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Abstract

More remarks and questions on transseries. In particular we deal with the system
of ratio sets and grids used in the grid-based formulation of transseries. This involves a
“witness” concept that keeps track of the ratios required for each computation. There
are, at this stage, questions and missing proofs in the development.
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1 Introduction

Most of the definitions and computations with transseries found in [7] (see “Review”
below) were done in the “grid-based” setting. But often the use of the ratio set was
just a hint or an aside. Here we will carry out these constructions more completely.

This is also an attempt to derive results in a manner continuing the elementary
approach of [7]. So in some cases I am attempting alternate proofs for results that
already exist in the literature.



I am using the totally ordered monomial group &. Maybe there should be sepa-
rate consideration of the parts that are valid for partially ordered (or quasi-ordered)
monomial group. This would be useful if (when) we have to discuss R z,y]].

Review

The differential field T of transseries is completely explained in my recent expository
introduction [7]. Other sources for the definitions are: [I], [2], [6], [I1]. I will generally
follow the notation from [7]. Write P = {Se€T:S > 1,5 >0} for the set of large
positive transseries. The operation of composition T o S is defined for T' € T, S € P.
The set P is a group under composition ([II, § 5.4.1], [6l, Cor. 6.25], [8, Prop. 4.20].
Both notations T o S and T'(S) will be used.

We write & for the ordered group of transmonomials. We write &y s for the
transmonomials with exponential height N and logarithmic depth M. We write &y
for the log-free transmonomials with height N. Let [,, = loglog---logx with m log-
arithms. A ratio set p is a finite subset of &*™all; J# is the group generated by
po Ifp = {, -, pp}, then J# = {pX:keZ"}. If m € Z", then J#™ =
{ pk:keZ' k>m } is a grid. A grid-based transseries is supported by some grid. A
subgrid is a subset of a grid. If '€ T = R[] & ], then the support supp T is a subgrid.

Recall [7] some of the reasons for using the grid-based field R 9] instead of the
full well-based Hahn field R[[91]]:

(i) The finite ratio set is conducive to computer calculations.
(ii) Problems from analysis almost always have solutions in this smaller system.

(iii) Some proofs and formulations of definitions are simpler in one system than in the
other.

(iv) Perhaps (?) the analysis used for Ecalle-Borel convergence can be applied only
to grid-based series.

(v) In the well-based case, the domain of exp cannot be all of R[[91]].

(vi) The grid-based ordered set R[[ 9] is a “Borel order,” but the well-based ordered
set R[[9N]] is not.

2 Framework

When A = L+c+.S with L purely large, ¢ € R, S small, write L = large A, ¢ = const A,
and S = small A. For 2,8 C &, write AB = {ab:acA,b€B}. And for g € &,
write g8 = {g} B ={gb:bc B}

Remark 2.1. For g € ® and A € T, we have supp(gA) = gsupp A. But for A, B € T, we
have only supp(AB) C supp A supp B, and not necessarily equality, because of possible
cancellation. If all coefficients are > 0 then there is no cancellation.

Let g = {p1, -+, o} C & be a ratio set. Write p* for the set of words and p™
the set of nonempty words over p (the monoid and semigroup, respectively, generated
by w). That is,

u*:{uk:kEZ",kEO}, u+:{uk:k€Z”,k>0}.



Empty-set conventions say: @* = {1} and @T = @. The grids J*™ may then be
written J#™ = ™ p*. In [I1], the definition of grid is more general: a set of the form
g, But in this totally ordered setting, we have the following.

Proposition 2.2. Let g € & and let a C & be finite. Then there is finite p C
@small ond m e Z" such that ga* C yHm,

So, subgrid (that is, a subset of some grid) has the same meaning for each of the
two definitions of “grid.”

Proof of Proposition[2.3 If g=1,let p = a and m = 0 so that p™ =g. If g < 1, let
p = aU{g}, and let m have a single nonzero component 1 so that p™ =g. If g > 1,
let u = aU{g~'}, and let m have a single nonzero component —1 so that p™ =g. [

When he allows a partially ordered &, van der Hoeven [11] defines a grid as a finite
union of sets of the form gu*. But in our (totally ordered) case that is taken care of
by the following.

Proposition 2.3. Given any two grids, there is a third grid that contains them both.

Proof. (6l Lemma 7.8].) Let J*™ and J*™ be grids. If we define & = pUv and extend
m and n with Os in the new components, the two grids are contained respectively in
Jo™ and J*™. Then, let p be the componentwise minimum of m and n, so that both
of these grids are contained in J*P. O

The partial well order property of Z" is used for the next result. This result turns
out to be very useful. It looks simple (and it is), but it is essential for the theory. (The
name will be explained below.)

Theorem 2.4 (Subgrid Witness Theorem). Let A C J*™ be a nonempty subgrid. Let
g = max®. Then there is a ratio set o« C J* such that A C ga*.

Proof. (See [4, 4.198], [6, Lemma 7.8], [11], Proposition 2.1].) Let F := {k € Z" : k > m, pu¥ € A }.
Then the set Min F of minimal elements of F is finite. Now g = max®l so g = uP for
some p € MinF. Let

a::uu{uk/g:keMinF,ukyég}.

[So a consists of p together with a finite number of additional monomials, all elements
of J*.] We claim 2 C ga*. Indeed, let n € A, say n = p™ where n € F. Then
there is k € MinF so that k < n. Now pX/g € a, so p*¥ € ga C ga*. And
n/pk = pr % € pu* C a*. Son € gata* = ga*. O

Order, Far Larger

Let g C & be a (finite) ratio set. Let m,n € &. Then:
m=<x"n< m/nep’, m<Fne=m/necpu’.
We may rephrase this:

m=xMn<=menp’, m<Fn<=mecaut.



Of course m < n if and only if there exists pu such that m <* n.
Let 2,8 C & be two sets. Then [T, Def. 4.12] we say A <* B iff: for every a € 2
there exists b € B with a <* b, and we say B p-dominates 2. So

A<H B = ACBu'.
Similarly, define:
A<M B<—=ACBu", A=K B —= Ap* =B pu*.

The corresponding non-generator definition could be: 24 < B iff for every a € &
there exists b € B with a < b. Of course 2l <* B — A < B. But:

Ezample 2.5. Let A = {x=1/2 x72/3 ¢=3/4 z=4/5 ...} 9B = {1}. Then A < B, but
there is no finite g C &2 such that A < B.

Let A,B € T. Then we say A <* B iff supp A <* supp B; we say A <x* B iff
supp A <" supp B; we say A <* B iff supp A <* supp B.

Proposition 2.6. Let A,B € T. Then: A < B if and only if there exists p such that
A <* B.

Proof. The grid-based definitions must be used: By Theorem there is a such that
A <*mag A. And mag A < mag B, so there is 3 such that mag A < mag B. Taking
the union u = U 3, we get A <* B. O

Witnesses and Generators

If A <* B, we may say that u is a witness for A < B, or that p witnesses A < B.
A given pair A, B may of course have many different witnesses. If m,n €  and m < n,
then it is witnessed by the singleton {m/n}. Similarly, if A <* B, we say p is a witness
for A < B; if A =<* B, we say p is a witness for A < B.

