THE BERGMAN KERNEL AND MASS EQUIDISTRIBUTION ON THE
SIEGEL MODULAR VARIETY Sp2,(Z)\$9,

JAMES W. COGDELL AND WENZHI LUO

ABSTRACT. We study the mass equidistribution of holomorphic cuspidal Hecke eigenforms
on the Siegel modular varieties, and show that equidistribution holds on average, by means
of the Bergman kernel.

1. INTRODUCTION

In 1924 Artin showed that the geodesic flow on the open modular Riemann surface
SLy(Z)\$ was ergodic [1]; interestingly, his proof was an analysis of the geodesic arcs via
continued fractions. In 1939 Hopf showed that the geodesic flow on any manifold of con-
stant negative curvature was ergodic [6]. Over time the geodesic flows on negatively curved
manifolds X have become models for studying chaotic dynamics. The quantization of these
chaotic systems corresponds to the eigenvalue problem for the Laplacian on X, with the
eigenfucntions corresponding to quantum states. The behavior of these eigenfunctions as
the eigenvalue grows corresponds to the semi-classical limit of the quantum states of this
chaotic system. One problem of interest is that of quantum ergodicity. Let us order the
eigenfunctions ¢, of the Laplacian A on X according to increasing eigenvalue A. To each
L?-normalized eigenfunction we can associate a probability measure

diip, = |pal* dp

with du the normalized volume form. The question of quantum ergodicity or mass distribu-
tion asks for the possible limit measures as the eigenvalue grows, i.e., the understanding of
the possible limits

)\lim dftep, -
This phenomenon was analyzed in the context of compact negatively curved manifolds by
the work of Schnirelman [19], Zelditch [27] and Colin de Verdiere [2] among others; they

showed, in the context they considered, that for a density one subsequence the only possible
limit is the normalized volume form du.
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Renewed number theoretic interest followed the work of Rudnick and Sarnak [17] where
they concentrated on congruence quotients of the upper half-plane I'\ §) and similar congru-
ence quotients in higher dimensions. Here one has a preferred basis of eignefunctions for
the Laplacian, namely those that are simultaneously eigenfunctions of all Hecke operators.
For such bases they conjectured Arithmetic Quantum Unique Ergodicity (AQUE), namely
that the only possible limit of the dj,, is the normalized invariant volume dy. Interest was
heightened further when Watson related AQUE to the triple product L-function for Maass
forms [26]. Eventually, AQUE for the upper half-plane was established by Lindenstrauss via
ergodic methods [11] for compact quotients; in the noncompact case he showed that there
was a unique limit measure of the form cdu for some 0 < ¢ < 1 but could not control mass
escaping from the cusps. However, quite recently AQUE for Maass forms for SLy(Z) has
been completed by Soundararajan [25] and the case of holomorphic Hecke eigenforms for
SLy(Z) has now been completed by Holowinsky and Soundararajan [5], in both cases by
arithmetic methods.

In this paper we consider a natural generalization of AQUE. We first will deal with a
higher dimensional arithmetic variety, namely the arithmetic quotient of the Siegel upper
half space $),, for n > 2 by the full modular group I';, = Spy,(Z). The quotient X,, = I',\9,
is non-compact but of finite volume, and we let du be the normalized volume form so that
u(X,) = 1. Instead of Maass forms, we will consider holomorphic Siegel modular forms of
integral weight k. The space of holomorphic Siegel cusp forms for I',, denoted Sy (I",,), is finite
dimensional and has a basis { f; ;} consisting of Hecke eigenforms which are orthonormal for
the Petersson inner product on Si(I',). To each f ; is attached a probability measure dy, ;
and the analogue of AQUE in this context is that as k — oo these measures approach dy.
This seems at least as difficult as AQUE for classical Maass forms. However, we have found
that if one approaches this conjecture on average, that is, considers the measures

A, = d1mS Z ik

we can obtain a version of mass equidistribution for these measures (Theorems 1 and 2
below) by relatively elementary techniques. It is well known that the reproducing kernel
for Si(I',) has two natural forms: one obtained from the normalized Hecke eigenbasis and
another obtained as an average over I'), of the Bergman kernel on §,,. The equality of these
two expressions lies at the heart of trace formula methods of computing the dimension of
Sk(I',,). Here we use this equality and show how a simple observation on the Bergman kernel
lead to mass equidistribution (or AQUE) on average.

