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ABSTRACT

In a 1907 paper, L. Rogers used two methods to obtain continued fractions for cer-
tain Laplace transforms of Jacobi elliptic functions. His first method employed re-
peated integration by parts, while his second method recalled an 1889 technique of
T. Stieltjes. In 1996, S. Milne used these expansions and others obtained by modular
transformations to derive results about sums of squares and triangular numbers.

Working independently in the 1820’s, C. Jacobi and N. Abel both introduced ellip-
tic functions to advance the study of elliptic integrals. In 1981, D. Dumont introduced
symmetric variants of the elliptic functions of Jacobi and Abel to facilitate the study
of certain combinatorial problems related to coefficients in Maclaurin expansions of
Jacobi elliptic functions.

In this thesis, we use Dumont’s elliptic functions to rederive the continued fraction
expansions of Rogers. In the classical approach used by Rogers and Milne, four
families of continued fractions are obtained. In our approach, members of the same
four families are derived directly by specializing parameters instead of employing
modular transformations.

To these four families, we add a new set of continued fractions based on certain el-
liptic functions that were studied in an 1890 paper by A. Dixon. These new continued

fractions were discovered in 1999 in the course of work with D. Dumont.
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PREFACE

In [25], L. J. Rogers used two methods to obtain continued fraction expansions of
Laplace transforms for certain Jacobi elliptic functions. In his first method, he used
integration by parts to obtain the expansion. His second method was a rediscovery
of a technique introduced by T. J. Stieltjes in [28]. Stieltjes and Rogers found three
families of continued fraction expansions. (A fourth family, implicit in the work of
Rogers, was discovered almost a century later by Ismail and Masson [15].) In 1845,
J. Heilermann showed that regular C-fraction expansions and associated continued
fraction expansions could be used to evaluate certain persymmetric or Hankel de-
terminants (see W. B. Jones and W. J. Thron [17]). S. Milne in [21, 22] obtained
additional expansions and Hankel determinants using well-known modular transfor-
mations of elliptic functions (e.g. see [4, 7, 13, 18, 30]) which he used to help prove
some results about sums of squares and triangular numbers. These results include
non-trivial exact explicit infinite families of identities enumerating the number of
ways to write an integer as the sum of 4N? or 4N (N + 1) squares of integers, where
N is an arbitrary positive integer.

In [26, 27], A. Schett used recurrence relations to obtain general formulas for

x1



Taylor expansions of the Jacobi elliptic functions. D. Dumont, in [9], defined multi-
modular generalizations of the Jacobi functions which he used to interpret Schett’s
results combinatorially.

In [8], A. Dixon conducted an extensive study of a family of elliptic functions

arising from the cubic curve
23+ — 3axy = 1.
According to Dixon:

“The only direct references that I have come across elsewhere are cer-
tain passages in the lectures of Professor Cayley and Mr. Forsyth where
the integral [ (175% was used to illustrate Abel’s Theorem, in the trea-
tises of Legendre, and Briot and Bouquet, and again in Professor Cayley’s
lectures and elsewhere where it is shewn how to turn the integral into el-
liptic form, and lastly at the end of Bobek’s Finleitung in die Theorie der
elliptischen Functionen where expressions are found for the coordinates

of any point on the above cubic.”

Dixon’s paper was brought to my attention by D. Dumont during an April 1999
visit to Ohio State University. On investigating the Dixon functions during the course
of Dumont’s visit, I found that they give rise to a previously unknown family of
continued fraction expansions.

In Chapter 2 of this thesis, I apply the integration by parts method of Rogers
to a more symmetric variant of the standard Jacobi elliptic functions to recover the

three families of continued fractions of Rogers and Stieltjes and, also, a fourth family
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which was implicit in the work of Rogers but eluded discovery until 1998 (Ismail and
Masson [15]). These four families fall naturally into two sets of two. In Chapter 3, I
develop new analogues of these continued fractions using the Dixon elliptic functions.
These analogues fall into six families which are naturally grouped as two sets of
three. The underlying symmetries suggest that these classifications are fundamental
and complete.

The symmetries of the notation for elliptic functions used in Dumont [9] lead to
elementary derivations of Landen’s transformation and of Gauss’s transformation.
Moreover in this setting, Gauss’s transformation may be written in a way which em-
phasizes its fundamental connection to the arithmetic-geometric mean, a connection
heavily exploited by Jacobi in the Fundamenta Nova [16]. These results appear for

the first time in Chapter 2 of this thesis.
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CHAPTER 1
BACKGROUND

1.1 Historical Background

In [25], L. J. Rogers used two methods to obtain continued fraction expansions of
Laplace transforms for certain Jacobi elliptic functions. In his first method, he used
integration by parts to obtain the expansion. His second method was a rediscovery
of a technique introduced by T. J. Stieltjes in [28]. Stieltjes and Rogers found three
families of continued fraction expansions, and a fourth family, implicit in the work of
Rogers, was discovered almost a century later by Ismail and Masson [15]. In 1845,
J. Heilermann showed that regular C-fraction expansions and associated continued
fraction expansions are intimately related to the evaluation of certain persymmetric
or Hankel determinants (see [17]). S. Milne in [22] obtained additional expansions and
Hankel determinants using well-known modular transformations of elliptic functions
(e.g. see[4,7,13, 18, 30]) and Heilermann’s correspondence. He used these expansions
and determinants to help derive infinite families of non-trivial exact explicit identities
enumerating sums of squares and of triangular numbers. (These identities include

explicit enumerations of the number of ways to write an integer as the sum of 4/N?



perfect squares, and as the sum of 4N (N +1) perfect squares, where N is an arbitrary
positive integer.)

In [26, 27], A. Schett (and later, G. Viennot [29], D. Dumont [9], and Lomont
and Brilhart [19],) used recurrence relations to obtain general formulas for Taylor
expansions of the Jacobi elliptic functions. D. Dumont, in [9], defined variants and
generalizations of the Jacobi functions which he used to interpret Schett’s results
combinatorially.

During a 1999 visit to the Ohio State University, Dumont directed me to an 1890
treatise [8] by A. Dixon on a family of elliptic functions arising from the cubic curve
22 4+ 13 — 3axy = 1. On investigating the Dixon functions, I found that they give rise
to a previously unknown family of continued fraction expansions which I develop in

Chapter 3 of this thesis.

1.2 Jacobian Elliptic Functions

In the 1820’s, N. Abel (see [1]) and C. Jacobi (see [16, §17]) inverted elliptic integrals
of the first kind to yield what, under Jacobi’s influence, came to be known as elliptic
functions. (Bowman [4] introduces elliptic functions in this manner.) Jacobi [16,
§60-66] also showed that elliptic functions are quotients of theta functions, solutions
to the heat equation. (For a modern treatment which develops elliptic functions in
this manner, see Lawden [18].) For our purposes, it is convenient to develop elliptic
functions directly as solutions to a coupled family of ordinary differential equations

following the treatments in Abel [1] and, much more recently, Dumont [9].



Because of the symmetries, we have chosen to use notation due to Dumont [9] over
the standard notation (essentially due to Jacobi, with simplifications by Gudermann
and Glaisher), and over related formulations due to Abel and to Neville. This choice
is aesthetic. Of these four competing formulations, the standard Jacobi-Gudermann-
Glaisher is the poorest choice because it hides symmetry. The notation of Neville
[24] is cumbersome because it is unnormalized. Abel’s notation is closest in spirit to
that used by Dumont — Abel’s functions are built with a fundamental antisymmetry
where Dumont’s exhibit a simple symmetry. The four systems of notation are trivially
equivalent — Dumont’s system simply exhibits the most pleasing symmetries.

Let a,b € C be given. Let f,g,h : C — C be the power series solution to the

ordinary differential equations:

subject to the following conditions:

£(0) =0 g(0) =1 h(0) = 1.

Dumont’s bimodular Jacobi elliptic functions are the functions f, g, and h above.

Specifically, Dumont in [9] defines:

sn(u; a,b) = f(u) en(u; a,b) = g(u) dn(u; a,b) = h(u).
Thus:
% sn(u; a,b) = en(u; a, b) dn(u; a,b) (1.1)
% en(us a,b) = a® sn(u: a, b) dn(u; a,b) (12)



d
%dn(u; a,b) = b* sn(u; a, b) cn(u;a,b) (1.3)

where:
sn(0;a,b) = 0 and cn(0;a,b) = dn(0;a,b) = 1. (1.4)

From these definitions, one can develop a theory of elliptic functions analogous
to that of the trigonometric functions. We make use of the following results in the

sequel:

dn(u; a,b) = en(u; b, a) symmetry (1.5)
cn’(uja,b) = 1+ a® sn(u;a, b) Pythagorean theorem 1 (1.6)
dn®(u;a,b) = 1+ b* sn?(u; a, b) Pythagorean theorem 2 (1.7)

In addition, by observing that the triples (sn,cn,dn), (sc,nc, dc) and (sd, cd, nd)
of the classical Jacobian elliptic functions are all solutions of the above family of dif-
ferential equations, we obtain the following specializations of the Dumont bimodular

elliptic functions:

sn(u, k) = sn(u;i,ik) cn(u, k) = en(u;i,tk)  dn(u, k) = dn(u; i, ik)
sc(u, k) = sn(u; 1,k")  nc(u, k) =cn(u; 1,k")  de(u, k) = dn(u; 1, k) (1.8)
sd(u, k) = sn(u; ik’ k) cd(u, k) = en(u; ik, k) nd(u, k) = dn(u; ik, k)
Either branch of the square root function may be taken in choosing the complemen-
tary modulus &’ := /1 — k2, though by custom the principal branch is taken.
Dumont’s functions are closer to the elliptic functions introduced by N. Abel in [1].

Both Jacobi and Abel first obtained elliptic functions by inverting elliptic integrals.
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Jacobi in [16] inverted Legendre’s elliptic integral of the first kind. Abel modified this
same integral to introduce symmetry before he inverted it. Since Abel’s formulation
is not as well known as that of Jacobi, we review it here. Abel started with the elliptic

integral

u=u(x;a,b):

B / v ds
o /(1 —a2s?)(1+b2s2)
Inverting this integral, he obtained elliptic functions which he called ¢, f, and F":
o(u;a,b) ==z

f(u;a,b) = V1 — a2
F(u;a,b) =1+ b2x?

with the branch of square root taken so that f(0) = F(0) = 1. Using formal methods,

Abel reduced this system to the differential equations

me0(usa,b) = f(u;a,b) F(u;a,b)

ou
g f (us0,0) = —a® $(u; a,0) F(u;a,b)
%F(U, a, b) — b2 ¢(u7 a, b) f(ua a, b)

with initial conditions of ¢(0) = 0 and f(0) = F(0) = 1. Comparing Abel’s differen-

tial equations to those of Dumont, we see that

o(u; a,b) = sn(u;ia,b) f(u;a,b) = en(u;ia, b) F(u;a,b) = dn(u;ia,b).



Furthermore, Dumont’s sn function is the inversion of the elliptic integral

v ds
/0 V(1 +a2s2)(1 + b%s?)

The Pythagorean relations are motivated by the two factors inside the square root.

In 1944, E. Neville [24] introduced a two-parameter family of elliptic functions
which can be viewed as symmetric variants of those of Jacobi. Neville’s functions
differ from those of Jacobi, Abel and Dumont in that they are not normalized at the
origin.

The modular transformations used by Milne in [21, 22] have the form:
F(u, k1) = aG(Bu, ks),

where F' and G are elliptic functions. In the bimodular setting, these modular trans-

formations reduce to the following form:

sn(cu; a, b) = ¢ sn(u; ca, cb)
cn(cu; a, b) = en(u; ca, cb) (1.9)
dn(cu; a,b) = dn(u; ca, cb)
We call these identities the “multiplication formulas”. (They are easily verified using
the differential equations given above.)
Using equations (1.8) and (1.9), we can write the bimodular functions in terms of
the classical Jacobian functions as follows:
a sn(u; a,ak’) = sc(au, k)
cn(u; a, ak’) = ne(au, k) (1.10)
dn(u; a,ak’) = de(au, k)

6



The following symmetries are easily verified:

sn(u;a,b) = sn(u; b, a) cn(u; a,b) = dn(u; a, b) (1.11)
sn(u; a,b) = sn(u; +a, £b) en(u; a, b) = en(u; +a, £b) (1.12)
sn(u; a,b) = —sn(—wu;a,b) cn(u; a,b) = en(—u; a, b) (1.13)

We now characterize the bimodular functions:
Lemma 1. Let a,b € C*.
1. Trivial case: sn(u;0,0) =0 and cn(w;0,0) = dn(u;0,0) = 1;
2. Sine case: sn(u;a,0) = +sinhau, cn(u;a,0) = coshau, and dn(u; a,0) = 1.