For some purposes (such as computer algebra calculation) it may be desirable to
provide a witness for every assertion A < B. In [7] we talked of keeping track of
generators, and providing addenda for the set of generators. Here, we will be doing
this more systematically.

Other “witness” terminology: If 2 C & is a subgrid, we say that « is a witness for
2 if A C ga™*, where g = max®2. Theorem says that every subgrid has a witness.
(And of course this is the reason we call it the Subgrid Witness Theorem.) If 7" € T,
then we say that a is a witness for T if a is a witness for supp 7T’ in the sense just
defined. Thus: if T # 0, then « is a witness for T if and only if « is a witness for
T < magT. That is, a is a witness for ag(1 + S) [wherea € R, a #0,g€ &, S €T,
S < 1] iff S <> 1. Given p with suppT C J*™ to produce a witness for T we may
need to augment p with a smallness addendum for S. Also note the extreme case: if
2 = {g} is a singleton, then & witnesses 2.

For a subgrid 24 C & we will say u generates 2 iff A C J*™ for some m. And
for a transseries A we will say p generates A iff pu generates supp A. There are two
conditions:

(i) p generates A

(ii) p witnesses A



They are related but not the same. If u witnesses A, we may need to add a generator
for the monomial mag A to get a generator for A. On the other hand, the usual example

1+2e~7 is generated by {z~!, =%} but not witnessed by it. A witness can be obtained

using a smallness addendum xe™".

Notation 2.7. TP denotes the set of transseries generated by @; ®T denotes the set
of transseries witnessed by a; TP denotes the set of transseries witnessed by a and
generated by (3.

Remark 2.8. Closure properties. (See Section ) The set TP is closed under sums
and products, but in general not quotients. The set ®T is closed under products and
quotients; but in general not sums. The set *T? is closed under products, but in
general not sums or quotents. The set *T* is closed under products and quotents, but
in general not sums.

Ezample 2.9. If A ~ B and B <* C, it need not follow that A <* C. For example:
p={z e A=zt +2e® B=2"1 C=1.

Proposition 2.10. Let A, B,C € T and let p be a ratio set. If A~ B, B <* C and
p witnesses A, then A <* C.

Proof. Let a € supp A. Then a <* mag A = mag B <* C. O
Example 2.11. If A <* B and B ~ (| it need not follow that A <* C. For example:
p={zYe " A=ze ™ B=1+z%"%C=1.

Proposition 2.12. Let A,B,C € T and let pu be a ratio set. If A <* B, B ~ C, and
p witnesses B, then A < C.

Proof. Let a € supp A. Then there is b € supp B with a <* b <* mag B =mag(C. 0O

A natural partial order for ratio sets is inclusion of the generated semigroups. Let
a, 3 be ratio sets. The following are equivalent:

(i) a* 23"
(i) a™ 2 8"
(ili) a* 2 8
(iv) For all A,B € T, if A <P B, then A <> B.

Exponent Subgrids

Lemma 2.13 (Support Lemma). IfUy,--- ,U, € R[ & ], then among the linear com-
binations

n
Z a; U, a; €7
i=1
there are only finitely many different magnitudes.

Proof. There are at most n different magnitudes among the real linear combinations
of Uy, -+ ,U,. Indeed, the set of real linear combinations has dimension at most
n. If possible, let Vi, -+, V,41 be linear combinations of Uy, --- ,U, with magV; >
mag Vs > -+ > magV,11. Then, since they are linearly dependent, there is some
k such that Vj belongs to the linear span of {Viy1,---,V,y1}. But then magVj <
max{mag Vi1, - ,magV,4+1}, a contradiction. O
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Lemma 2.14. Let A C & be a subgrid. Let 2y := |Jsupp L where the union is over
all L such that e’ € A. Then Ay C &3¢ js also a subgrid.

Proof. There is p = {p1,- ,pin} and m € Z" with A C J*™. Write p; = e’
where L; € R[&] is purely large. Then for any el € 2, the logarithm L belongs to
W:={>" pLi:peZ'}. So

n
| suppZ € | Jsupp L;
Lew =1

is contained in a finite union of subgrids and is therefore a subgrid itself. O

Definition 2.15. Call 21 the exponent subgrid of .

There is a variant for use with log-free transseries and subgrids.

Lemma 2.16. Let A C &, be a subgrid. Let 2y := |Jsupp L where the union is over
all L such that e € A. Then Ay C Qﬁl.arge s also a subgrid.

Proof. There is pu = {1, -+ ,pn} and m € Z" with % C J¥™. Write p; = axbiel,
where b; € R and L; € R[[ &,] is purely large. Proceed as before. O

Remark 2.17. Let 2 be a log-free subgrid. If A C &y, N > 1, then 2; C &ny_q. If
A C G, then A; = @.

Definition 2.18. Call 2y the log-free exponent subgrid of 2. If T' € T,, then the
log-free exponent subgrid of supp T is also called the log-free exponent subgrid of T
If p C &3l is a ratio set, it is a finite set, so it is a subgrid. So we will sometimes
refer to the log-free exponent subgrid of a ratio set p (which is equal to the log-free
exponent subgrid of any grid J*™).

Definition 2.19. An exponent generator for a subgrid A C &, is a ratio set a such
that: « is contained in the subgroup generated by the log-free exponent subgrid of 2
and L € T® for all L with zPel € 2. We say “an” exponent generator since there is
more than one possibility. Of course, if A C &y, then a C S _1.

Heredity Addendum

A “heredity addendum” is mentioned in [7]. Now we will discuss it more fully.

Definition 2.20. Let 8 C &, be a log-free subgrid. Then B is hereditary iff, for all
zbel € B with b € R and L € T purely large log-free, we have supp L C 8.

Proposition 2.21. Let A C &, be a log-free subgrid. There is a hereditary log-free
subgrid B such that B DO A and the height of B is the same as the height of 2.

Proof. The proof is by induction on the height. Suppose first that 2l has height 0,
so A C By = {xb:beR}. Take B = A. If 2Pl € A, then L = 0, so suppL C A
vacuously.

Now suppose 2 C &, N > 0, and the result is known for height N — 1. Let 2; be
the log-free exponent subgrid of 2. So 2y C &xn_1, and there is a hereditarty log-free
subgrid B C Gy_1 with B; D A;. Let B = AU B;. Then B D A is a log-free
subgrid of height N. I must show 9B is hereditary. Let zbel € B. If 2P’ € A, then
suppL C Ay C B. If zbel € By, then suppL € By C B. So B is hereditary. This
completes the induction. ]



Remark 2.22. Let 2 and B be hereditary log-free subgrids. Then 2AU% and 2-BUAUB
are also hereditary log-free subgrids.