The later sections of the paper contain a discussion of the expected rate of equidistribution
in this situation and a discussion of the statistical fluctuations of a mean observable for these
measures.

Acknowledgment. The authors would like to thank Peter Sarnak for his valuable com-
ments and encouragement, especially for his insightful suggestions to study the expected
decay rate in our equidistribution results.
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2. STATEMENT OF RESULTS.

Let $, = {Z € M,(C), Z = 'Z, TmZ > 0} be the Siegel upper half-space of degree
n, and I';, = Spy,(Z) be the Siegel modular group acting discontinuously on $),,. We re-
strict ourselves to the case of n > 2. It is known (see for example [10]) that the Siegel
modular variety X, = I',\$, is a complex manifold of dimension n(n + 1)/2. The clas-

sical invariant symplectic measure on X, is ( dXdY -, where we write Z = X + 1Y and

det(Y))
dX = ngl dxj, dY = ngl dyj, for X = (z;) and Y = (y;;). The volume formula of Siegel
[22] gives
vol(T\9,) = 2] M
i=1

™

Denote by Si(T',) the space of Siegel cusp forms of weight k& with respect to ', i.e. the
space of holomorphic functions f on §,, satisfying

f(yZ) = det(CZ + D) f(Z), for v = ( é, IB; ) el,,
and such that (det Im(2))*/2|f(Z)| is bounded on §,,. Sx(I',,) is a finite-dimensional Hilbert
space equipped with the Petersson scalar product. Hashimoto [4] has shown

. _ on(n—1 2V01(Fn\’6n) n(n+1)/2 n(n+1)/2—1
dimeSy(T,) = 21/ W—nﬂwk‘ )2 L O+ D21,
as k — oo with (—1)" = 1. See also Mumford’s more general results ([14], Corollary 3.5)
in this direction. Denote J,x = dimcSy(T,). We assume in the following that (—1)"* = 1,
since otherwise Sg(I',) = {0}.

Analogous to the elliptic case [18], it is expected that the mass of Hecke eigenforms should
be equidistributed on the Siegel modular variety X,, = I',,\$),, as the weight increases. Let
{fr;} be an orthonormal Hecke eigenbasis for Si(I',) with respect to %. Then for
K C X, compact, Arithmetic Quantum Unique Erdodicity, or mass equidistribution, in this

context would lead us to expect

dxXdy 1 dXdy
1 li det Im(2))*| fi.;(Z)|? = / :
W [ et D)y (P Gy = VolTosa) S @etv))
On X, denote by du(Z) = 1 dXdY__ the normalized invariant symplectic measure.

vol(I,\$,) (det(Y))" !
For each f ; define a new probability measure dyy. ;(Z) on X,, by

dXdY
(det(Y))m+t
Then (1) can be simply rephrased: for any compact K C X,,,

[ w2y~ [ awiz)

as k — oo. Note that the Siegel modular variety X,, is noncompact. In the compact case
the corresponding result is known to be true at least for a full density subsequence, which

dprj(Z) = det Im(2)¥| fi;(Z))?
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is a consequence of a general theorem of Shiffman-Zelditch [20] for holomorphic sections of
tensor powers of any ample Hermitian line bundle L on a compact Kahler manifold X.

To investigate mass distribution on average, we associate a probability measure du; on
X, to each integer k > 2n by averaging over the Hecke eigenbasis for Si(T',)

,  dXdY
Z)*| fr(2)] (det(v )i

(2) du(Z
We now ask for the hmltlng behav1or of these averaged measures as the weight increases.

By Minkowski’s reduction theory [10], the following set F}, is a fundamental domain of T',;:
F, ={Z € $,, satistying the following conditions (i), (ii) and (iii)},

where

91
(ii) *gYg > y;; for all integral g = : € Z" with ged(gj,--- ,9,) =1, 1 < j <m

9n
Yij+1 >0, 1 <53 <n—1,

A B
(iii) |det(C'Z 4 D)| > 1 for any < c D > erl,.

