
Note
P(X =0)=1/6
P(X =1)=1/12 + 1/6 = 3/12
P(X=2)=1/12+1/3+1/6 = 7/12 .
E[X] = (0)(1/6) + (1)(3/12) + (2)(7/12) = 17/12
E[X?] = (0)2(1/6) + (1)%(3/12) + (2)%(7/12) = 31/12
Var[X] = 31/12 - (17/12)* = 0.58 .

101. Solution: D
Note that due to the independence of X and Y
Var(Z) = Var(3X — Y - 5) = Var(3X) + Var(Y) = 3* Var(X) + Var(Y) = 9(1) + 2 = 11.

102. Solution: E
Let X and Y denote the times that the two backup generators can operate. Now the

variance of an exponential random variable with mean g is . Therefore,
Var[ X ]=Var[Y]=10% =100

Then assuming that X and Y are independent, we see
Var[X+Y]=Var[X]+Var[Y]=100+100 = 200
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103.  Solution: E
Let X,, X,, and X, denote annual loss due to storm, fire, and theft, respectively. In
addition, let Y = Max(X,, X,, X;) .
Then
Pr[Y >3]=1- Pr[ <3]=1- Pr[X1£3]Pr[X <3]|Pr[X,;<3]

e
< “Ja-e)-e )

=0.414
* Uses that if X has an exponential distribution with mean

Pr(X <x)=1-Pr(X = x) :1—Tlet/ﬂdt =1—(—eV)|7=1-e"

104. Solution: B
Let us first determine k:

_ript B 11, L, B 1k _k

1_j0jokxdxdy_j05kx |Ooly_j0§o|y_E

k=2

Then

ETX 1= [ [ 2xdydx = [ "2x2dx = 2 x| = 2

[ ]_M X yx_I0 X x_§x|o_§
11 1 1 1
= 2x dxdy = [ ydy==y?|*==
££y><xy [oydy=>ylo=>

XY =J‘ J‘ 2x%ydxdy = _[—x ylg dy = j ydy

_Zyppotl
6°° 6 3
Cov[X,Y]:E[XY]—E[X]E[Y]z%—(%)(%}z%—%:o

(Alternative Solution)
Define g(x) =kxand h(y) =1. Then
fxy) = g()h(x)
In other words, f(x,y) can be written as the product of a function of x alone and a function
of y alone. It follows that X and Y are independent. Therefore, Cov[X, Y] =0.

Page 44 of 54



105. Solution: A
The calculation requires integrating 3yer the indicated region.

I H X
H Z X ydydx= I y? dX I —xz)dx=j:4x4dx=gx5:=g
1
=[] oy [ D] ayox=] x(ox xs>dx=;f;_6x4dx=§_gxso 0
H—xdevdx=f:sxzv3jdx=;:gxz LRS-

Cov(X,Y) = E(XY)~E(X)E(Y)=22 - (jgj(sj 0.04

Solution: C

The joint pdf of X and Y is f(x,y) = fa(y[x) fi(x)
= (1/x)(1/12),0<y<x,0<x<12.

Therefore,

e = || dyd Caxo [Lax= X =6

[ ]—Mx— ydx = j X %%, T
12 x 12 2 X 12 2

ELV] = [ [ Ldyax=[| 2o | ax=[2-dx=2_" = 144 _
)1 12x Noax), 24 Tagh T a8

24 12l T 72
Cov(X,Y) = E[XY] - E[X]E[Y] = 24 — (3)(6) =24 - 18 =6 .

12 x 12 27X 12 3 3
E[XY] = [ [ L dydx= {y—} dx :I—d =X A2 o,
00
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107. Solution: A
Cov(C,,C,)=Cov(X +Y, X +1.2Y)

=Cov(X,X)+Cov(Y,X)+Cov(X,1.2Y)+Cov(Y,1.2Y)
=Var X +Cov(X,Y)+1.2Cov(X,Y)+1.2VarY
=Var X +2.2Cov(X,Y)+1.2VarY

varX =E(X?)-(E(X)) =27.4-5° = 2.4

varY =E(Y?)-(E(Y)) =5L4-72 =24

Var(X +Y)=Var X +VarY +2Cov(X,Y)

Cov(X,Y) =%(Var(x +Y)-VarX —VarY) = %(8— 24-24)=16
Cov(C,,C,)=2.4+22(1.6)+1.2(2.4)=8.8

107.  Alternate solution:
We are given the following information:
C,=X+Y

C, =X +1.2Y
E[X]:S
E[X*]=274
E[Y]=
E[Y*]=514
Var[X +Y]=8
Now we want to calculate
Cov(C,,C,)=Cov(X +Y,X +1.2Y)

=E[(X+Y)(X+12Y)]-E[X +Y-E[X +1.2Y]

= E[ X?+2.2XY +1.2Y* |- (E[X]+E[Y])(E[X]+12E[Y])
=E[ X?|+22E[XY]+1.2E[Y? |- (5+7)(5+(1.2)7)
=27.4+2.2E[XY]+1.2(51.4)-(12)(13.4)