Remark 2.23. Let p = {a%el1 ... abPrelrn} be a log-free ratio set. Then JH™ is
hereditary iff supp L; C J*#™ for 1 <i <n. If

n
|J supp Li € 3#,
=1

then J*#™ is hereditary for some m, and in that case we may abuse the above termi-
nology and say simply that p is hereditary.

Proposition 2.24. Let p be a hereditary log-free ratio set. LetT € T. IfsuppT C J*,
then supp(zT”) C J* and supp ((«T)') C J*. Assume also that z=* € J*. If suppT C
3#, then supp(T") C J#.

Proof. We first consider T”. This is proved by induction on the height. First consider
height 0. If g € J*, g € &, say g = 2, then g’ = ba®~! and zg’ = bg, so supp(xg’) C
g8 If suppT C J* N G, then

supp(zT’) = zsupp(T’) C x U supp(g) | = U supp(zg’) | € I*.
gesupp T’ gesupp T’

Assume it is true for height N — 1. If g € J* g € By, say g = xbel, then g’ =
(bx~'+L')g and xg’ = (b+2xL')g. By the induction hypothesis, supp(xzL’) C J*. Since
J* is closed under multiplication, we have supp(xg’) C J*. If If suppT C J¥ N &y,
then add as before.

Next consider (zT)’. We have (2T)" = T + 2T’, and both terms have support in
JH, so also supp((zT)’) C JH.

In case 27! € J#, when we have supp(z1”) C J* we will also get supp(T”) C J#. O

3 Beginning Witnesses

We begin with the basic things to be checked concerning the ratio sets. Some of them
were already spelled out in [7].

Proposition 3.1 ([7, Prop. 3.35]). If2,B are subgrids, then so are AUB and A - B.
Thus: if S, T € T, then so are S+ T and ST.

Proposition 3.2. If u generates both S and T, then p generates S+ T and ST.
Proposition 3.3. If u witnesses both S and T, then p also witnesses ST

Remark 3.4. But possibly not S 4+ T For example, S = x+ 1, T = —z + ze™ %,
n= {:E_17 e "}

Proposition 3.5. If p witnesses both S <1 and T < 1, then p witnesses ST < 1 and
S+T<1.



Multiply Far-Greater Relations

It was noted in [7] that A <#* B need not imply AS <#* BS, even if p generates A, B, S.
The “witness” concept can overcome this.

Proposition 3.6. Let A, B,S € T. Assume pu witnesses either B or S. If A <* B,
then AS <* BS. If A x* B, then AS <" BS.

Proof. Let m € supp(AS). Then there exist ay € supp A and gy € suppS with
m = aggo. There is by € supp B with ag <* bg. Let

by =max{b €suppB:b=¥by},

g1 =max{gesuppS:g=~go},
which exist because these supports are well ordered. Now we have assumed that p
witnesses either B or S. The two cases are similar, so assume p witnesses S. Then
g1 = magS. Let n = bygy. I claim n € supp(BS). Assume not: it must be because
of cancellation in the product BS. So there exist by € supp B and go € supp S so
that byigs = bags but by # by and g1 # go. Now gy = magS and p witnesses S, so

g2 <* g1. That means go/g1 € p*. But by/bs = g2/g1, so by < by, which contradicts
the maximiality of b;. This contradiction shows that n € supp(BS). Now

m = aggo < bogo < big1 =n,

so m <* n. Therefore AS <* BS.
The second assertion is proved similarly. O

Ezample 3.7. False in general: A; <* Ay, B; <¥* By = A1B; <* AyB,. (It is true
for monomials.) Take g = {z~1,e*}. Then
3 <P g2 p e and e 3 B g2 e
but not x 3e 3T <M (1372 + 6729”) (a:72 - 6723:) =g et
Proposition 3.8. Let Ay, A2, B1,By € T, let p be a ratio set. Assume Ay <M Ao,
By <* By, and p witnesses By. Then A1B1 <M A3 Bs.

Proof. Apply Proposition twice: A1B; <#* A1Bg and A; By <* A9 Bs. O

Laurent Series

If o witnesses S and S < 1, then o witnesses (and generates) the sum A = Z}’ip a;S7.
If p>1, then a witnesses A < 1.
Let 51 <1,---,85,, < 1. Assume «; witnesses S; < 1 for 1 < ¢ < m. Consider the

sum
(o] o0 o0
_E,E,E, R o R < LI <
A= C]l]Q~--Jm81 52 Sn;n'

J1=p1 j2=p2  Jm=Pm
« : : 9 . | m ) .
If the “leading coefficient” cp,p,..p,, is DOt zero, then B := szl o witnesses A. But
as with a finite sum, an addendum may be required in general.

Proposition 3.9. Let A # 0 and assume o witnesses A. Then a witnesses A~'. And
a witnesses A for any b € R.



Proof. Write A = ae®(1+9) [with a € R, a # 0, L purely large, S small] so a witnesses

S <1, and
Ab — abebL < > SJ
2\

$0 a witnesses A°. O

Remark 3.10. A generator for A” is aU {e**"}, the sign chosen so that the monomial
is small. If bL < 0, then a U {€L'} witnesses A® < 1.

Remark 3.11. Let o be a ratio set. Then { A€ T : A # 0, witnesses A} is closed
under products and quotients.

Logarithm and Exponential

Proposition 3.12. Let A = aeL(l +S5), where a € R, a > 0, L is purely large, S is
small. If o witnesses L and B witnesses S < 1, then

o o

—1)i 87

p:=aUBU{(magL)™'} witnesses logA =L +loga — Z i

j=1

J

Also: p generates log A; B witnesses small(log A) < 1; if A ~ 1, then 8 witnesses
log A < 1;if A =<1, then 8 witnesses and generates log A.
Note: If A % 1, then log A > 1.

Proposition 3.13. Let A = L+ c+ S, where L = large A, ¢ = const A, and S =
small A. If o witnesses S < 1, then a witnesses

and p = o U {e*L} generates e?.

If L < 0 (that is, A is large and negative), then p := o U {e"} witnesses e < 1.

Series

If S =5 A;is p-convergent, then of course there is a witness for S. But is there a
single witness for all the terms A;? In general, there is no such witness.
Ezample 3.14. Let p= {271, e ®} and for j € Nlet A; = 2% + x 77~ le~ %

Ay =a 427 %e",

Ay =z 4 4+ 27377,

Az =204 271",

Ay =z 8427 %7,

As =210 4 p7 0 ..
Of course S = ) A; is p-convergent, since in that sum each monomial occurs at most
once. And p witnesses S. Now A; = a:*Qj(l + :cjfle*‘”), so if a witnesses A;, then

2/~ le™® <> 1. But since the set {xj_le_x 1J € N} is not well-ordered, it is not
contained in any grid, and in particular it is not contained in at.



Geometric Convergence

There is a “more rapid” type of convergence for series (and sequences). Compare it to
“pseudo convergence” commonly used in valuation theory [9]. The terms of the series
decrease at a rate specified by a ratio set p. [The “ratio” in the name comes from this
usage: the ratio of consecutive terms in a series.]

