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ELEMENTARY MORSE THEORY

M closed manifold,
h : M — R smooth function
X : M — T M smooth vector field.

h Morse function

dh, = o0 =
( q n )
h:=h(z)— 1/22x?+ 1/2 Z 7
i=1 i=q+1
(h’ M, x) ~ 9 RY x R ¢ '
0
\ /
Ind(x) =q

Cr(h) = {z € M, dh, = 0}, Cr(h) = U,Cr(h),

X —h gradient like vector field

a)X(h)(x) <0,z € M\ Cr(h)

b)(X, M, z) ~ (—grad,h, M, z) for some Riemannian
metric g = Cr(h) =X



Stable/Unstable set

x critical pointi.e x € Cr(h)

Wi ={y € M| lim ~,(t) =a}| [iy : W, — M

— Wxi ~ R[nd(:p)/n—]nd(aj)

(X, h) Morse pair
a) h Morse function,
b)X (—h)-gradient like vector field

(X, h) Morse Smale pair
a) (X, h) Morse pair
b)z,y € Cr(h) =W, d W,

Proposition 1. 1. Givenf smooth function there existsa Morse
function arbitrary close frony in C" topology .

2. Givenh a Morse function there exists (—h)-gradient like vec-
tor field.

3. Given(X,h) a Morse pair there existX'’ arbitray close from
X in C" topology so that X', 1) is a Morse Smale pair. One can
actually chooseX”’ to be equal taX away from an arbitrary neigh-
borhood ofC'r(h)



Let (X, ) be a Morse-Smale pair

z,y € Cr(h) = |T(z,y) =W, NW,//R
smooth manifold of dimension ind(z) — ind(y) — 1

Consider 7 (x, z), W, andi; : W, — M defined by

T(x,2)=U, || Tlxm) % TW1,9) X Ty, 2)

Y1, 5Yr

Wy =u, || T@ou) Ty u) x W,

yl'/ 7yT'

ZI ‘|_|y1.’..._’yr T(,I/!/l)T(yffl/yf)xvvl; a Z% ’ Prltri )

Theorem 1.1. 7 (z, z) is a smooth compact manifold with corners
whosek— corner is

A

T(z,2), =y, .., T(@,y1) % T (Y1, 5) X Ty, 2).
2. W is a smooth compact manifold with corners whasecor-

neris
(W:E_)T - |_|y1,~~,yr T<$7 yl) e T(yr—la yT’) X Wy;

3.1 is a smooth map.



APPLICATIONS
1) Smooth cell structure of M

Corollary 1. 1. The partition ofM into W, , x € Cr(h), is a
smooth CW-complex whose closed cells are given by

%; : Wx_ — M.

2. There exists compatible smooth triangulations]\ﬁff(:c,y),

W . In particular the open simplexes &f_ ~ define the collection

of open simplexes af/

2)The geometric complex

Fix orientations O := {o,,x € Cr(h)} of T,(W.")
Define the complex (C*(X), d; »(t)) by:

CUX) = Maps(Cr(h),,R)

(Oh o) = Y e M5, y) f)

xeCr(h)q

y € Cr(h)gi1, 0(z,y) =47 (y,2)), f e CUX)
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3)Integration Theory

Inti(t) /W =hi@) )

Inti(t) : (0(M), di(t) = & + tdhA) — (C*(X), 5}, (1))

4)WHS-theorem

Theorem 2.Given a Riemannian metrig (which is admissible for

(X, h)) there existd" > 0 and a canonical decomposition
(0 (M), dy(t)) = (25, (M), d (1)) D (§2,(M), d},(t))

so that

Inty(t) - ($25, (M), d;,(t)) — (C7(X, O), 0, 0(1))

iIsanO(1/t) isometry provided > T.



ELEMENTARY G-MORSE THEORY

M= (M,u:Gx M — M) closed G— manifold,
Let x € M.
H =G, ={g€G plg,z)=ux}
Y(z):=p(G,x)=G/H orbitof z € M
p'H— GV =T,(M)/T,(X) isotropy repr.

