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1 Bounded and unbounded operators

1. Let X, Y be Banach spaces and D ∈ X a linear space, not necessarily
closed.

2. A linear operator is any linear map T : D → Y .

3. D is the domain of T , sometimes written Dom (T ), or D (T ).

4. T (D) is the Range of T , Ran(T ).

5. The graph of T is

Γ(T ) = {(x, Tx)|x ∈ D (T )}

6. The kernel of T is

Ker(T ) = {x ∈ D (T ) : Tx = 0}

1.1 Operations

1. aT1 + bT2 is defined on D (T1) ∩ D (T2).

2. if T1 : D (T1) ⊂ X → Y and T2 : D (T2) ⊂ Y → Z then T2T1 : {x ∈
D (T1) : T1(x) ∈ D (T2).
In particular, inductively, D (Tn) = {x ∈ D (Tn−1) : T (x) ∈ D (T )}. The
domain may become trivial.

3. Inverse. The inverse is defined if Ker(T ) = {0}. This implies T is bijective.
Then T−1 : Ran(T )→ D (T ) is defined as the usual function inverse, and
is clearly linear. ∂ is not invertible on C∞[0, 1]: Ker∂ = C.

4. Closable operators. It is natural to extend functions by continuity, when
possible. If xn → x and Txn → y we want to see whether we can define
Tx = y. Clearly, we must have

xn → 0 and Txn → y ⇒ y = 0, (1)

since T (0) = 0 = y. Conversely, (1) implies the extension Tx := y when-
ever xn → x and Txn → y is consistent and defines a linear operator.
An operator satisfying (1) is called closable. This condition is the same as
requiring

Γ(T ) is the graph of an operator (2)
where the closure is taken in X ⊕ Y . Indeed, (x, y) ∈ Γ(T ) and (x′, y) ∈
Γ(T )⇒ x = x′, or (0, y) ∈ Γ(T ) implies y = 0. An operator is closed if its
graph is closed.

5. Many common operators are closable. E.g., ∂ defined on a subset of
continuous, everywhere differentiable functions is closable. Since f ′n exist
everywhere, and f ′n → g ∈ L2, then, see [4],

fn(x)− fn(0) =
∫ x

0

f ′n(s)ds = 〈f ′n, 1〉 → 〈g, 1〉

=
∫ x

0

g(s)ds= lim fn(x)− fn(0) = 0 (3)

thus g = 0.
As an example of non-closable operator, consider, say L2[0, 1] (or any
separable Hilbert space) with an orthonormal basis en. Define Nen =
ne1, extended by linearity, whenever it makes sense (it is an unbounded
operator). Then xn = en/n → 0, we have Nxn = e1 6= 0. Thus N is not
closable.
Every infinite-dimensional normed space admits a nonclosable linear op-
erator. The proof requires the axiom of choice and so it is in general
nonconstructive,
The closure through the graph of T is called the canonical closure of T .
Note: if D (T ) = X and T is closed, then T is continuous, and conversely
(see §1.2, 5).

6. As we know, T is continuous iff ‖T‖ <∞.

7. The space L(X,Y ) of bounded operators from X to Y is a Banach space
too, with the norm T → ‖T‖.

8. We see that T ∈ L(X,Y ) takes bounded sets in X into bounded sets in
Y . This is one reason to call T /∈ L unbounded.
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1.2 Review of some results

1. Uniform boundedness theorem. If {Tj}j∈N ⊂ L(X,Y ) and ‖Tjx‖ <
C(x) <∞ for any x, then for some C ∈ R, ‖Tj‖ < C ∀ j.

2. In the following, X and Y are Banach spaces and T is a linear operator.

3. Open mapping theorem. Assume T is onto. Then A ⊂ X open implies
T (A) ⊂ Y open.

4. Inverse mapping theorem. If T : X → Y is one to one, then T−1 is
continuous.
Proof. T is open so T−1 takes open sets into open sets.

5. Closed graph theorem T : X → Y (note: T is defined everywhere) is
bounded iff Γ(T )) is closed.
Proof. It is easy to see that T bounded implies Γ(T ) closed.
Conversely, we first show that Z = Γ(T ) ⊂ X ⊕ Y is a Banach space, in
the norm

‖(x, Tx)‖Z = ‖x‖X + ‖Tx‖Y
It is easy to check that this is a norm. (xn, Txn) is Cauchy iff xn is Cauchy
and Txn is Cauchy. Since X,Y are already Banach spaces, then xn → x
for some x and Txn → y. Since Γ(T ) is closed we must have Tx = y.
But then, by the definition of the norm, (xn, Txn) → (x, Tx), and Z is
complete, under this norm, thus it is a Banach space.
Next, consider the projections P1 : z = (x, Tx) → x and P2 : z =
(x, Tx) → Tx. Since both ‖x‖ and ‖Tx‖ are bounded above by ‖z‖,
then P1 and P2 are continuous.
Furthermore, P1 is one-to one between Z and X (for any x there is a
unique Tx, thus a unique (x, Tx), and {(x, Tx) : x ∈ X} = Γ(T ), by
definition. By the open mapping theorem, thus P−1

1 is continuous. But
Tx = P2P

−1
1 x and T is also continuous.

6. Hellinger-Toeplitz theorem. Assume T is everywhere defined on a
Hilbert space, and symmetric, i.e. 〈x, Tx′〉 = 〈Tx, x′〉 for all x, x′. Then
T is bounded.
Proof. We show that Γ(T ) is closed. Fix x′ and assume xn → x and Txn →
y. Then limn→∞〈xn, Tx′〉 = limn→∞〈Txn, x′〉 = 〈x, Tx′〉 = 〈Tx, x′〉 =
〈y, x′〉, for all x′, thus Tx = y, and the graph is closed.

7. Consequence: The differentiation operator i∂ (and many others unbounded
operators in applications) which are symmetric on certain domains cannot
be extended to the whole space. (say, the domain is C∞0 , use integration
by parts). We cannot “invent” a derivative for general L2 functions in a
linear way! General L2 functions are fundamentally nondifferentiable.
Unbounded symmetric operators come with a nontrivial domain D (T ) (
X, and addition, composition etc are to be done carefully.
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2 Unbounded operators

1. We let X, Y be Banach space. Y ′ is a subset of Y .

2. We recall that bounded operators are closed. Note that T is closed iff
T + λI is closed for some/any λ.

3. Thus, if σ(T ) 6= C, then T is closed.

4.

Proposition 1. If T : D(T ) ⊂ X → Y ′ ⊂ Y is closed and injective, then
T−1 is also closed.

Proof. Indeed, the graph of T and T−1 are the same, modulo switching
the order. Directly: let yn → y and T−1yn = xn → x. This means that
Txn → y and xn → x, and thus Tx = y which implies y = T−1x.

5.

Proposition 2. If T is closed and T : D(T ) → X is bijective, then T−1

is bounded.

Proof. We see that T−1 is defined everywhere and it is closed, thus bounded.

6. By the above, if T is closed, we have σ(T ) = {z : (T − z) is not bijective}.

Note 1. This does not mean that (z ∈ σ(T )) ⇒ (T not injective), even
when T is bounded. Indeed f → xf as an operator on C[0, 1] is bounded,
injective but not invertible; the range consists in the of functions vanishing
at zero, right-differentiable at zero, a strict subspace of C[0, 1]. Another
example is (a1, a2, ...)→ (0, a1, a2, ...).

7. Operators which are not closed (closable more precisely) are ill-behaved
in many ways. Note that T − z is not continuously invertible, and more
generally, (T − z)−1 is not closed for any z ∈ C, if T is not closed.

8. Thus, if T is not closed but bijective, there exist sequences xn → x 6= 0
such that Txn → 0.

9. An interesting example is S defined by (Sψ)(x) = ψ(x + 1). This is well
defined and bounded (unitary) on L2(R). The “same” operator can be
defined on the polynomials on [0, 1], an L∞ dense subset of C[0, 1]. Note
that now S is unbounded.
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(a) It is also not closable. Indeed, since P [0, 1] ⊂ P [0, 2] and P [0, 2] is
dense in C[0, 2], it is sufficient to take a sequence of polynomials Pn
converging to a continuous nonzero function which vanishes on [0, 1].
Then Pn → 0 as restricted to [0, 1] while Pn(x + 1) converges to a
nonzero function, and closure fails (1). In fact, Pn can be chosen so
that Pn(x+ 1) converges to any function that vanishes at x = 1.

(b) S : P [0, 1] → SP [0, 1] is however bijective and thus invertible in a
function sense (an unbounded, not closable inverse)

(c) Check that S − z is not injective if z 6= 0. So S − z is bijective iff
z = 0.

(d) However, S restricted to {P ∈ P [0, 1] : P (0) = 0} (a dense subset
of {f ∈ C[0, 1] : f(0) = 0} it is injective for all z. Again, (S − z)−1

(understood in the function sense), is unbounded.

10. The spectrum of unbounded operators, even closed ones, can be any closed
set, including ∅ and C. The domain of definition plays an important role.
In general, the larger the domain is, the larger the spectrum is. This
is easy to see from the definition of the inverse. Let ∂ be defined by
(∂f)(x) = f ′(x). As usual, C1[0, 1] are the continuously differentiable
functions on [0, 1]. The “ambient” space is C[0, 1], a Banach space.

11. Let T1 = ∂ be defined on D(T1) = {f ∈ C1[0, 1] : f(0) = 0} (2). Then the
spectrum of T0 is empty. In particular T1 is closed.

Indeed, by assumption (∂−z)D(T1) ⊂ C[0, 1]. Now, (∂−z)f = g, f(0) = 0
is a linear differential equation with a unique solution

f(x) = exz
∫ x

0

e−zsg(s)ds

We can therefore check that f defined above is an inverse for (∂ − z), by
checking that f ∈ C1[0, 1], and indeed it satisfies the differential equation.
Clearly ‖f‖ ≤ const(z)‖g‖.

12. At the “opposite extreme”, T0 = ∂ defined on D(T0) = C1[0, 1] has as
spectrum C.

Indeed, if f(x; z) = ezx, then T0f − zf = 0.

We note that T0 is closed too, since if fn → 0 then fn−fn(0)→ 0 as well,
so we can use 6 and 11 above.

Exercise 1. Show that T2 = ∂ defined on D(T2) = {f ∈ C1[0, 1] : f(0) =
f(1)} has spectrum exactly 2πiZ.

13. It is also useful to look at the extended spectrum, on the C∞ We say that
∞ ∈ σ∞(T ) if (T − z)−1 is not analytic in a neighborhood of infinity.

(1)Proof due to Min Huang.
(2)f(0) = 0 can be replaced by f(a) = 0 for some fixed a ∈ [0, 1].

4



3 Integration and measures on Banach spaces

In the following Ω is a topological space, B is the Borel σ-algebra over
Ω, X is a Banach space, µ is a signed measure on Ω. Integration can be
defined on functions from Ω to X, as in standard measure theory, starting
with simple functions.

(a) A simple function is a sum of indicator functions of measurable mu-
tually disjoint sets with values in X:

f(ω) =
∑
j∈J

xjχAj (ω); card(J) <∞ (4)

where xj ∈ X and ∪jAj = Ω.

(b) We denote by Bs(Ω, X) the linear space of simple functions from Ω
to X.

(c) We will define a norm on Bs(Ω, X) and find its completion B(Ω, X)
as a Banach space. We define an integral on Bs(Ω, X), and show it
is norm continuous. Then the integral on B is defined by continuity.
We will then identify the space B(Ω, X) and find the properties of
the integral.

(d) Bs(Ω, X) is a normed linear space, under the sup norm

‖f‖∞ = sup
ω∈Ω
‖f(ω)‖ (5)

(e) We define B(Ω, X) the completion of Bs(Ω, X) in ‖f‖∞.

(f) The integral is defined on Bs(Ω, X) as in the scalar case by∫
fdµ =

∑
j∈J

µ(Aj)xj (6)

and likewise, the integral over a subset of A ∈ B(Ω) by∫
A

fdµ =
∫
χAfdµ (7)

(g)

Lemma 3. The map f →
∫
fdµ is well defined, linear and bounded

in the sense ∥∥∥∥∫
A

fdµ

∥∥∥∥ ≤ ∫
A

‖f‖d|µ| ≤ ‖f‖∞,A|µ|(A) (8)

where |µ| is the total variation of the signed measure µ, |µ| = µ++µ−,
where µ = µ+ − µ− is the Hahn-Jordan decomposition of µ.
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Proof. All properties are immediate, except perhaps boundedness.
We have∥∥∥∥∫

A

fdµ

∥∥∥∥ ≤∑
j∈J
|µ|(Aj)‖xj‖ =

∫
A

‖f‖d|µ| ≤ ‖f‖∞,A|µ|(A) (9)

(h) Thus
∫
A

is a linear bounded operator from Bs(Ω, X) to X and it
extends to a bounded linear operator on from B(Ω, X) to X.

(i) Let T be a closed operator and f ∈ B(Ω, X) be such that f(Ω) ⊂
D(T ). Assume further that T is measurable, in the sense that Tf ∈
B(Ω, X).

Theorem 1 (Commutation of closed operators with integration).
Under the assumptions above we have

T

∫
A

fdµ =
∫
A

Tfdµ (10)

Proof.

· For any m we can fm ∈ Bs(Ω, X), so that ‖f − fm‖ ≤ 1/m,
where

fm =
nm∑
j=1

χAj
xj

and gm ∈ Bs(Ω, X), so that ‖Tf − gm‖ ≤ 1/m,

gm =
nm∑
j=1

χAjyj

where we have assumed Nm, Aj are the same, since this can be
arranged by a subpartition of the Ajs.
· Furthermore, we can arrange that xj = f(ωj) for some ωj ∈ Aj .

Indeed, we have, throughout Aj , ‖f(ω)−f(ωj)‖ ≤ ‖f(ω)−xj‖+
‖xj − f(ωj)‖ ≤ 2/m since the estimate ‖f(ω) − xj‖ < 1/m is
uniform in Aj .
· Then T applies to fm, and we have, on Aj , Tfm−gm = Tf(ωj)−
yj which is estimated in norm by 1/m since ‖Tf(ω)−yj‖ < 1/m
throughout Aj .

· On the other hand,
∫
A
Tfm =

∑Nm

j=1 µ(Aj)Txj = TA
∫
fm.

· But gm converges in the sup norm, by assumption, to Tf . Thus
Tfm converges in norm to Tf .
· Furthermore,

∫
A
Tfm converges, since gm converge uniformly,

thus
∫
A
gm converge, and ‖Tfm− gm‖ < 1/m. Since T is closed,

and T
∫
A
fm converges, and

∫
A
fm →

∫
A
f , then T

∫
A
fm →

T
∫
A
f .
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Exercise 1. Formulate and prove a theorem allowing to differentiate
under the integral sign in the way

d

dx

∫ b

a

f(x, y)dy =
∫ b

a

∂

∂x
f(x, y)dy

Corollary 4. In the setting of Theorem 1, if T is bounded we can
drop the requirement that Tf ∈ B.

Proof. Tfm is a simple function, and it converges to Tf . The rest is
immediate.

(j) An important case of Corollary 4 is that for any φ ∈ X∗, we have

φ

∫
A

fdµ =
∫
A

φfdµ (11)

(k) We recall a corollary of the Hahn-Banach theorem:

Proposition 5. Let X be a normed linear space, Z ⊂ X a subspace
of it and y ∈ X such that dist(y, Z) = d. Then there exists a φ ∈ X∗
such that ‖φ‖ ≤ 1, φ(y) = d and φ(Z) = {0}.