Definition 3.15. Let pu be a ratio set. Let A; € T for j € N. The series Zj; Aj is said
to be p-geometrically convergent if p witnesses A; and A; ~# A, for all j.

A series is said to be geometrically convergent if it is pu-geometrically convergent
for some p.

Example is convergent but not geometrically convergent.

Proposition 3.16. Assume Y Aj is p-geometrically convergent. Then: All A; are
supported by the subgrid (mag Ai)p*. The series Y Aj converges in the point-finite

sense. The sum S =Y Aj is witnessed by p and S ~ A;.

Definition 3.17. A sequence Sj,j = 1,2,3,--- is said to be pu-geometrically Cauchy
if p witnesses Sj11 —S; and Sy —S; = S; — S for all j. (Compare this to the
usual “pseudo Cauchy” [9].)

This means the series Z;’il(SjH — S;) is p-geometrically convergent in the sense
above. And of course S; converges in the asymptotic (Costin) topology.

Definition 3.18. Let S;, S € T. We say the sequence S; is p-geometrically convergent
to S if p witnesses S — S; and S —S; =#* S — Sy for all j. (It follows that S; — S.
Of course S; — S ~ §; — Sj41 follows, so this is also pseudo convergence.)

Proposition 3.19. Let S; be p-geometrically Cauchy. Then there is S so that S;
converges p-geometrically to S.

Proof. Let S, = >, Aj, so that T = >>22) A; is p-geometrically convergent. So
Sy, converges to S = S; +T. Now S — 5, = > % Aj, which is p-geometrically

Jj=n+1
convergent, so p witnesses S—S, and S—S5,, ~ A, 41. Also S—5,, ~ Ap11 =* S—Sp41,
so S — S, =* S — S,41 by Proposition 2.12] O

Remark 3.20. The usual version of this in valuation theory would be: the series ) A;
is pseudo Cauchy ift A; = A;q for all j. The sequence S, is pseudo Cauchy
iff S; —Sj—1 = Sj4+1 — S for all j. (This is often also used for sequences indexed
by ordinals.) The sequence S; is pseudo convergent to S iff S — S5; ~ Sj11 — 5
for all j. This will be the useful notion only for well based transseries spaces. For
example, Z;’;l 71987 i pseudo Cauchy, but its sum is not grid based. Also: pseudo
convergence does not imply convergence (in any of the three senses of [§, Sec. 6]). For
example S; = x e + xle 7 is pseudo convergent to 0. Also, in the well-based case,
where T C R][[&]], there exist pseudo Cauchy sequences in T with pseudo limits only
in R[[&]]\ T.

Lemma 3.21 (Summation Lemma). Let g C &2 be g ratio set. Assume p witnesses
V, the series S =) B;j converges p-geometrically, p witnesses A;, and A; ~ B;V for
j=1,2,3,---. Then T =) A; converges p-geometrically and T ~ SV.

10



Proof. By definition p witnesses B; and B; = B for all j. By Proposition m
witnesses B;V. By Proposition p witnesses B;V =¥ B; V. So A; ~ B;V »#

B;j1V ~ Aji1, and by Propositions and Aj =H* Aj. SoT = Y A
converges p-geometrically. Finally, magT = mag A1 = mag(B1V) = mag By magV =
mag SmagV = mag(SV)so T ~ SV. O

Geometric Convergence of Multiple Series

Geometric convergence of series adapts well to multiple series.

Definition 3.22. Let n > 2 be an integer. An n-fold multiple series is a series
indexed by N™:
S 4

peNn

Let p be a ratio set. We say the n-fold multiple series ) Ap is p-geometrically
convergent iff: p witnesses Ay for all p € N, Ag # 0, and for all p,q € N*, if p < q,
Ap #0, and Aq # 0, then Ay ~# Aq.

Remark 3.23. A grid-based transseries is, of course, the primary example of this. Let
T € *T. Write p = {1, ,pn} with g1 > --+ > p,. Then suppT C mpu* =
{mpP :p € N*} where m = magT. And the “formal” series

T=> Tlglg= Y ap-muP
g peN”

is a p-geometrically convergent n-fold multiple series. (If the representation of g as
mpP is unique, then the coefficient ap must be T'{muP]. But if it is not unique, then
there is more than one choice for the coefficients.)

Proposition 3.24. Assume ) Ap is p-geometrically convergent. Then all Ay are
supported by the subgrid (mag Ao)p*. The series Y Ap converges in the point-finite
sense. The sum S =) Ap is witnessed by p and S ~ Ag.

Lemma 3.25 (Multiple Summation Lemma). Let g C & be g ratio set. Assume
p witnesses V., the series S = Y By converges p-geometrically, p witnesses Ap, and
Ap ~ BpV for allp € N*. Then T =) Ap converges p-geometrically and T ~ SV .

The proof of Lemma adapts with no difficulty.

4 Derivative

[7, Prop. 3.114(a)] states m < n = m’ < v’ for monomials m, n. Here is the “witness”
version.

Proposition 4.1. Let p C & be q ratio set. Then there is a ratio set o such that:
(a) a* D p; (b) if m € J*, then m’ € *T<; (c) for allm,n € J*, if m <" n and n # 1,
then m’ <* mag(n’), so that m’ <> n'.
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Proof. (I) We begin with the case where p C 6?{{7@}, N > 1. That is, every monomial
pi € p has the form el with L; € R[&y_1] purely large and log-free. Order
pw={p1, -, un}tasusual sothat 1 > pg > po = -+ > pip. S00 > Ly > Lo >---> L,
and thus Ly < Lo < -+ < L, and L} < L, < -+ < L, [the L; are large, so do not
have magnitude 1].

Let 1 <j <mn, P=>37" plLjand Q = >, gL}, pig; € Z. If Q < L; and
P < L, then Qu; < P by “Height Wins” [7, Prop. 3.72], since p; = eli has greater
height than both L; and L.

Write
W::{ZpiL;:peZ"}.

i=1

By the Support Lemma {mag(Q) : Q € W} is a finite set of monomials. So we
may define a so that o™ 2 p and:

(i) o« generates mag(@ for all Q € W

(ii) o witnesses @ for all Q € W [by (i) and (ii), o generates all Q € W]

(i) o witnesses mag(P) > mag(Q)p; for all j, 1 < j <n, and all P,Q € W such that

Q< L;and P <L
Claim: if 1 <j <n, P,Q € W, and Q — P < L, then mag(P) »% mag(Q)u;.

Indeed, in case @ < L it follows that P < L’ also and the claim follows from (iii).
In the other case @ = L’ it follows that P < @ so that mag(P) = mag(P)u; =

mag(Q) ;-
(a) holds by construction.
(b) Let m € J¥. Then the derivative is

n
m' = (Z piL§> m=mm
i=1

[We used notation m' = m’//m for the logarithmic derivative of m.] Now m’ € W so, as
noted, o generates and witnesses m’. Thus a generates and witnesses m’ = mim.