3. Tangent case: sn(u;a,+a) = 2tanau and cn(u;a,+a) = dn(u;a, ta) =

secau.

/4. Elliptic case: [fg # +1, then sn(u;a,b), cn(u; a,b) and dn(u;a, b) are elliptic
(i.e. doubly periodic, single-valued, and meromorphic) functions of u having

two simple poles and two simple zeros in each period parallelogram.

The first three cases follows immediately from the differential equations. The
fourth case follows from algebraic addition formulas for the three functions which
involve only the function in question and its derivative. (See Lawden [18], section

8.12 for details.) We display the addition formula for sn(u;a,b) as an example:

sn(u; a,b) en(v; a, b) dn(v; a, b) + sn(v; a, b) en(u; a, b) dn(u; a, b)
1 — a2b? sn2(u; a, b) sn2(v; a, b) '

sn(u+v;a,b) =

7



We see that this is an algebraic addition formula involving the function sn and its

derivative by rewriting it as a polynomial equation:
P(Sl, S9, 83, tg, tg) =0.

where:

s1 = sn(u + v;a,b) So = sn(u;a, b) s3 = sn(v; a, b)
and the t; are the corresponding derivatives:
to = sn'(u; a,b) t3 = sn'(v;a,b).
The polynomial P can clearly take the following form:

P(Sl, S92, 83, tQ, tg) = 81(1 — aszsgsg) — (82t3 + Sgtg).

1.3 Dixon’s Elliptic Functions

In [8], A. Dixon. studied a family of elliptic functions arising from the cubic curve:
2+ 9 — 3azy =1 (v # —1)

(The polynomial 1 — 3axy — 23 — y3 has 1 — x — y as a factor, so, when o = —1, the
curve “factors” into a straight line and a conic section. In the remarks that follow,
we assume « # —1.)

These functions may be developed like the Jacobian elliptic functions by taking
an ordinary differential equations initial value problem as a starting point. Let a be

a complex constant. We consider the following system of equations:

s'(u) = (u) — a s(u) (1.14)



d(u) = —s*(u) + ac(u) (1.15)
subject to:
s(0) =0 and ¢(0) =1 (1.16)
We start with:
f(u) = s*(u) + c*(u) — 3a s(u) c(u)
Now we differentiate and expand to obtain:

f'(u) =0

Thus f(u) is constant. But f(0) = 1, so it follows that f(u) is identically 1. This
may be taken as a cubic analogue of the Pythagorean theorem.
Using the notation introduced by Dixon in [8], we define two new analytic func-

tions as the solutions to this initial value problem, namely:

sm(u,a) :=s(u) and cm(u,q):= c(u) (1.17)
Thus:
d 2
- sm(u, ) = cm”(u, @) — a sm(u, a) (1.18)
d 2
T cm(u, o) = —sm*(u, @) + a cm(u, a) (1.19)
(1.20)



where
sm(0, ) = 0 and cm(0, ) = 1. (1.21)

We have shown that sm(u, ) and cm(u, «) satisfy the following functional rela-

tion, an analogue of the Pythagorean theorem:
sm?(u, ) + cm®(u, ) — 3asm(u, o) cm(u, ) = 1 (1.22)

By showing that sm(u, ) is meromorphic and single-valued and satisfies an alge-
braic addition theorem involving only sm and it’s first derivative, Dixon verified that

sm(u, «) and em(u, ) are elliptic functions.

1.4 General Convergence

The principal notion of convergence that we use is general convergence of power
series. Our treatment of general convergence essentially follows that of Lorentzen
and Waadeland in [20, pp. 243(f.].

Let  be an indeterminate. For our purposes, a power series in x is a unilateral

Laurent series of the form:
x

Ax) = Z a,x"

n=M

where M is a finite integer and the range of the sequence {a, }>° ,, is a set of complex-
valued constants. If the indeterminate x is a variable, then we follow traditional usage
and refer to the power series as a Maclaurin series or as a Taylor series centered about

x = 0. More generally, if © = y — a where y is an indeterminate and a is a complex

10



constant, we describe the series as a Taylor series about y = a. Analogously, if

x =y~ !, then we classify the series as a Taylor series about y = oo.

Next, given a power series A(z) = Z a,x", we define its (minimum) degree 6(A)
N=M
as follows:
5(A):=inf{n€Z : n>M and a, # 0} . (1.23)

Note that this extends the notion of the minimum degree of a polynomial. The degree

of a power series in x yields a norm on the set of power series in x by defining;:
|A]| = 279, (1.24)

(The choice here of two as a base of the exponential is arbitrary. Any real base b > 1
would do.)

The following table illustrates these notions with examples:

Ax) 5(4) | 1141
0 00 0
1 0 1
17 0 1
52 + 82 4 162* 2 | 1/4

S 4+ 82710 16272 | -11 | 21
x S :L.n
e = Z — 0 1
n=00O
X
=> a" 1| 1/2
l1—=x —

TABLE 1.1 General convergence norm examples.

11



To prove that this is a norm on power series in z, we must check the following:

1. For all power series A(x), ||A]| = 0 if and only if A(z) = 0.
2. For all power series A(z), ||A|| > 0.
3. For all power series A(z) and B(z), ||A]|-||B|| = ||A - B]|.

4. (Triangle inequality) For all power series A(x) and B(X),

1A+ B[l < [[A[| +|B]]

The first three properties follow directly from properties of the exponential. Ver-
ification of property (2) uses the fact that the base 2 in the defining equation (1.24)
is real and greater than 1.

Verification of the triangle inequality is straightforward and follows from the fact
that the minimum degree of the sum of two power series is at least the minimum of

their minimum degrees:
(A + B) > min{o(A), §(B)}.

Since the base 2 of the exponential in the defining equation (1.24) is a positive real
number, the norm is decreasing and non-negative function of the minimum degree.

Thus:

1A + B|| := 275A+B) < o= min{5(4), 8(B)} — ypip f9-0(4)  9-3(B))

< 278 4 9=3B) —. || A|| +||B||

12



We say that sequence { A, (x)} of power series in = converges generally to a power

series A(x) if and only if
lim ||4, — Al =0 (1.25)

More generally, we consider a complex-valued function f(z) which may be ex-
panded about some point z into a Taylor series A(x) centered about z5. On expand-
ing f(z) into its Taylor series (in (z — x¢) if 7y # oo; in 7! if zg = 00), we may for
convergence purposes take || f|| := ||A||. The notation is somewhat misleading as the
definition does depend on the choice of center xy of the Taylor expansion. In most
of what follows, we consider Maclaurin expansions of functions, 7.e. Taylor series
expansions centered at o = 0. We accordingly take this as a default for all implicit
Taylor expansions that follow.

Thus when we say, without further qualification, that a sequence of rational func-
tions a,(z) converges generally to a power series A(x), we really mean that the asso-

ciated sequence of Maclaurin expansions A, (x) converges generally to the Maclaurin

series A(z).

1.5 The Formal Laplace Transform

Let a = {a,}22, be a sequence. The ordinary generating function for a is the power
series A(z) given by:

Ax) = Z a,z”

v=0

13



The exponential generating function for a is the power series A(u) given by

At =3

v=0

We can frame a useful combinatorial relationship between these two power series
by using the Laplace transform. Let f(u) be a given function. The usual Laplace

transform of f is given by:

o) = [ " fw) e du

For our purposes, it turns out to be convenient to take s = 7.

Now consider the exponential generating function A(u). Using elementary calcu-

lus, it is easy to see that:

a,u’
E( T 1) = q, 2"t

Assuming that the Laplace transform commutes with the infinite sum, we would have:
L(A,z7h) = / Au) e du = z A(x)
0

There is a noteworthy relation between the Laplace transform of a function and

its derivative, namely:

L(f'(w),2™") = a7 L(f(u),27") = f(0). (1.26)

(To prove this identity, assume f and its derivative are exponentially bounded and

evaluate the right hand side using integration by parts.)

14



If f(u) is an analytic function, Taylor’s formula tells us that f(u) can be expanded

into an exponential generating function as follows:

n=0

Thus, the formal Laplace transform of f(u) is given by the associated normal gener-

ating function:

e L(f(w), ) = i (%)uzo ur.

n=1

The meaning of equation (1.26) is quite clear: differentiation in function space
corresponds in Laplace transform space to dropping the constant term of the asso-

ciated normal generating function and shifting the remaining terms one place to the

left.

1.6 Continued Fractions and Hankel Determinants

We next review a correspondence between ordinary generating functions and certain
kinds of continued fractions.

Our notation for continued fractions is similar to the notation used in L. Lorentzen

and H. Waadeland in [20], page 5:

a1

f{a_n._ ap as as -
A b, b+ byt by + ...

a2
by +

a3

by +
b3—|—"

15



This can be made precise given a reasonable underlying notion of convergence.
Given three sequences, a = {a,}, b = {b,} and ¢ = {¢,}, we can recursively define a

sequence of convergents, namely:

1 ay
b,.c):=
L{l(a, ,€) o
N N-1 an
a,b,c):= a,b, ———
Kiono =K (w0555)

Assuming this sequence converges, we define:

00 N
K(a,b,¢):= lim K (a,b,c) (1.27)
n=1 N—oo n=1

IN{ Z—" - IN<(a b,0) (1.28)

n=1 "1 n=1
K Z—” = K (a,b,0) (1.29)
n=1 "N n=1

Two kinds of continued fractions have special importance in the sequel. Let
a = {a,} and b = {b,} be sequences of complex numbers and let a(n) be a sequence

of positive integers. When z is an indeterminate, the continued fractions

f.o{ n” and i.o{ zt
et L bnz =1

are known respectively as an associated continued fraction and a C-fraction. When
the sequence a(n) is constant, the second continued fraction is called a regular C-

fraction.

16



Next let ¢ = {¢,} ~, be a sequence in C. Associated with this sequence are two

sequences of determinants of square matrices, namely

Cn Cn+1  -+- Cman—2 Cn+tm—1
H® = H™(e,) = H™(¢) := det C"fl c”'“ - Cmf”_l Cmf" (1.30)
Cm+n—1 Cm4n -+ Cmin—-3 Com+n—2
C1 Co oo Cm—1 Cmi1
Xm = Xm(€v) = Xm(c) = det 0‘2 C'S N Cfn Cm,” (1.31)
Cm Cm+1 --- Com—2 Com

The matrix for x,, is obtained from the matrix for Hfii_l by deleting the last row and

the next to last column. In particular, for m = 1 we have Hl(l) = ¢, and 1 = ¢s.

1

A determinant (such as H )) of a matrix whose entries are symmetric about the
diagonal is known by a number of names in the literature. Muir in [23] describes them
as persymmetric determinants, while others use names such as Hankel determinants
or Turdanian determinants. Here we collectively refer to determinants of type ai
and Y,, as Hankel determinants.

In Jones and Thron [17, Theorem 7.14, pages 244-246|, a combinatorial connection
between an ordinary generating function and its corresponding associated continued

fraction may be framed in terms of Hankel determinants. For convenience, we restate

this correspondence in the form of a lemma:

n Jones and Thron [17, theorem 7.14], x; is incorrectly given as c;.