(see [2], p.77).

Corollary 6. If φ(x) = φ(y) ∀φ ∈ X∗, then x = y.

(l)

Definition 7. The last results allow us to transfer many properties
of the usual integral to the vector setting.
For instance, if A and B are disjoint, then∫

A∪B
fdµ =

∫
A

fdµ+
∫
B

fdµ (12)

Proof. By Corollary 6 , (13) is true iff for any φ we have∫
A∪B

φfdµ =
∫
A

φfdµ+
∫
B

φfdµ (13)

which clearly holds.

f is measurable between two topological spaces if the preimage of a
measurable set is measurable.

Proposition 8. If f ∈ B(Ω, X) then f is measurable.

Proof. Usual proof, f is a uniform limit of measurable functions,
fm.
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Remark 2. We recall that in a complete metric space M , a set S
is precompact iff it is totally bounded, that is for any ε > 0 there
is an N(ε) and a set of points JN = {x1, ..., xN} ⊂ M so that
supx∈S dist(x, JN ) < ε.

Theorem 2. The function f is in B(Ω, X) iff f is measurable and
f(Ω) is relatively compact.

Proof. We first show that f is in B(Ω, X) implies f(Ω) is relatively
compact. We have f = fm + O(1/m) and fm =

∑nm

j=1
χAjxj . Thus

the whole range of f is within 1/m of the finite set x1, ..., xNm . Thus
f(Ω) is totally bounded, thus precompact.
Now, if f(Ω) is precompact, then it is totally bounded and f(ω) is
within ε of a set {x1, ..., xN}. Out of it, it is easy to construct a
simple function approximating f within ε.

Corollary 9. Let Ω be compact and denote by C(Ω, X) the contin-
uous functions from Ω to X. Then C(Ω, X) is a closed subspace of
B(Ω, X).

Proof. If f ∈ C(Ω, X), then f(Ω) is compact, since Ω is compact
and f is continuous. Measurability follows immediately, since the
preimage of open sets is open.

(m) If fn ∈ B(Ω, X), fn → f in the sup norm, then
∫
fndµ →

∫
fdµ.

This is clear, since
∫
A

is a continuous functional.

4 Extension

A theory of integration similar to that of Lebesgue integration can be
defined on the measurable functions from Ω, X to Y ([1])

The starting point are still simple functions. Convergence can be under-
stood however in the sense of L1. We endow simple functions with the
norm

‖f‖1 =
∫
A

‖f(ω)‖d|µ|

and take the completion of this space. Convergence means: fn → fa.e.
and fn are Cauchy in L1(A). Then lim

∫
fndµ is by definition

∫
A
fdµ.

Integration is continuous, and then the final result is L1(A).

Then, the usual results about dominated convergence, Fubini, etc. hold.
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5 Basic Banach algebra notions

We need to work in a systematic way with sums, products, and more
generally functions of operators.

Definition 10. A Banach algebra is a Banach space which is also an
associative algebra, in which multiplication is continuous:

‖ab‖ ≤ ‖a‖‖b‖ (14)

Examples: (1) C(Ω);

(2) L1(R) with the product given by fg := f ∗ g where

(f ∗ g)(p) =
∫ p

0

f(s)g(p− s)ds

Exercise 1. Show that (2) is indeed a Banach algebra.

A Banach algebra may or may not have an identity element, for which
∀ a, 1a = a. (1) has an identity, the function f(x) = 1, while (2) does not.

(a)

Remark 3. If A has an identity, then ‖1‖ ≥ 1. It is clear that
‖1‖ 6= 0. Then, we must have ‖1‖ = ‖12‖ ≤ ‖1‖2. We can arrange
that ‖1‖ = 1 by changing to an equivalent norm. Indeed, let

‖a‖′ = sup
x∈A:‖x‖=1

‖ax‖

Then clearly, by the continuity of multiplication, we have ‖a‖′ ≤
‖a‖. On the other hand, ‖a‖′ ≥ ‖1a‖/‖1‖, so the two norms are
equivalent.
Clearly, ‖1‖′ = 1 essentially by definition.

(b) There is a good notion of spectrum on Banach algebras:

Definition 11. Let A be a Banach space with an identity and let
a ∈ A. The spectrum of a, denoted by σb(a) is defined by

σb(a) = {z ∈ C : z − a has no inverse in A} (15)

Note 4. If T is a bounded operator, then T is called invertible if
T is one-to-one with bounded inverse. Then TT−1 = T−1T = 1.
In general, invertible means two sided inverses exist. Note that the
shift operator on l2, S(a1, a2, ..., an, . . .) = (0, a1, a2, ..., an, . . .) has a
left inverse, S′(a1, a2, ..., an, . . .) = (a2, a3, , ..., an, . . .) but not a right
inverse, since the image S(l2) has codimension one (all vectors in the
image have 0 as the first component). Show that if the right inverse
and left inverse of an element in a group exist, then they coincide.
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(c) Spectral radius. This is defined by

r(a) = lim sup
n→∞

‖an‖1/n (16)

Clearly, r(a) ≤ ‖a‖. But it can be smaller. Think of the algebra
generated by a nilpotent matrix.

6 Analytic vector valued functions

Let X be a Banach space. Analytic functions : C→ X are functions which
are, locally, given by convergent power series, with coefficients in X.

(a) More precisely, let {xk} ⊂ X be such that lim supn→∞ ‖xn‖1/n =
ρ <∞. Then, for z ∈ C |z| < R = 1/ρ the series

S(z, xk) =
∞∑
n=0

xkz
k (17)

converges in X (because it is absolutely convergent (3)). (There is an
interchange of interpretation here. We look at (17) also as a series
over X, with coefficients zk.)

(b) Abel’s theorem. Assume S(z) converges for z = z0. Then the
series converges uniformly, together with all formal derivatives on
Dr where Dr = {z : |z| ≤ r}, if r < |z0|.

Proof. This follows from the usual Abel theorem, since the series
∞∑
n=0

‖xk‖|z|k =: S(|z|, ‖xk‖k) converges (uniformly) in Dr.

6.1 Functions analytic in an open set O ∈ C

(a) Let O ∈ C be an open set. The space of X-valued analytic functions
H(O, X) is the space of functions defined on O with values in X such
that for any z0 ∈ O, there is a R(z0) 6= 0 and a power series S(z; z0)
with radius of convergence R(z0) such that

f(z) = S(z; z0, xk) =:
∞∑
k=0

xk(z0)(z − z0)k (18)

(b) If f is analytic in C, then we call it entire.

(c)

(3)That is,

∞X
n=0

‖xk‖|z|k converges.
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Proposition 12. An analytic function is continuous.

Proof. We are dealing with a uniform limit on compact sets of con-

tinuous functions,
N∑
k=0

xk(z0)(z − z0)k.

Corollary 13. Let O be precompact. Then H(O, X) ⊂ B(Ω, X).

Proof. This follows from Proposition 12 and Corollary 9.

(d) Let now X be a Banach algebra with identity.

Lemma 14. The sum an product of two series s(z; z0, xk) and S(z; z0, yk)
with radia of convergence r and R respectively, is convergent in a disk
D of radius at least min{r,R}.

Proof. By general complex analysis arguments, the real series s(‖z‖; z0, ‖‖xk‖)
and S(‖z‖; z0, ‖‖xk‖) converge inD and then so does s(‖z‖; z0, ‖‖xk‖)+
S(‖z‖; z0, ‖‖xk‖) etc.

Corollary 15. The sum and product of analytic functions, whenever
the spaces permit these operations, is analytic.

(e) Let O a relatively compact open subset of C. We can introduce a
norm on H(O, X) by ‖f‖ = supz∈O ‖f(z)‖X .

(f)

Lemma 16. H(O, X) is a linear space; if X is a Banach algebra
with identity then H(O, X) is a Banach algebra.

Proof. Straightforward verification, except perhaps for norm-completeness.
We’ll check that in

(g) Let us recall what a rectifiable Jordan curve is: This is a set of
the form Γ = γ([0, 1]) where γ : [0, 1] → C is in CBV (continuous
functions of bounded variation), such that γ(x) = γ(y) ⇒ (x =
y orx = 0, y = 1) (that is, there are no nontrivial self-intersections;
if γ(0) = γ(1) then the curve is closed). (Of course, we can replace
[0, 1] by any [a, b], if it is convenient.) Then γ′ exists a.e., and it is in
L1. Thus dγ(s) = γ′(s)ds is a measure absolutely continuous w.r.t
ds. As usual, we define positively oriented contours, the interior and
exterior of a curve etc.

(h) We can define complex contour integrals now. Note that if f is ana-
lytic, then it is continuous, and thus f(γ) : [0, 1] 7→ C is continuous,
and thus in B(O, X). Then, by definition,∫

Γ

f(z)dz :=
∫ 1

0

f(γ(s))γ′(s)ds =:
∫ 1

0

f(γ(s))dγ(s) (19)
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(i) If f is continuous on S1, the unit circle, and z ∈ D1 (the unit disk),
then

F (z) =
∮
S1
f(s)(s− z)−1ds (20)

is analytic in D1.

Proof. As usual, we pick z0 ∈ D1 and write (s− z) = (s− z0)−1/(1−
(z−z0)/(s−z0)). Taylor expanding 1/(1−(z−z0)/(s−z0)) generates
a uniformly convergent expansion, that can thus be integrated term
by term, and stays uniformly convergent. Indeed, the n-th coefficient
is as usual

cn =
1

2πi

∮
f(s)

(s− z0)n+1
ds

This, by the way, is norm-bounded by const/distn(z0,◦), which grows
geometrically, so the series has a nonzero radius of convergence. So
the function is analytic.

(j)

Proposition 17. Let Y be a Banach space, T : X → Y continuous,
and f ∈ H(O, X). Then Tf ∈ H(O, Y ).

Proof. Let z0 ∈ O. Then there is a disk D(z0, ε) such that for
all z ∈ D(z0, ε) we have f(z) =

∑∞
k=0 xk(z − z0)k, and moreover∑∞

k=0 ‖xk‖|z − z0|k is convergent in D(z0, ε). Then,

∞∑
k=0

‖Txk‖|z − z0|k ≤
∞∑
k=0

‖T‖‖xk‖|z − z0|k

is also convergent in D(z0, ε) and thus Tf =
∑∞
k=0 Txk(z − z0)k is

given by a convergent power series near z0.

(k) As before, for any φ ∈ X∗ we have

φ

∫
Γ

f(z)dz =
∫

Γ

φf(z)dz (21)

(l) The last few results allow us to transfer the results that we know
from usual complex analysis to virtually identical results on strongly
analytic vector valued functions.
For instance:

i.
∫

Γ
does not depend on the parametrization of Γ, but on Γ alone.

ii. If we take a partition of Γ, Γ = ∪Ni=1Γi then∫
Γ

f(z)dz =
N∑
i=1

∫
Γi

f(z)dz (22)
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iii. If f ∈ H(O, X) and g ∈ H(O), then gf ∈ H(O, X). This follows
from Proposition 15.

iv. We have Cauchy’s formula: if z /∈ Γ, where Γ is a closed, posi-
tively oriented contour, then∮

Γ

f(s)(s− z)−1ds = 2πif(z)χIntΓ(z) (23)

Proof. Note that f(s)(s− z)−1 is analytic in z, for any s. Thus
it is continuous, integrable, etc. We have for any φ ∈ X∗,∮

Γ

φf(s)(s− z)−1ds = 2πiφf(z)χIntΓ(z) (24)

v. Liouville’s theorem: If f is analytic in C and bounded, in the
sense that ‖f(C, X)‖ ⊂ K ∈ R where K is compact, then f is a
constant.

Proof. Indeed, let z0 ∈ C be arbitrary. It follows that φ(f(z) −
f(z0)) is an entire bounded function for any φ, thus constant.
Thus φ(f(z) − f(z0)) = 0, since the constant vanishes when
z = z0. The rest is immediate.

vi. Morera’s theorem. Let f : (O, X)→ Y be continuous (it means
it is single-valued, in particular), and assume that

∫
∆
f(s)ds = 0

for every triangle in Ω. Then, f is analytic.

Proof. Indeed, φf is continuous on O and we have
∮

∆
φfds = 0

for every triangle in Ω. But then,
∮
◦(s−z)−1φf(s)ds = 2πiφf(z)

for any circle around a point z ∈ O. Therefore,

f(z) =
1

2πi

∮
◦ f(s)(s− z)−1ds

We have already seen that this expression is analytic.

Corollary 18. If f ∈ H(O, X) and φ ∈ X∗, then φf (a usual
complex valued function on O), is in H(O,C) =: H(O).

vii. Let f weakly analytic, that is φf is analytic for any φ ∈ X∗.
Then f is strongly analytic.

Proof. Consider the family of operators fzz′ := (f(z)−f(z′))/(z−
z′) on O2 \ D where D is the diagonal (z, z) : z ∈ O. Then
|φfzz′ | < Cφ for all φ ∈ X∗. Now we interpret fzz′ as func-
tionals on X∗∗. By the uniform boundedness principle, ‖fzz′‖
is bounded. Then, f(z) is continuous, and thus integrable. But
then, since

∮
∆
φf(s)ds = 0 it follows that

∮
∆
f(s)ds = 0 for all

∆ ∈ O, and thus f is analytic.

13



viii.
Corollary 19. f is analytic iff f is strongly differentiable in z
iff it is weakly differentiable in z.

ix. (Removable singularities) If f is analytic in O\a and (z−a)f =
o(z − a) then f extends analytically to O.

Proof. This is true for φf .

(m) If fn → f in norm, uniformly on compact sets, then furthermore for
any φ ∈ X∗ we have φfn → φf uniformly on compact sets. Then φf
is analytic for any φ, thus strongly analytic.

We can likewise define double integrals, as integrals with respect to the
product measure. If f ∈ B(Ω, X1 ×X2), then f(·, x2) and f(x1, ·) are in
B(Ω, X2) and B(Ω, X1) respectively, and Fubini’s theorem applies (since
it applies for every functional). Check this.

6.2 Functions analytic at infinity

(a) f is analytic at infinity if f is analytic in C \ K for some compact
set K (possibly empty) and f is bounded at infinity. Equivalently,
f(1/z) is analytic in a punctured neighborhood of zero and bounded
at zero. Then f(1/z) extends analytically uniquely by f(∞).