(c) Now let m,n € J#* with m <*#n and n # 1. Say m = pP, n = p9, with p > q in
Z". The derivatives are:

n n
o (Sntt)memim = (Sast) oo
i=1 =1

Let j be largest such that p; # ¢;. Then m' —n' is a linear combination of L], - - L
and thus mf —nf < L. So mag(n) = mag(mf)u;. If g € supp(m’), then g = g1m
where g; € supp(m'); and m' € W, so g1 <* mag(m') by (ii). Also m/u; <* n since
pj > q;. Thus:

g = gim <* mag(mh)m = (mag(m®)y;) (m/p;) <* mag(n')n = mag(n’).

This shows m’ <* mag(n’) and thus that m’ <*n'.

(IT) Now let g be any ratio set. Say pu C Sy m—1, N > 1,M > 1. Since &,,,, C
Snt1,m+1 where we identify g olog,, € &, ,, with (goexp)olog,, .1 € &pni1mt1, this
includes the general case. Given such u, define

pi={goexpy:g€pn},

12



so that o C &y ;. Construct the corresponding ratio set a from g as in (I). Then
define v := {gology, : g € a} U{l},}. Recall that [, is a small monomial, since it is
a finite product of the form (zlogzlogyx---)~t

(a) Of course a* 2 p since a* D f.

(b) Let m € J*. Then m = m o log;, where m € J#. So by (I) & generates and
witnesses m’, and therefore av generates and witnesses m’ o log,,. But

m’ = (mology) = (W ology ) - Iy
and logh, € @, so a generates and witnesses m’.
(¢) Now let m,n € J* with m <# n and n # 1. Then m = molog,;, n = nolog,,,
where m,n € J* with m <#n, n # 1. So by (I) we have m’ <® n’. Therefore

m' = (molog,,) = (fﬁ’ologM) My

<> (W ology, ) -l = (Mology,) =1,
as required. ]

Definition 4.2. We will say that « is a derivative addendum for p.

Ezxample 4.3. Computations from this proof:
p={em® ... e} C & leads to a = p.
p={r4 .. 7} C & Jeads to a = p U {2z}
p={e" e} leads to a = {e™ %, e%e " }.
p={z"t e *} leads to a = {z~ ! ze *}.

Ezample 4.4. Of course Proposition [4.1fc) does not say:

For allmne &, ifm <*nandn+# 1, then m’ <*n'.

For example, if = {27!}, then there is no finite ratio set a such that (z7'n)’ <* n/
for all n € &. We can see this by considering n = exp;, for k =1,2,3,---.

Proposition 4.5. If p C &y, then the derivative addendum o may be chosen so
that o C SN py1-

Proof. Examine the proof to see first: if 4 C &y _1, then a C Gy O

Remark 4.6. Consider a grid J*™. In the preceding proposition, if n € J*™, then
suppn’ C J*™, where m is chosen so that mag((u™)’') = o™. This works as long as
m # 0. Now consider the grid J*°. Of course J*9 C J#¥™ where m = (—1,0,--- ,0).
So choose m where mag((u; ")) = ™. [Recall that o witnesses (p;")".]

Proposition 4.7. Let p be a ratio set, and let a be a derivative addendum for p as
in Proposition . Let Y, Ti be p-convergent. Then Y Tj is a-convergent.

Proof. There is a grid J*™ that supports all T;, so by Remarkthere is a grid yom
that supports all 7. So it remains to show that the series > 7} is point-finite. Suppose,
to the contrary, that there is g such that A = {i € I : g € supp(7}) } is infinite. For
i € A there is n € supp(7;) with g € supp(n’). Since Y 7; is point-finite, there are
infinitely many different n € |Jsupp(7;) with g € supp(n’). This is contained in a grid
J#™ ) so there is an infinite sequence ny =* ny >=# ... of such monomials. (Of course
1 is not in this sequence.) But then by Proposition np =* nf = ... So the
sequence supp(n}), supp(n}), - - is point-finite by [7, Prop. 4.17]. So in fact g cannot
belong to all of them. This contradiction completes the proof. ]
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Proposition 4.8. Let pu be a ratio set, and let a be a derivative addendum for p as
defined in Proposition[{.1. For all S,T € T, if S <* T, T # 1, and p witnesses T,
then S <> T'.

Proof. Let m € supp(S’). Then there is a € supp S with m € supp(a’). There is
b € suppT with a <* b. Since p witnesses T, b <* magT. So a <* magT. Then
o/ < (magT)’ by Proposition [£.1[c). There is n € supp((mag7)’) with m <* n. But
mag T € JH, so o witnesses (magT')’ by Proposition[t.1[b). Thus n < mag((magT)’)
and therefore m < mag((mag7T)") = mag(T’) € supp(7”). This shows S’ <*T". O

Ezample 4.9. The hypothesis “u witnesses T” cannot be omitted in Proposition |4.8
Let = {z7',e*}. Consider S = 27! and T = 7 7e* + 1 for any j € N. We have p
witnesses and generates S, u generates T, but p does not witness T'. Of course S <* T
since z7! <# 1. Compute

S = —g72, T = —ja 77 te® 4+ x77e",
Now assume there is a ratio set a such that S” <®T” for all j € N. This would mean

—2
x .
= gJ 16 *

x—i"lew
belongs to a™ for all j, which is impossible since a™ is well-ordered for the reverse of
<.

Proposition 4.10. Let p be a ratio set, and let o be a derivative addendum for pu as
defined in Proposition . If i generates T then o generates T'. If p generates and
witnesses T and T # 1, then a witnesses T".

Proof. Assume p generates T. If m € suppT, then m € J¥, so suppm’ C J* by
Proposition (b) This holds for all m € supp7, so supp7’ C J*. That is, «
generates 1.

Now assume p generates and witnesses T and T % 1. Let g € supp(7”). Then
g € supp(m’) for some m € supp(7T). Now p witnesses T, so m <* mag(7T). Then by
Proposition m <% (magT)" ~ mag(T’), so m’ x* mag(7") since a witnesses m’.
But g € supp(m’), so g < mag(T"). dJ

Ezample 4.11. The case T < 1 is not included in Proposition It is false:
Let p = {x_l,x_ﬂ}. Then o« = p, and

,u*:fj“’oz{x*j*kﬂ:j,keN}.

Let T = 14 2! + 2=V2. Then p witnesses 7', since xil,x*ﬁ e p*. SoT =
—r72 207 1V2 = _p2(144/22'V2). But p does not witness 7" since z17V2 ¢ p*.

Even more is true: There is no ratio set a such that o witnesses 7" for all T
witnessed by {x_l,qr_‘/i}. Indeed, {x_l,x_\/ﬁ} witnesses every transseries 7' = 1 +
277 4+ 272 with 4,k € N, while there exist pairs (j, k) € N? with j — kv/2 negative
but as close as we like to 0.