(U,S) ~ (G x4 V,G/H)

h : M — R a smooth GG—invariant function

X : M — T M smooth G— equivariant vector field.

x € Cr(h) = X(z) C Cr(h)

o x” €Y= py = py



G — Morse function h satisfies:

Qp’=p-®pl, pt: H—-O0Vy), V=V_0V,
r € Cr(h) = X(z) C Cr(h)

b)S C Cr(h) =
(= h(z) = 1/2][y[? + 1/2|[v/?)
(h, M,X) ~ ¢ E(p_® py)
>

\ /

Ind(X%) := dim(V_)



(G— normal Morse function

h satisfies
a) hisa G— Morse function,

b) p, trivial for any x € Cr(h)

X —h gradient like vector field and g— equivariant

X ={re MX(z)=0}=X= Cr(h)

> C Cr(h)

W ={ye M| lim () est =W

e

2§W§—>M p%:WSHE

ps is a G— bundle eqv. to
G x ¢, W — (z) equivalentto G x ¢, Vo — G/G,, for some

(and then any) z € X.

(X,h) G-Morse pair

(X, h) G-normal Morse pair
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(G-Morse Smale pair (normal Morse Smale pair)

(X, h) satisfies
a) (X, h) a G-Morse pair (G- normal Morse pair)
b) For any ¥,z € ¥ = W, th W, It suffices to check for

one x.

Let (X, h) be aG—Morse-Smale pair

¥, ' Cr(h) =

T(3,%) =Wg NW,/R

smooth manifold of dimension dim(X) + ind(X) — ind(>X') — 1

X C Cr(h),x € ¥ =

T(z,%) = Wg N, /R

smooth manifold of dimension ind(¥) — ind(X') — 1 on which

G, acts.

uw:T(S,Y) =3 1:T(5Y) =Y
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smooth maps, v a smooth G— bundle isomorphic to
G xg, T(x,X) — G/G,

p, trivial = ps. and u are trival bundles.

Define:
T(3,%), Wy G-spaces,

0T (0,Y) =%, 1 T(%,Y) — ¥ G-equiv. maps,

Py Wg — 2, %g : Wz_ — M G- equiv.maps.

A~

T(2,Y) =L, T(S,50) xy, - T (51, 50) X5, T(5,,5)
S, D

Ve =L, |_| T(3,20)s,w, T (81, 20) X, Wy,
TR

i = 1vw - Pry— |
5> ||_|21’,,, 5, T(BS0)s, s, T(Sr1.50) x5, Wy, s, TWET
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Theorem 3.1. 7 (%, Y') is a smooth compact manifold with corners

whosek— corner is

TS, = | | TS50y, 5, T(S1,5) x5, T(5,Y).
Y1, 5Yr

The mapsi and/ are smooth withi; a G— bundle with fiber

Too=U, || T(x,%0) xy, -5, T(So1,5) Xz, T(S, YY),
21’...727,

This bundle is isomorphic 6 x T, — G /G, and is trivial if p_
IS trivial.
2. Wy, is a smooth compact manifold with corners whésecor-

neris
We )= || T(=S0s, 5, TS0, %) xs, Wy .
Y, 5Yr
The mapy, a smoothG'— bundle with fiber

Fo= || T@ S)s 5 TS0, 5) x5, Wy .
Y1, yYr

This bundle is isomorphic 6 x ¢, F, — G/G, and is trivial if p_
IS trivial.

3. iy, is @ smooth map.
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Suppose (X, h) is G-normal Morse Smale. Choose
for any > C Cr(h) a point x € 3

By "passing to the orbit spaces” iy, : Wy, — M =
i, W, = M/G

Corollary 2. The manifolddV_ have canonical compactifications

to smooth manifolds with cornefs and the maps, have (smooth)

completions:, : F, — M /G| providing a (smooth) cell complex
structure forM/G.

Theorem 4.1. (K.H.Meyer) Given & — invariant smooth function
f there exists: a normalG-Morse function arbitrary close tg in
C" topology.

2. Givenh a G— Morse function there exists-h)-gradient like
vector fields.

3. ([B])Given (X, h) a normalG— Morse pair, there exists’
arbitray close toX in theC" topology so thatX’, 1) is aG-normal
Morse Smale pair. One can choo&éto be equal taX away from

an arbitrary G-invariant neighborhood of'r(h).

13



APPLICATIONS:

1) Smooth cell structure

Corollary 3. Supposé X, h) is aG- Morse Smale pair.