Cauchy formula at ∞ 14. Let f be analytic at infinity and Γ positively oriented about infinity.
(That is, a negatively oriented closed curve). Then

1
2πi

∮
Γ

f(s)
s− z

ds = −f(∞) + χExtΓ(z)f(z) (25)

Proof. This follows from the scalar case, which we recall. Let f be
analytic in C∞ \K We have

J =
1

2πi

∮
Γ

f(s)
s− z

ds = − 1
2πi

∮
1/Γ

f(1/t)
t2(1/t− z)

dt (26)

where 1/Γ is the positively oriented closed curve {1/γ(1 − t) : t ∈
[0, 1]} (where we assumed a standard parametrization of γ, and we
can assume that γ 6= 0, since otherwise f is analytic at zero, and
the contour can be homotopically moved away from zero). There
is a changes in sign: z → 1/z changes the orientation of the curve,
so it becomes positively oriented in τ as claimed; the second, from
ds = −dt/t2.
Then, with g(t) = f(1/t) and writing

1
t− zt2

=
1
t

+
z

1− zt
=

1
t

+
1

1/z − t

14



J = − 1
2πi

∮
1/Γ

g(t)
t

+
1

2πi

∮
1/Γ

g(t)
t− 1/z

= −g(0) + χExtΓ(z)f(z)

(27)

7 Analytic functional calculus

Let B be a Banach algebra with identity, not necessarily commutative and
let a ∈ B, with spectrum σ(a). Then C \ σ(a) is the resolvent set of a,
ρ(a). Let z ∈ ρ(a). Then (a − z) is invertible by definition, and thus
(z − a)−1 : ρ(a) 7→ B is well defined and it is denoted by Rz(a), the
resolvent of a. See again Note 4

The domain of Rz(a), ρ(a) is nonempty since we have

Proposition 20. ρ(a) ⊃ {z : |z| > r(a)

Note. We have, formally,

1
z − a

=
1
z

1
1− a/z

=
1
z

∑
akz−k

Proof. The series
h(z) =

∑
akz−k (28)

is norm convergent, thus convergent and analytic for |z| > r(a), since
lim sup ‖an‖1/n = r(a). We can check that z−1h(z)(z − a) = 1. Indeed,
we can, as usual, truncate the series and estimate the difference:1

z

n∑
j=0

aj

zj

 (z − a) = 1− z−na−n−1 (29)

Proposition 21 (First resolvent formula). For s, t ∈ ρ(a) we have

Rs(a)−Rt(a) = (t− s)Rt(a)Rs(a) (30)

and in particular Rs and Rt commute.

Note. Formally, we would write

1
s− a

− 1
t− a

=
(t− a)− (s− a)

(s− a)(t− a)
(31)

Of course, this is nonsense as such, especially if the algebra is noncommu-
tative, but it can serve as a template to work out a correct formula.
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Proof. If a, b ∈ B and b is invertible, then ab = cb is equivalent to a = c.
This is seen by direct multiplication. Now, by assumption, (s− a), (t− a)
are invertible. Then (30) is equivalent to

(t− a)(Rs(a)−Rt(a))(s− a) = (t− a)(t− s)Rt(a)Rs(a)(s− a) (32)

which means

Rs(a)(s− a)(t− a)−Rt(a)(s− a)(t− a) = t− s (33)

(t− a)− (s− a) = t− s (34)

Proposition 22. The resolvent set is open. The resolvent is analytic on
the resolvent set.

Proof: We use the resolvent formula, first formally. Suppose Rt exists,
‖Rt‖ = m and ε < 1/m. Then we define Rs from the first resolvent
equation, written as

Rs(a)(1 + (t− s)Rt(a)) = Rt(a) (35)

by
Rs(a) = (1 + (t− s)Rt(a))−1Rt(a) (36)

For (t− s) < ε, the rhs is well defined, and has a convergent series.

Now, for a rigorous proof, we simply check that (36) is the inverse of
(s − a). The rhs of (36) has a convergent power series in t − s proving
analyticity.

Theorem 3. For every a ∈ B, the set σ(a) is nonempty and compact.

Proof. We have already shown that diam σ(a) ≤ r(a) and that the com-
plement is open. It remains to show that σ(a) is nonempty. We can see
that h in (28) is analytic at infinity thus bounded at infinity and then
(z − a)−1 = h(z)/z → 0 as z → ∞. If (z − a)−1 is bounded then it must
be identically zero, which is clearly impossible.

The spectrum of 1 is just 1 (why?)

Exercise 1. Let K be a compact set in C. Find a Banach algebra and
an element a so that its spectrum is exactly K. Hint: look at f(z) = z
restricted to a set.
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8 Functions defined on B
Clearly, right from the definition of an algebra, for any polynomial P and any
element a ∈ B, P (a) is well defined, and it is an element of the algebra. A
rational function R(a) = P (a)/Q(a) can be also defined provided that the zeros
of Q are in ρ(a), with obvious notations, by

Q(a) = (p1 − a) · · · (pm − 1)(q1 − a)−1 · · · (qn − a)−1

(since we have already shown the resolvents are commutative, the definition is
unambiguous and it has the expected properties.

What functions can we define on Banach algebras? Certainly analytic ones
(and many more, in fact).

A natural way is to start with Cauchy’s formula,

f(z) =
1

2πi

∮
Γ

f(s)ds
s− z

(37)

and replace z by a. We have to ensure that (a) The integral makes sense and it
is useful. For that we choose the contour so that a “is inside” that is, Γ should
be outside the spectrum.

(b) on the other hand, f should be analytic in the interior of Γ, σ(a) included.
We can see that by looking at Exercise 1, where a would be z. If we don’t assume
analyticity of f on the spectrum of z, we don’t get an analytic function.

So, let’s make this precise. Let a be given, with spectrum σ(a). Consider
the set of functions analytic in an open set O containing σ(a).

1. f(s)(s− a)−1 is analytic in O \ σ(a) (since (s− a)−1 = Rs(a) is analytic
in view of Proposition 22 and the product of two analytic functions is
analytic.

2. If we take a Jordan curve in O \ σ(a), then f(s)Rs(a) is continuous thus
integrable, and the function

f(a) :=
1

2πi

∮
Γ

f(s)(s− a)−1ds (38)

is well defined and it is an element of B.

Indeed, we have

‖f(a)‖ ≤ 1
2π
‖f‖∞ sup

s∈Γ
‖(s− a)−1‖

∫
Γ

d|s| <∞ (39)

(since (s− a)−1 is analytic near Γ, it is in particular continuous, and then
so is ‖(s− a)−1‖, and the sup is finite).

3. We know that the integral only depends on the homotopy class of Γ in
O \ σ(a). So in this sense, f(a) is canonically defined.
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4. Note also that O need not be connected. We have defined analyticity
in terms of local Taylor series. More generally, we consider an open set
O1 ⊃ σ(a), connected or not. If Γ = Γ1 = ∂O1 consists in a finite number
of rectifiable Jordan curves, then the definition (38) is still meaningful.
Clearly, a function analytic on a disconnected open set is simply any col-
lection of analytic functions, one for each connected component, and no
relation needs to exist between two functions belonging to different com-
ponents. Cauchy’s formula still applies on Γ1. This will allow us to define
projectors, and some analytic functions of unbounded operators.

5. We are technically dealing with classes of equivalence of functions of a,
where we identify two elements f1 and f2 if they are analytic on a com-
mon subdomain and coincide there. But this just means that f1 and f2

are analytic continuations of each-other, and we make the choice of not
distinguishing between a function and its analytic continuation. So we’ll
write f(a) and not [f ](a) where [f ] would be the equivalence class of f .

6. Let P be a polynomial. Then we can choose a disk Dr around zero with
r > r(a) Then

P (a) =
1

2πi

∮
∂Dr

P (s)s−1(1− a/s)−1ds (40)

But (1 − a/s)−1 has a convergent expansion in 1/s where |s| > r(a).
Then the integral can be expanded convergently, as usual, and the result
coincides with P (a), as defined directly.

Exercise 1. More generally, let E(x) =
∑∞
k=0 ekx

k be an entire function.
Then E(a) as defined by (38) coincides with

∞∑
k=0

eka
k (41)

Exercise 2. Let Ω ⊃ σ(a) be open in C.

(i) Show that if fn → f in the sup norm on Ω, then fn(a)→ f(a)

(ii) Show that the map f → f(a) is continuous from H(Ω), with the sup
norm, into X.

Exercise 3. Use Exercises 1 and 2 to show that (fg)(a) = f(a)g(a) and
this extends to other operations, insofar as they are well defined and yield
analytic functions.

Remark 5. Let λ /∈ σ(a) and f(z) = 1/(z − λ). Then f(a) = (a− λ)−1.
Indeed f(x)(λ − x) = (λ − x)f(x) = 1 and thus, by Exercise 3 and by 6,
we have f(a)(λ− a) = (λ− a)f(a) = 1, that is f(a) = (λ− a)−1.
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More generally, if P and Q are polynomials and the roots q1, ..., qn of Q
are outside σ(a), then (P/Q)(a) = P (a)(a− q1)−1 · · · (a− qk)−1. (4).

7. Thus we can write
(s− a)−1 =

1
s− a

Exercise 4. Show that f → f(a), for fixed a, defines an algebra homomorphism
between H(Ω) and its image.

Exercise 5. Let f be analytic in a neighborhood of the spectrum of a and at
infinity. Let Γ be a simple closed curve outside σ(a), positively oriented about
∞. Then

f(a) = −f(∞) +
1

2πi

∮
Γ

f(s)(s− a)−1ds

This allows for defining functions (analytic at infinity) of unbounded opera-
tors having a nonempty resolvent set.

9 Further properties of analytic functional cal-
culus

9.1 Spectrum of f(a)

The spectrum of an operator, or of an element of a Banach Algebra is very
robust, in that it “commutes” with many operations.

Proposition 23. Let f be analytic on σ(a). Then σ(f(a)) = f(σ(a)).

Proof. Let α /∈ f(σ(a)). Then g = 1/(α− f) is analytic on σ(a). Furthermore,
we have g(z)(α−f(z)) = (α−f(z))g(z) = 1 and thus (α−f(a))g(a) = g(a)(α−
f(a)) = 1. Thus α /∈ σ(f(a)). Let α /∈ σ(f(a)) and let h(a) = (α − f(a))−1. If
however we had α = f(σ0) for some σ0 ∈ σ(a), then, [f(z)− f(σ0)]/[z − σ0] =
g(z) is analytic on σ(a) and we would have

[f(a)− f(σ0)] = (a− σ0)g(a) = g(a)(a− σ0)

and thus
1 = (a− σ0)g(a)h(a) = h(a)g(a)(a− σ0)

and thus a− σ0 would be invertible.
(4)Note however that there is no immediate extension in general of the local Taylor theorem

f(x) =
P

f (k)(x0)(x−x0)k, since ‖x0−a‖ would be required to be arbitrarily small to apply
this formula, which in turn wold imply a = x0.
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9.2 Behavior with respect to algebra homeomorphisms

Proposition 24. Let A1 and A2 be Banach algebras with identity and φ : A1 →
A2 a Banach Algebra homeomorphism.

(i) Then σA2(φ(a)) := σ(φ(a) ⊂ σ(a).
In particular, if φ is an isomorphism, then the spectrum is conserved: σ(φ(a)) =

σ(a).
(ii) φ(f(a)) = f(φ(a)).

Proof. (i) This is because (a−α)g(a) = g(a)(a−α) = 1 implies φ((a−α)g(a)) =
φ(g(a)(a − α)) = 1, which, in view of the assumptions on φ means φ(a) −
α)φ(g(a)) = (φ(g(a))(φ(a)− α)) = 1.

(ii) We know that φ is continuous and it thus commutes with integration. If
we write

f(a) =
1

2πi

∮
f(s)(s− a)−1

we simply have to show that φ(s− a)−1 = (s− φ(a))−1 which holds by (i).

9.3 Composition of operator functions

Proposition 25. Let f be analytic in an open set Ω ⊃ σ(a) and g be analytic
in Ω′ ⊃ f(σ(a)). Then g(f(a)) exists and it equals (g ◦ f)(a).

Proof. That g(f(a)) exists follows from Proposition 23 and the definition of f
and g. We have, for suitably chosen contours (find the conditions!)

g(f(a)) =
∮

Γ1

g(s)
s− f(a)

ds (42)

while on the other hand
1

s− f(a)
=
∮

Γ2

1
s− f(t)

1
t− a

dt (43)

and thus
g(f(a)) =

∮
Γ1

g(u)du
∮

Γ2

1
u− f(s)

1
s− a

ds (44)

We also have

(g ◦ f)(a) =
∮

Γ1

g(f(s))
s− a

dt =
∮

Γ1

1
s− a

∮
Γ3

g(u)
u− f(s)

du (45)

The rest follows easily from the uniform bounds on the integrand, which allow
interchange of orders of integration.

Remark 6. In particular, this proves again, in a different way that (fg)(a) =
f(a)g(a). Indeed, since 2fg = (f + g)2 − f2 − g2, it is enough to show that
f2(a) = f(a)2. But this follows from Proposition 25 with g(x) = x2. (Note
that f(σ(a)) is a bounded set, f(a) is a bounded operator, and the contours in
Proposition 25 can be chosen so that no use of Proposition 23 is needed).
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9.4 Extended spectrum

We say that ∞ is in the extended spectrum, σ∞, of an operator if (z − T )−1 is
not analytic at infinity.

Proposition 26. If T is closed, then ∞ /∈ σ∞(T ) iff T is bounded. We will
return to this, with more explicit formulae.

Proof. Here, analyticity is important. The mere fact that (z − T )−1 exists for
a set of large z is not enough, see Exercise 1. By definition, for large enough z
we have

(z − T )−1 = A1/z +A2/z
2 + · · ·

with Ai bounded, ‖Aj‖ ≤ Cj . Let Tψ = φ.

(z − T )−1(z − T )ψ = (A1/z +A2/z
2 + · · · )(zψ + φ) = ψ

Thus, A1 = I and

z−1(−φ+A2ψ) + z−2(−A2φ+A3ψ) + · · · = 0

and thus T = A2.

9.5 Further remarks on Banach algebras

1. Let A be a Banach algebra with identity, and x ∈ A, not necessarily
commutative. Then xl(a) = xa and xr(a) = ax define linear bounded
operators from A into A.

2. Assume a and b commute, ab = ba(∗). If a−1 exists, then a−1b = ba−1.
Indeed, from (*) we have a−1(ab) = a−1(ba) and thus b = a−1(ba). Multi-
plying with a−1 on the right, we have ba−1 = a−1b. Likewise, if b−1 exists
as well, then b−1 commutes with a−1.

3. If a and b are in A and commute with each other and f(a) and g(b) are
analytic functions of a and b, then f(a) and g(b) commute as well.

Proof. Clearly, it is enough to show that f(a) and b commute. For that
we use 1 above

bf(a) = bl(f(a)) = bl

(
1

2πi

∮
f(s)(s− a)−1ds

)
=

1
2πi

∮
bl
(
f(s)(s− a)−1

)
ds =

1
2πi

∮
f(s)bl(s− a)−1ds

=
1

2πi

∮
f(s)b(s− a)−1bds =

1
2πi

∮
f(s)(s− a)−1bds

=
1

2πi

∮
f(s)br(s− a)−1ds = · · · = br(f(a)) = f(a)b (46)
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4. The notion of spectrum in a Banach algebra and spectrum of operators
are closely related. Let A be a Banach algebra and x ∈ A. As above,
we can define x as an operator on A (either left or right multiplication).
If x − z is invertible in A then the operator x − z is invertible, and vice-
versa. Conversely, the space B of all bounded operators on X is a Banach
algebra and the spectrum of T as an operator on X is clearly the same as
the spectrum of T as an element of B.

10 Projections, spectral projections

This is an important ingredient in understanding operators and in spectral rep-
resentations.

Definition 27. Let A be a Banach algebra, and P ∈ A, P is a projector if
P 2 = 1. Perhaps the simplest example, and a relevant one as we shall see is a
characteristic function χA in L∞.

Let us first look at operators. Assume for now the operator is bounded,
though we could allow unbounded operators too.

This is an important ingredient in understanding operators and in spectral
representations.

Definition 28. Let A be a Banach algebra, and P ∈ A, P is a projector if
P 2 = 1. Perhaps the simplest example, and a relevant one as we shall see is a
characteristic function χA in L∞.

General properties.

1. Assume P ∈ L(X) is a projector. Then PX is a closed subspace of X and
P is the identity on PX.

Proof. Assume Pxk → z. Continuity of P implies P 2xk converges to Pz,
thus z = Pz, and thus z ∈ PX. We have x = Py ⇒ Px = P 2y = Py = x
and thus Px = x.