In particular Z € F,, implies that

(1) vj; < Yjgrje1, 1 <j<n—1;
()yjjz\/g/2 1<j<mn

n=1

(iii) detY < H Yo < cdetY, for some ¢ > 1.

v=1
We will fix such a fundamental F;, as a realization of X,,.

Our main result on mass equidistribution on average is then the following.

Theorem 1. For any compact domain K C int(F,) (the interior of I}, ), we have

(3) /d,uk /du+0

where the constant implicit in the O-symbol depends on K.

More generally, we have the following result.

Theorem 2. For any compact domain K C F),, and any n > 0, we have

(4) /K dpy = /K dp + O(k~Y/*),

where the constant implicit in the O-symbol depends on K and n.
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3. THE BERGMAN KERNEL.

The Bergman kernel for the Siegel modular variety X,, = I',\$, has been studied by
Godement [3] to derive the dimension formula using ideas from the theory of the trace
formula. The Bergman kernel function for §),, is obtained from the Bergman kernel on the
generalized unit disc D,, = {Z € M, (C), 'Z = Z, I, — ZZ > 0}, one of the four types of
the irreducible bounded symmetric domains studied by E. Cartan, via the Cayley transform.
Then the Bergman kernel for the modular variety X,, is obtained by averaging [3, 10].

Fix n > 2 and define
—\ -k
Z—~7Z —
=) det (2—7) det(CZ + D)™*
IS NS !

where v =

[10]) hi(Z, 2

é ZB)) By Godement’s theorem (cf. Section 5 of [3] or Proposition I11.6.2 of
) is cuspidal in both variables as long as k > 2n. For any f € Si(I',)) we have

(5) 27 a(n, k) /Fn\m det Im(Z )" f(Z' Y hi(Z, Zd% = f(2),

where the constant
I (k—*3)
I (k—22)

CL(TL, k) _ 27n(n+3)/27rfn(n+1)/2 H

([7, 10]). Thus it follows that
(6) Bw(Z,2') = 2" a(n, k)hi(Z, Z')

is the Bergman kernel, or reproducing kernel, for Si(T',) on the modular variety X,. On
the other hand, we have a natural expression for this reproducing kernel in terms of our

orthonormal basis, namely as
Jn,k

> fei(2)Fii(2).
j=1
Equating these expressions we find the often used equality

ka’] fk] =Bu(Z,7") =2 a(n, k)h(Z, Z.

4. PROOF OF THEOREM 1.

Utilizing the expression of the Bergman kernel as an average over [' we can rewrite our
averaged measure as
det Im(2)* dXdY 2 a(n, k) dXdy
——DBx(Z, 7 = R(Z. 7)) ——————
Tk 2 2) eyt Tk {2 2) ey

d,uk =
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where
Ri(Z,Z) = det Im(Z)*hy(Z, Z)
—k
Z—~Z _
= Y detIm(2)" det (2—27> det(CZ + D)~*.
1=(¢ B)ern
If we let

det Im(Z2)
det (Z 7Z) -det(CZ + D)

Z) = Z hv(Z)k

vel'y,

h'y(Z) =

we can rewrite the above as

The following is the key observation for proving our theorems.
Lemma 1. For Z € 9, and v € I',,, we have
h(2)] <1

with equality if and only if vZ = Z. Moreover, there exists a constant c, depending only on
K, such that for 0 < e < 1 we have

h(Z)] < (1+¢€)7V2
unless ||vZ — Z|| < cy/e.