17



Lemma 2 (Heilermann). Suppose that an associated continued fraction converges

generally to a formal power series as follows:

a1z 2

> O —an,z
1 2l =1 - n 7= 0 1.32
+;CZ +1+b1z+:7¥:<21+bnz (an #0) ( )

Let HY = Hf,f)(cy) and Xm = Xm(c,). It follows that:

HWY =0 (1.33a)

m

for m > 1. Furthermore, for all m > 1:

HD gO
=2 (1.33Db)
(H(l) 1)
where H(_ll) = Hél) =1, and
o Xm—1 N Xm
by, = ImOn 1 _]-Lg@l) (1.33¢)

where xo = 0. Conversely, if (1.33a), (1.33b) and (1.33¢) all hold, then so does
(1.32). In addition, it follows that:

H) =[]ar (m >1) (1.33d)
r=1
;]’g) =-Yu, (m > 1) (1.33¢)
m r=1

Jones and Thron [17, Theorem 7.2, pages 223-224| state a combinatorial connec-
tion between an ordinary generating function and its corresponding regular C-fraction
framed in terms of Hankel determinants. We also restate this correspondence in the

form of a lemma:
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Lemma 3 (Heilermann). Suppose that a reqular C-fraction converges generally to

a formal power series as follows:
1+§:0sz = (a, £ 0) (1.34)
v=1 n=1 1
Let HYY = H,(,?)(cl,). It follows that:
HY 40 and H? #0 (1.35a)

for m > 1. Furthermore, for all m > 1:

a; = HY (1.35b)
HY =Y HY HY
Aom = ——q 5 and  Ggmi1 = —— G (1.35¢)
HY HY 1YY HY

where Hél) = H((]Q) = 1. Conwversely, if (1.35a), (1.35b) and (1.35¢) and all hold,

then so does (1.34). It additionally follows that:

m

1

-1 Q2741

Hﬁ) = (_1)m H Ha2r = (—1)m Hr(r}-)i-l

m

(1.35d)

r=1 r

Both of these correspondences work in two directions. First, given a continued
fraction representation of a normal generating function, we can evaluate certain Han-
kel determinants. Conversely, if these determinants are nonvanishing, then we obtain
a formal correspondence. The converses are used in Milne [22, Theorems 3.10 and
3.11]. D. Dumont in [12] uses the related gd-algorithm to establish correspondences

between certain formal power series and continued fractions.
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1.7 Basic Hypergeometric Series

Although we make no direct use of basic hypergeometric series in this thesis, it is
necessary to emphasize that there is an intimate connection between basic hypergeo-
metric series and elliptic functions. That connection comes in the form of a parameter
q. Specialists in basic hypergeometric series generally call this parameter the base,
while specialists in elliptic functions traditionally identify ¢ as the nome. Much of the
analytic number theory that arises from elliptic functions is the result of the proper
choice of base or nome. We give just a brief sketch here, and refer the reader to the
literature (e.g. Jacobi [16, §35-46 and §61-66] or Gasper and Rahman [14, Chapters
1 and 5]) for further information.

An elliptic function is a meromorphic function with two independent periods, that
is, the periods of an elliptic function form an additive group with two generators,
isomorphic to Z x Z. Given any two generators w; and wy of the group of periods, a

nome ¢ may be defined by the equation:

q = q(wr,ws) := exp(2miwg /wy). (1.36)

For example, using the real and imaginary periods of sn(u, k) as fundamental

periods, Jacobi [16] defined ¢ by:
q = q(k) := exp(—mK(K')/ K (k)) (1.37)

where:

K(k) = / 1 ds (1.38)
o V==
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K =vV1— k2 (1.39)

Jacobi’s number theory applications arise from g-expansions of elliptic functions into
Fourier series and Lambert series [16, §39-46] and from theta function identities
(especially Jacobi’s Triple Product Identity) and expansions [16, §35-38 and §61-66].
The Fourier series for the Jacobi elliptic functions are special cases of Ramanujan’s
191 bilateral basic hypergeometric series summation. The fundamental connection

between Jacobi’s number theory and his elliptic functions is the identity:

2K (k)

=3(0,q) =142 ¢", (1.40)
n=1
where ¥3(z, q) is defined as in Whittaker and Watson [30, pp. 463-464]. The right
hand side of this identity is the ordinary generating function for the number of ways
to write an integer as the square of an integer.
Ramanujan’s identity and the Triple Product Identity are key pieces for recovering

Jacobi’s number theory in the basic hypergeometric series setting.

1.8 Relation to Recent Work

Al-Salam and Carlitz, 1959. In a 1959 paper [3], W. Al-Salam and L. Carlitz
used continued fractions and Heilermann’s correspondence (described as a theorem
of H. Wall) to compute determinants of Bernoulli numbers and of coefficients in the
Maclaurin expansions of the Jacobi elliptic functions.

Carlitz, 1960. In 1960, L. Carlitz [5] used continued fraction expansions and

Fourier series expansions for the Jacobi elliptic functions to obtain four families of
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orthogonal polynomials. He obtained generating functions and discrete weight func-
tions for each of the families. Moreover, he found relationships between the four
families and showed that they occur in multiplication formulas for the Jacobi elliptic
functions.

Carlitz’s families are associated with the continued fractions for sn(u, k), cn(u, k),
dn(u, k), and sn?(u, k). We note that cn(u, k) and dn(u, k) are related by a modular
transformation. In addition, Carlitz was not aware of the existence of a continued
fraction expansion for sn(u, k) cn(u, k), which, though implicit in the work of Rogers
and Stieltjes, remained unknown until it was reported by Ismail and Masson [15] in
1998.

Dumont, 1980 - 1985. In the 1980’s, D. Dumont [9, 11] applied continued
fraction expansions of the Jacobi elliptic functions to obtain combinatorial interpre-
tations of the coefficients in the Maclaurin expansions of the Jacobi elliptic functions.
The 1985 paper [11] generalizes some 1881 results of M. André [2] on alternating
permutations.

Chudnovsky and Chudnovsky, 1993. In a 1993 paper [6], D. Chudnovsky
and G. Chudnovsky state a number of new continued fraction expansions of special
functions. The coefficients in these expansions involve transcendental functions. (For
example, on page 142 of the article, the authors display the expansion of a formal
Laplace transform of a Weierstrass elliptic function into a quasi associated continued
fraction whose coefficients are elliptic functions instead of simple constants.)

The authors had been studying “effective methods of construction of rational

approximations to classical numbers and functions”. Though these constructions
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were “relatively simple to formulate in terms of monodromy data”, they were “evading
any closed form answer, and even the simplest new constructions required inordinate
amounts of computer algebra and raw numerical power.” [6, page 126—127]

Ismail and Masson, 1998. In a 1998 paper [15], M. Ismail and D. Masson dis-
covered a previously unknown associated continued fraction expansion for the Laplace
transform of sn(u, k) cn(u, k). In the same paper, the three previously known families
and the new family of continued fraction expansions were associated with generaliza-
tions of four special cases of the continuous dual Hahn polynomials.

Milne, 1996 - 2002. In [21, 22|, S. Milne generalized results from Jacobi in [16]
on sums of squares. Using fundamental connections between elliptic functions and
theta functions, Jacobi was able to specialize Fourier series of Jacobi elliptic functions
to obtain results on the enumeration of the number of ways to write an integer as
the sum of 2, 4, 6 or 8 squares. Among other results, the two papers of Milne
extended Jacobi’s results for four and eight squares to infinite families of 4n? and
4n(n+1) squares. An important step in Milne’s work was the specialization of Hankel
determinants of coefficients in series expansions of certain ratios of Jacobi elliptic
functions. These Hankel determinants were evaluated by deriving continued fraction
expansions of Laplace transforms of these ratios, and then applying Heilermann’s
correspondence.

General Remarks. The formal symmetric properties of continued fractions of

special functions have an important role in all of this work.
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CHAPTER 2
CONTINUED FRACTIONS FOR THE JACOBIAN
FUNCTIONS

The main results of this chapter are the four associated continued fractions in Theo-
rems 1 through 4. Each of these four theorems gives the root of a family of continued
fractions of Laplace transforms of certain elliptic functions. We chose notation for
elliptic function due to Dumont [9] over traditional notation for the Jacobi elliptic
functions because the traditional notation tends to obscure much of the underlying
symmetry. The symmetry apparent in Theorems 1 through 4 makes it clear not only
that the results yield four distinct classical families, but also that this collection of
families is essentially complete.

We should also note that an analyst or an engineer might wince when encounter-
ing the Laplace transform of a function which is not exponentially bounded. For our
purposes, the Laplace transform is a simple formal correspondence between an expo-
nential generating function in function space and an ordinary generating function in
transform space. We have nonetheless attempted to identify all Laplace transforms

where problems occur on the real axis for real values of the parameters.
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2.1 Associated Continued Fractions

We now have the machinery in place to derive our families of associated continued
fractions. In handling issues of convergence, we use general convergence as defined in

[20] rather than classical convergence.

Theorem 1. Ifa,b € C, then

sn(u;a,b) e u =
: T 1— (a? +b?)a? + El+bnx2’

where an = —(2n + 1)(2n)*(2n — 1)a®b?,

and b, =—(2n+1)* (a® +b°) .

Proof. The claim is easily verified if either of the parameters a or b happens to be 0.

We next prove this assuming that a and b are chosen so that sn(u;a,b), cn(u;a, b)
and dn(u;a,b) are elliptic functions in u with real periods and no singularities for
u € R.

Under the restrictions, sn(u; a, b) e™* — 0 as u — oo. To reduce clutter, let:

sn"(u;a,b) e® du, and

o0

T, = sn"(u;a,b) en(u;a,b) do(u; a,b) e/ du.

J
J

We integrate by parts and use the Pythagorean theorem (equations 1.6 and 1.7) to

show that:

S, =nazT,_ (n>0)

To =z + (a2 + bz)xsl + 2a%b%xS;,
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T, = nxS,_1 + (n+1)(a* + b*)xS, 41 + (n + 2)a*b*xS, 3 (n>0)

Solving for Sy and S,,/S,,_2 in just the right way, we obtain:

372

1 — (a® + b?)x? — 2a2b22253 /5,
n(n —1)x?
1 —n2(a? + b?)a? — n(n + 1)a?b?22S,4+2/ Sy

Sy =

Sn/San =

After iterating and simplifying, we obtain the desired continued fraction.
Now let [sn], be denote the sequence of coefficients in the Maclaurin expansion
for sn(u; a, b):

n(u;a,b) Z V—l

We apply the Heilermann correspondence using the following formal power series
in z2:

L =1+ L(sn(u;a,b),v ")

The Hankel determinants calculations are obtained by iteration:
2m—1

H D ([sn],) = (ab)™Y H 7! (2.1)

o' (fsnl,) _ »?) (2 1) 2.2
TSR Y 22

We note in passing that, by applying well-known summation formulas, this latter

identity may be rewritten as follows:

X' (fsnl,) (@407
B0,y 6 m T DEm@mtL), (2.3)
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The first observation to make is that H' vanishes if and only if a or b vanishes.
It follows that the condition (1.33a) holds.

The next observation is that the coefficients in the Maclaurin series for sn(u;a,b)
are polynomials in the parameters a and b. Conditions (1.33b) and (1.33c) are rational
equations that hold for infinitely many values of each of the parameters holding the
other parameter fixed. By the Fundamental Theorem of Algebra, it follows that these
equations must hold for all values of the parameters.

But Heilermann’s correspondence works in reverse, (e.g. see Milne [22, Theorem
3.10]). In particular, (1.33a), (1.33b) and (1.33c) imply (1.32) which is just what we

wanted. O

By specializing a and b in Theorem 1, we obtain the following expansions:

- 9 0o 2 2,.4
ufe g x —(2n+1)(2n)*(2n — Dk°z 92 4
/0 Sn(u7 k) € du 1+ (1 + ]{]2)$2 + :n[:<1 1+ (271 + 1)2(1 + kz)x2 ( ' )
- 2 o (2n 4 1)(2n)%(2n — 1)Kz
A z ( 2.5
/0 sc(u, k) e du = — (14 K2)a2 + :51 L= (2n+ 1)2(1 + k)22 2
- 2 > —(2n+1)(2n)*(2n — 1) (kK)*a!
d(u, k) e/ du = - (
/0 Ml ) e = e T KTy e - ke
(2.6)

Since sc(u, k) has poles on the real u-axis, the correspondence in equation (2.5) is
purely formal. Specializing a = 1 and b = £’ in Theorem 1 establishes the formal cor-
respondence between the Laplace transform for sc(u, k) and its associated continued
fraction.

Both sn and sd have real periods and no singularities on the real axis so we

specialize as follows:
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e For sn(u;a,b) in equation (2.4), let a =i and b = ik;
e For sd(u;a,b) in equation (2.6), let a = ik" and b = k.