2. If T and P commute, and XP = PX then TXP ⊂ XP , that is T can be
restricted to XP . Indeed, TXP = TPXP = PTXP ⊂ XP .

Let us first look at operators. Assume for now the operator is bounded,
though we could allow unbounded operators too.

As we have seen in 6 on p. 3, σ ∈ σ(T ) iff T − σ is not bijective.
Assume now that the spectrum of T is not connected. Then σ(T ) = K1 +K2

where K1 and K2 are compact, nonempty, and nonintersecting. Of course, Ki

may be further decomposable.

Theorem 4 (Elementary spectral decomposition). Let T ∈ L(X) an operator
such that σ(T ) = K1 +K2, K1,2 as above.

Then there exist nonzero closed subspaces of X, X1 and X2 so that
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(i) X = X1 +X2, X1 ∩X2 = {0} (X is isomorphic to X = X1 ⊕X2).
(ii) TXi ⊂ Xi and σXi(T ) = Ki.

Proof. 1. Let U1,2 ⊃ K1,2 be two open disjoint sets in C, U = U1∪U2, and let
fi(z) = χUi

(z). Note that fi(z) are analytic in U (the parts are disjoint;
f is differentiable in each piece).

2. From now on, P is either P1 or P2. Let P = χU (T ). Since χ2
U (z) = 1, we

have P 2 = 1, that is, P are projectors.

3. Similarly, we have P1P2 = χ1(T )χ2(T ) = (χ1χ2)(T ) = 0.

Let Xi = PiX. These are closed subspaces of X.

4. If x ∈ P1X and x ∈ P2X, then P1x = x = P1P2x = 0. Thus X1 ∩X2 =
{0}. We have ‖x‖ ≤ ‖x1|+ ‖x2‖ and ‖x1‖ ≤ ‖P‖‖x‖.
We have 1 = P1 + P2. Thus, any x ∈ X can be written as P1x + P2x
=x1 + x2, xi ∈ Xi.

5. Clearly, Xi 6= {0} since otherwise for all x, we would have P1x = 0, thus
(since P1 + P2 = 1) P2x = Tx and P2T = TP2 = T . Thus

K1∪K2 = σ(T ) = σ(Tχ2(T )) = σ((Ide ·χ2)(T )) = (Ide ·χ2)(σ(T )) = K2

which is impossible.

6. Let us now find the spectrum of Ti = T |Xi . (T1 − z)x1 = 0 implies
(P1T − z)x1 = 0 and thus z ∈ σ(P1T ) (in X) and (T1 − z)x1 6= y1 also
implies (P1T − z)x 6= y1, x ∈ X (since (P1T − z)x2 ∈ X2, and thus
σ(T1) ⊂ σ((P1T )|X) = σ(χ1(T )T ) = K1 (as above). Thus σ(Ti) ⊂ Ki.

7. Now, the equation (T − z) = y is equivalent to the system (Ti− z)xi = zi.
If the latter has a unique solution for any y1,2, then the original one does.
Thus σ(T ) ⊂ σ(T1) ∪ σ(T2). Combining with 6 we get σ(Ti) = Ki.

8. Let Γ be a curve such that K1 ⊂ (Γ)◦ (5) and K2 ∈ (Γ◦)c. Then Formula for
projectors

P1 =
1

2πi

∫
Γ

ds

s− T

Proof. Exercise: show that if (Γ′)◦ ⊃ K1 ∪K2, then Γ = Γ1 + Γ2, Γi ⊃ Ki

and χ1 vanishes on Γ2.

(5)A◦ is the interior of A.
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11 Analytic functional calculus for unbounded,
closed operators with nonempty resolvent set

As we have seen, the spectrum of an unbounded closed operator can be any
closed set (that it is necessarily closed we will see shortly), including C and
∅. (The extended spectrum is never empty though, as we have seen). If the
spectrum of T is the whole of C, then it is closed, and this is about all we will
say for now in this case, and will shall assume from this point on that ρ(T ) 6= ∅.

Also, calculus with better behaved operators (normal, self-adjoint) is richer,
and we will later focus on that.

If an operator is closed, then it is invertible iff it is bijective, 6, on p. 3.
Evidently, the domain of T−z is the same as the domain of T , so T−z; z ∈ Z

share a common domain. So z ∈ σ(T ) iff T − z is not bijective from D(T ) to
X. With this remark, the proof in the first resolvent formula goes through
essentially without change.

Proposition 29 (First resolvent formula, closed unbounded case). For s, t ∈
ρ(T ) we have

Rs(T )−Rt(T ) = (t− s)Rt(T )Rs(T ) (47)

and in particular Rs and Rt commute.

Proof. Let a, c : A 7→ B, b : B → A be bijective; then ab = cb is equivalent
to a = c and to ba = bc. This is straightforward to check (and a nonlinear
equivalent is true too). Now, by assumption, (s − T ), (t − T ) are bijective.
Therefore, (30) is equivalent to

(t− T )(Rs(T )−Rt(T ))(s− T ) = (t− T )(t− s)Rt(T )Rs(T )(s− T ) (48)

which means

Rs(T )(s− T )(t− T )−Rt(T )(s− T )(t− T ) = t− s (49)

(t− T )− (s− T ) = t− s (50)

Proposition 30. The resolvent set is open. The resolvent is analytic on the
resolvent set.

Proof: Suppose Rt exists, ‖Rt‖ = m and ε < 1/m. Define Rs from the first
resolvent equation (as on pp. 15), written as

Rs(T )(1 + (t− s)Rt(T )) = Rt(T ) (51)

by
Rs(T ) = (1 + (t− s)Rt(T ))−1Rt(T ) (52)

For (t − s) < ε, the rhs is well defined, it is a bounded operator and it has a
convergent series. The same power series in t− s proves analyticity.
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To complete the proof, we note that, by analytic functional calculus the
operators on the rhs of (52) commute; then

(s−T )Rt(T )(1+(t−s)Rt(T ))−1 = (t−T +(s− t))Rt(T )(1+(t−s)Rt(T ))−1

= (1 + (t− s)Rt(T ))−1 + (s− t))Rt(T )(1 + (t− s)Rt(T ))−1 (53)

where we can now use analytic functional calculus with bounded operators, to
note that

1
1 + (t− s)Rt

+
(t− s)Rt

1 + (t− s)Rt
= 1 (54)

1. Since in this section we specifically deal with unbounded operators, we
shall assume that ∞ ∈ σ∞(T ), see Proposition 26.

2. Let F be closed and U ⊃ F open in C∞. We take ∆ ∈ C∞ an open set
containing F , and such that its boundary consists in a finite number of
nonintersecting simple Jordan curves, positively oriented with respect to
infinity.

3. Analytic functions on the spectrum are now functions analytic at infinity
as well. Let f be such a function.

4. We remind that, from (25), if z ∈ Ext Γ we have

f(z) = f(∞) +
1

2πi

∮
Γ

f(s)
s− z

ds (55)

5. An identity: If f is analytic at infinity, and 0 ∈ Ext∞(Γ) that is, to the
right of Γ traversed clockwise, where Γ is a curve or system of curves so
that f is analytic in Int∞Γ then we have

1
2πi

∮
s−1f(s)ds = −f(∞) (56)

Indeed,

f(z)/z = 0 +
1

2πi

∮
f(s)

s(s− z)
ds = − 1

2πiz

∮
f(s)
s
ds+

1
2πiz

∮
f(s)
s− z

ds

= − 1
2πiz

∮
f(s)
s
ds+

1
z

(−f(∞) + f(z)) (57)

and the conclusion follows immediately.

6. Therefore, we define for such an f and a (multi) contour Γ such that
the spectrum of T lies in Ext Γ, or in the language of item 2 above the
spectrum F is in ∆ and Γ = ∂∆,

f(T ) = f(∞) +
1

2πi

∮
Γ

f(s)(s− T )−1ds (58)
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Note that this is a bounded operator, by the definition of the spectrum and
the properties of integration.

11.1 Notes on the definition

Consider an open set D ( C∞, including a neighborhood of infinity and let g
be analytic in D. (Functions analytic in C∞ are trivial.) We then take a point
in C∞ \ D, say the point is zero, and make an inversion: define f(z) = g(1/z)
defined in D1 = 1/D := {1/z : z ∈ D}. Then g is analytic in D1. If D2 ⊂ D1

is a multiply connected domain whose boundary is a finite union of disjoint,
simple Jordan curves, then Cauchy’s formula still applies, and we have

f(z) =
1

2πi

∮
∂D2

f(s)
s− z

ds (59)

where the orientation of the contour is as depicted. Green regions are regions
of analyticity, red ones are excluded regions. The first region is an example of
a relatively compact D. Cauchy’s formula (59) applies on the boundary of the
domain, the integral gives f(z) at all z ∈ D2. The orientation of the curves
must be as depicted.

The second domain is D = {1/z : z ∈ D2}. It is the domain of analyticity
of g(z) = f(1/z) and it includes ∞. Here we can apply Cauchy’s formula at
infinity to find g in the green region.

The orientation of the contours is the image under z → 1/z of the original
orientations.

If the spectrum of an operator is contained in the green region in the second
figure (infinity included, clearly) then the contours should be taken as depicted.

Note 7 (on analyticity). Assume Γ1 is a contour homotopic to Γ2 in D1, inFig.
2. Then ∫

Γ1

f(s)ds =
∫

Γ2

f(s)ds (60)

If φ is a linear functional in X∗, since (s − T )−1 is analytic outside the
spectrum of T , Γi, and Γ1 and Γ2 are as above, we have∫

Γ1

f(s)φ(s− T )−1ds =
∫

Γ2

f(s)φ(s− T )−1ds (61)

That is,

φ

∫
Γ1

f(s)(s− T )−1ds = φ

∫
Γ2

f(s)(s− T )−1ds (62)

and therefore, the contour of integration is immaterial in the definition of f(T ),
modulo homotopies.

Assume as before that σ∞(T ) 6= C∞. Then there is a z0 ∈ C \ σ∞(T ) and
we assume without loss of generality that z0 = 0. We can define, as before, the
set σ1 = 1/σ∞(T ) = {1/z : z ∈ σ∞(T )}.
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Figure 1: Analyticity near zero

Figure 2: Analyticity near ∞
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Then a function f is analytic on D ⊃ σ∞(T ) iff f(1/z) is analytic on σ1(T ).
The spectrum σ∞(T ) is contained in D iff 1/D ⊃ 1/σ∞(T ). A curve, or set
of curves, gives the value of f(T ) iff the curves are so chosen that 1/σ∞(T ) is
contained in the domain defined by the curves.

If f is nontrivial and analytic on σ∞(T ), then

Proposition 31. The Banach algebra of analytic functions on U with the sup
norm is isomorphic to the algebra of bounded operators f [T ], in the operator
norm.

Proof. Linearity, continuity etc are proved as before. Multiplicativity could also
be proved by density, taking say polynomials in 1/(z−z0), z0 /∈ σ(T ) as a dense
set.

Alternatively, it could be proved directly from the definition (58) by Fubini.
In any case, the analysis is rather straightforward and we leave all details to

the reader.

Proposition 32. Assume f is as in item 3, and satisfies f(∞) = 0. Then
f(T )X ∈ D(T ). A general g(T ) where g is analytic at infinity can be written as
g(T ) = Tf(T ) = f(T )T and f is as above. (Here g(z) = zf(z), f(∞ = 0).)

Proof. Formally, it amounts to multiplicative functional calculus, (zf(z) 7→
Tf(T )) but we cannot immediately use it since z is not analytic at infinity.

Recall the fundamental result of commutation of closed operators with inte-
gration, Theorem 1. For convenience, we repeat it here:

Theorem (1 above) Let T be a closed operator and a ∈ B(Ω, X) be such
that a(Ω) ⊂ D(T ). Assume further that T is measurable, in the sense that
Ta ∈ B(Ω, X). Under the assumptions above we have

T

∫
A

adµ =
∫
A

Tadµ (63)

We check that all assumptions are satisfied if

a = (s− T )−1

By definition we have

g(T ) = g(∞) +
1

2πi

∮
Γ

sf(s)(s− T )−1ds

= g(∞) +
1

2πi

∮
Γ

(s− T + T )f(s)(s− T )−1ds

= g(∞) +
1

2πi

∮
Γ

s−1g(s)ds+
1

2πi

∮
Γ

Tf(s)(s− T )−1ds

=
1

2πi

∮
Γ

Tf(s)(s− T )−1ds = T
1

2πi

∮
Γ

f(s)(s− T )−1ds (64)

where we used (56) and Theorem 1.
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Corollary 33. If ρ ∈ ρ(T ) and f(z) = 1/(ρ− z), then (ρ− T )−1 = f(T ), and
we can again write

(ρ− T )−1 =
1

ρ− T

Proof. Evidently, by a change of T , we can assume that ρ = 0. We need to
check fT = Tf = 1. We have f(z) = 1/z, f(∞) = 0 and thus

1 = (zf(z))(T ) = Tf(T ) = f(T )T

Proposition 34. Let T ∈ C(X) and f ∈ H(σ∞(T ),C). Then, σ(f(T )) =
f(σ∞(T )) (where of course σ(f(T )) = σ∞(f(T ))).

Proof. The proof is similar to the one in the bounded case. If ρ /∈ f(σ(T )) then
ρ − f(z) is invertible on σ(T ), and let the inverse be g. Then (note that g is
always a bounded operator),

(ρ− f(z))g(z) = g(z)(ρ− f(z)) = 1⇒ g(T )(ρ− f(T )) = (ρ− f(T ))g(T ) = 1

and thus ρ /∈ σ(f(T )). Conversely, assume that f(σ0) ∈ f(σ∞(T )), but that
f(T )− f(σ0) was invertible. Without loss of generality, by shifting T and f we
can assume σ0 = 0 ∈ σ∞(T ) and f(0) = 0. Then, f(z) = zg(z) with g analytic
at zero (and on σ∞(T ))). Then g(∞) = 0 and thus, since f(T ) was assumed
invertible, we have

f(T ) = Tg(T ) = g(T )T, or1 = T [g(T )f−1(T )] = [g(T )f−1(T )]T (65)

so that T is invertible and thus 0 /∈ σ∞(T ), a contradiction.

Finally,

Proposition 35. If K1 ⊂ σ(T ) (Note: not σ∞(T )) and K2 = C\K is compact
in C∞, then

PK1 =
1

2πi

∮
Γ1

1
z − T

dz (66)

defines a projector such that
(i) PK1(X) ⊂ D(T ), T (PK1(X)) ⊂ PK1(X).
(ii) T restricted to PK1(X) is bounded.
(ii) σ(T |PK1 (X)) = K1.

Proof. First, we note that PK1 = χK1(T ) and thus PK1 is an analytic function
of T and thus PK1X is in D(T ). Furthermore, as before, by analytic functional
calculus, and since χK1(∞) = 0, TP is also bounded and it equals TP = PT =
PTP . Thus, T (PX) ⊂ PX.

As in the previous section, PK1X is closed. Thus, since T is defined on all of
PK1X, and it is closed, then it is bounded. We are now dealing with bounded
operators, and the proof proceeds in a way similar to that of Theorem 4.
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12 Spectral measures and integration

We have seen that finitely many isolated parts of the spectrum of an operator
yield a “spectral decomposition”: The operator is a direct sum of operators
having the isolated parts as their spectrum. Can we allow for infinitely many
parts?