Proposition 4.12. Let pu be a ratio set, and let o be a derivative addendum for .
Assume series Z;’;l Aj is p-geometrically convergent, p generates Ay, and A; % 1.
Then >72, A’ is a-geometrially convergent.
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Proof. Now p witnesses and generates all A;, so o witnesses A;-. If some A; < 1, omit
it. Then A} = AL, s0 > A% is a-geometrically convergent. O

Proposition 4.13. Let pu be a ratio set, and let o be a derivative addendum for
p. Assume multiple series ) Ap is p-geometrically convergent, p generates Ag, and
Ag £ 1. Then ZA{O is ac-geometrially convergent.

5 Composition

Now we will consider a composition T'0S = T'(S). Here T', S € P are large and positive.
Let L be purely large (so that g = e” is a monomial). By a witness for

goS = e is a witness for small(L o S) < 1. A ratio set for ¢“°5 may be constructed

as this witness together with one more monomial e*!arge(LoS)

Definition 5.1. Let g = {u1,--- , pin} be a ratio set. Write pu; = e’i, where L; is purely

large and negative. For each i, let a; be a witness for small(L; o S) < 1. Define

o =" a;. (We use this definition only temporarily.)

Definition 5.2. Let u = {p1,---,pn} be a ratio set. Write u; = e, where L; is
purely large and negative. For each i, let a; be a witness for small(L; 0 S) < 1 and
let B; = oy U {e¥#eLio9)} " Define B = (J!_, B;- The ratio set 3 is called the S-
composition addendum for u.

Of course a and B depend on p and on S. The dependence on S is not simply on
a ratio set or a witness for .S, however.

Remark 5.3. According to the construction given, if 3 is the S-composition addendum
for p, then Bolog := {bolog:be B} is the S o log-composition addendum for p.
And Boexp is the S o exp-composition addendum for p. But in general it may not be
true that 3o U is the S o U-composition addendum for . The difference is that when
L is purely large, L o U need not be.

Ezample 5.4. Suppose g C &g. Then pu; = 2% = eP1°8%, Write S = ae(1 4 U), with
a€R,a>0,A€T A>0, Apurely large, U small. Then
log S = A+loga+iﬂij
=1
large(L; 0 S) = bZ-A,] elarge(LioS) — obid — mag(S)bi,
small(L; 0 S) = b; i ﬂ

UJ.
j=1

Now any witness for S is a witness for U < 1, so a witness for small(L; o S) < 1. So
we may take o any witness for S. And e'a8e(LioS) — ¢bi4 ig 4 monomial. So for @ add
these n monomials to c.

Example 5.5. A special case we need later. Not only up C &g but S = z + B where
B < x. Then for a we need a witness for .S, which is to say a witness for B < z. And
for B we need to add mag(S)% = 2% = u;. So the S-composition addendum for g in
this case is: p itself together with a witness for B < .
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Proposition 5.6. Let p be a ratio set, let S € P, let o be as in Definition [5.1, and
let B be an S-composition addendum as in Definition[5.4 Then (i) o witnesses m(S)
for all m € J*; (ii) B generates m(S) for all m € J¥; (iii) if m € & and m <* 1, then
m(S) <P 1; (iv) if m,n € & and m <* n, then m(S) <P n(S9).

Proof. For 1 <i < n, we have p; = e’ and pjo S = e%°3. Then L;0o S = A+ c+ B,
where A = large(L; o S) is purely large, c is a constant, and B = small(L; 0.5) is small.
Of course B <> 1 by the definition of a. Then y;(S) = eA+etB = e4eceB. But e is
a monomial, e is a constant,

o0 N o0 o
B B’
B e
e” =1+ — and — <% 1.

Therefore a is a witness for p;(S). By o witnesses 1/p;(S). By Proposition [3.2] a
witnesses p*(9) for all k € Z". This proves (i).

Next note that e € 3 by the definition of 3. Therefore 3 generates p;(S) for all
i, and B generates p*(S). This proves (ii). Also e* <P 1 by the definition of 3, so
1i(S) <P 1. By Proposition p¥(S) <P 1 for all k > 0. This proves (iii).

Now assume m <¥ n. Then m/n <# 1. By (iii), (m/n) 0 S <P 1. But 3 witnesses
1, so we may apply Proposition to get ((m/n) o S) . (n o S) <P noS. That is,
m(S) <P n(S). This proves (iv). (Note: We did not assume m,n € J*; we did not
assume that 3 witnesses no S.) O

Remark 5.7. Consider a grid J#*™. In the preceding proposition, if n € J*™, then
supp(no §) C 3™, where m is chosen so that mag(p™ o S) = ™.

Proposition 5.8. Let p be a ratio set, let S € P, and let B be an S-composition
addendum as in Definition . Let Y ,c; T be p-convergent. Then ) (T; o S) is 3-

convergent.

Proof. There is a grid J*™ that supports all T;, so by Remark there is a grid Jo™
that supports all T; 0 S. So it remains to show that the series Y (T; 0 .S) is point-finite.
Suppose, to the contrary, that there is g such that A = {i € [ : g € supp(T; 0 5) } is
infinite. For i € A there is n € supp(7;) with g € supp(no .S). Since > T; is point-
finite, there are infinitely many different n € |Jsupp(7;) with g € supp(n o S). This

is contained in a grid J*™ so there is an infinite sequence n; >=* ny >=* ... of such
monomials. But then by Proposition noS =P nyoS =P .... So the sequence
supp(n; o S),supp(ny 0 S),--- is point-finite by [7, Prop. 4.17]. So in fact g cannot
belong to all of them. This contradiction completes the proof. ]

Proposition 5.9. Let p be a ratio set, let S € P and let B be as in Definition [5.9
Then (i) If p generates T, then B generates T(S). (ii) If p generates and witnesses
T, then B witnesses T(S). (iii) If A <* B, u witnesses B, and p generates B, then
A(S) <P mag(B(S)) so that A(S) <P B(S).

Proof. (i) Let g € supp(T o S). There is m € suppT with g € supp(m o S). Now
m € JH, so supp(mo S) C 38.

(ii) Write T' = ag - (1 + U) be the canonical multiplicative decomposition. Then
T(S) = ag(S) - (14 U(S)). Since p witnesses T, we have U <# 1. So U(S) <P 1 and
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B witnesses 1 + U(S). Since p generates T', we have g € J*. Therefore 3 witnesses
g(S). So B witnesses the product T'(S) = ag(S) - (1 + U(S5)).

(iii) Let g € supp A(S). There is m € supp(A) with g € suppm(S). Next, A <¥ B,
so there is n € supp(B) with m <* n. And p witnesses B, so n <* mag(B). Thus
m < mag(B). Therefore m(S) <P mag(B)(S) so there is b € supp(mag(B)(S))
with g <8 b. Now p generates B, so mag(B) € J¥, so B witnesses mag(B)(S).
So b <P mag(mag(B)(S)) = mag(B(S)). Thus g <° mag(B(S)). This shows that
A(S) <P B(9). O

Proposition 5.10. Let p be a ratio set, let S € P, and let B be an S-composition ad-
dendum for @ as in Deﬁmtion. Assume series E;; Aj converges p-geometrically

and p generates Ay. Then ijl A;(S) converges [3-geometrically.