1. The partition of\/ into Wy, is a smoothG— handle body whose
G- handles are; : Wy, — M wherelVy; are the total spaces of
the bundlegs : Wy — .

2. If the pair is normal this partition induces a smooth cell structure
for M /G and compatible smooth triangulations 6§, 7). lead to
compatible smooth triangulations &f /GG; equivalently to a smooth
G-triangulation of M. The open simplexes 8f /G are open sim-

plexes ofiV/ .

2)The geometric complex

The smooth maps i;; combined with integration along the

fibers (fF) provide for any critical orbit > the linear maps

Ints(t) - (M) — QB (5 oy)

by | Ints(t)(w) = / F(?ZV(G‘“’““”C«J)
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Choose orientations O : {O,orientation inT,(W,).

O = "orientations” oy, of the bundles py : W5 — X.

The integration along the fibers induces the linear maps

6272/ : Q*(E,, 0/§]> _ Q*—Ind(E)—i—[nd(E')—i—l(Z/’ OIE> .

8272 . Q*<Z, Oz) — Q*+1<Z, Oz) = dﬂg

Define:

CU(X) = Qs oy)
>

and

. o(t) (W) = @2/67“}7’@/)7}7'('77))5272’<w>

for w € QI3 oy).

4 Integration Theory

Tntj () : (U (M), dj(t) = d" + tdh\) — (C*(X, O0), 6, o (1))

Inty(t)(w) = @xlnts(t)(i, )'w

((M),d; (1)) and (C*(X),0; (1)) are complexes of G- rep-

resentations and Int;(t) is G— equivariant.
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(Int}(t)) = S(UInt}(t))e

(Intp,(t))e : (Q(M)e, dj,(t)) — (C*(X, )¢, On(t))

with (C*(X)e, 0; »(t)) finite dimensional cochain complex.

4)WHS-theorem

Theorem 5. Given a Riemannian metrig admissible for( X, h)
and¢ anirreducible representation there exigis> 0 and a canon-

ical decomposition

(U (M)e, di (1)) = (¢ (M), dj,(t)) & (€2 1 (M), dj (1))
so that
(Intn(t))e : (¢ (M), dp () — (C7(X)e, 05, 0(t))

iIsanO(1/t) isometry provided > 7.
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PROOF OF THEOREMS 3,4)

K=WgnNM~ K~GxyK,, K,=W_NM"*
Z = (Ungry<e Wy N M2, Z C M Whitney stratif.
Mapsg(K .M |K, M Z )C Mapsg(K ,M )

Mapsp(Ky, M |K; N Z ) C Mapsy(Ky, M )
Maps (K., M"|K, Mt Z") c Maps (K,, M)
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MANIFOLDS WITH CORNERS P:
P is locally diffeomorphic R”, = {(x1, z2,...,z,) | ; > 0}.

P;. points of P which in some chart have exactly k& vanishing

coordinates. P; is a smooth manifold of dimension (n — k).

oP = PLUPyU---UP, is closed in P and a topological
manifold. (P, 0P) is a topological manifold with boundary oP.

A product of manifolds with boundary is a manifold with cor-

ners.

Remark 1. If P is a smooth manifold with corners), S smooth
manifolds,p : P — O ands : § — O smooth maps so that
p and s are transversal % is transversal tos if its restriction to
eachk-boundaryP,. is transversal tas), thenp~!(s(S)) is a smooth

submanifold with corners d@?.
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PROOF OF THEOREM 3 1)
cNy > >0 > ¢ > - > ¢y, all critical values of h.

e > 0 small so that ¢; — ¢ > ¢;_; + € Denote:

Mz’ I:h_l(Ci),
]\41-i I:h_l(CZ‘ + EZ')
M(Z) I:h_l(Ci_l, CfH_l).

P, = trajectories (possible broken) from M,” to M~

P, compact smooth manifold with boundary:.

Let h(X) = ¢41, A(Y) = ¢,_;_1 and take
P .= Pr,r—k = Pr X Pr—l X oo X Pr—ka
O = H:;f(MfL x M),

S:=55 XM x---x M-

_'_
i1 X sy

Definep: P - 0s:S§ — 0.

Show p and s are smooth and transversal.

= |T(2,5) = p '(s(9))
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T(Z, 21) Xy T(El, 22)

Iy,

T(3,%)

e
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