We also saw that, if the decomposition of the spectrum is K1 + K2, where
χ1χ2 = 0, then the decomposition is obtained in terms of the spectral projec-
tions Pi = χi(T ) where P1P2 = 0 and P1 +P2 = I. We can of course reinterpret
(probability-)measure theory in terms of characteristic functions. Then a mea-
sure becomes a functional on a set of characteristic functions such that χiχj = 0
(the sets are disjoint) then

χ(
∞⋃
i=1

Ai) =
∞∑
k=1

χi

and
χ(A1 ∩A2) = χ1χ2

In terms of measure, we then have

µ(
∞∑
k=1

χk) =
∞∑
k=1

µ(χk)

µ(1) = 1

(continuity of the functional) etc.
In the following, we let Ei := E(Ai).

Note 8. 1. In a Hilbert space it is natural to restrict the analysis of projec-
tors to orthogonal projections. Indeed, if H1 ( H is a closed subspace of
H, itself then a Hilbert space, then any vector x in H can be written in
the form x1 + x2 where x1 ∈ H1 and x2 ⊥ x1. So to a projection we can
associate a natural orthogonal projection, meaning exactly the operator
defined by (x1 + x2)→ x1.

2. An orthogonal projection P is a self-adjoint operator. Indeed,

〈Px, y〉 = 〈x1, y1 + y2〉 = 〈x1, y1〉 = 〈x1 + x2, y1〉 = 〈x, Py〉

3. Conversely, if P is self-adjoint, and x = x1 + x2, where Px1 = x1, then

〈x1, x2〉 = 〈Px, (1− P )x〉 = 〈x, P (1− P )x〉 = 0

Let Ω be a topological space, BΩ be the Borel sets on Ω and A(H) be the self-
adjoint bounded operators on the Hilbert space H: ∀(x, y), 〈Tx, y〉 = 〈x, Ty〉.
Thus, with Ai ∈ BΩ, the spectral projections E := χ(T ) should satisfy
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1.

(∀i 6= j, Ai ∩Aj = ∅) ⇒ E(
∞⋃
i=1

Ai)x =
∞∑
k=1

Eix

2.
E((A1 ∩A2) = E1E2

3.
E(Ω) = I; E(∅) = 0

Definition 36. A projector valued spectral measure on BΩ with values in A(H)
is a map E : BΩ → H with the properties 1,2,3 above.

Note 9. E(A) is always a projector in this case, since E(A) = E(A ∩ A) =
E(A)2 and E(A)E(B) = E(B)E(A) since they both equal E(A ∩B).

Proposition 37 (Weak additivity implies strong additivity). Assume 2. and
3. above, and that for all (x, y) ∈ H2 we have

(∀i 6= j, Ai ∩Aj = ∅) ⇒ 〈E(
∞⋃
i=1

Ai)x, y〉 = 〈
∞∑
k=1

Eix, y〉

Then 3. above holds.

Remark 10. Note a pitfall: we see that

E(
∞⋃
i=1

Ai)x =
∞∑
k=1

Eix (67)

for all x. But this does not mean that
∑N
i=1Eix converge normwise!

Note 11. If 〈vn, y〉 → 〈v, y〉 for all y and ‖vn‖ → ‖v‖ then vn → v. This is
simply since

〈vn − v, vn − v〉 = 〈vn, vn〉 − 〈vn, v〉 − 〈v, vn〉+ 〈v, v〉

Proof. Note first that E(Ai)x form an orthogonal system, since

〈E(A1)x,E(A2)x〉 = 〈x,E(A1)E(A2)x〉 = 〈x,E(A1 ∩A2)x〉 = 0 (68)

〈
N∑
i=1

Eix,

N∑
i=1

Eix, 〉 =
N∑
i=1

〈Eix,Eix, 〉

while
N∑
i=1

Eix

converges. Thus
∑N
i=1 ‖Eix‖ converges too and thus ‖

∑N
i=1Eix−

∑∞
i=1Eix‖ →

0.
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Lemma 38. If Aj ↑ A then Ejx→ E(A)x.

Proof. Same as in measure theory. Aj+1 \ Aj are disjoint, their sum to N is
AN+1 and their infinite sum is A, see figure.

A1

A2

A
3

A

13 Integration wrt projector valued measures

Let f be a simple function defined on S ∈ BΩ. This is a dense set in B(Ω,C).

f(ω) =
N∑
i=1

fjχ(Sj) (69)

As usual, Si ∩ Sj = ∅ and ∪Si = S. Then we naturally define∫
S

f(ω)dE(ω) =
N∑
i=1

fjE(Sj) (70)

This is the usual way one defines integration wrt a scalar measure.

Note 12. We note an important distinction between this setting and that of
§3: here we integrate scalar functions wrt operator valued measures, whereas in
§3 we integrate operator-valued functions against scalar measures.

Note 13. (6) In §3 as well as in the few coming sections, we restrict ourselves
to integrating uniform limits of simple functions. The closure in the sup norm

(6)Pointed out by Sivaguru Ravisankar.
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of simple functions are the measurable bounded functions, which is not hard
to verify, so this is a more limited integration than Lebesgue’s (e.g., L1 is not
accessible in this way.)

It is also interesting to note the following theorem:

Theorem 5 (Šikić, 1992). A function f is Riemann integrable iff it is the
uniform limit of simple functions, where the supporting sets Ai are Lebesgue
measurable with the further property that µ(∂Ai) = 0.

Without the restriction on µ(∂Ai), the closure of simple functions in the sup
norm is the space of bounded measurable functions (exercise).

Proposition 39. The definition (70) is independent of the choice of Sj, for a
given f .

Proof. Straightforward.

Proposition 40. The map f →
∫
S
f is uniformly continuous on simple func-

tions, and thus extends to their closure. We have∥∥∥∥∫
S

f(ω)dE(ω)
∥∥∥∥ ≤ sup

S
|f(ω)| (71)

Proof. We can assume that the sets Si are disjoint. Then the vectors Eix are
orthogonal and∥∥∥∥∫

S

f(ω)dE(ω)
∥∥∥∥2

=
N∑
i=1

fi‖E(Si)x‖2 ≤ sup
S
|f |2

N∑
i=1

〈Eix, x〉 ≤ sup
S
|f |2‖x‖2

Consider then the functions in B(Ω,C) which are uniform limits of simple
functions. The integral extends to B(Ω,C) by continuity and we write∫

S

f(s)dE(s) := lim
n→∞

∫
S

fn(s)dE(s) (72)

Definition 41. A C∗ algebra is a Banach algebra, with an added operation,
conjugation, which is antilinear and involutive ((f∗)∗ = f) and ‖f∗f‖ = ‖f‖2.

Exercise 1. Show that ‖f∗‖ = ‖f‖.

Proposition 42. f 7→
∫
S
f(ω)dE(ω) is a C∗ algebra homeomorphism.

Proof. We only need to show multiplicativity, and that only on characteristic
functions, and in fact, only on very simple functions, where N = 1, and the
coefficients are one. We have∫

χ(S1)χ(S2)dE(S) = E(S1 ∩ S2) = E(S1)E(S2) (73)

Exercise 2. Complete the details.
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14 Unbounded operators: adjoints, self-adjoint
operators etc.

In this section we work with operators in Hilbert spaces.

1. Let H,K be Hilbert spaces, with scalar products 〈, 〉H and 〈, 〉K.

2. T : D(T ) ⊂ H → K is densely defined if D(T ) = H

3. The adjoint of T is defined as follows; We look for those y for which

〈y, Tx〉K = 〈v, x〉H for some v(y) and all x ∈ D(T ). (74)

Since D(T ) is dense, such a v = v(y) is unique.

4.

Exercise 1. Show that y ∈ D(T ∗) iff 〈y, Tx〉K extends to a bounded
(linear) functional on H. Does this mean that Tx exists for all x?

Exercise 2. Define the operator T (P (x)) = P (x+ 1) where H = L2[0, 1]
and D(T ) consists in the polynomials on [0, 1]. What is D(T ∗)?

Exercise 3. We write T1 ⊂ T2 iff Γ(T1) ⊂ Γ(T2). Show that T1 ⊂ T2 ⇒
T ∗2 ⊂ T ∗1 . (A short proof is given in §47.)

5. That is, in particular, v does not depend on x. Clearly, v(x1 + x2) =
v(x1) + v(x2).

6. We define D(T ∗) to be the set of y for which v(x) as in (74) exists, and
T ∗(y) = v. Note that Tx ∈ K, y ∈ K, T ∗y ∈ H.

7. In the setting of 1 and 2, we will prove that T ∗ is closed, and also that: if
T is furthermore closed, then T ∗ is densely defined.

8.

Proposition 43. In the setting of 1 and 2, T ∗ is closed.

Proof. Let yn → y and T ∗yn → v. Then, for any x ∈ D(T ) we have

〈yn, Tx〉 =: 〈T ∗yn, x〉 → 〈v, x〉 = lim〈yn, Tx〉 = 〈y, Tx〉

Thus, for any x ∈ D(T ) we have 〈y, Tx〉 = 〈v, x〉 and thus, by definition,
y ∈ D(T ∗) and Ty = v.

9.

Proposition 44. Let T and D(T ) be as in 1 and 2. Then,

(i) For any α ∈ C, we have (αT )∗ = αT ∗.

(ii) If T ∈ L(H,K), then T ∗ is the usual adjoint, everywhere defined, and
for two such operators, we have (T1 + T2)∗ = T ∗1 + T ∗2 .
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Proof. Exercise.

Proposition 45. (i) Let Ti and D(Ti) be as in 1 and 2. Assume further-
more that D(T1)∩D(T2) is dense. Then (T1 +T2)∗ ⊃ T ∗1 +T ∗2 (this means
that the domain is larger, and wherever all adjoints make sense, we have
(T1 + T2)∗ = T ∗1 + T ∗2 .)

(ii) Let T1 : H → K1, T2 : H → K2 and assume D(T2) as well as D(T2T1)
are dense. Then, (T2T1)∗ ⊃ T ∗1 T ∗2 .

Proof. We define T1 + T2 on D(T1) ∩D(T2). Let x ∈ D(T1) ∩D(T2) and
assume that y ∈ D(T1)∗ ∩ D(T2)∗. This is, by definition, the domain of
T ∗1 + T ∗2 . Then

〈y, (T1 + T2)x〉 = 〈y, T1x+ T2x〉 = 〈y, T1x〉+ 〈y, T2x〉
= 〈T ∗1 y, x〉+ 〈T ∗2 y, x〉 = 〈T ∗1 y + T ∗2 y, x〉 =: 〈(T1 + T2)∗y, x〉 (75)

and thus y ∈ D(T1 + T2)∗, and (T1 + T2)∗ = T ∗1 + T ∗2 .

(ii) Let x ∈ D(T2T1) and w ∈ D(T ∗1 T
∗
2 ). Then,

〈T ∗1 (T ∗2w), x〉 = 〈(T ∗2w), T1x〉 = 〈w, T2T1x〉 (76)

and thus w ∈ D(T2T1)∗ etc.

14.1 Example: An adjoint of d/dx

1. Let d/dx be defined on C1[0, 1]. We need to see for which φ do we have∫ 1

0

φ(s)
df(s)
ds

ds =
∫ 1

0

g(s)f(s)ds

Let h(s) =
∫ s

0
g(t)dt. Then, h ∈ AC[0, 1] and

∫ 1

0

φ(s)
df(s)
ds

ds =
∫ 1

0

dh(s)
ds

f(s)ds = f(1)h(1)−
∫ 1

0

h(s)
df(s)
ds

ds (77)

so that ∫ 1

0

(φ(s) + h(s))
df(s)
ds

ds = f(1)h(1) (78)

We now take f to be the solution of the ODE f ′ = v, f(1) = 0. Then,∫ 1

0

(φ(s) + h(s)) v(s)ds = 0 (79)

where v can be chosen arbitrary in L2. Thus φ(s) + h(s) = 0 and further-
more h(1) must be zero. Thus, D(T ∗) = AC[0, 1]01 where the subscript
01 indicates that the function vanishes at both ends.
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14.2 Operators on graphs and graph properties

1. Assume now for simplicity that K = H. The results below can be easily
adapted to operators from a Hilbert space to another one.

2. Recall that the graph of an operator T is the set of pairs

Γ(T ) = {(x, Tx) : x ∈ D(T )} ⊂ H ×H

where H×H is a Hilbert space under the scalar product

〈(x1, y1), (x2, y2)〉 = 〈x1, y1〉+ 〈x2, y2〉 (80)

Remember also that an operator T is closed iff Γ(T ) is a closed set, and
it is closable iff the closure of Γ(T ) is the graph of an operator.

Exercise 4. If T is closable, then Γ(T ) = Γ(T )

3.

Theorem 6. Let T be densely defined. Then,

(i) T ∗ is closed.

(ii) T is closable iff D(T ∗) is dense, and then T = T ∗∗.

(iii) If T is closable, then the adjoints of T and of T coincide.

Lemma 46 (A unitary operator, and action on graphs). Let V be defined
on H×H by

V (x, y) = (−y, x) (81)

Then,
Γ(T ∗) = V [Γ(T )]⊥

Clearly V 2 = −I, V is unitary , and then V (E⊥) = (V (E))⊥ for any
subspace.

Corollary 47. T1 ⊂ T2 ⇒ T ∗2 ⊂ T ∗1 .

Proof. Of course, (v, w) ⊥ Γ(T ) iff (v, w) ⊥ (x,Ax) ∀x, that is

∀x ∈ D(T ) : (v, w) ⊥ (x,Ax)⇔ 〈v, x〉 = 〈−w,Ax〉

that is, by definition, if w ∈ D(T ∗) and v = −A∗w. That is,

Γ(T )⊥ = {(−A∗w,w) : w ∈ D(T ∗)}

and
V (Γ(T ))⊥ = {(w,A∗w) : w ∈ D(T ∗)} = Γ(T ∗)
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Thus T ∗ is closed (since its graph is closed.)

(ii) For any space E we have E = (E⊥)⊥. Therefore,

Γ(T ) = (Γ(T )⊥)⊥ = (V 2Γ(T )⊥)⊥ = (V (V (Γ(T )))⊥)⊥ = (V Γ(T ∗))⊥

(82)
and thus

Γ(T ) = Γ(T ∗∗) (83)

Therefore, if T ∗ is densely defined, then T ∗∗ is closed, in particular Γ(T ∗∗)
is the graph of an operator, and thus T is closable.

Conversely, assume D(T ∗) is not dense. Let y ∈ D(T ∗)⊥; then (y, 0)
is orthogonal on all vectors in Γ(T ∗), so that (y, 0) ∈ (Γ(T ∗))⊥. Then,
V (y, 0) = (0, y) ∈ V (Γ(T ∗))⊥ = Γ(T ) by (82), and thus Γ(T ) is not the
graph of an operator.

(iii) If T is closable, then T = T ∗∗ and thus (T )∗ = (T ∗∗)∗ = T ∗∗∗. On
the other hand, T ∗ is closed, T ∗∗ = T is densely defined, thus by (83)
aplied to T ∗ = T ∗, we have T ∗ = (T ∗)∗∗ = T ∗∗∗

14.3 Self-adjoint operators

1. Definition: Symmetric (or Hermitian) operators. Let T be densely
defined on Hilbert space. T is symmetric if 〈Tx, y〉 = 〈x, Ty〉 for all
{x, y} ⊂ D(T ). This means that T ⊂ T ∗.