Before we begin the proof, let us recall that for Z € M,,(C) with *Z = Z the norm || Z|| is

defined by
1Z)1? = tx(Z - 2) Z zial> + 2> |24l

1<J

and that if we write Z = X + Y with X and Y real symmetric matrices then || Z]|? =
XN + 1Y)

Proof: Let Y = Im(Z) and Y’ = Im(Z'), where Z' = vZ = (AZ + B)(CZ + D)~'. Since
Im(yZ) = Y{(CZ + D) "Im(Z)(CZ + D)~1, we can write

B det Im(2) [/ det(Y) det(Y)
rAZ) = det(Z ”Z)~det(07+D) - det(Z;?) 7

so we need to show that

Vdet(Y) det(Y")
det (T) a

We begin with the following two observations.
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(i) For any pair of real symmetric matrices S,T such that T > 0, we have, on writing
T = tPP,
|det(T + iS)| = |det(T) det(I + 4" P~*SP~1)| > det(T),
and the equality holds if and only if S = 0. In fact if U is an orthogonal matrix such that
tU tP~'SP~IU = A is a diagonal matrix with eigenvalues {);}, we see that

| det(T +iS)| = (H\/1+)\2) det(T) > V1 + 2 det(T),

unless the eigenvalues lie in the range —e < \; < €, that is, unless —el < A < €l, or
equivalently, —eT" < S < €T'. Hence

1
< (14712

_ 1 — €T T.
[det(T +9)] = unless VeT < 8 < (/e

det(T")

(ii) Moreover if T,T" > 0,
det(T)det(T")  det(*P~'T"P71) A _ L

det(TJrTT/)2 - det(mpfw) N HA(l A2

where ) runs over all eigenvalues of the matrix {P~'7"P~!, and equality holds if and only if
tp=1T' P~ =1, ie. T' = T. In addition we note that in fact

det(T) det(T") 1

; = — < (14677
det(B55) L1+ 2

unless | A4 — A\71/4|2 < 2¢ for all eigenvalues \. If an eigenvalue A > 1 we see that [A\!/4 —
A~Y4|2 < 2¢ implies that 0 < A4 — 1 < 2,/¢ which in turn implies that 1 < A\ < 1 + ¢/\/e
with ¢ an absolute constant. Similarly, if A < 1 we arrive at 1 < A\™' < 14 /€ or
1> \>1-—c"/e Henceif |A\'/* — X\71/412 < 2¢ we can find an absolute constant ¢; such
that 1 — ¢;y/e < XA < 1+ ¢14/e for all X and all € in the range 0 < ¢ < 1. As above, this can
be rewritten as T — ¢;/€T < T" < T + ¢;1/€T. Hence

det(T) det(T")
det(H£5)2

<(1+€e7% unless —eel <T —T < cpy/el.

We first infer that
V/det(Y) det(Y’) \/det ) det(Y
ot (52) ()

and equalities hold if and only if X' = X for the first from (i) and Y’ =Y for the second
from (ii). This gives the first statement of the lemma.

\/ det(Y) det(Y

det (Y+Y _ Z-XEX’)

)<1

— Y

Moreover we see that

det Im(2)
det <Z ”Z) -det(07+D)

Vdet(Y) det(Y")
iy

< (1+e7'2
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unless
—VeY+Y) < X' — X <e(Y' +7Y)
from (i), and

—Cl\/EY <Y -Y < Cl\/gY

from (ii) with ¢; an absolute constant. We next wish to turn these two conditions into the
condition of the form ||Z" — Z|| < ¢4/€ or equivalent conditions on || X’ — X|| and [|[Y’ — Y.

Let us begin with the second condition. Let P be an orthogonal matrix diagonalizing Y,
i.e., such that !PY P = D with D diagonal. Since Y is positive definite, its eigenvalues,
which are the diagonal entries of D, are positive. Let S =P(Y'—Y)P so that our condition
is —c1v/eD < S < ¢14/eD. Thus ¢14/eD—S > 0. Note that the matrix ¢;/eD — S is actually
symmetric and positive definite. Thus all diagonal entries and all 2 x 2 minors centered on
the main diagonal are positive (see, for example, Section 11.4 of [15]). Thus for each i we
have Cldii\/g > s;; and (Cldm’\/z — sii)(cldjj\/g — Sjj) > S?j. Slmllarly, from S + Cl\/ED >0
we conclude that s; > —c1div/€, so that cijdy\/e > |sy| for all i. We can also conclude
that 4cidydjze > s3;. If we let d = d(Y') = max{d;} we have uniformly c¢id*¢ > s, and
id?e > s3;. Thus ||S||* < cpd?e. Now, Y' =Y = PS'P with P orthogonal, so the entries of
P are all of bounded absolute value at most 1. Hence ||[Y' — Y|? < cod(Y)%e. If we let Z
vary in a compact set K with Y = Im(Z) we see that d(Y') is bounded above uniformly for
Z € K (either by a continuity argument or by a diagonalization argument). So there exists
a constant c3, depending on K, such that ||Y' — Y| < ¢3+/€ for all Z € K. This is one half
of our desired condition.