In equations (2.4,2.5,2.6), letting k& — 0,1, we obtain the elementary Laplace

transforms:
o] y xz
i YT du = 2.7
/0 sinue u=T5 (2.7)
o) / 1'2
inhue ™" du = 2.8
/0 sinhwue U= T3 (2.8)
> x? < —(2n+1)(2n)*(2n — 1)z*
tanwe /" du = 2.9
/0 anuetdu = e K o 1 (2:9)
> x? < —(2n+1)(2n)?(2n — 1)x!
tanhue /" du = 2.10
/0 e A E T o E 1+2(2n+ 1) (2.10)
We immediately obtain a corollary using the following fact:
L(f',s) = 5 £(f,5) — £(0) (2.11)
Corollary 1. Ifa,b € C, then
o e x < apxt
/0 en(u; a,b) dn(u;a,b) e/ du = (@5 P & :n[:<1 15 b2
where an = —(2n +1)(2n)*(2n — 1)a’b?,
and b, =—(2n+1)* (¢’ +b°) .
Proof. Letting f(u) = sn(u;a,b) in (2.11), we obtain:
L(en(u;a,b) dn(u;a,b),z™ ") = 27! L(sn(u;a,b),27") —sn(0; a, b)
=2 ! L(sn(u;a,b),v7t)
[
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The machinery of the proof of Theorem 1 can also be used to prove this result.

Using the notation from that demonstration and starting with 7 we have:

T
1—(a®+b2)x%—2- 3a2b2x2%
T, —1)2?
o= —— an(;”L )z ] s (2.13)
n—2 — (n+1)%(a® +b%)2? — (n + 2)(n + 3)a?b?2x? ==

Ty = (2.12)

Theorem 2. Ifa,b e C, then

00 23
2 —
sa,b) e du =
/0 su”(usa, b) e YT 4(a® + b?)x? + Kl—i—b:ﬂ’

where an, = —2n(2n — 1)*(2n — 2)a*b?,

and b, = —(2n)* (a® +b°) .

Proof. Using machinery from the proof of theorem 1, we have

273
1 —4(a? + b?)a? — 6a2b22254/ S’

Sy =

with S,,/S,_2 is as before. Again we iterate and simplify to obtain the desired con-
tinued fraction.
To remove restrictions on a and b, we let the symbol [sn?], denote the sequence

of coefficients in the Maclaurin expansion

[e.e]

uab Z

v=1

2v

We accordingly consider the power series
L=1+ax"L(sn*(u;a,b),v ™).

29



[teration yields the required Hankel determinants:

Hﬁ%bfk>:owrwm”fiﬂ (2.14)

X%)([Sn2]> 2 m_

HD(sn2),) ) ; .
- @’ g—b (2m)(2m +1)(2m + 2) (2.16)

]

From this theorem, we obtain the continued fraction expansions for the Laplace
transforms of the unimodular sn?, sc?, and sd*:

—2n(2n — 1)3(2n — 2)k?z*

00 21.3
2 k —u/wd — 2.1
[ R e = e e K G e 2
o B 223 —2n(2n — 1) (2n >k/2 !
2 k w/T g — 2.18
/0 sSC (u )6 u 1— 4<1 + k"2)$‘2 + :T!Eg 1— (2n)2(1 + /43’2):)32 ( )
o 3 . . 2 . N2 ,.4
/ A b) —ule gy 2x : K 2n(2n 1)%(2n Q)Z(kk) x
; 1—4(k? — k)22 + 2 = (2n)?(K? — K7)a?
(2.19)

(Since sc(u, k) has poles on the real u-axis, the correspondence in 2.18 is purely
formal.)

Since sn? (0 = 0, we obtain the following corollary with no effort by using (2.11):

Corollary 2. Ifa,b € C, then

ZE2

1 —4(a®+ )22 + Kl—l—bx?’

/ sn(u; a,b) en(u; a,b) dn(u;a,b) e du =
0

where an = —2n(2n — 1)*(2n — 2)a?v?,

and b, = —(2n)* (a® +b°) .
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The integral of sn?(u; a,b) is an example of an elliptic integral of the second kind.

Following the lead of Jacobi, we define
E(u;a,b) = / dn?(t; a,b) dt (2.20)
0
Using the Pythagorean relation between sn and dn, it follows that:

E(u;a,b) —u="b* / sn?(t; a,b) dt (2.21)
0
(2.22)

Using (2.11), we obtain the following expansion:

Corollary 3. Ifa,b € C, then

2%t xt

[e.9] o0 a
E(u;a,b) —u) e /" du = !
/0 (E(u;a,b) —u) e v=1_ A(a? + b?)z? + :Eg. 1+ b2’

where an = —2n(2n — 1)*(2n — 2)a*v?,

and b, = —(2n)* (a® + %) .

Theorem 3. Ifa,b € C, then

T > A
1 —a2x? + :L{ 1+ b,z?’

/ en(u;a,b) e du =
0
where an = —(2n)*(2n — 1)%a?b?,

and b, =— ((2n+1)%a* + (2n)*p?) .
Proof. Let
Cy ::/ sn”(u; a,b) en(u;a,b) e”® du
0
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D, ::/ sn™(u; a,b) dn(u;a,b) e * du
0
Proceeding as in the proof of theorem 1, we obtain:

Co =z +a*xD,

Cn=nxD, 1+ (n+1)a*xD, (n>1)

D, = nxC,_1 + (n + 1)b*xC,, 44 (n>1)
Solving we obtain:

T

Co = 1 — a2 — 2a2b2c2&2
Co

C, n(n —1)z?
— roh
Cna 1= ((n+1)%2+n2?) 22 — (n+ 1)(n + 2)a*b?a? =52

We then obtain the associated continued fraction for C (the Laplace tranform of
cn(u; a, b)) by starting with Cy and iterating using the recurrence for C,,/C,,_s.
To generalize this to all a,b, let [cn], denote the coefficients in the Maclaurin

expansion of cn(u;a,b), i.e.:
2

en(u;a, b) = Z %

We consider the associated continued fraction corresponding to:

v=1

L=1 + xﬁ(cn(cu; a, b)> xil)

The corresponding Hankel determinants are:

HO (fenl,) = (ab)y™™ D TT ((20)))? (2.23)
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qul)([cn],,) ( 2 - 9 1)2 2m_1 2)
= a r— +b 2r 2.24
HYy([enl,) ;( ) ;( ) 220

=—02m-1)2m)2m+1)+ %(Qm —2)(2m —1)(2m) (2.25)
[

Taking into account the singularities on the real axis for nc (i.e. treating the
Laplace transform of nc(u, k) as purely formal) and specializing as before, we obtain

the following continued fraction expansions:

> e —(2n)*(2n — 1)*k%2"

/0 on(u )™/ du = e K T+ ((2n + 12 + (2n)2k?) 22 (2.26)
> _—ye > —(2n)*(2n — 1)*k"a*

/0 ne(u, k) e du = 1— a:? 1 :nK1 — ((2n 4+ 1)2 + (2n)2k"?) 22 (2.27)
> —ufe g x o (2n)2(2n — 1)(kk")2x*

/0 cd(u, k) ™" du = 1+ k%22 + :Eg 1+ ((2n+ 1)2K" — (2n)2k?2) 22 (2.28)

Using the symmetry cn(u;a, b) = dn(u; b, a), we obtain three more continued fraction

expansions:
- ) > —(2n)*(2n — 1)%k%2*
. By afe gy — T ( 2.2
/0 n k)= e KT e s oot e 2 2
o ) oo —(2n)%(2n — 1)2k %2
e )~/ s — T ( 2.30
| setwne i e K o iy g 20
~ B 00 271)2(271 — 1)<kl€/)2$4
o ) ool g T ( 2.31
/0 nd(u, k) e du = 35 51+((2n)2k’2—(2n+1)2k2)) & (23

(de(u, k) has singularities on the positive real u-axis.
A related but independent family of continued fraction expansions was obtained
by Ismail and Masson [15]. The members of this family are Laplace transforms of

derivatives of cn and dn. In the Dumont setting, these take the following form:
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Theorem 4. Ifa,b € C, then

.1'2 4

1— (a2 + 4b%)2? + K1+b 22’

/ sn(u;a,b) dn(u;a,b) e/ du =
0
where an = —(2n)?(2n + 1)%a’b?,
and b, =— ((2n+ 1)’ + (2n + 2)*b?) .

Proof. We use the machinery of the proof of Theorem 3 starting with D;. If the

symbol [sn dn], denotes the sequence of coefficients in the Maclaurin expansion:

= [sn dn], u?"!
sn(u; a,b) dn(u;a,b) ; Qn]— 0]

then the required Hankel determinants are given by:

HW([sn dn],) = (ab)™m1 ﬁ ((2m —1)1)? (2.32)
r=2

Xg,ll)([sn dn], ) 2 S 2 S 2
10 (o dul.) - <a ; 2 +b ;( r) ) (2.33)
= %2(2m —1)(@2m)2m+1) + %(Zm)(Zm +1)(2m+2) (2.34)

]

2.2 Regular C-Fractions

A continued fraction of the form %N(n) is called a C-fraction if N(n) is a sequence
of positive integers. Every C-fraction converges generally to some Maclaurin series. If
the sequence of positive integers N (n) is constant, the C-fraction is said to be regular.

The recurrences of the previous section yield one family of regular C-fractions,

corresponding to Laplace transforms of cn(u;a, b):
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Theorem 5. Let a,b € C. Then:

x>
)

/0 Cn(u;CL,b)e_"/xdu:%:n[:{l .

—n2a?, if n is odd;
where ay, =

—n2b?, if n is even.

We can rewrite the recurrence for C,, in the previous section as follows:

1 =nz Cn,;l + (n+ 1)a2xDCL:1.
After solving for C,,/D,,_1, we have:
C, nx
Dpy 1- (n+ 1)a2ng,—:1'

Interchanging parameters a and b effectively interchanges cn(u;a,b) and dn(u;a,b).

This in turn interchanges the letters C' and D in our recurrences, whence:

D, nT

— Cn .
Cnfl ]. — (TL + ].)bQI'D—J:

From Cy = x + a?xD;, we obtain the initial value:

x
Co= %.
[terating yields the continued fraction of Theorem 5. Starting with Dy gives us
nothing new as the same result may be obtained from Theorem 5 by interchanging
parameters a and b.
Using Heilermann’s C-fraction correspondence (Lemma 3), we obtain the following

Hankel determinant evaluations:
m—1
H)([en],) = (ab)™ D TT ((2r)))? (2.35)
r=1
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m

HY ([en],) = (—1)"am " 0y =D TT ((2r — 1)! (2.36)
r=1

Naturally, the first of these two determinants agrees with the value found in the

previous section.

2.3 Modular Transformations

Rogers[25] obtained a continued fraction expansion for the Laplace transform of ==
using the first of the two following forms of Landen’s transformation:
snu cn u 1 1—FK
= 1+ & 2.37
dn 1+k’sn<( * )u’1+k’> (2.37)
sn u 1 1—-k
= (14 k)u, —— 2.38
ecnw dnu  i(1+k) o (2( k), 1—{—k) (2.38)

With the help of the multiplication formula (1.9), we can recast these two forms of

Landen’s transformation as follows:

Snu cn u

_— = 21(1 Nl =k 2.
LB i1+ K, i1~ K)) (2.39)
SN u

Combining (2.39) with Jacobi’s reciprocal transformation in the form:

sn (ik'u, ) = ik'sc(u, k), cn (ik'u, ) = dc(u, k),  dn (ik'u, 37) = ne(u, k),
(2.41)
and applying the multiplication formula (1.9), we obtain the following identity:

swudnu sn(u; k' + ik, k' — ik) (2.42)

cnu
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SN u cn u sn u
dnu 7 cnwudn uw’

The Laplace transforms of the Jacobian elliptic functions and

sn u dn u

-2t can all be expanded by viewing them as special cases of bimodular sn. We

observe that the second and third of these expressions have singularities on the real

axis. Substituting equations (2.39-2.42) into Theorems 1 and 2 yields the following

correspondences:
/°° U N Uy z? f’< —(2n +1)(2n)%(2n — 1)k*z*
0 dn u 14+2(2—-k2)2? + % 14+2(2n+1)%(2 — k2)2?
(2.43)
/ MU g g x? f’< —(2n +1)(2n)%(2n — 1)k"z*
o cnu dnu u 1=2(14+ k222 + IX 1-2(2n+1)2(1 + k2)a?
(2.44)
50 2 o 2 _ 4
/ snu dnu o gy — x K (2n + 1)(2ng (2n i)a:Q
0 cn u 1—2(1—2k%)22 + 23 1-202n+ 1)2(1 — 2k?)x
(2.45)
/°° sn?u cn?u /T gy 223 f‘{ —2n(2n — 1)%(2n — 2)k*2!
an® 1+8(2— k2)a? + 1+2(2n)2(2 — k2)2?
(2.46)
/°° sn?u Sl gy — 223 f’{ —2n(2n — 1)2(2n — 2)K 2!
o cn?u dn’u 1 =81+ k%)22 + 1% 1 —2(2n)%(1 + k2)a2
(2.47)
o 223 < —2n(2n — 1)%(2n — 2)z*
/ snu2dnu_u/xdu_ a:2 K n(2n 2)(712):;
0 cn 1—8(1—-2k2)2% + 7% 1—2(2n)%(1 — 2k?)x
(2.48)

The underlying modular transformations have very pretty formulations in the

Dumont setting. First, we introduce the following invariant:
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with the square root chosen so that:

0<arg 1—(

Qo

)2<7r.