2. A symmetric operator is always closable, by Theorem 6 since T ∗ is densely
defined by 1.

3. If T is closed, then by Theorem 6 we have T = T ∗∗ ⊂ T ∗

4. Note that, if T is symmetric, then 〈Tx, x〉 ∈ R , since

〈Tx, x〉 = 〈x, Tx〉 = 〈Tx, x〉

and also, for any x ∈ D(T ), ‖(T + i)x‖2 = ‖Tx‖2 + ‖x‖2, since

‖(T + i)x‖2 = 〈Tx, Tx〉+ 〈x, x〉+ 〈Tx, ix〉+ 〈ix, Tx〉 = 〈Tx, Tx〉+ 〈x, x〉
(84)

5.

Lemma 48. If T is symmetric and closed, then Ran(T ± i) is closed
and (T ± i) are injective.

Proof. Injectivity follows from (84). Let now (T + i)xn be a convergent
sequence, or, which is the same, a Cauchy sequence. But then, by (84)
Txn and xn are both Cauchy sequences. Then xn converges to x; since T
is closed, x ∈ D(T ), and Txn → Tx. Note that ‖(T + i)x‖ and the norm
on the graph Γ(T ) coincide, and this provides another way of proving the
result.
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Definition: Self-adjoint operators T is self-adjoint if T = T ∗. It
means D(T ) = D(T ∗), and T is symmetric.

Note 14. There are substantial differences between self-adjoint operators
and more general, symmetric ones. The spectral theorem only holds for
self-adjoint operators.

6. For symmetric operators, T is closable (since D(T ∗) is dense) and then by
Theorem6 (ii) we have

T = T ∗∗

7. It follows that self-adjoint operators are closed.

8. For self-adjoint operators we have from 3 that T = T ∗ = T ∗∗.

Lemma 49. If T is closed and symmetric and T ∗ is symmetric.
then T is self-adjoint.

Proof. Indeed, T ∗ ⊂ T ∗∗ = T , while T is symmetric, and thus T ⊂ T ∗.

14.4 Symmetric versus self-adjoint: an example

Define

T0 = id/dx on D(T0) = AC[0, 1]01 := {f ∈ AC[0, 1] : f(0) = f(1) = 0} (85)

If {x, y} ⊂ D(T0), then a simple integration by parts shows that 〈y, T0x〉 =
〈T0y, x〉, and thus T0 ⊂ T ∗0 .

The range of T0 consists in functions of average zero, or orthogonal to con-
stants:

T0(D(T0)) = C⊥ (86)

Indeed, the equation
du

ds
= g(s)

has a solution in AC[0, 1]01, namely
∫ x

0
g(s)ds iff

∫ 1

0
g(s)ds = 0.

Note 15. Similarly, Ran(T0 ± i) = (e∓ixC)⊥.

What is T ∗0 ?

Lemma 50. We have

T ∗0 = id/dx on D(T ∗0 ) = AC[0, 1] (87)

Proof. (First proof) Let τ be the operator in §14.1; we showed there that τ∗ =
T0. Thus T0 is closed. But τ closed. This we proved directly. Then τ = τ∗∗ =
T ∗0 .
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Proof. (Direct proof)
Assume that y ∈ D(T ∗0 ). Then, there exists a v ∈ L2[0, 1] such that for all

x ∈ D(T0), we have
〈y, T0x〉 = 〈v, x〉 (88)

Since v ∈ L2[0, 1], we have v ∈ L1[0, 1], and thus h(x) =
∫ x

0
v(s)ds ∈ AC[0, 1],

and h(0) = 0. With u = x, it follows from (88) by integration by parts that∫ 1

0

y(s)
du(s)
ds

= −
∫ 1

0

dh(s)
ds

u(s)ds =
∫ 1

0

h(s)
du(s)
ds

Let φ = y − h. By (86), we have∫ 1

0

φ(s)w(s)ds = 0 ∀w ∈ C⊥

This means that φ ∈ C⊥⊥ = C. Thus y is an element of AC[0, 1]0 plus an
arbitrary constant, which simply means y ∈ AC[0, 1] = D(T ∗0 ).

By essentially the same argument as in §14.1, we have T ∗∗0 = id/dx on D(T0).
Thus T is closed. We note that T ∗0 is not symmetric. In some sense, T0 is too
small, and then T ∗0 is too large.

Definition: Normal operators. The definition of an unbounded normal
operator is essentially the same as in the bounded case, namely, operators which
commute with their adjoints.

More precisely: an operator T which is closed and densely defined is nor-
mal if TT ∗ = T ∗T . The questions of domain certainly become very important.
The domain if T ∗T is {x ∈ D(T ) : Tx ∈ D(T ∗)}. (Similarly for TT ∗.) Thus,
the operator T in (85) is not normal. Indeed, D(T ∗T ) consists in functions in
AC[0, 1] vanishing at the endpoints, with derivative in AC[0, 1], while D(TT ∗)
consists in functions in AC[0, 1], with the derivative, in AC[0, 1], vanishing at
the endpoints.
Definition: Essentially self-adjoint operators. A symmetric operator is
essentially self-adjoint if its closure is self-adjoint. “Conversely”, if T is closed
a core for T is a set D1 ⊂ D(T ) such that T |D1 = T .

Note 16. We will show that T ∗T and TT ∗ are selfadjoint, for any closed
and densely defined T . If an operator T is normal, then in particular D =
D(T ∗T ) = D(TT ∗), and since D is dense and T is closed, we see that D is a
core for both T and T ∗.

Lemma 51. (i) If T is essentially self-adjoint, then there is a unique self-adjoint
extension, T . (Phrased differently, if S ⊃ T is self-adjoint, then S = T ∗∗.)

(ii) (Not proved now). Conversely, if T has only one self-adjoint extension,
then it is essentially self-adjoint.
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Proof. (i) By 8, T is closable and T = T ∗∗. But, by assumption, T is self-adjoint.
Thus

T ∗∗∗ = T ∗∗

Let S ⊃ T be self-adjoint. Then, firstly, S is closed, by 7. Then, T ∗ ⊃ S∗ = S
and T ∗∗ ⊂ S, while T ∗∗∗ = T ∗∗ ⊃ S. Therefore, T ∗∗ = S.

1. A symmetric operator is essentially self-adjoint if and only if its adjoint is
self-adjoint.

Indeed, assume T is e.s.a. and symmetric. Since T ∗∗ is the closure of T ,
then T ⊂ T ∗∗. But this means T ∗ ⊃ T ∗∗∗ = T ∗∗ since T ∗∗ is self-adjoint,
and thus T ∗ = T ∗∗ is self-adjoint.

Conversely, if T is symmetric and T ∗ is self-adjoint, then T ∗∗ = T ∗ is also
self-adjoint, and thus T is e.s.a.

2. Thus, a self-adjoint operator is uniquely specified by giving it on a
core.

Lemma 52. If T is self-adjoint, then Ker(T ± i) = {0}.

Proof. If Tx = ix, then

〈x, Tx〉 = 〈Tx, x〉 = 〈ix, x〉 = 〈x, ix〉 = −〈ix, x〉 = 0 (89)

Theorem 7 (Basic criterion of self-adjointness). Assume that T is sym-
metric.

Then the following three statements are equivalent:

(a) T is self-adjoint

(b) T is closed and Ker(T ∗ ± i) = {0}.
(c) Ran(T ± i) = H.

Of course, we define D(T ± i) = D(T ).

Proof. (a)⇒ (b) is simply Lemma 52.

(b)⇒ (c). By Lemma 48 it is enough to show that Ran(T ± i) are dense.

Assume y ∈ Ran(T + i)⊥. Then, 〈y, (T + i)x〉 = 0 for all x ∈ D(T ).
In particular, there is a v (= 0) such that 〈y, (T + i)x〉 = 〈v, x〉, and
also, 〈y, Tx〉 = 〈iy, x〉, and thus y ∈ D(T ∗) and (T ∗ − i)y = 0, thus
y ∈ Ker(T ∗ − i) = {0}. The other sign is treated similarly.

(c)⇒ (a) Let y ∈ D(T ∗). We want to show that y ∈ D(T ). By definition,
there is a v such that for any x ∈ D(T ) we have

〈y, (T + i)x〉 = 〈v, x〉
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Since Ran(T − i) = H, we have

v = (T − i)s

for some s ∈ D(T ). Thus, since x ∈ D(T ) and since T is symmetric, we
have

〈y, (T + i)x〉 = 〈v, x〉 = 〈(T − i)s, x〉
= 〈Ts, x〉 − i〈s, x〉 = 〈s, Tx〉+ 〈s, ix〉 = 〈s, (T + i)x〉 (90)

Now we use the fact that Ran(T + i) = H to conclude that s = y. But s
was in D(T ) and the proof is complete.

Corollary 53. Let T be symmetric. Then, the following are equivalent:

1. T is essentially self-adjoint.

2. Ker(T ∗ ± i) = {0}.

Note 17. If T1 ⊂ T2 and Ti are self-adjoint, then T1 = T2. Indeed,
T1 ⊂ T2 ⇒ T1 = T ∗1 ⊃ T ∗2 = T2.

3. Ran(T ± i) are dense.

Corollary 54. Let A be a self-adjoint operator. Then σ(A) ⊂ R.

Proof. Let λ = a+ ib, b 6= 0. Then A− a = A′ and A′′ = A′/b are is self-adjoint
as well. Then Ker(A′′ + i) = {0} and Ran(A′′ + i) = H.

Note 18. Let again T = id/dx on AC[0, 1]01. The range of T (see (86)) and
Corollary 53 show that T is symmetric (thus closed since D(T ) is dense), but
not essentially self-adjoint. Also, we note that Ker(T ∗ ± i) 6= {0}. Indeed,

i
dφ

dx
± iφ = 0⇒ φ = Ce∓x

Note 19 (Maximal extension). Let T be defined on AC[0, 1]. Assume g is
continuous, g /∈ AC[0, 1] and there is a linear extension of T to AC[0, 1] + g.
Since RanT = H then Tf = Tg for some f ∈ AC[0, 1], thus T (f − g) = 0,
and to ensure f 6= g, the mean value theorem and the fundamental theorem of
calculus would have to be dropped.

From an operator theoretical point of view we can reason as follows. We
can assume, for instance, that g(0) = −g(1), by adding ax + b to it. Then,
T restricted to AC[0, 1]± with this boundary condition is self-adjoint, see Note
20 below. Since RanT = H (again easy to check), then Tf = Tg for some
f ∈ AC[0, 1]±. Then, with h = f − g we would have 〈Tf, h〉 = 〈f, Th〉 = 0 for
all f ∈ AC[0, 1]±, that is, h = 0.

In this sense, AC[0, 1] is the maximal domain of definition of T within
L2[0, 1].
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Note 20 (Hermiticity and self-adjointness domains of id/dx). We settle for
AC[0, 1] for the maximal natural domain of T . We are looking for all domains
in AC[0, 1] so that T is symmetric.

Then 〈f, Tg〉 = 〈g, Tf〉 implies f(0)g(0) = f(1)g(1). If there is no f so
that |f(0)|2 + |f(1)|2 > 0, then we are in the case AC[0, 1]01 which has been
settled: T is symmetric, but not self-adjoint. Otherwise, for some f we have
|f(0)|2 = |f(1)|2, and thus f(0) = αf(1), where now both f(0) and f(1) are
nonzero. Furthermore, α = g(1)/g(0) so that α is the same for all g. It is
easy to check that T is symmetric under these circumstances, as well as densely
defined. To see whether it is self-adjoint we check Ran(T ± i).

f ′ ± if = h⇒ f(x) = e∓ix
∫ x

0

h(s)ds+ Ce∓is

and we have

f(0) = C; f(1) = e∓i
(
C +

∫ 1

0

h(s)ds
)

If c =
∫ 1

0
h(s)ds = 0, we choose C = 0, otherwise we solve Ce±i = α(C +

c) for C, which is always possible. These are all self-adjointness domains of
T ; we denote them by Tα and we write T0 for the non-self-adjoint T defined
on AC[0, 1]01. Indeed, any other domain giving a self-adjoint T− would be a
subdomain of the one above, see Note 19. Then T− ⊂ Tj , T ∗− = T− ⊃ Tj and
thus T− = Tα.

T0 is called the minimal operator associated to id/dx, T ∗0 is the maximal
operator, and anything inbetween, Tα is self-adjoint.

14.5 Further remarks on closed operators

Proposition 55. Let T be closed, densely defined and bounded below (that is,
inf‖x‖=1 ‖Tx‖ = a > 0). Then HT = Ran(T ) = Ker(T ∗)⊥ is closed, and
T : D(T ) 7→ HT is invertible.

Note that under these assumptions, HT can still be a nontrivial closed sub-
space of H. An example is provided by T = (x1, x2, ...) 7→ (0, x1, x2, ...).

Proof. If Txn is Cauchy, then xn is Cauchy, by the lower bound, xn → x and
thus, since T is closed, Txn → Tx. Clearly, T is injective, and also surjec-
tive. Then T−1 is well defined, and bounded by 1/a. The rest follows from
Proposition 55.

15 Extensions of symmetric operators; Cayley
transforms

Overview: The Cayley transform of a self-adjoint operator, U = (T −i)(T +i)−1

is unitary. Conversely, unitary operators such that 1 − U is injective generate
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self-adjoint operators. Partial isometries are used to measure self-adjointness,
find whether self-adjoint extensions exist, and find these extensions.

1. Let H± be closed subspaces of a Hilbert space H.

2. Definitions

(a) A unitary transformation U from H+ to H− is called a partial
isometry.

(b) The dimensions of the spaces (H±)⊥, finite or infinite, are called
deficiency indices.

3.

Lemma 56. Let Up by a partial isometry. Then Up extends to a unitary
operator on H iff the deficiency indices of Up are equal.

Proof. This is straightforward: assume the deficiency indices coincide.
Two separable Hilbert spaces are isomorphic iff they have the same di-
mension. Let U⊥ be any unitary between (H±)⊥. Let U = Up. We write
H = H+⊕(H+)⊥ and H = H−⊕(H−)⊥ and define U = Up⊕U⊥. Clearly
this is a unitary operator.

Conversely, let U is a unitary operator that extends Up. Then U(H+⊥) =
(U(H+))⊥ = (Up(H+))⊥ = H−⊥, and in particular H+⊥ and H−⊥ have
the same dimension.

4. In the steps below, T is closed and symmetric.

5. By Lemma 48 H± = RanT ± i are closed, and T ± i are one-to-one onto
from D(T ) to H±.

Lemma 57. The operator (T − i)(T + i)−1 is well defined and a partial
isometry between Ran(T + i) and Ran(T − i).

Note 21. The partial isometry (T − i)(T + i)−1 is known as the Cayley
transform of T .

By 5, Up = (T − i)(T + i)−1 is well defined on H+ with values in H−, and
also, for any u− ∈ H− there is a unique f ∈ D(T ) such that (T−i)f = u−.
With u+ ∈ H+, we have Upu

+ = u−. Since ‖u−‖ = ‖(T − i)f‖ and
(T + i)−1u+ = f, that is u+ = (T + i)f , we have ‖u±‖2 = ‖f‖2 + ‖Tf‖2.

Lemma 58. x ∈ D(T ) iff x = y − Upy for some y ∈ H+, i.e., D(T ) =
Ran(1− Up).
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Proof. Let y ∈ H+ and (T + i)−1y = f . Evidently, f ∈ D(T + i) = D(T )
(by the definition of T+i). Then (T+i)f = y and (T−i)(T+i)−1y = (T−
i)f , which means that x = (T + i)f − (T − i)f = 2if ∈ D(T ). Conversely,
if f ∈ D(T ), then 2if = (T + i)f − (T − i)f = y − (T − i)(T + i)−1y.