= 2.2E[XY]—71.72
Therefore, we need to calculate E[XY] first. To this end, observe
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8=Var[X +Y]=E[ (X +Y)"|-(E[X +Y])2
=E[X2+2XY +Y2 |- (E[X]+E[Y])
=E[X?]+2E[XY]+E[Y? ] 5+7)2
= 27.4+2E[XY]+51.4-144
= 2E[XY]-65.2
E[XY]=(8+65.2)/2=36.6
Finally, Cov(C,C,)=2.2(36.6)-71.72=8.8

108.  Solution: A
The joint density of T, and T, is given by
f(t,t,)=e"e® , >0, t,>0

Therefore,
Pr[X <x]= Pr[2T +T, <X]

—J' j e ettt —j e { et s( }dtz
:J’Xe‘tz {1—eéx+;t2_dt :J'X[e —e ;e 2 jdt
0 2 0

L .
=|-€e7+2 e ? ||,

11 1,
=—e"4+2e 2 2 +1-2e 2

1 1
=1-e*+2e7"-2e 2 =1-2e 2 +e* , x>0
It follows that the density of X is given by
1

1
g(x):di[l—Ze 2 +e‘X}=e 2 g | x>0
X
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109. Solution: B

Let
u be annual claims,
v be annual premiums,
g(u, v) be the joint density function of U and V,
f(x) be the density function of X, and
F(x) be the distribution function of X.

Then since U and V are independent,

g(lJ,V)z(e‘“)(%e‘”2 =%e‘”e‘v’2 , O<u<w , 0<v<owm

and

F%@:qusqurﬂsdzpququ
v
v wprwl —U -V
:J'O J.O g(u,v)dudv:J‘O jo See "dudv
:J-OO_E *V/2 dV J' ( 1 —vx —v/2 1e”2jdv
0 2 2
_I ( 1 —v><+1/2 1ev/2jdv
2

=|: 1 efv(x+l/2) _e—v/2j|OO - _ 1 +1
2% +1 o 2x+1
_ 2
Finally, f(x)=F'(x)=
V. H(x)=F(x) (2x+1)

110. Solution: C
Note that the conditional density function

_1)_f(13y) 2
f(y‘x_sJ_ fx(]/3) , O<y<3,
2?16

1 2/3 2/3
fx(gj:jo 24(1/3)ydy=J'0 8ydy:4y20

It follows that f(yx :lJ f(1/3 y)——y , 0<y<E

3
Consequently, Pr[Y < X|X =1/3]= J. —ydy——y

0
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111.  Solution: E
Pr1<Y <3x =2]= jﬂdy

f(2)
2 ey 1
f(2,y)= (4-1)j21 _ L\ -8
@Y=" 27
1 !
f,(2)=[=y%dy=-"y? ==
«(2) !Zy v=-39"| =%
N fy‘sdy
L2 .
Finally, Pr{1<Y <3|X =2]= 1 V' =1-5 =%
4

112.  Solution: D
We are given that the joint pdf of X and Y is f(x,y) = 2(x+y),0 <y <x<1.

Now fy(x) = j(2x+2y)dy :[2xy+ yZl: =2 +x2=3x40<x<1
0

sty = 102800 21

+X—y2)0<y<x

X
1 y 2
f(ylx = 0.10) = _{EWLE} :5[10 +100y], 0<y<0.10

0.05
P[Y < 0.05/X = 0.10] = j %[10+100y]dy = [?yjt% yﬂ 0.05 =%+i _0 _ 04167,
0

113. Solution: E
Let
W = event that wife survives at least 10 years
H = event that husband survives at least 10 years
B = benefit paid
P = profit from selling policies
Then Pr[H]=P[H AW ]+Pr[HW*]=0.96+0.01=0.97

and
PrW| H]= PrLW NH]_0.96 _ o597
((H] 097
Pr{W°| H = PriH oW’ _00L_ 50103
Pr[H] 097
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It follows that
E[P] = E[lOOO— B] =1000-— E[B] =1000—{(0)Pr[W| H]+(10,000)Pr[W°| H]}

=1000-10,000(0.0103) =1000—103 = 897

114. Solution: C

Note that

P(Y:O‘X:1): P(X :l,Y:O): P(X =1Y =0) _ 0.05
P(X =1 P(X =LY =0)+P(X =1Y =1) 0.05+0.125

=0.286

P(Y=1|X=1)=1-P(Y=0| X=1)=1-0.286=0.714

Therefore, E(Y | X =1) = (0) P(Y =0| X = 1) + (1) P(Y = 1| X = 1) = (1)(0.714) = 0.714
E(Y?|X=1)=(0)*P(Y=0|X=1)+ (1)?P(Y=1|X =1)=0.714