Thus b'? = a2 — b2, In particular, if we specialize @ = i and b = ik, then we obtain
b =ik’
Theorem 6 (Landen’s Transformation).

Sn(u;a + b,7a _ b/) — Sn(u;a7b) Cn(u;a7 b)

dn(u;a, b)
sn(u; b, a) dn(u;b, a)
B en(u;a, b) ’
2(u; a,b) + ab’ sn*(u;a,b)
. Woa_p) = D (u;a, La,
en(u;a+b,a—10) n(u:a.b)
dn?(u: I an2(o;-
_ dn (u;b,a) + ab’ sn (u,b,a)) and
en(u; b, a)
cn?(u;a,b) — ab’ sn*(u;a,b)
d . b/ . b/ _ y Wy y Wy
n(u;a+b,a—b) dn(u; a, b)
~ dv*(u;b,a) — ab' sn*(u; b, a)
B en(u; b, a)

Proof. Tt is not hard to derive this. We start by assuming an identity of the form

_ sn(u;a,b) en(u;a,b)

dn(u; a, b)

sn(u; A, B)

where A and B are undetermined parameters. Differentiating and applying the

Pythagorean theorem, we obtain:

1+ 2a? sn?(u;a,b) + a?b? sn*(u;a,b)

4 ;A B) =

ansu(wi A, B) dn?(u; a, )
_ (I4ala+1?V) sn*(u;a,b)) (1 +ala—V) sn*(u;a,b))
B dn?(u; a, b)
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(en?(u;a,b) + ab’ sn?(u;a,b)) (ecn®(u;a,b) — abl sn*(u;a, b))
dn®(u; a, ) '

This suggests we take:

(en®(u; a,b) + ab’ sn?(u;a,b))

CIl(Uy ) ) dn(u, a. b) , an
2(n- N 20,
an(u: A, B) = (@2(ui,b) — af sn*(usa.b))
dn(u; a, b)

Upon differentiating, we find A = a + ¢ and B = a — b'. (If we reverse the choices
of en(u; A, B) and dn(u; A, B), we obtain identities which are equivalent to the above

set.) O

After applying the substitutions implicit in Theorem 6 to Theorems 1, 2 and 3,

we obtain the following three continued fractions:

Corollary 4. Ifa,b € C, then

o0 . . 2 0o 4
/ sn(u; a,b) cn(u;a,b) o/ gy — x K an 7
0 dn(u; a, b) 1—2(2a? = 0?)x? + IX 1+ bya?
where  a, = —(2n 4+ 1)(2n)*(2n — 1)b?,
and b, = —2(2n+ 1)* (2a* — b°) .
Corollary 5. Ifa,b € C, then

/oo sn?(u; a,2b) cn?(u, a,b) /2 gy 213 f°< an 7

0 dn*(u; a, b) 1—8(2a2 —b?)x2 + TX 1+ b,a?

where an = —2n(2n — 1)%(2n — 2)b*,

and b, = —2(2n)* (2a° — b°) .
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Corollary 6. Ifa,b € C, then

e~ dy,

/°° cn?(u; a, b) + ab’ sn?(u; a,b)
0 dn(u;a,b)

x < g,z
11— (2a® + 2al/ — b?)x? + :L{l 14 b,22’

where an, = —(2n)*(2n — 1)%b*,

and b, = (8n* +4n + 1)(b* — 2a*) — 2(4n + 1)ab’).

Equations (2.43) through (2.45) can be obtained as specializations of corollary 4
and equations (2.46) through (2.48) can be obtained as specializations of corollary 5.
The particular specializations are easily seen to be (a — i,b — ik), (a — 1,b— k),
and (a +— k', b+— 1), respectively.

We can take ratios of bimodular functions just as we do their classical coun-

sn(u;a,b)

en(uad)’ etc. With these definitions, a number of other

terparts. Thus sc(u;a,b) =
modular transformations of orders 1 and 2 are easily cast in the Dumont bimodular

setting. We offer the following examples:

Theorem 7 (Jacobi’s Imaginary Transformation).

i sc(u;a,b) = sn(iu;a,b'), (2.49)
nc(u; a, b) = en(iu; a,b'), and (2.50)
de(u; a,b) = dn(iu; a,b'). (2.51)

Theorem 8 (Jacobi’s Real Transformation).
sd(u;a,b) = sn(u; b, ), (2.52)
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nd(u; a,b) = en(u;ib, '), and
cd(u; a,b) = dn(u;ib,b').

Theorem 9 (Gauss’ Transformation). If 0 < argg <, then:

sn(u;a,b)
1 —ab sn?(u;a,b)’
en(u; a,b) dn(u;a,b)
1 —ab sn?(u;a,b) ’
1+ ab sn*(u;a,b)
1 —ab sn?(u;a,b)’

sn(u; a + b, 2vVab) =

and

en(u;a + b, 2Vab) =

dn(u; a + b, 2V ab) =

and:

sn(u;a, b)
1+ ab sn?(u;a,b

sn(u;a — b, 2V ab) =

)

)

1 —ab sn?(u;a,b
en(u;a — b, 2\/%) =TT T b;’ and
en(u; a,b) dn(u;a,b)

1+ ab sn?(u;a,b)

dn(u;a — b, 2\/%) =

(2.53)

(2.54)

(2.55)
(2.56)

(2.57)

(2.58)
(2.59)

(2.60)

Proof. Both Jacobi transformations are easily verified using the differential equations.

We sketch the derivation of Gauss’s transformation.

First consider sc(u;a + b,2vab). From the differential equations for sc, nc, and

dc, we have:
sc(u; A, B) = sn(u;iA,iB')
nc(u; A, B) = cn(u;iA,iB')
de(u; A, B) = dn(u;iA,iB')
Since argg is between 0 and 7, we obtain:
i sc(u;a—+b,2vVab) = i sn(u;i(a+b),i(a — b))
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Applying the multiplication formula:

=sn(uw;a+b,a — b)
The restriction on the argument of % tells us that b” = b. Applying Landen’s trans-
formation:

sn(u;a,b’) en(u;a,b’)

dn(u; a,b')

By the multiplication formula:

i sn(u;ia,ib’) cn(u;ia,ib’)

dn(u;ia, i)

Converting back to sc, nc, and dc:

i sc(u;a,b) ne(u;a,b)
de(u; a, b) '

Doing the same for nc and dc, and writing the right hand sides in terms of sn, cn,

and dn, we obtain Gauss’s transformation for sc, nc and dc:

sn(u;a,b)
| o/ — 2.61
SC('LL, a+b,2va ) CH(U; a, b) dn(u7 a, b) ( )
1 —ab sn?(u;a,b)
‘ 2 b _ ) Y 2 2
DC(U, a + b; vV a ) Cn(u; a, b) dn(u, a, b) ( " )
1+ ab sn2(wa.b
de(u;a + b, 2Vab) = + ab sn (u;a,0) (2.63)

cn(u; a,b) dn(u;a, b)

Three of the six forms of Gauss’s transformation for sn, cn, and dn are obtained
immediately by taking quotients. To obtain the other three forms, work through the
above arguments starting with

sc(u; a — b, 2v/ab) de(u; a — b, 2V ab) nc(u;a — b, 24/ ab)
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O

Using the multiplication formula, we can put Gauss’s transformation in a slightly

more suggestive form. Consider the left hand side of equation 2.55.

sn(u;a + b,QM) = %sn <2u; ¢ ;_ b,\/E)

The moduli on the right are respectively the arithmetic mean and the geometric
mean of the moduli a and b on the left. Jacobi used this connection between Gauss’s
transformation and the arithmetic-geometric mean to establish some deep connections
between the theory of elliptic functions and the arithmetic-geometric mean in [16,
§38].

The obvious corollaries of Theorems 7, 8 and 9 are stated explicitly in Milne
[22]. In addition, the continued fraction expansions in equations (2.4-2.6), (2.9-2.10),
(2.17-2.19), (2.26-2.31), and (2.43-2.48) can also be found in Milne [22].

2.4 Other Formulations

Our continued fractions (and those in Milne [22]) are slightly different from those of
Rogers in [25] and Stieltjes in [28]. The principal difference is in the choice of Laplace

transform. Our continued fractions use the Laplace transform at x = 0:

L(f(u),z7") = /OOO fu) e™® du
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instead of the more common Laplace transform at x = oo:!

L(f(u),z):= /000 f(u) e™™" du.

1

Letting © — 27" in the continued fraction expansions above gives the following

expansions?:

Corollary 7. Ifa,b € C, then

° 1 ©_q
La,b) e du = d
/0 Sn(u7 a, ) e (% 72 — ((12 + b2) + :E:<1 72 + bn7

where an = —(2n + 1)(2n)*(2n — 1)a®b?,

and b, =—(2n+1)* (¢’ +b°) .

Corollary 8. Ifa,b e C, then

2 o0 p,
2 —4(a? 4+ b?) + :T!ngz—l—bn’

x/ sn?(u; a,b) e ™ du =
0
where an = —2n(2n — 1)*(2n — 2)a*v?,

and b, = —(2n)* (a® +b%) .

Corollary 9. If a,b € C, then

T > an,

/0 cn(u;a,b)e_“du:wz_a2 n EIITZ‘an;

!The transform at x = 0 transforms an exponential generating function into a Taylor series centered
at x = 0, while the transform at x = oo yields a Taylor series at z = oc.

2The factor of x in the left hand side of the expansion of sn? in Corollary 8 was placed on the left
hand side following Carlitz [5]. This factor was inadvertently omitted in Stieltjes [28].
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where a, = —(2n)%(2n — 1)%a*V?,

and b, =—((2n+1)%a* + (2n)*V?) .

-1

Letting « — x~! in the Laplace transform of the derivative of cn(u;a,b) yields

what would have been the classical form of this associated continued fraction:

Corollary 10. Ifa,b € C, then

1 o0 a,

/0 sn(u;a,b) en(u;a,b) e ™ du = (@ + 40 + :n[:<1 2

where  a, = —(2n)*(2n + 1)%a*V?,

and b, =— ((2n+1)%a*> + (2n + 2)*V?) .

Letting z +— 7!

in our regular C-fraction expansion of the Laplace transform of
cn yields the usual form for the classical classical continued fractions expansions for

cn and dn:

Corollary 11. Ifa,b € C, then

o0 1 o0
a
/ en(u; a,b) e du = -,
0 T+ T
—n2a?, if n is odd;
where
—n2b2, if n is even.
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CHAPTER 3
CONTINUED FRACTIONS FOR THE DIXON
FUNCTIONS

3.1 Laplace Transform Recurrences

When a # 0, the Dixon functions have slightly more complicated derivatives and a
slightly more complicated Pythagorean theorem than the classical Jacobian elliptic
functions.