Proof. Now p generates and witnesses all A;, so 3 generates and witnesses all 4;(S).
And A; = Ajiq150 Aj(S) =P A;j11(S). Therefore 3 A;(S) converges B-geometrically.
O

Proposition 5.11. Let p be a ratio set, let S € P, and let B be an S-composition
addendum for p. Assume multiple series ) Ap converges p-geometrically and p gen-
erates Ag. Then ) Ap(S) converges B-geometrically.

Grid-Based Operator?

Composition is not a “grid-based operator” of its right-hand argument in the sense of
[11, p. 122].
Consider

[o¢]
T=e¢, S:a:—i—Zajx*j.
j=1

In fact, for our argument we will use only a; € {0, 1}.
First let us compute T o S. Writing s = Z‘;il ajz:_j, we have

g s s
e’ — eTts — o <1+5+2!+3!+...),
a transseries with support (contained in) { r7e”:j=0,1,--- } So e is purely large.
Next, T o S = e‘es, which is a monomial. For each subset £ C {1,2,3,---}, if
S =x+ ZJEE 77, then we get a monomial mg = T o S. Since logarithm exists
for transseries, the set £ can be recovered from mpg, so there are uncountably many
monomials mg of this kind.
Now what would it mean if ®(Y) := T o (x +Y') were a grid-based operator on
R 9], where 90 is a set of monomials containing 277, j € N? Say ® = >_. ®;, where
®;(Y) = &;(Y,Y,---,Y) and ®; is strongly i-linear. So

o, Z:cij = Z @(a?*jl,"-,x*ji),

JEE Jiygi€E
P E x 7 :E D, E 7|,
jeEE % jeE
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and these are point-finite sums. There are countably many terms ®; (l'_jl, e ,x‘ji),
and each involves only countably many monomials. So since there are uncountably
many sets F, there are in fact monomials mg that are in none of these supports, and
thus is not in the support of any <I>( ZjeE a:*J).

Inverse

Let p be a ratio set, let S € P and let T be inverse to S so that ToS = SoT = x. We
would like “composition addendum” construction also to be inverse. It doesn’t happen
directly. But perhaps there is something almost as good.

Question 5.12. Are there ratio sets «, 3 so that a* O u, B is an S-composition ad-
dendum for @ and « is a T-composition addendum for 37 In particular: Using the
construction of Definition let B be composition addendum for p, then o composi-
tion addendum for 8. Does it automatically happen that 3 is composition addendum
for a? If not two steps, does it stabilize in three?

6 Fixed Point

The fixed point theorem in [7, Prop. 4.22] (which comes from Costin [2] for example)
uses a ratio set p in an essential way. And it was a main reason for the extent of the
use of ratio sets in that paper. But here we will discuss “fixed point” again.

Here is a “geometric convergence” version that is sometimes useful but does not fit
as a special case of [7, Prop. 4.22].

Proposition 6.1. Let A C T, let &: A — A be a function, and let o be a ratio set.
Assume:
(a) if o witnesses S € A then a witnesses ®(5);

(b) if S,T € A and o witnesses S—T, then o witnesses ®(S)—®(T) and S—T =
®(S5) — o(T);

(c) ifTj€eA(j=1,2,---) and T} converges a-geometrically to T, then T € A

(d) There exists Ty € A such that o witnesses both Ty and ®(Ty) — Tp.
Then there is S € A with S = ®(S).
Proof. First, choose Ty € A, using (d). Then recursively define 711 = ®(7}) for j € N.
Now a witnesses Tp and 17 — Tp. By (a), o witnesses all T;. By (b), o witnesses all
Tjp1 —Tjand Ty — Ty = Tp =T = T3 —Tp =< ---. So by Proposition T;
converges a-geometrically to some S. So S € A and a witnesses S — T for all j. Now
(S —1Tj}) is point-finite, so by (c¢) (®(S) — Tj+1) is also point-finite, so Tj11 — ®(S).
Therefore S = ®(S). O

The usual uniqueness proof does not work with these hypotheses.
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7 Witnessed Taylor’s Theorem

A simple version of Taylor’s Theorem will approximate T'(S + U) by T(S) +T'(S) - U
when U is small enough. Under the right conditions, we should have T'(S+U)—T(S) ~
T'(S) - U, see Theorem Here we want to consider a witnessed version of this.

Below we consider a condition m(S) - U < 1 for all m € 2, where 2 is a subgrid.
This may be written as (20 S)-U < 1. Since a subgrid 2 has a maximum element
m = max®, we can write (A0 5)-U < 1if and only if (mo S)-U < 1. But the
version with a witness will be of the form (20 S) - U <¥ 1, which is not equivalent to
(moS)-U <% 1 unless v witnesses A o S.

tsupp

Definition 7.1. We associate to each ratio set p a subgrid tsupp p. [I was using lsupp p
for this at first, but it seems that is not quite right. I write here something that works
in the proofs, but perhaps it is sometimes larger than really needed.] This is defined
recursively:

(i) For non-monomials: If 7" € T, then define tsupp7 = Ugesupthsupp g, and verify
that it is a subgrid.

(ii) For b € R, b # 0, define tsupp 2’ = {z~'}; tsupp 1 = @.

(iii) For b € R, L € T, purely large, define tsupp(z®e’) = supp(L’) Utsupp(L) U {z~'}.
(iv) If tsupp has been defined on &, s, then define it on &, pr41 by: tsupp(g o log) =
((tsupp ) o log) - o~ U {a~1}.

(v) Sets: If A C T, write tsupp A = Ugemtsupp g.

Ezample 7.2. Compute: tsupp(z?) = {z7'}; tsupp(e?®) = {1,271}; tsupp((logz)®) =
{(zlogz)~t, 271}

Remark 7.3. Note that 2! € tsupp p in every nontrivial case.

Remark 7.4. If m,n € &, then tsupp(mn) C tsuppm U tsuppn. Also tsupp(l/m) =
tsupp m.

Remark 7.5. If 2 is a subgrid, then there is a (finite!) ratio set a such that tsupp 2 =
tsupp a. Simply choose a so that @ C 21 C J* and apply the following.

Proposition 7.6. Let 2 be a subgrid. Then Ugem tsupp g is a subgrid. If p is a ratio
set, then tsupp J* = tsupp u.

Proof. Since p C J* we have tsupp J¥* D tsupp . Write pp = {p1, -+ , un}. If g € J¥,
then g = p¥ for some k, so by Remarkwe have tsupp g C J" ; tsupp p; = tsupp p.
So tsupp J* C tsupp u.- O

Remark 7.7. If g € &q, then tsuppg C &y. For N €¢ N, N > 1: if g € &y, then
tsuppg C &ny_1. For NNM € N, N > 1, M > 1: if g € &y, then tsuppg C
G nax(N—1,m),0m- 1f g is log-free, then tsupp g is log-free. If g has depth M, then tsupp g
has depth M.