Var(Y | X =1) = E(Y?| X = 1) - [E(Y | X = 1)]? = 0.714 - (0.714)* = 0.20

115.  Solution: A
Let f1(x) denote the marginal density function of X. Then

fl(x)=.[:+12xdy=2xy|§*1:2x(x+1—x):2x , 0<x<1

Consequently,

f(y] )= f(xy) [1 ift x<y<x+l
= f.(x) |0 otherwise

x+1 l X+ l 1 1 1 1 1
E[YI X]=IX ydy:§y2|x1:§(x+1)2—5x2:Ex2+x+5—§x2:x+§

x+1 1 x+_1 s 1
E[Y2|X]:L yzdy:§y3|xl_3(x+1) X

N TR SRV P I
3 3 3 3

2

Var[Y| X]=E[Y?| X |-{E[Y| X]}’ =x2+x+%—(x+%j
:x2+x+l—x2—x—£:i
3 412
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116. Solution: D
Denote the number of tornadoes in counties P and Q by Np and Ng, respectively. Then
E[Ng|N = 0]
=[(0)(0.12) + (1)(0.06) + (2)(0.05) + 3(0.02)] / [0.12 + 0.06 + 0.05 + 0.02] = 0.88
E[Ng?Np = 0]
=[(0)%(0.12) + (1)%(0.06) + (2)%(0.05) + (3)%(0.02)] / [0.12 + 0.06 + 0.05 + 0.02]
=1.76 and Var[Ng|Np = 0] = E[No?|Np = 0] — {E[Ng|Np = 0]}* = 1.76 — (0.88)*
=0.9856 .

117. Solution: C
The domain of X and Y is pictured below. The shaded region is the portion of the domain
over which X<0.2 .

Now observe

1-X

Prx <02]= [ [76[1-(x-+y) Jdydx = 6]00'2[y—xy—%y2} dx

_ 6'[00'2{1— K= x(1-x) = (1- x)z}dx - 6[00'2{(1— 1)2 -(- x)Zde

021
=6[, S (1-x) dx=—(1-x)"|*=~(08)" +1=0.488

118. Solution: E
The shaded portion of the graph below shows the region over which f (x, y) is nonzero:
Y

(0. 0)
We can infer from the graph that the marginal density function of Y is given by

.
g(y):IleSydx:ley y :15y(\/§—y):15y3/2(1— y?), 0<y<1
y
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Y2 (1 \,\Y2
or more precisely, g(y)= 15y"*(1-y)™, O<y<1
0 otherwise

119. Solution: D
The diagram below illustrates the domain of the joint density f (x, y)of X and Y.

y
__('132) y=X+1
Ve
T 7,1
>
yZ20s5,

We are told that the marginal density function of X is fx(x)zl , 0<x<1
while f, (y[x)=1, x<y<x+1
1 if O<x<l,x<y<x+1

It follows that f (x,y)= f,(x) Fyix (v[x)= {0 otherwise

Therefore,
Pr[Y >0.5]=1-Pr[Y <0.5] :1—jo%jx%dydx

:1—jo%y ?dx:1—jf(%—x)dx:l—[%x—%xz}

[Note since the density is constant over the shaded parallelogram in the figure the
solution is also obtained as the ratio of the area of the portion of the parallelogram above
y = 0.5 to the entire shaded area.]

%

11
(i i
4 8

’
8
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120.

Solution: A
We are given that X denotes loss. In addition, denote the time required to process a claim
by T.

2

| w

x-lzgx, X<t<2x,0<x<2
X 8

Then the joint pdf of X and T is f(x,t) =

O o

otherwise.
Now we can find P[T > 3] =

42 4 2 4 4
H@xdxdt:j{ixz} dt = j[g—itzjdt {12 iﬁ} E_l_(ﬁ_ﬁj
21028 016 ), ,\16 64 16 64 |, 4 16 64

4+ -
3* =X
2*
1*
} T X
1 2
Solution: C

The marginal density of X is given by
-4
, 04 3

f,(x)= J' 614(10 Xy )dy—6 {10y—xg J

Then E(X) = [[*x, (xdx = [ (10 _X?]dx :L(5Xz_x_3l

- i (500152 | 20-3 )| = 5778
64 9 9
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122.

Solution: D
y y

The marginal distribution of Y is given by f,(y) = _[6 eXeVdx=6e% _[e‘x dx
0 0

= 6eVeV+6eY=6e¥-6e¥ 0<y<wm

Therefore, E(Y) = J.y fo(y) dy = _|.(6ye’2y —6ye™®)dy=6 _|.ye’2y dy -6 J.y e¥dy=
0 0 0 0
6 - 6 3
—|2ye?dy- —|3ye~d
2! ye™™ dy 3£ ye ¥ dy
But J' 2y e dyand _[3y e dy are equivalent to the means of exponential random
0 0
variables with parameters 1/2 and 1/3, respectively. In other words, _[2y e dy=1/2
0

and I3y e ¥ dy = 1/3. We conclude that E(Y) = (6/2) (1/2) — (6/3) (1/3) =3/2-2/3 =
0

9/6 — 4/6 =5/6 = 0.83 .

Solution: C
Observe

Prl4<S<8]=Pr[4<S <8N =1]Pr[N =1]+Pr[4<S <8N >1]Pr[N >1]
o)

3
=0.122
*Uses that if X has an exponential distribution with mean u
Pr(a<X <b)=Pr(X>a)-Pr(X >b)= jie’t/"dt—jle’t/”dt —e e’
a H b H
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