When working with the Jacobian functions, we used the Pythagorean theorem to

rewrite a polynomial P(s, ¢, d) canonically in the form:
P(s,c,d) = Py(s) + Pi(s)c + Py(s)d + Ps(s)ed

where s = snu, c = cnu and d = dnwu and the expressions P, are polynomials in one
variable.
Using the Pythagorean Theorem for the Dixon functions, we have an analogous

canonical form for polynomials in the Dixon functions:
P(s,c) = Py(s) + Py(s)c + Po(s)c?

where s = smu and ¢ = cm u and the expressions P, are polynomials in one variable.
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Using notation similar to that in Chapter 2 above, we define the following Laplace

transforms:
S, = /0 " s (u, ) exp(—u/a)du (3.1)
= /0 " s (u, o) em(u, ) exp(—u/z)du (3.2)
Dy = /0 " s (u, ) em®(u, ) exp(—u/a)du (3.3)

After integrating by parts and reducing to canonical form using the Dixon ana-

logue of the Pythagorean Theorem, we obtain the following recurrences:

So==x (3.4)
S, =nxD,_; — naxS, (n > 0) (3.5)
Co =12+ azxCy— xS; (3.6)
C,, =nxSp—1+ (1 +2n)axC, — (n+ 1)xS, 12 (n>0) (3.7)
Dy = x + 2axDy — 2205 (3.8)
D, = nzC,_ 1+ (24 2n)axD, — (n+ 2)xC2 (n > 0) (3.9)

When a = 0, we obtain simple recurrences that may be manipulated like those
in Chapter 2 to obtain associated continued fractions and regular C-fractions. In the

general case (a # 0), we employ a trick to obtain generalizations of these results.

3.2 Associated Continued Fractions (a = 0)

We start by setting a = 0 in the recurrences (3.4-3.9). We then algebraically eliminate

all but one of the letters .S, C' and D to obtain three sets of three initial value problems.
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For Laplace transforms of powers of sm(u,0), we have the following three initial

value problems:

Sn n(n —1)(n —2)a® (3.10)
— - '
Sns 14 2n(n? +1)2° —n(n + 1)(n + 2)2325=
subject to:
2
T
S1= 3.11
P aad 69@35—‘1‘ (3.11)
213
Sy = 3.12
© 142008 — 24035 (3.12)
6 4
S3 = = (3.13)

1+ 6023 — 601‘3%

3
We obtain three associated continued fractions by iteration. To use the Heiler-
mann correspondence to obtain evaluations of the Hankel determinants, we define

the Maclaurin series coefficients as follows:

e [Sm]yu?’”_z
0) =:
a3 L
oo 21 . 3u-1
5 [sm®],u
0) =:
) = 3 e
0 3 3v
3 N [sm®],u
sm®(u, 0) =: ; G
Theorem 10.
o x? o _q,x8
0) e /" du = "
/0 o, 0) ¢ du = 1o K s
where:

an = (3n —2)(3n — 1)2(3n)*(3n + 1); and
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b, =23n+1) (Bn+1)*+1).

Furthermore:
m—1
HS)([sml,) = T (3r)! (3r + 1)!
r=0
X m
—_ 2(3r —2) 37“ —2)+1
Hm ([sm ; ) )
1
6(3m 2)(3m —1)(3m)(3m + 1)
Theorem 11.

oo 6
2 —u/x —an
0 du =
/0 sm-(u, 0) e v 1+20:B5 K1+bn:v3

where:
an = (3n — 1)(3n)?(3n + 1)*(3n + 2); and
by =23n+2) (Bn+2)*+1).
Furthermore:
m—1
HY ([sm?],) = J[Gr+ 1! (3r + 2)!
r=0
Xm ( S 2
- 2(3r = 1) (3r—1)"+1
oy <[sm2 Z )
1
6(3m —1)(Bm)(3m + 1)(3m + 2)
Theorem 12.

e 3 / 6374 O 6
0)e™"/* du =
/0 sm(u, 0) e T T 6020 + IZ<1+b 3
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where:

an = (3n)(3n + 1)*(3n + 2)*(3n + 3); and

b, =2(3n+3) (Bn+3)*+1).
Furthermore:

HWY([sm?],) = 227%™ ﬁ(?)’l“ — 1! (3r)!

r=1

Z 2(3r) ((3r)* + 1)

=1

Xm(fsm?],)
H ([sm?],)

(PN

(3m)(3m + 1)(3m + 2)(3m + 3)

For Laplace transforms of sm™(u,0) cm(u,0), we have the following three initial

value problems:

C, n(n—1)(n — 2)23 (3.14)
Coz 14 (n—Dn2+ (n+12n+2)2% — (n+1)(n+2)(n+ 3)35308:3 :
subject to:
x
o 3.15
O 14203 — 6235 1)
0
2
x
o 3.16
L1120 - 403G (310
2 3
Cy v (3.17)

T 144027 — 60275
2

We again obtain three associated continued fractions by iteration. To use the
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Heilermann correspondence to obtain evaluations of the Hankel determinants, we

define the Maclaurin series coefficients as follows:

. [em],u—3
0) =: —_—
ot = 3
= [sm - cm],u’ 2
0 0) =:
Sm(“’? ) Cm<u7 ) ; (31/ _ 2)‘
00 2 3u—1
9 N [sm® - cml,u
sm*(u,0) cm(u,0) =: ; G- 1)
Theorem 13.
x < _q,z°

0) e "/ du =
/Ocm(u,)e =t Kt

where:
an = (3n —2)*(3n — 1)%(3n)?; and
b, = ((3n—1)*(3n) + (3n + 1)*(3n + 2)) .
Furthermore:
1 ([eml,) = [T (3r)°
Snllemb) NS (50 230 - 5) 4 (3 — 2230 — 1
A0 oy~ 2o (B =47 @r =)+ (6 =23 1)
- —%(277713 — 42m?2 + 27Tm — 8)
Theorem 14.

x? > —anT

1+ 1223 + Elern:c?)

/ sm(u,0) cm(u,0) e du =
0
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where:
an = (3n — 1)2(3n)*(3n + 1)%; and

b, = ((3n)*(3n + 1) + (3n + 2)*(3n + 3)) .

Furthermore:
m—1
Hﬁ)([sm-cm]y) = H ((3r+ 1)!)2
r=0
Xm(fsm-cm),) & : 2
- _ 3r—3)"(3r—2)+ (3r —1)°(3r
2
= 2 (om? — 2m +1)
Theorem 15.
o 203 oo _q 18
2 —u/x du = L
/0 sm=(u, 0) cm(u,0)e YT T 4028 + :n[g 1+ bya?
where:
an = (3n)*(3n +1)*(3n +2)°; and
b = ((3n+ 1)*(3n +2) + (30 +3)2(3n + 1)
Furthermore:

HWY([sm?-cm],) =27 1__[ ((3r +2)1)°

Xm([sm2~cm]l,) = — Y r—2)%(3r — r2(3r
1O (ot cm] )~ 2o (G = 26— 1)+ Br3r 1)
= —%(277713 +30m2 + 15m + 4)
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For Laplace transforms of sm™(u, 0) cm?(u, 0), we could handle things in a similar
manner, but it turns out there is a simpler procedure available to us. Differentiating

powers of sm(u,0) with respect to u, we have:

d
o sm"t(u,0) = (n + 1) sm™(u,0) cm?(u, 0).

Next we recall the connection between a Laplace transform and its derivative:
L(f'(u),z™") = a7 L(f(u), z) — f(0).

Since sm(0,0) = 0, it follows that:

L(sm"(u,0) cm?(u,0),27") = mﬁ(sm”“(u, 0),z71).

But, if we instead proceed in the manner above, then we would have the following

three initial value problems:

D, n(n —1)(n — 2)z° (3.18)
Dpz 14+ m+1)(n2+ (n+2)2)a3 - (n+2)(n+3)(n+4)x3—D5:3 '
subject to:

T
Dn = 3.19
O 1 4403 — 423D (19

0

2

T
D, = 3.20
b 14200 — 602328 20

2 3

) x (3.21)

T 145208 — 120230
2

We would then obtain the following continued fractions:
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oo > 6
2 —’U,/Cﬂ d = x _alnx
/0 em e, 0) e du = Koy s
where:
an = (3n = 2)(3n — 1)*(3n)*(3n + 1); and
by = (3n+1) ((3n)° + (3n +2)°) .
m m-(u e U =
; smu, C ) 14 2023 + :n[gl"i‘bnx?)
where:
an = (3n = 1)(3n)*(3n + 1)*(3n + 2); and
by = (3n+2) (3n +1)° + (3n +3)°)..
o 203 o _q, x5
9 —u/x — .
/0 sm”(u, 0) cm(u, 0) ™" du 1+ 5223 + 5 1+ bpa®
where:

an = (3n)(3n + 1)*(3n + 2)*(3n + 3); and

b, = (3n+3) ((3n +2)* + (3n+4)?).

Our observations about the Laplace transforms of derivatives tell us that these

three continued fractions should differ from their counterparts in the first three the-

orems only in the entry in the first numerator. The expressions for a, are identical
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to those in their counterparts in the first three theorems of this section. Some simple
algebra shows that the expressions for b, are equal to their counterparts in the first
three theorems in this section. Since the first numerator entries are as expected, the
extra calculations serve as a check on the original calculations.!

Consider the list of positive integers in ascending order with each integer listed
twice:

1,1,2,2,3,3,4,4,5,5,6,6, ...

There are essentially six ways to break this up into ascending 6-tuples, allowing for
the possibility of missing leading entries in the first 6-tuple. The a, terms in the
associated continued fraction for the Laplace transform of sm(u,0) correspond to the
partitions:

{(1,2,2,3,3,4), (4,5,5,6,6,7), (7,8,8,9,9,10), ...}

The associated continued fractions for sm?(u, 0) and sm?(u, 0) correspond respectively
to:
{(2,3,3,4,4,5), (5,6,6,7,7,8), (8,9,9,10,10,11), ...}
and to:
{(3,4,4,5,5,6), (6,7,7,8,8,9), (9,10,10,11,11,12), ...}

These are the three possible “odd” partitions, odd in the sense that the first integer
in each 6-tuple appears exactly once. The three remaining continued fractions are

associated in the same way with the three possible even partitions.

IThis process involves foresight. In actual practice, I first calculated the three continued fractions
using the recurrence relations, observed that they were essentially the same, and then realized why
this was the case. In any case, the extra calculations served as to check the original calculations.
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3.3 Regular C-Fractions (a = 0)

Starting with the original recurrences in this chapter (equations (3.4-3.9)), we can
use the relation between S,, and D,,_; to eliminate either the letter S or the letter D.

In terms of general «, we obtain the following four recurrence relations:

S, n(n —1)x?
- c. (3.22)
Cn—a2 (1 +nax)(l—2naz) +n(n + D)z2=g=
C nx
—= 3.23)
5 (
Sn-1 1—2n+ 1az+ (n+ 1)xc_::2
n(n—1)z>
Cn T-(n—az
= T (3.24)
Docs T s + SR
D, nT
= (3.25)

Cr1 1—(2n+2)az + (n+2)z "*2

The recurrences with general o will be used again in §3.4. When a = 0, these

recurrences reduce to C-fraction recurrences, which we tabulate here:

g n(n —1)z?
LB 3.26
Coa 1+n(n+ 1225 (3.26)
C nx
o~ 3.27
Sp-1 14+ (n+ 1)z ”:2 (3.27)
c, n(n —1)z?
Dpa 1+ (n+1)(n+ 2)1:2Dg—:1 (3.28)
D nx
= (3.29)

Cpn1 14 (n+2)z ”:2
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We need initial conditions to generate C-fractions, and the six candidate starting

points give just three C-fraction initial conditions:

2

X
Sl :.TQ—QQJQCQ = W
T
COI.T—ZL’SQ :14—3;5—?)
C, = 2* — 2255 :Ls
L+2z3

The three that fail to give good initial conditions for a C-fraction are as follows:

213
SQ = 21}3 — 233'352 — 6[[’203 =

14223 + 6:1:2%
2

6zt

1+ 1223 + 12224
3

Sy = 62* — 122395 — 12220, =

213

Cy = 223 — 423Cy — 3228 =
? ? ! 1+ 423 + 3:1:23—‘;

On expanding the Laplace transform of sm(u,0), we have the following regular

C-fraction expansion:

Theorem 16 (C-fraction for L(sm(u,0))).

anx>

00 2 oo
/0 sm(u,0) e™"* du = % K L

n=1

where for integers r > 1:
g1 = (3r — 2)(3r — 1)
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agr = (3r)%(3r + 1).