The argument for bounding || X’ — X|| is exactly the same. We first note that since
—c1VeY <Y' =Y < ¢11/eY we can conclude Y/ +Y < (24 ¢1v/€)Y = ¢,Y. Then the
condition —/e(Y'+Y) < X' — X </e(Y'+Y) implies —cs/eY < X' — X < ¢4y/eY. We

now proceed as in the previous paragraph.

Combining these two estimates, we see that there exists a constant ¢, depending only on
K, so that for 7 € K

det Im(2)

(7) |h(Z)| = — — < (1+e)7'72
det (%) -det(CZ + D)
unless the norm
(8) 172 = Z|| < Ve
This establishes the last statement of the lemma. [l

If Z e K Cint(F,) and v # £I, we have |yZ — Z| > dx > 0, where dg is the distance
from the compact set K to the boundary 0(F,) of F,, as measured by the norm, i.e.,

dx = min |[|Z —-W|.
ZeK

WeED(Fn)
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Hence by our lemma we have a uniform estimate for 7 € K

) hy(2)) = det Im(2) <o,

det(Z 7Z> -det(CZ + D)|

where 0 > 0 depends only on K.

Let kg > 2n be fixed and k sufficiently large. We have

Ri(Z,2) = > h(Z)F=2+00) [ (2)])

veln y#EET
- 9 k ko ko
0L s (2 2 I (2))
vel'y
= 2400 > [h(2)]"),
Y€

by using (9). Now by Godement’s theorem (see Proposition I11.6.2 in [10]),
(det Y)7R/2 Y " |h (Z)[F0
vel'y
is uniformly bounded on K and so is det Y. Hence

> (2) < 1,

v€lR
and thus
Ri(Z,7Z) =2+ O(e™%").

This estimate then gives

A direct computation using the explicit formulas for a(n, k) and J,  gives

a(n, k)vol(I',,\$,)
Jﬁﬁ

(see also Hashimoto’s first asymptotic formula in [4]) so that

/Kd,uk = u(K) +O(k™).

This completes the proof of Theorem 1.

=1+0(k™

5. PROOF OF THEOREM 2.

Since I, acts discontinuously on §),,, for sufficiently small §; > 0 we have

#{y el vKNKs, # 0} < oo,
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where
K5, ={Z € 9, |2 — Z| < by, for some Z € K}
is compact in §,. Let
{yeTn, vKNKs # 0} = {7, %}
say. Thus if v # 7;, 1 < j <r, we have
IvZ — Z|| > by, for all Z € K.

As in the proof of Theorem 1 the contribution from these elements are exponentially small
by (7) and (8).

Now suppose v = ;. If v doesn’t have any fixed points in K, then by changing J, if
necessary, we also have, by the compactness of K,

InZ — Z| > 6, for all Z € K.

Hence its contribution is negligible. On the other hand if v # +1 does have fixed points in
K, the set of fixed points of v in K, F, = {Z € K, vZ = Z}, lies on the boundary of F,
([10] Proposition 3.2), d(F,,). For € > 0 define

Ac={Z €K, |Z — Z| < ceimplies Z € int(F})},

where ¢ is as in (8), and B. = K\A. C Uzeax)B(Z, €), where B(Z, €) is the ball with center
at Z and radius e. From (7) and (8), we see that

det Im(Z
(10) 7e m(Z) _ <1 +€2)—1/2
det (Z;—VZ> -det(CZ + D)
. A B .
whenever Z € A, since |v;Z — Z| > ce, where ; = c D) Moreover it is easy to see

that u(B.) < €. (In fact, u(B.) < eArea(0K), assuming that K is piecewise smooth.)