Proposition 59. Let T be a closed densely defined operator. Then (i) Ker(T ∗) =
Ran(T )⊥ and (ii) Ker(T )⊥ = Ran(T ∗).

Proof. The proof is straightforward; it consists in interpreting the equality
〈T ∗y, x〉 = 0 = 〈y, Tx〉 where y spans Ker(T ∗) and x spans D(T ), or x spans
Ker(T ) and y spans D(T ∗).

15.1 Duality between self-adjoint operators and unitary
ones

Lemma 60. (i) If U is unitary and Ker(1 − U) = {0} (7), then there exists a
self-adjoint T such that U = (T − i)(T + i)−1.

(ii) Conversely, if T is symmetric, then T is self-adjoint iff its Cayley trans-
form is unitary on H.

Note 22. The map (t− i)/(t+ i) = u is conformal between the upper half plane
and the unit disk, and in particular it maps the real line bijectively on the unit
circle. Its inverse is t = i(1 + u)/(1− u).

We formally have(
i
1 + U

1− U

)∗
= −i

(
1 + U∗

1− U∗

)
= −i

(
1 + 1/U
1− 1/U

)
= i

1 + U

1− U
(91)

and also, (
T + i

T − i
− 1
)
x = 0⇒ (T + i)x = (T − i)x⇒ x = 0 (92)

Note 23. Examining Lemma 60 and Lemma 56, we expect therefore that T
has self-adjoint extensions iff the deficiency indices are equal. This is so, and it
will be proved later.

Proof. (i)

1. Note that Ker(1 − U) = Ker(1 − U∗). Indeed, x = Ux ⇔ U∗x = x. Let
T = i(1 +U)(1−U)−1. Then T is defined on Ran(1−U), which is dense
in H, since Ran(1− U)⊥ = Ker(1− U∗) = {0}.
Now we want to see that for all {x, y} ⊂ D(T ) we have 〈x, Ty〉 = 〈Tx, y〉.

2. We transform the calculation (91) into a rigorous argument. Note first that
y ∈ Ran(1 − U) implies y = x − Ux,U∗y = U∗x − x, y ∈ URan(1 − U∗).
Note also that U is a (bounded) normal operator, since UU∗ = U∗U = I.

(7)Or, equivalently, Ran(1− U) is dense. This condition is needed to ensure D(T ) is dense,
see Lemma 58.
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3. Let x ∈ D(T ). We have, either by the calculation above or directly x =
U(U∗ − 1)z. Thus, to determine the adjoint, we analyze the expression

〈U(U∗ − 1)z, i(1 + U)(1− U)−1y〉 = 〈Uz, i(U − 1)(1 + U)(1− U)−1y〉
= 〈Uz,−i(1 + U)y〉 = 〈i(1 + U∗)Uz, y〉

= 〈i(U + 1)z, y〉 = 〈i(U + 1)(1− U)−1x, y〉 = 〈Tx, y〉 (93)

4. Let’s check the range of T + i. We have D(T ) = Ran(1− U), and thus

(T+i)D(T ) = (T+i)(1−U)H = i(1+U)(1−U)−1(1−U)H+i(1−U)H
= i(1 + U)H+ i(1− U)H = 2iH = H (94)

Likewise, Ran(T − i) = H.

(ii)

1. Assume U is unitary. Then, by its definition, Ran(T + i) = H and since
H = (T − i)

(
(T + i)−1H

)
= H, it follows that Ran(T − i) = H. Since T

is symmetric, by Theorem 7, we see that T is self-adjoint.

For the converse, by the same Theorem 7, we see that U : H 7→ H. We
have already shown that U is a partial isometry, therefore unitary.

15.2 Von Neumann’s Theorem on self-adjoint extensions

Theorem 8. Let T be a closed symmetric operator. Then T has a self-adjoint
extension iff the deficiency indices of its Cayley transform are equal.

Proof. Assume Te is a self-adjoint extension of T . Let V = (T − i)(T + i)−1

and U = (Te − i)(Te + i)−1. By Lemma 60, U is unitary. We want to show
that U is an extension of V . Let x ∈ H+, then x = (T + i)f = (Te + i)f and
V x = (T − i)f = (Te − i)f = (Te − i)(Te + i)−1x = Ux. Since V admits a
unitary extension, then the deficiency indices are equal, see Lemma 56.

Conversely, assume thatH± have the same dimension. Then they correspond
to each-other by a unitary transformation U1. Let U = V ⊕ U1. Clearly, U is
unitary on H. We want to show first that 1 − U is injective. If this was
not the case, and z ∈ Ker(1 − U), thus, as before, z ∈ Ker(1 − U∗) thus
z ∈ Ran(1− U)⊥ ⊂ Ran(1− V )⊥ = D(T )⊥ = {0}.

Let Te = i(1 + U)(1− U)−1, a self-adjoint operator. We want to show that
Te ⊃ T . V is defined on Ran(T + i) and D(T ) = Ran(1 − V ). If x ∈ D(T ),
then x = (1− V )y = (1−U)y for some y and thus Tx = i(1 + V )(1− V )−1x =
i(1 + U)(1− V )−1x = i(1 + U)(1− U)−1x = Tex

Corollary 61. Let T be symmetric and closed. Then T has a self-adjoint
extension iff Ker(T ∗ − i) and Ker(T ∗ + i) have the same dimension, that is, iff
Ran(T ± i) have the same dimension.
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16 Spectral representation of self-adjoint and nor-
mal operators

We first state the main results, which we will prove in the sequel.

Theorem 9 (Spectral theorem for bounded normal operators). Let N be bounded
and normal (that is, NN∗ = N∗N). Then there is spectral measure E defined
on the Borel sets on σ(N), see Definition 36, such that

N =
∫
σ(N)

zdE(z) (95)

Theorem 10 (Uniqueness of the spectral measure). Let N be a normal, bounded
operator.

(i) Assume E[1] and E[2] are spectral measures on the Borel sets on σ(N)
such that

N =
∫
σ(N)

zdE[1] =
∫
σ(N)

zdE[2] (96)

Then E[1] = E[2].
(ii) More generally, if Ω ∈ C ⊃ σ(N) is a closed set and E[3] is a spectral

measure on Ω such that
N =

∫
σ(N)

zdE[3] (97)

Then E(Ω\σ(N)) = 0 and the Borel measure induced by E[3] on σ(N) coincides
with E, the spectral measure of N .

What can the spectrum of a normal operator be? Let D be a compact set in
R2, and consider L2(D). Consider the operator Z := f(x, y) 7→ (x+ iy)f(x, y).
Then Z∗ = f(x, y) 7→ (x − iy)f(x, y), and Z is a normal operator. Clearly, if
(x0, y0) /∈ D and λ = x0 + iy0, then 1/(x + iy − λ) is bounded on D and it is
the inverse of (x + iy − λ); otherwise, if (x0, y0) ∈ D, then (x + iy − λ) has no
nonzero lower bound, and thus is not invertible. Then σ(Z) = D.

16.1 Spectral theorem in multiplicative form

Definition 62. A vector ψ ∈ H is cyclic for the (bounded) operator A if the
closure of the set of linear combinations of vectors of the form Anψ, n ∈ N
(denoted by

∨∞
n=1A

nψ) is H.

In this formulation, self-adjoint operators are unitarily equivalent with mul-
tiplication operators on a direct sum of L2(σ(A)), dµn with respect to certain
measures. If A has a cyclic vector, then the measure is naturally defined in the
following way. We know how to define bounded measurable functions of A (for
instance taking limits of polynomials). Then, 〈ψ, f(A)ψ〉 =

∫
σ(A)

f(ω)dµψ(ω).
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Note 24. In Quantum mechanics, if o (angular momentum, energy, etc.) is
an observable, then it is described by a self-adjoint operator O. The spectrum
of O consists in all possible measured values of the quantity o. An eigenvector
ψa of O is a state in which the measured observable has the value o = a with
probability one.

If ψ is not an eigenvector, then the measured value is not uniquely deter-
mined, and for an ensemble of measurements, a number of values are observed,
with different probabilities. The average measured value of o or the expected
value of o, in an ensemble of particles, each described by the wave function ψ
is 〈ψ,Oψ〉.

Imagine that the measured quantity is χ[a,b](o). That is, if say o is the energy,
then χ[a,b](o) is a filter, only letting through particles with energies between a
and b (a spectrometer only lets through photons in a certain frequency range,
and since E = hν, certain energies).

Then, 〈ψ,χa,b(E)ψ〉 is the expected number of times the energy falls in [a, b],
that is, the density of states. This would be the physical interpretation of dνψ.

Theorem 11. Assume A is a bounded self-adjoint operator with a cyclic vec-
tor ψ. Then there is a unitary transformation U that maps H onto HA =
L2(σ(A), dµψ) and A into the multiplication operator Λ = f(λ) 7→ λf(λ):

UAU−1 = Λ (98)

Note 25. This unitary transformation is non-canonical. But cyclicity means
that the transformation φ 7→ Oψ is ergodic, mixing, and the measures are
expected to be equivalent, in some sense.

Clearly, uniqueness cannot be expected. L2([0, 1]) with respect to dx and
with respect to f(x)dx α < 0 < f < β are unitarily equivalent, and the unitary
transformation is g 7→

√
fg. X, multiplication by x is invariant, since UXU−1 =

X. The measure is determined up to measure equivalence: two measures are
equivalent iff they have the same null sets. Instead, the spectral projections are
unique.

In case A does not have a cyclic vector, then H can be written as a finite
or countable direct sum of Hilbert spaces H = ⊕Nn=1Hn, N ≤ ∞ such that
A|Hn

has a cyclic vector ψn. Then, as before, there is a unitary transformation
U : H → ⊕Nn=1L

2(R, dµn) so that

(UAU−1)Hn
= Λ (99)

Let F be the operator g 7→ fg where f, g ⊂ L2(M,dµ). As a corollary,

Proposition 63. Let A be bounded and self-adjoint. Then, there exists a finite
measure space (M,µ) (µ(M) <∞), a bounded function f on M and a unitary
operator U : H → L2(M,dµ) so that

UAU−1 = F (100)
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Like all other measures, µψ can be decomposed uniquely into three disjoint
measures: µpp + µac + µsing. Let µ be a finite measure on R.

(i) µpp (pure point). A measure is pure point, µpp if, by definition, for any
B ∈ Ω we have µ(B) =

∑
ω∈B µ(ω). We note that the support of µpp is a

countable set, since the sum of any uncountable family of positive numbers is
infinite.

(ii) µac. A measure is absolutely continuous with respect to the Lebesgue
measure dx if, by definition, dµ = f(x)dx where f ∈ L1(dx).

(iii) A measure is singular with respect to the Lebesgue measure if there is
a set S of full Lebesgue measure (R = S + S′ where S′ is a set of measure zero,
and µ(S) = 0. Thus µsing is concentrated on a zero Lebesgue measure set.

(iv) Pure point measures are clearly singular. To distinguish further, we say
that a measure µ is continuous if µ(x) = 0 for any point x.

(v) µsing. A measure is singular continuous if µ is continuous and singular
with respect to the Lebesgue measure.

Decomposition theorem. Any measure µ on R has a canonical decomposition

µ = µpp + µac + µsing (101)

L2(σ(A), dµψ) = L2(σ(A), dµpp)⊕ L2(σ(A), dµac)⊕ L2(σ(A), dµsing) (102)

where the norm square in the lhs space is the sum of the square norms of the
three rhs spaces. We can then decompose ϕ ∈ L2(σ(A), dµψ) in (ϕ1, ϕ2, ϕ3), in
the usual orthogonal decomposition sense.

Then, through the unitary transformation, we have

H = Hpp ⊕Hac ⊕Hsing (103)

where
Hpp := U−1L2(R, dµpp)

etc. How is A acting on Hpp? Assume µpp is concentrated on the points
x1, ..., xn, .... We see that UAU−1 = F . Here we take gk = δ(x = xk).
Then, Fgk = xkgk, and also any g ∈ L2(R, dµpp) =

∑∞
n=1 gkg(xk) and thus

AU−1gk = xkU
−1gk, and for any ψ ∈ Hpp ψ =

∑
ckφk where ψk = U−1gk.

Thus, Hpp is a Hilbert space where the restriction of A has a complete set of
eigenvectors (relative to Hpp).

In Quantum Mechanics, these are the bound states, or eigenstates. For
instance, for the Hydrogen atom, we have infinitely many bound states, or
orbitals, of increasing size. Here, the energy operator is unbounded though,

H = −∆ +
1
r

Likewise, Hac consists in scattering states. For the Hydrogen atom, these
would be energies too large for the electron to be bound, and it travels to infinity.

Hsing is in some sense non-physical, and the struggle is to show it does not
exist.
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16.2 Multiplicity free operators

Definition 64. A bounded self-adjoint operator A is multiplicity-free if, by
definition, A is unitarily equivalent with Λ on L2(R).

Proposition 65. The following three statements are equivalent:

1. A is multiplicity-free

2. A has a cyclic vector

3. {B : AB = BA} is an Abelian algebra

Exercise 1. Let A be a diagonal matrix. Show by direct calculation that 2. and
3. hold iff the eigenvalues are distinct.

Exercise 2. Does the operator X of multiplication by x on L2[0, 1] have cyclic
vectors? How about id/dx?

16.3 Spectral theorem for (unbounded) self-adjoint oper-
ators

Theorem 12. Let A be self-adjoint. There is a spectral measure on the Borel
σ-algebra of R such that

Ax =
∫

R
tdE(t)x := lim

∫ k

−k
tdE(t)x (104)

for all x ∈ D(A). Furthermore,

D(A) = {x ∈ H :
∫

R
t2d〈E(t)x, x〉 <∞} (105)

We know that self-adjoint operators are in a one-to-one correspondence with
unitary operators. Assuming we have the spectral theorem for bounded normal
operators and u is a unitary operator, then we have

U =
∫
C

udE(u) (106)

where C is the unit circle. Then, with A = i(1 + U)(1− U)−1 we expect

A =
∫
C

i
1 + u

1− u
dE(u) (107)

which we can formally write

A =
∫

R
td(E ◦ φ)(t) =

∫
R
tdE′(t) (108)

where
φ(t) =

t− i
t+ i

(109)

and where E′(S) = E(φ(S)) is a new spectral measure.
We have to ensure that the theory of integration holds, and that it is com-

patible with changes of variable, and to interpret the singular integrals obtained.
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16.4 Spectral radius, domain of analyticity of the resol-
vent

1. Let T be a bounded operator, rT = lim sup ‖Tn‖−1/n and Λ = sup{|λ| :
λ ∈ σ(T )}.

Proposition 66. Under the assumptions above, we have rT = Λ. As a
consequence, limn→∞ ‖Tn‖

1
n exists and equals Λ.

Proof. The limit exists by the standard sub-additivity trick, see [2]. Now

Rλ := (T − λ)−1 = −λ−1(1− T/λ)−1

has a convergent Neumann series for |λ| > rT and divergent for |λ| <
rT . By standard complex analysis and our extension to operator-valued
analytic functions, the radius of convergence of the Neumann series is Rλ
is analytic for |λ| < rT and there is at least one singular point on |λ| = rT ,
otherwise the disk of analyticity would have been larger. Thus Λ ≤ rT .

