Tutte polynomial

Chromatic polynomial Cr(q).

A coloring of T with ¢ colors is a map ¢: V(T') — {1,...,q}. A coloring ¢ is proper if for any
edge e: ¢(v1) # ¢(v2), where v1 and vy are the endpoints of e.

Definition 1. Cr(q) := # of proper colorings of T in q colors.

Properties (Definition 2).
Cr =Cr-e — Crye ;
Cr,ur, = Cr, - Cr,, for a disjoint union I'; LTy ;
Co=1.

Tutte polynomial Tr(x,y).
Definition 1.

Tr =Tr—c + Tt/ if e is meither a bridge nor a loop ;
Tr = 2. if e is a bridge ;
Tr = yTr—. if e is a loop ;

Tr,ur, = 1r,.v, =1r, - Tr, for a disjoint union I'y U Ty
and a one-point join I'y - T'y ;

Te=1.
Properties.
Tr(1,1) is the number of spanning trees of I ;
Tr(2,1) is the number of spanning forests of I" ;
Tr(1,2) is the number of spanning connected subgraphs of T" ;
Tr(2,2) = 2P s the number of spanning subgraphs of " .
Cr(q) = ¢" O (=1)"OTr(1 - ¢,0) .

Definition 2.
Let o F' be a graph;
( ) be the number of its vertices;
F) be the number of its edges;
F) be the number of components of F;
F) :=v(F) — k(F) be the rank of F;
F):=e(F) —r(F) be the nullity of F;
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Dichromatic polynomial Zr(q,v) (Definition 3).

Let Col(T") denote the set of colorings of " with ¢ colors, and let D : E(T') x Col(T') — {0,1} be
defined by the formula D(e,c) = 1 is and only if ¢(v1) = ¢(v2), where v1 and v are the endpoints

| Zr(q,v) : Z H (14+vD(e,c))
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Properties .
Zp = Zr—e +vZrsc ;

Zr,ry, = Zr, - Z1, for a disjoint union I'y LTy ;
Ze=4q;
Zr(gv) = > ¢Fee®)
FCE(T)
Cf(q) = Zf(qa ) )
Zr(q,v) = "o OTH(1 + qu= 1,14 0) ;
Tr(z,y) = (x— 17RO (y —1)=* O Zp (2 = 1)(y — 1),y —

Definition 4.

For a connected graph I' fix an order of its edges: e, eq,...,

1.

em. Let T be a spanning tree.

An edge e; € E(T) is called internally active (live) if i < j for any edge e; connecting the two

components of T — e;

An edge e; & E(T) is called externally active (live) if j < i for any edge e; in the unique cycle

of T'Ue;.

Let i(T) and j(T) be the numbers of internally and externally active edges correspondingly.
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