We now balance the contribution (1 + ¢2)7%/2 coming from the finitely many terms from
the Bergman kernel corresponding to elliptic terms and the boundary contribution of €. Note
(1 4+ €)% = exp(—k/21og(1l + €2)) = exp(—ke?/2 + O(ke*)). If we take e < k~'/2, then
this term would be larger than a positive constant. On the other hand, we want to choose €
as small as possible due to the second term. Thus the optimal choice is € = k=2 and we

conclude
/ ds — / dj + O (=124,
K K

This completes the proof of Theorem 2.

6. RATE OF EQUIDISTRIBUTION

Finally we look into the question on what possible decay rate for the mass equidistribution
we would expect, following the suggestion by Sarnak. The difficulty for the case n > 1, in
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contrast to the case n = 1, lies in the apparent lack of suitable L-function interpretation.
Let fi € Sk(I's) be an Hecke eigenform, and E(Z, s) be the Siegel-Eisenstein series

B det Im(Z2)®
Bz 9= 3 |det(CZ + D)%
(& B)er=\n

- {( Ber)

RT = {(n”) S Mn((@), N=1IN > 0, n“-,Qnij c Z},

n

where

Denote

and E:{ the set of equivalence classes of N € R with respect to the action of the group
SL.(Z) on RY : N — 'yN~, for N € R}, v € SL,(Z). Denote by ey the order of the
isotropy group of N,

ey = #{y € SL,(Z), 'yNvy = N},
and define T
N
_ | /(N[ s
R(s, fu % fr) = ZA o (det N)™*.
NeR;?
where fi (V) is the Fourier coefficient of fy,
fe(z) = ) fu(N) exp(2ritr(N Z)).
NeR)
Note fx(V) is invariant under the action of SL,(Z).

We have the integral representation [9]

V($)R(s, fr % fi) = /F B s )2 Ky detIm(2) MZ)|?% ,
where .
’7(8) _ 21—25n7r—sn+n(n—1)/4 H F(S . <] . 1)/2) ‘
j=1
Moreover, if we let
[n/2]
A(s, fe x fr) =&(2s+n—2k+1) [ £(4s +2n — 4k + 2 = 2j)y(s)R(s, fu X fr),
j=1

where £(s) = 7%/?T'(s/2)((s), then we have
Als, fe x fr) = A2k = (n+1)/2 =5, fu X fr),
and A(s, , X fi) has a simple pole at s = k with residue

[n/2]
H £25 + 1){fus fedr,
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where

,  dXdY
s fie = / A2 )

is the Petersson scalar product on Si(I';). Thus, the critical line of R(s, fr X fx) is on
Re(s) = k—(n+1)/4. For the heuristic on the decay rate, we assume the Lindel6f conjecture
for R(s, fr X fx) in the k-aspect, although R(s, fr X fx) in general doesn’t have an Euler
product,
R(k—(n+1)/4+it, fu x fr) <k,

for any € > 0. One may normalize the zeta function by rescaling s so that the critical strip
is on Re(s) = 1/2 as usual by considering R(k — (n+1)/2 + s(n + 1)/2, fr X fi) instead.
Moreover it follows by Tauberian theorem as in [9] (we correct some obvious misprints there),
that

1 Z?’f(kfl) Z BNE ress—k R(s, f X fr) = C7'(fu, il
T R eN = Y Y Y
r<T NER, det N=r
as T — oo, where
1) T Tk — (G — 1)/2) T2 €(2n + 2 — 2)
22kn—1 gpkn—n(n—1)/4 H”/Z] f(zj + 1) ’
Let 7o be the smallest positive integer such that

LAY

. EN
NeR}, det N=rg

and we normalize f; so that

s LA

~ EN
NeR;, det N=rg

In analogy with the case n = 1 in which we have res,_ R(s, fr X fix) = W and k

is at the edge of the critical strip of L(s, sym?(f3)), we assume
ress—L2(s, fr X fi) <K,

which is a consequence of the Lindel6f conjecture for R(s, fx X fx). Therefore, under this
conjecture, we would have that

fe(Z2)]? dXdY
< frr fi >k (det(Y))n+1
< C k= (n+1)/4+it)R(k — (n+1)/4+it, fr @ fr)ke
(4m)*n [T Dk — (n+ 1) /4 +it — (j — 1)/2)
(4m) =k [Tio Tk = (5 = 1)/2)