Conversely, let C = t→ γ(t) be a smooth curve so that σ(T ) ⊂ intC. We
have

‖Tn‖1/n =
∥∥∥∥ 1

2πi

∫
snds

s− T

∥∥∥∥ 1
n

=
∥∥∥∥ 1

2πi

∫ 1

0

γ(t)n

s− T
γ′(t)dt

∥∥∥∥
1
n

≤ sup
t∈[0,1]

|γ(t)|(1 + o(1)) = sup
s∈intC

|s|(1 + o(1)) (110)

and thus

rT = lim sup
n
‖Tn‖1/n ≤ sup{|λ| : λ ∈ σ(T )} = Λ (111)

and thus rT = Λ.

Let A be self-adjoint and f analytic in a neighborhood O of σ(A) ⊂ R.
Define the analytic functions f∗ by f∗(z) = f(z), and fR = ff∗ (fR is
real-valued on O ∩R). In particular if f =

∑
akz

k, then is a polynomial,
then f(z) =

∑
akz

k.

Proposition 67. Under the assumptions above, we have

‖f(A)‖2 = ‖f(A)‖‖f(A)‖ = ‖fR(A)‖2 (112)

(ii) As a consequence, we have with f as above

‖f(A)‖ = sup
λ∈σ(A)

|f(λ)| (113)

and in particular
‖A‖ = sup

λ∈σ(A)

|λ| (114)
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(iii) More generally, if N is a bounded normal operator and f is as above,
then

‖f(N)‖ = sup
λ∈σ(N)

|f(λ)| (115)

Proof. We have

‖f(A)x‖2 = 〈f(A)(f(A))∗x, x〉 = 〈f(A)f(A)x, x〉 = 〈fR(A)x, x〉
≤ ‖fR(A)‖ ≤ ‖f(A)‖‖(f(A))∗‖ = ‖f(A)‖2 (116)

(ii) It follows from (i) that ‖A2‖ = ‖A‖2, and thus, by Proposition 66
‖A‖ = lim ‖An‖1/n = supλ∈σ(A) |λ|. Since fR(A) is self-adjoint too, and
σ(f(A)) = f(σ(A)) (Proposition 23), we have

‖f(A)‖2 = ‖fR(A)‖ = sup
λ∈σ(A)

|f(λ)|2

(iii) If N is normal, then so is f(N), and f(N)∗ = f∗(N∗)) as it is easy
to check. Since σ(f(N)) = f(σ(N)), it is enough to prove the statement
for f(z) = z. If ‖x‖ = 1 we have

‖Nx‖2 = 〈Nx,Nx〉 = 〈NN∗x, x〉 ≤ ‖NN∗‖ ≤ ‖N‖‖N∗‖ (117)

and thus
‖N∗‖ = ‖N‖ and ‖N‖2 = ‖NN∗‖2 (118)

So far, we have not used normality. Now, using normality, (112) and (118)
we get

‖Nn‖2 = ‖Nn(Nn)∗‖ = ‖(NN∗)n‖ = ‖NN∗‖n = ‖N‖2n (119)

and thus, by Proposition 66, we get

‖N‖ = sup
λ∈σ(N)

|λ| (120)

16.5 Spectral theorem: continuous functional calculus

Assume N is normal and S = σ(N). Let C(S) be the C∗-algebra of continuous
functions on S in the sup norm.

Let on the other hand C∗(N) be the C∗ algebra generated by N . This is
the norm closure of the set {f(N), f(N∗) : f analytic}. Since it is a closure in
“sup” norm, we get continuous functions in this way. When we need measurable
functions, we have to take a strong (not norm) closure.

51



Theorem 13 (Spectral theorem: continuous functional calculus). There is a
unique isomorphism between C(S) and C∗(N) ⊂ L(H) such that φ(x → x) =
N . Furthermore, the spectrum of ǧ ∈ C(S) is the same as the spectrum of g(N)
and if Nψ = λψ, then f(N)ψ = f(λ)ψ.

We consider CS = C(S) in the sup norm, and the closure CN of P (N,N∗)
in the operator norm. Let f be an analytic function. We write φ(f)(N) = f(N)
and φ(f)(N) = f∗(N∗). It is easy to check that this is an algebra homeomor-
phism. Furthermore, we have

‖P (N)‖L(H) = sup
λ∈S
|P (λ)| = ‖P‖∞ (121)

so φ is an isometry. In particular, φ is one-to-one on its image. The domain
of φ, D(φ), contains all functions of the form P (z) and P (z) where P is a
polynomial, and by the Stone-Weierstrass theorem, the closure of D is C(S).
Thus, φ extends by continuity to C(S). On the other hand, since φ is one-to-
one isometric, φ(C(S)) = C∗(N), the closure of polynomials in N,N∗ in the
operator norm.

———————————————————————————

16.6 Spectral theorem, measurable functional calculus form

Now that we have defined continuous functions of N , we can extend calculus to
measurable functions by taking strong limits, in the following way.

Recall that:

Lemma 68. Tn is a sequence of operators which converges strongly iff 〈ψ, Tnφ〉
converge for all ψ, φ. By the polarization identity, Tn converges strongly iff
〈ψ, Tnψ〉 converges for all ψ.

Proof. This is Theorem VI.1 in [2].

We then take the closure of C∗(N) in the strong limit. This is the von
Neumann, or W ∗-algebra. Strong closure of C∗(N) corresponds to essup-type
closure of C(σ(N), giving Borel functions. This essup is however calculated
with respect to an infinite system of measures, one for each pair of vectors in
the original Hilbert space. For every ψ1, ψ2 ∈ H and g ∈ C(S), consider the
application g 7→ 〈ψ1, g(N)ψ2〉. This is a linear functional on C(S), and thus
there is a complex Baire measure so that

〈ψ1, g(N)ψ2〉 =
∫

S

g(s)dµψ12(s) (122)

(cf. Theorem IV.17 in [2]). (alternatively, we could use the polarization identity
and work with positive measures generated by 〈φ, g(N)φ〉. The closure contains
all pointwise limits of uniformly bounded sequences.

Proposition 69. If gn → f pointwise and |gn| < C ∀n, then gn(N) converges
strongly to an element in W ∗(N), which we denote by f(N). We have ‖f(N)‖ =
‖f‖∞.

52



Proof. Let B(S) be the bounded Borel functions on S.
We take a sequence gn converging in the sense of the Theorem to f ∈ B(S).

Then the rhs of (124) converges, by dominated convergence, and so does the
left side. Then, the sequence of gn(T ) converge strongly, let the limit be T . We
then have,

〈φ, Tψ〉 =
∫

S

f(s)dµψ12(s) (123)

and it is natural to denote T by f(N). Likewise, we could have defined f(N)
by

〈ψ, f(N)ψ〉 =
∫

S

f(s)dµψ(s) (124)

with ψ2 = ψ and ψ1 spanning H.
We have an isometric correspondence Φ between operators g(T ), and bounded

measurable functions. The isometric isomorphism extends to W ∗(N).
Note that the collection of spectral measures only depends on N .

Remark 26. We note that f(N) is self-adjoint iff f is real-valued. Indeed, in
this case we have f(N)↔ f(z) = f(z)↔ f∗(N∗) = f(N∗) since f is real.

Now we can define spectral measures! It is enough to take E(S) = χS(N).
By Remark 26, we have that E(S) are self-adjoint. They are projections,

since P 2 = P , orthogonal if S1 ∩ S2 = ∅. In fact, {E(S) : S ∈ Bor(S) is
a spectral family, the only property to be checked is sigma-additivity, which
follows from the same property of characteristic functions, and continuity of Φ.

What is the integral wrt dE? We have, for a simple function f =
∑
fkχ(Sk),

by definition,∫
fdE =

∑
k

fkE(Sk) = Φ−1
∑

fkχ(Sk) = Φ−1(f) = f(N)

We thus get the projection-valued measure form of the spectral theorem

Theorem 14 (Spectral theorem for bounded normal operators). Let N be
bounded and normal (that is, NN∗ = N∗N). Then there is a spectral mea-
sure E defined on the Borel sets on σ(N), see Definition 36, such that

N =
∫
σ(N)

zdE(z) (125)

Furthermore, if f ∈ B(S), we have

f(N) =
∫
σ(N)

f(z)dE(z) (126)
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16.7 Changes of variables

Let now u(s) be measurable from S to the measurable set Ω ∈ C, taken as
a measure space with the Borel sets. Then, E(u−1(O)) is a spectral family,
on Bor(Ω). It is defined in the following way: if O ∈ Ω is measurable, then
u−1(O) = S ∈ S is measurable, χ(S) is well defined, and so is E1(O) :=
Φ−1(χ(u−1(O))). We have, for a simple function f on Ω: f = fk on Ok, by
definition,∫

Ω

fkdE1 =
∑

fkE1(Ok) =
∑

fkE(u−1(Ok)) =
∑

fkE(Sk) =
∫

S

f̃dE

(127)
where f̃ = fk if s ∈ Sk or, which is the same, u(s) ∈ Ok. In other words,
f̃ = f ◦ u. Thus,∫

u(S)

f(t)dE1(t) =
∫
u(S)

f(t)d(E ◦ u−1)(t)
∫

S

f(u(s))dE(s) (128)

In particular, assuming u is one-to-one, taking f to be the identity, we have∫
S

u(s)dE(s) =
∫
u(S)

tdE1(t) =
∫
u(S)

td(E ◦ u−1)(t) (129)

This form of the spectral measure theorem is still a form of functional
calculus, it allows to define Borel functions of N , in particular characteristic
functions of N which are projections, and the Hilbert space is, heuristically,
⊕

λ∈σ(N)
dE(λ)(H), but this not does not yet really relate the action of N on H

to multiplication by n on σ(N). And in fact, H is not, in general, isomorphic
to L2(σ(N)) in such a way that N becomes multiplication by N , but in fact to
a direct sum, maybe infinite, of such spaces.

Remark 27. Let N be normal. Then A = 1
2 (N + N∗) and B = − i

2 (N −N∗)
are self adjoint, commute with each-other and N = A + iB. Thus the spectral
theorem for normal operators follows from the one on self-adjoint operators,
once we deal with families of commuting ones.

Let first A be a self-adjoint, operator.

Proposition 70. If A is multiplicity-free, then there is a measure µ so that H
is isomorphic with L2(σ(A), dµ) in such a way that the unitary equivalence U
has the property UAU−1 = a· where a· is the operator of multiplication by a.

Proof. If f is, say, continuous, then f(A)ψ is dense in H. We then define U on
this dense set: U(f(A)ψ) = f . We have

‖f(A)ψ‖ = 〈f(A)ψ, f(A)ψ〉 = 〈f(A)f(A)ψ,ψ〉 = 〈ff(A)ψ,ψ〉

=
∫
|f |2dµψ = ‖f‖2 (130)
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so f(A)ψ = g(A)ψ iff f = g[dµψ]. This is a point is where the type of measure
µψ, which depends of course on A, is important. The same equality shows that
‖Uf(A)ψ‖ =: ‖f‖2 = ‖f(A)ψ‖ so that U is an isometry, on this dense set, so U
extends to an isometry on H. Clearly, UAf(A)ψ = af(a), so UAU−1 = a·.

In general, we can “iterate” the construction: we take any φ and look at
the closure H1 of the orbit of g(A)φ; if this is not the whole of H, then we
take φ′ in the orthogonal complement of H1 and consider the orbit of that.
This construction requires transfinite induction (Zorn’s lemma). For separable
spaces we can be more constructive, but this is not the main point. Then,
H = ⊕

n∈N
Hn and on each, Hn, the theorem holds, with a different measure.

Let A be selfadjoint, unbounded (the bounded case has been dealt with).
Then N = (A − i)−1 is a normal operator, and the spectrum of N is 1/(z −
i)(σ(A)) = Ω, a piece of a circle.

We have
N =

∫
Ω

ndE(n) =
∫
σ(A)

(t− i)−1dE1(t) (131)

We define the operator of multiplication by t on L2(σ(A)). To it we attach an
operator A:

Theorem 15. Let A be self-adjoint. There is a spectral measure E : Bor(R)→
L(H), so that

(i)

D(A) =
{
x ∈ H :

∫
R
t2d〈E(t)x, x〉 <∞

}
(ii) For x ∈ D(A) we have

Ax =
(∫

R
tdE

)
x

16.8 Defining self-adjoint operators

Suppose A is symmetric, and that we can find a unitary transformation U
that maps H into L2(R, dµ) in such a way that A is mapped onto a· for all
ψ ∈ D(A), and that means that a· is initially defined on U(D(A)) which is also
dense, since U is unitary. Then, clearly, (A± i)−1 are mapped to (a± i)−1, since
(A± i)(A± i)−1 = 1 on D(A). It is clear that Ua = (a ·−i)(a ·+i)−1, the image
of UA = (A−i)(A+i)−1 is extends to a unitary operator on UD(A) = UH. But
this does not mean that it was unitary to start with, since it was only defined
on {(a+ i)f : f ∈ UD(A)} which may not be dense in L2(R, dµ).

Nevertheless, Ua extends to a unitary operator, and thus UA extends to a
unitary operator, and thus A has some self-adjoint extension A1, (canonical wrt
this particular construction...). What is the domain of A1? This can be written
in terms of UA: D(A) = Ran(UA−1), which is simply U−1Ran(ua−1) = D(a·).
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On the other hand, this is simple to calculate, it consists in the functions g such
that

D(a) =
{
g ∈ L2(R, dµ) :

∫
R
|g|2a2da <∞

}
(132)

Exercise 3. Apply these arguments to A = id/dx defined originally on C∞0 ,
using as U the discrete Fourier transform and, as usual k instead of a as a
discrete variable. What is UD(A)? On UD(A) k· is simply multiplication by
k. The domain of the adjoint is larger than the set of sequences {ck}k∈Z with
kck ∈ L2. What is it? Find a self-adjoint extensions of A. Can you find more
than one?

Thus,

D(A) = U−1
{
g ∈ L2(R, dµ) :

∫
R
|g|2a2da <∞

}
(133)

17 Examples: The Laplacian in R3

We may, in a number of cases, find a unitary transformation mapping an un-
bounded self-adjoint operator on a multiplication operator. As an example,
consider defining −∆ in R3. Define it first on D0(∆) = C∞0 where it is sym-
metric. (In fact, it is essentially self-adjoint, as we argue below.) Let U be the
Fourier transform, a unitary operator.

Now, multiplication by k2, k2· is self-adjoint on D(k2), the set of functions
in L2(R3) which are in L2 after multiplication with k2 as well.

Thus, we have

Proposition 71. −∆ is self-adjoint on U−1D(k2).

More can be shown:
By Fourier transform, D0 becomes the set of L2 functions which admit ana-

lytic continuation in C. It is easier to work with another set of functions, which
admit an explicit Fourier image:

D1 =
{
e−x2/2P (x) : P polynomial

}
(134)

This is Fourier transformed to

UD1 =
{
e−k2/2P (k) : P polynomial

}
(135)

Exercise 1. Show that UD1 is a core for k2 · +1. (This amounts in showing
that the functions of the form (k2 + 1)P (k)e−k2/2 is dense in L2(R3). Why?)
Then show that −∆ is essentially self-adjoint on D1. Conclude that the domain
of self-adjointness of −∆ is

U−1D(k2) (136)

as above.
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The characterization of D(∆) is simplest through Fourier transform. This
gives another dimension to the need for Sobolev spaces etc.

It is true, and relatively straightforward to show that functions in D(∆) are
necessarily continuous, in fact Hölder continuous with any exponent < 1/2, but
in general, not differentiable.

For more details and examples, see [3], pp. 299.
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