The Heilermann correspondence yields the following new Hankel determinant eval-

uation:
m—1
HP([sm],) mH ((3r 4+ 2)!
r=0
The C-fraction for cm(u, 0) is likewise regular:

Theorem 17 (C-fraction for £(cm(u,0))).

3

00 xr o]
/ cm(u, 0) e du = — n?
0 I+ o 1

where for integers r > 1:
agr—1 = (3r — 2)*(3r — 1)
agr = (3r — 1)(3r)2.
Applying the C-fraction correspondence:
H®([cm],) = (=1)™ ﬁ(3r +1)! (3r +2)I.
r=0
Finally, the Laplace transform of sm(u,0) cm(u,0) yields a regular C-fraction:

Theorem 18 (C-fraction for £(sm(u,0) cm(u,0))).

/ sm(u,0) em(u,0) e™* du =
0
where for integers r > 1:

agr—1 = (3r — 1)(3r)

agr = (3r)(3r + 1)2.
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Again, applying the Heilermann C-fraction correspondence:

m

HY([sm-cm],) = (—1)" [J(3r — ! (3r)1.

r=1
Now consider the set of positive integers written in increasing order with each

integer written twice:
1,1,2,2,3,3,4,4,5,5,6,6, ...

There are three ways to divide this list into ascending triples if we permit ourselves

to discard ones. If we discard no ones, then we have:

o1 :={(1,1,2), (2,3,3), (4,4,5), (5,6,6), ... }.
If we discard the first one, we obtain:

oy :=1{(1,2,2), (3,3,4), (4,5,5), (6,6,7), ...}
If we discard both ones, we obtain:

o3 :={(2,2,3), (3,4,4), (5,5,6), (6,7,7), ... }.

The sequence of products of the triples in sequence oy yields the sequence of
numerator coefficients in the C-fraction for £(sm(u,0)). The sequence of triples oy is
similarly associated with cm(u,0). The remaining sequence of triples o3 is associated
with the Laplace transform of the product of the two families. This correspondence

suggests that these three continued fractions form a complete set.
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3.4 Quasi C-Fractions for the Dixon Functions

If we remove the restriction that o = 0, then we no longer obtain C-fractions or as-
sociated continued fractions from the recurrences. We do, however, obtain continued
fractions that converge generally to the Maclaurin series for the Laplace transforms.
Furthermore, these continued fractions are a-generalizations of the continued frac-
tions above in the sense that if we formally let & = 0, then we obtain the C-fractions
and associated continued fractions above as special cases. The three continued frac-
tions in this section have the rough form of regular C-fractions in z* whose denomi-
nator terms are alternately replaced by linear and quadratic functions of au.

In this section we will carry out this program for the regular C-fractions of the
previous section. The recurrences (3.22) and (3.23) are well-suited to the task at
hand.

We do ask the reader’s forbearance if the derivations seem tedious or the continu-
ous fractions seem inelegant. The Chudnovskys [6, page 127] explain their difficulties
in finding effective, explicit and practical constructions of rational approximations to
classical numbers and functions, saying, “As we understand the cause of the difficulties
now, there is simply no closed form expression for the best rational approximations
or continued fractions of classical functions (even more so for numbers).” Apparently
such constructions are quite rare.

For sm(u, o), we note that:

S1 =xDgy — axS;.
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Now the expansion Dy can be solved for D, as follows:

1

Dy =
0 1 —20x

(x —2xCy).

Once we have eliminated Dy, we can solve and simplify to obtain:*

LEQ

Sy = :
' (14 ax)(1 —2ax)+2x2g—f

On iterating, we obtain:

Theorem 19.

x? o ApT®

(14 az)(1l —2ax)+ :Ego bn ()

/ sm(u,a) e * du =
0

where, for positive integers r:

agr—1 = (3r — 2)(3r — 1)?

bor—1(x) =14 (6r — 1)ax
and:
ag, = (3r)2(3r + 1)
bor() = (14 (3r + Dax)(1 —2(3r + 1)ax).
For £(cm(u, a)), we have:

x
Co=x+axCy—25% = ———
‘ ‘ ? 1—0@—1—:):5,—2

On iterating:
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Theorem 20.

T o Apx’

OO 7u/md —
/0 em(u, a)e ik gy :n[:{O b

where, for positive integers r:

agr—1 = (3r — 2)*(3r — 1)

bor—1(x) = (14 (3r — )ax)(1 — 2(3r — 1)ax)
and:
ag, = (3r — 1)(3r)?
bor(z) = 1+ (6r + 1)ax.

For the Laplace transform of the product of the two functions, we have:

LL’2

Oy = 2% + 3axCy — 2255 = .
! ! 3 1—3@1‘-1-2{172,—31’

Thus, on iterating:

Theorem 21.

T o ApT

& —u/x —
/0 sm(u,0) cm(u, ) e du 1 — 3az+ :Ego by ()

where, for positive integers r:
agr—1 = (3r — 1)*(3r)
bor—1(x) = (1 + (3r)ax)(1 — 2(3r)ax)
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and:

agr = (3r)(3r + 1)?

boy(z) =1+ (6r + 3)ax.

We note that the numerator sequences a,, in the three continued fractions of this
section are the same as the numerator sequences for the C-fractions of the previous
section. The remarks at the end of the previous section suggest the existence of just

these three families.

3.5 Quasi Associated Continued Fractions

Just as the C-fractions for @« = 0 do not generalize to C-fractions for the Dixon
functions, so also the six associated continued fractions fail to generalize to associated
continued fractions. However, all six associated continued fractions do generalize to
continued fractions having the form of an associated continued fraction in 2% whose
coefficients have been replaced by polynomials of degree at most 5 in ax. Though
more complicated than any of the continued fractions that appear so far in this
thesis, they are still much simpler in form than the results stated in Chudnovsky
and Chudnovsky [6]. The polynomials themselves exhibit a considerable amount
of symmetry. Moreover, the underlying cubic nature of these continued fractions
suggests connections to cubic transformations of hypergeometric series.

Iterating the general cases of the recurrences of section 3.3, we obtain the following

63



recurrence for Laplace transforms of powers of sm(u, «):

E,(z,a)r? ng = F,(z,a) + Gu(ax)2® — Hy(z, a)z? Sg:?’
where
E,=E,(z,a):=(1—-2n+3)ax)n(n —1)(n —2)
F,=F,(z,a) = (1—-(2n—3)ax)(1 — 2nax)(1 — (2n + 3)ax)(1 + nax)
G, =Gh(r,a) = (1 - (2n+ 3)ar)n(n —1)*+ (1 — (2n — 3)ax)n(n + 1)

S, E,z?
Sn-z F, + 423 + an?’%'

For initial conditions:

(1 —bax)r?
S, =
VP e’ — 623
E2372
SQ = S,
F2 + GQJIg — H2$3S—2
E3372
Sg = S,
F3 + G3l’3 — H3x3s—§

where:

F:=(1-2ax)(1 - 5azx)(1l + ax)

(3.30)

(3.31)
(3.32)
(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

Iterating, we obtain as theorems the expansions for the three Laplace transforms in

terms of the polynomials F,,, F,,, GG,, and H,, defined above:
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Theorem 22.

/ sm(u, a) e " du
0

(1 - 5ax)z?
(1 —2ax)(1 — 5ax)(1 + ar) + 4a3 +

- (]_ - ]_1(11‘)223241['6 oo H3n_2E3n+1ZL'6
F4 + G4£C3 +

s I+ Gapq 23

Theorem 23.

6 6
Eox oo — Hz, 1 B30T

Fy 4+ Gox3 + :n[:<1 Fyny0 + Gapgox®

/ sm?(u, o) e du =
0
Theorem 24.

6 6
Ezx oo — HznE3py3w

F3 + Gsa3 + :n[:{l Fyis+ Gy

/ sm®(u, o) e du =
0

For the Laplace transforms related to cm(u, «), we solve for C,, in terms of C),_3

and C), ;3. Arranging the result in suitable form for computing the continued fraction,

we obtain:
C, M, z?
= = - e (3.39)
n—3 n T in’ — Rnl’ .
where:
M, = M,(z,a) :=((1 - (2n+4)azx)(1+ (n+ 2)ax)n(n —1)(n — 2) (3.40)

P,=P,(x,a):=((1—-(2n —2)az)((1 = 2n + Daz)((1 — (2n + 4)ax)
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X (14 (n—1Dax)(1+ (n+2)ax) (3.41)

Qn = Qu(r,a) = ((1—2n+4)az)((1 + (n+ 2)az)n’*(n — 1)

+((1=(2n=2)az)(1+ (n+2)az)(n+1)*(n+2) (3.42)
R, =R,(z,a) = ((1 - (2n—2)az)(1+ (n — 1Nazx)(n+1)(n+2)(n+3) (3.43)
For initial conditions:
Mix
o= Py + 223 — 69:3% S
M a?
O = e - Ria3& (3.45)
2M a3
(3.46)

Cy o

N P2 + sz?’ — R2$3C—2

where:

M; = (1 —4ax)(1 + 2ax) M7 = (1 —6ax)(1 + 3ax)
M3 = (1 —8ax)(1 + 4ax)

Py = (1—ax)(1—4ax)(1+ 2ax) Pl = (1 = 3ax)(1l — 6ax)(1l + 3ax).

Theorem 25.

/ em(u, o) €% du
0

(1 —dax)(1 4 20x)x
- (1 —ax)(1—4ax)(1 + 20z) + 223 +

- 6M3{L‘6 co Rgn_3M3n[E6

Py + Qza® + :n[:{Q Py, + Qzpa®
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Theorem 26.

/ sm(u, @) em(u, @) e du
0

(1 —6az)(1 + 3ax)z? o — Rgp_oMsp, 128
(1 —3ax)(1 — 6ax)(1+ 3ar) + 1223 + E Psoi1 + Qspi 13

Theorem 27.

2(1 — 8axr)(1 + 4ax)r® o — Rzp_1 Mz, ox®
Py + Qox® + oy Payio 4 Qsppor®

/ sm?(u, o) em(u, o) e du =
0

The remarks at the end of Section 3.2 on symmetries and completeness carry over

to this section.
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CHAPTER 4
ANALYTICAL ISSUES

4.1 Laplace Transforms

Since our underlying notion of convergence is general convergence of power series, a
sufficient condition for the existence of a (formal) Laplace transform of a function is
that the function be analytic at the origin. (This condition may be weakened, but
we have no need here to do so.) The result in this case is a power series which might

not represent an analytic function. We offer the following example as an illustration.

o) 1 oo
Ty = 2", 4.1
/o - x x;n:c (4.1)

Using classical notions of convergence, neither side makes sense. The integrand
on the left is a function that has a pole of order 1 at x = 1 on the real axis. Thus the
integral diverges classically. On the right hand side, the ratio of the absolute values
of the consecutive terms is (n + 1)|z| and thus, by the ratio test, the right hand side
converges if and only if = 0. (Note that the left hand side is undefined when z = 0.)

We can, however, make sense of both sides of the equation using the notion of

a formal Laplace transform of a series, defined in chapter 1. Formal properties of
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the Laplace transform are preserved. These include linearity and the relation of the
Laplace transform of an analytic function to the transform of its derivative.
Using the formal Laplace transform, the example follows almost trivially from the

geometric series expansion:

1 [o.¢]
n
= "
=2
n=0
4.2 Power Series
A sequence of power series f,, converges generally to a power series if

[ fn = fI = 0 as n — oo,

where || - || denotes the power series norm. A few examples should help to illustrate
some differences between general convergence and some classical notions of conver-
gence.

Our first example is the sequence f,,(z) = e* — x/n. The terms of this sequence

may be expanded into power series as follows:

falz) =14+ (1— 1/n)m+2i—:

Since lim |f,(z) — €®| = 0, it follows that f,(x) converges classically to

T S "
e = Z F
n=0
But || fn(x) = fari(z)]| = ||z/n(n+ 1)|| = 1/2, so f,(x) does not converge generally.

Note however that it converges both classically and termwise to e”.
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As a second example, consider: g,(z) = e* — 1/n!. For this sequence, classical
convergence to e” is uniform and computationally very fast, but from the standpoint
of general convergence, this sequence is computationally worse than the sequence
ful2):

194(2) = g1 (@)[] = [[(1/n! = 1/(n + 1)N)2”|| = 1.