Lent H (tUARe « Ly kTRt e
j=1

/ E(Z, (n+1)/4 +it) det Im(Z)*
T'n\Hn

kG

<<e,n

This indicates that the expected decay rate in the equidistribution would be k~—(+1h/4+e,
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7. STATISTICAL FLUCTUATIONS

We next make some observations about the statistical fluctuations of our measures dyy, ; for
a mean zero test function. Let C25(X ) be the space of smooth functions of compact support
with mean zero on X with respect to normalized invariant measure du, i.e, [y ¢(Z)du(Z) =
0. Then for the measures duy ; and the expected decay rate of Section 6, the first moment
is expected to satisfy

1 1
Ik 2 ntnnyatkd (9) = o(1)
e

or
1 ()

(11) L-n(nt1)/4 — o(1).

Here, as usual, u;;(¢) = [ ¢(Z)du;(Z).

First, let us assume that supp(¢) C K where K is a compact subset of X, with I’ C
int(F,). Then we are in the situation of Theorem 1. Then from the proof of Theorem 1, we

see that
dXdY

- [ o2z = 552 [ wariz 2 Gim

In the case of Theorem 1, we have the uniform estimate
Ry(Z,Z) =2+ 0(e™)

for Z € K. Substituting this in the integral above, since ¢ is mean zero with respect to du
the main term vanishes and the remaining term can be estimated to give

() = LD ) supaorte )

Once again using that
a(n, k)vol(T',\$,)
Jn,k

=1+0(k™h

we have

pe(9) = Og(e™).
As the negative exponential dominates the division by the expected decay rate, this is indeed
o(k~""*+1/4) "and we obtain (11) in this situation.

If the support of the observable ¢ is not bounded away from the fixed point set of the
elliptic elements of I',,, as in Theorem 2, our Bergman kernel method seems to fail. We cannot
control the estimates coming from elliptic elements. One way to avoid this would be to pass to
a finite index (congruence) subgroup I',, (V) which is torsion free. It always exists, essentially
by an argument of Minkowski [21]. While we gain the avoidance of the elliptic elements in the
Bergman kernel estimates, we may lose control over J,, x(N) = dim Si(I",(V)). Ibukiyama
and Saito [8] have a conjectural formula for J,, (N) which implies

(12) <N/k0i;ji(f§) hu =14+0(k™")
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(Note the constant a(n, k) is independent of the level N.) The formula is known to be valid
in case of n = 2 and n = 3. In these cases, our previous analysis is valid and we obtain both
the equidistribution result Theorem 1 and the statistical fluctuation result (11) for T, (V) for
N sufficiently large, with no conditions on K or the support of ¢. For n > 4 these become
valid when the dimension formula of Ibukiyama and Saito is established, or a weaker version
which suffices for (12).

8. CONCLUDING REMARKS.

For compact complex manifolds an analogue of the above theorems would follow from
the asymptotic expansion of the Bergman kernel proved by S. Zelditch [28]. However the
arithmetically defined variety X, is more involved and delicate, in view of the presence of
unipotent elements and elliptic elements in T,.

In the case that one has a compact arithmetic quotient of Siegel space, and for the real
analytic Hecke-Maass forms, Silberman and Venkatesh [23, 24], using Lindenstrauss’ methods
[11], have proved a stronger equidistribution result.

Our analysis of the Bergman kernel would work for any subgroup I' of finite index in
I',,. Thus our equidistribution result would also be valid in these cases provided we had
the corresponding dimension formula for these groups. On the other hand, it seems quite
possible that one could obtain an estimate for the quantity

a(T, k)vol(T'\9,,)
Jr i

without explicit knowledge of the individual pieces from a purely geometric argument.

Our method seems quite robust. In his Ph.D. dissertation, Sheng-Chi Liu has obtained
an analogue of the above result for the Hilbert modular varieties I'\$} for I' a congruence
subgroup of SLy(Op) where F' is a totally real number field of degree n and O is the ring
of integers in F' [12].
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