From a functional standpoint, a sequence of analytic functions may converge either
pointwise or uniformly, but fail to converge generally. Although general convergence
does guarantee termwise convergence, the two examples above show that the converse
is sometimes false.

Finally, a simple example shows that general convergence does not guarantee

convergence. Consider the sequence of polynomials defined by:

n

hp(x) = Z rlz’.

r=0
The sequence h,, converges generally to the (nonanalytic) power series:

h(xz) = i rlz”.
r=0

The power series is easily seen to diverge for all z # 0 by the ratio test, or by observing

that the sequence of terms does not converge to zero.

4.3 Continued fractions

Following an example in D. Dumont in [12], we use the quotient-difference algorithm

as described in Jones and Thron [17, Theorem 7.7] to expand the divergent series:

o0

f(z) = Z rlz”

r=0
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into its corresponding regular C-fraction:

1 «~ apzx
fla) =1 }:(1 =R

where, for m =1,2,3,...:
Aom—1 = Qo = —M.

As noted above, the series expansion for f(z) diverges (e.g by D’Alembert’s ratio
test) for all z # 0.

The following argument shows that the continued fraction on the left converges
generally to some power series. More importantly, the argument shows that each of
the continued fractions of Chapter 2 and Chapter 3 likewise converge generally.

Like most of the continued fractions considered in this thesis, the continued frac-

tion in this example has tails of the form:

Az®

:Aa a+1
1700 2+ 0z

where a > 1 and where O(2”) denotes the set of Laurent series of minimum degree

G, or, in the language of general convergence:

O(=") == {f(2) € L(2) = [If(2)Il <277}

(The notation L(z) denotes the field of unilateral formal Laurent series in indetermi-
nate z).

Working backwards from the tail, we have the form:

Bz~ Bz~
- @ a+1
e 14 Az* + O(zoH1)
14—
1 + O(z)
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Applying the division algorithm for power series, can reduce this further:
= B2* — AB2** + O(z**)

[terating up to the top of the continued fraction and comparing with other tails,

we have:
N N+m

< (an2”,1,0(2)) = K (an2%,1,0(2)) = OV (4.2)

n n=1

This simply means that the power series expansions of the two convergents are in exact
agreement, term for term, up to terms of degree less than or equal to Na. In the
example, to compute the first N terms of the power series directly from the continued

fraction using the division algorithm, we need to expand the Nth convergent of the

continued fraction.
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CHAPTER 5
FUTURE DIRECTIONS

e [s there an analogue of Hankel determinants which would enable us to do num-
ber theory on the Dixon functions analogous to Milne’s work on the Jacobi

elliptic functions?

An important ingredient in the work of Milne [21, 22] is a set of Fourier series
expansions for elliptic functions. Most of these were obtained by C. Jacobi in
[16, §38] and most are consequences of S. Ramanujan’s 11); summation theo-
rem (see Gasper and Rahman [14, Chapter 5]). Although Dixon did not obtain
Fourier series expansions for his functions, we do note that the Dixon functions
are 11, summable and yield Fourier series. A much deeper issue is the con-
nection between elliptic function invariants and the combinatorics or number
theory. In particular, it would be necessary to find analogues in Dixon’s theory

to Jacobi’s one-square theorem, i.e.:

2K (k)

™

= 193<0? Q)a

which relates the real period 4K (k) of sn(u, k) to the ordinary generating func-
tion 93(0,¢q) for the number of ways to write an integer as a perfect square.

If, in addition, the continued fractions of sections 3.4 and 3.5 can be used to
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compute some reasonable analogue of Hankel determinants of Maclaurin coeffi-
cients, then there may well be some Dixon analogues of the infinite families of

sums of squares results in Milne [22].

Are the Dixon(a = 0) functions part of some family of functions which gener-

alize the continued fractions of Sections 3.2 and 3.37

Here we ask whether there are regular C-fraction generalizations of the C-
fractions of Section 3.3 which correspond to reasonable generalizations of the
Dixon (o = 0) functions. Do the associated continued fractions of Section 3.2
generalize in a similar manner? Perhaps there is a different way of extending
these functions by adding a free parameter which yields better generalizations
of the continued fractions for a = 0. In this case, if the generalizations have
usable Fourier expansions, then there is a chance of finding analogues of Milne’s

results in another way.

What families of orthogonal polynomials arise from the three-term recurrences

for the Dixon functions?

Since Ramanujan’s 17; summation theorem can be used to yield Fourier series
for the Dixon functions, there is a reasonable chance that the recurrences in
Chapter 3 yield interesting families of orthogonal polynomials, perhaps yielding
analogues of the specialized families of Carlitz [5], or perhaps analogues of
more classical families (e.g. see Ismail and Masson [15]). There may also be
additional families of orthogonal polynomials mentioned in [19] with analogues

in the Dixon setting.
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e Has the system of orthogonal polynomials in Carlitz [5] been completely char-

acterized?

Carlitz was unaware of the existence of an associated continued fraction expan-

sion for sn(u, k) en(u, k).
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Appendix A
CONTINUED FRACTION ITERATION

The purpose of the first section of this appendix is to demystify the process of ob-
taining the continued fractions from the Laplace transform recurrences in Chapters
2 and 3 of this thesis. We do this both by eliminating the clutter of coefficients and
by showing more of the details of the underlying computations.

The remaining sections in this appendix briefly introduce C-fractions and associ-

ated continued fractions, and show a simple relationship between them.

A.1 Three Term Recurrences
Consider the following three-term recurrence relation:
Tp = QpTp_1 + bpTy + CrTpniq (n>0). (A.1)

We assume that z,, # 0 for all n > —1. To avoid trivialities, we also assume that
an, # 0, b, # 1, and ¢, # 0 for all n. Under these assumptions, we next divide the

recurrence by x,, to obtain:

Tn-1 Tnt1

+ b, +cp
xXr

l1=ua,
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We rewrite this as follows:

Tn—1 Tn+41
=1-b,—c¢, )

Tn T

Qn,

Now solve for the fraction on the left:

1—b, —c, =2
Tn

Tn Qn

Finally, take reciprocals to obtain a recurrence satisfied by consecutive quotients:

T an

(A.2)

Tn-1 B 1- bn - Cn%.
This recurrence (A.2) is the key step.
If we start with n = 0, then we may use weak mathematical induction to show

that the following sequence of statements holds:

To Qo

Tr_1 1 —bo —Coi—;

Qo

A.2 C-Fractions

If we additionally assume that b, = 0 for all n, recurrence (A.1) reduces to:

Tp = QpTp-1 + CpTpi (n > O)
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and recurrence (A.2) reduces to:

T n

Tn+1
Tn

Tp-1 1- Cn

This can be simplified by making the substitutions:
n—1
Yo = (—1)"z, H Cn
An = —0pCn—1
On applying the substitutions, the two recurrences reduce to:

Yn = Anyn—l — Yn+1 (TL Z O) (A3)

Un n
Yn—1 B 1 ‘l' y;;%

(A4)

The resulting continued fraction K % is traditionally called a C-fraction. The C-
fractions in this thesis are all special cases K A’%a(") where z is a power series variable
and a(n) is a sequence of positive integers. When the sequence of exponents «(n) is

constant, the resulting C-fractions are said to be regular.

A.3 Associated Continued Fractions

Returning to the recurrences at the beginning of this appendix, we make the following

substitutions:
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= —ApCn—1

Ap
B, =—-b,
On applying the substitutions, we have:

Yn = Anyn—l - Bnyn - yn+1 (n Z O) (A5)

YUn _ An
Yn—1 1 + Bn + %

(A.6)

The resulting continued fraction K T f}é is a more general form than the C-fractions
of the previous section. An associated continued fraction has the form K l‘fgjz

where z is a power series variable.

A.4 Relation Between the Two Types

Certain associated continued fractions may be obtained from C-fractions by consider-
ing only the “even” recurrences associated with recurrence relation (A.3). Specifically,

we iterate the recurrence in both directions to eliminate the “odd” terms:

Yn = An—lAnyn—Q - (An + An-‘rl)yn + Yn+2 (A7>
whence:
Un B An—lAn (A 8)
yn—2 o ]_ + (An + An—i—l) — yZI_Z:Q .

This is reasonable provided that A, + A,,1 # —1.

Two good starting points for the continued fraction iteration are y; /y_1 and ys /Y.
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Appendix B
CANONICAL FORMS

In this appendix we tabulate the regular C-fractions of sections 2.2 and 3.3 and the
associated continued fractions of sections 2.1 and 3.2. The following example will
serve as a guide to reading the tables:

Problem: Expand F' := £(dc(u, k),z™') into a regular C-fraction.

Solution Use Table B.1. From §1.2, we have:
de(u, k) = dn(u; 1, k') = en(u; K, 1).
Thus a® = (kK')> =1 — k% and b*> = 1. Reading the entries in the table,
z2=1% ay = —(2r —1)%(1 — k?)

ap = 1 Aor41 = —47"2

From the second column, the correspondence has the form 1 + zF'. In other words:

T
1+ xL(de(u, k), 1) =1+
(1 — k?)z?
1—
42
1—

9(1 — k?)z?

1—
1622
1—
1—
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Solving for the Laplace transform is straightforward:

x
L(dc(u, k), z™ 1) =
(1 — k?)a?
1—
4x?
1—
9(1 — k*)2?
1 — =
1622
1—
1—".

Since dc(u, k) has poles on the real line, this is a formal Laplace transform.
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B.1 Regular C-Fractions

Heilermann’s C-fraction correspondence (Lemma 3) in Chapter 1 establishes a corre-

spondence between a normal generating function and a regular C-fraction as follows:

1—|—Zcuz":1+fo<%
v=1 n=1

The following table summarizes the data for the four regular C-fraction correspon-

dences:
Elliptic function Power series z | ag (r>1)
f(u) (F=L(f27") | a1 | azrp1 (r = 1)
en(u; a, b) 1+ zF 22 | —(2r —1)%a
1| —(2r)2?
sm(u, 0) 14 aF 2| (3r—2)(3r —1)?
1| (3r)*(3r +1)2
em(u, 0) 1+ 22F 23 | (3r—2)%(3r — 1)
1| (3r—1)(3r)?
m(u,0) em(u, 0) 1+ aF 23 | (3r — 1)2(3r)
1| (3r)(3r+1)2

TABLE B.1 Regular C-fractions.
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B.2 Associated Continued Fractions

For the associated continued fractions, in Lemma 2, the stated Heilermann corre-

spondence takes the form:

. 0 , ) a1z 0o —CLnZQ
I )
t2 et K,

We first summarize the correspondences for the four families of Laplace transforms

of Jacobi elliptic functions:

Elliptic function Power series z | a, (n>2)
f(w) (F=L(f,x™") | a1 | by (n>1)
sn(u;a,b) 1+ F 2 | (2n — 3)(2n — 2)*(2n — 1)a?V?

1| —(2n — 1)%(a® + 1?)

sn?(u; a, b) 1+a7'F 2 | (2n —2)(2n — 1)%(2n)a?v?

2 | —(2n)2(a® + b?)

cn(u; a, b) 1+aF 2?2 | (2n — 3)%(2n — 2)%a®V?

1| —((2n —1)%a® 4+ (2n — 2)%b?)

sn(u; a, b) dn(u;a,b) 1+ F 2 | (2n —1)%(2n — 2)%a?b?

1| —((2n—1)%a® + (2n)%b?)

TABLE B.2 Associated continued fractions (Jacobi type).
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The table that follows is a similar summary for the Dixon (« = 0) elliptic functions:

Elliptic function | Power series | z | ap (n > 2)
f(u) (F=L(f,x™")) | a1 | by (n>1)
sm(u, 0) 1+ aF 2 | (3n—5)(3n — 4)2(3n — 3)(3n — 2)
1 2(3n—2)((3n—2)>+1)
m?(u, 0) 1+ F 2 | (3n— 4)(3n — 3)2(3n — 2)%(3n — 1)

2 [2B8n—1)(3n—1)2+1)

m?(u, 0) 1+z7'F 23 | (3n —3)(3n —2)*(3n — 1)%(3n)
6 | 2(3n) ((3n)*+1)

cm(u, 0) 1+ 2?F 3

m(u, 0) cm(u,0) 1+ zF 3

m?(u,0) cm(u, 0) 1+ F 3

TABLE B.3 Associated continued fractions (Dixon type).
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