Taylor Order 1

Taylor’s Theorem of order 1 is the following:
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Let T,U;,Uy € T,S € P. Assume T # 1, ((tsuppT) o S)-U; <1, and ((tsuppT) o
S) Uy <1. Then S+U,S+Us € P and T(S+ Ul) — T(S+ UQ) ~ T/(S) . (U1 — UQ).
This is proved below (Theorem [8.9).

Ezample 7.8. Not valid with lsupp in place of tsupp. Let T'=logz, S =z, U = z. So
IsuppT = {T"/T} = {1/(xlogx)}. And (IsuppT)-U < 1. So

T(z +U) — T(z) = log(2z) — log(z) = log2,  T'(x)U = % =1,

but log2 # 1.
Here tsupp T = {1/(xlogz),1/x} so we would require U < x.

Remark 7.9. Below note: If 2-U; <P 1, and 2 - Uy <P 1, then A - (U; — Up) <P 1.
Also note that we have not required that Uy, Us are witnessed by 3, only that they are
generated by it, and their difference is witnessed by it.

Special Case

We will consider first the special case S = x of Taylor’s Theorem of order 1. The special
case is enough for the proof for the existence of compositional inverses in Theorem
which is used in turn for a general case of Taylor’s Theorem.

Let T,Uy,Us € T. Assume T # 1, (tsuppT)-Uy < 1, and (tsuppT)-Uz < 1. Then
x4+Upnx+Us€P and T(x+Uy) — T(x+ Us) ~ T'(x) - (U — Us).

This is proved below (Theorem [7.27)). Here is the witnessed version of it.

Theorem 7.10 (Special Witnessed Taylor Order 1). Let p C & be a ratio set. Then
there is a ratio set o such that for all ratio sets 3 with 3% D «, for all T € PTH with
T # 1, and for all Uy, Uy € TP with Uy — Us € PT and

(tsuppp) - Uy <P 1, (tsuppp)- Uy <P 1:

a) T(x+Uy) —T(x+Us) ~T'(z) - (U — Us).
b) B witnesses T'(x + Uy) —T(x + Us).
c) B generates T(x + Uy) — T(x + Us).
d

(
(
(
(d) If also T <* z and Uy # Ua, then

T —
(:E + Ul) T(SL‘ + UQ) _<ﬁ 1
Uy —Us

This will be proved in several stages.

Proposition 7.11. In Theorem[7.10, if B satisfies (a) and (b) and B is a derivative
addendum for w, then B also satisies (c) and (d).

Proof. (c) From Proposition since p generates T we have 3 generates T". Also
B generates Uy and Us, so it generates U; — Us and T"(x) - (U; — Usz). Therefore 3
generates T'(z + Uy) — T'(x + Us).

(d) Assume T <* 2. Then T’ <P 1. Since B witnesses U; — Us, by Proposition
we get T'(z) - (U — Up) <P Uy — Us. Since B witnesses both (T'(z 4 Uy) — T'(x + Us))
and U; — Uy, we conclude 3 witnesses (T'(z + Ur) — T'(x + Us))/(Uy — Usa). Apply
Proposition m to conclude (T'(z 4+ Uy) — T(z + U)) /(U — Us) <P 1. O
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Write B2, 3, T to mean: For all Uy, Uy € TR, if Uy — Uy € AT, A - U; <P 1, and
2 - Us <P 1, then B witnesses T(z + Uy) — T(x + Us) and T'(x + Uy) — T(x + Ua) ~
T (z) - (U — Uy).

Write A[p, ] to mean: For all 3 with 3" O « and for all T' € ¥TH with T % 1, we
have B[tsupp u, 8, 7).

So Theorem says: for all p there exists a such that Afu, .

Definition 7.12. Let p, ¢ C B4 be a log-free ratio sets. We say (recursively) that o is
a Taylor addendum for p if:

(a) ac is a derivative addendum for p;

(b) for all 2’ € J* with b # 0, L # 0, we have = <* L/,

(c) a is a Taylor addendum for g, where g1 is an exponent generator for p.
Begin the recursion by saying @ is a Taylor addendum for &.

Remark 7.13. If (c¢) holds for one exponent generator, then it also holds for any other
exponent generator, since they generate the same subgroup of J*.

Definition 7.14. Let o C B, s be a ratio set of logarithmic depth M. Then p =
poexpy = {goexpy : g€ p} is a log-free ratio set. We say that a is a Taylor
addendum for p iff a0 exp,, is a Taylor addendum for p.

We will show: If o is a Taylor addendum for p, then Afu, a].
Lemma 7.15. Let p C &,. Then there is a Taylor addendum for p.

Proof. Let p C &x. The proof is by induction on N. For N = 0, let o be a derivative
addendum for p; then (b) and (c) hold vacuously.

Assume N > 0 and the result holds for N — 1. Let g be an exponent generator
for . By the induction hypothesis, there is a Taylor addendum a for p. Write

M= {Ml) T 7”71}7 Hi = xbieLia and

W::{Zn:piLi:peZ"}.

i=1

So for any zel € J*, we have L € W. The log-free exponent subgrid for J* is

A = U suppL; and A C J# C &y_1. From Lemma there are only finitely
many different magnitudes in W:

{magL:LeW}={g1, - ,9m}

Let a be a ratio set such that a* D &, a is a derivative addendum for p, and for
1< <n:

gi =1,

a witnesses 2, :={meA:m<g},

a witnesses g/,

r~l <o gl
Such a ratio set exists since there are only finitely many requirements. If 2%e” is any
element of J* with L # 0, then mag L = g; for some i, so L C 2, and L % g; so «
generates and witnesses L. If 2Pl € J#, b # 0, L # 0, then 271 < g, ~ mag(L’), so
Tl < L, O

Remark 7.16. Follow the construction to see: if p C &y, then the Taylor addendum
a may be chosen so that oo C B y.
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Proposition 7.17. Let p, 3 be ratio sets, let T € PTH, T # 1, let A C &, 271 € .
Assume B[, 3, g] for all g € suppT. Assume 3 is a derivative addendum for p. Then
B[, 3,T].

Proof. In the proof of B[, 3, T, if T has a constant term it may be deleted, since that
changes neither the hypothesis nor the conclusion. Let Uy, Uy € T with U, — U, € PT,
2A-U; <P 1, and A-Us <P 1. Then for any term ag of T: B witnesses ag(z + Uy) —
ag(x 4+ Usz) and

ag(z + U1) — ag(z + Uz) ~ ag’ - (U1 — Ua). (1)

Now the series T' = > ag (considered as a multiple series according to its grid, as in
Remark converges p-geometrically, so 77 = Y ag’ converges B-geometrically by
Proposition So we may sum (1) using Lemma to get: (B witnesses T'(x +
Ul)—T(l'—i-Ug) and T(.%'+U1)—T(.%’+U2) NT/'(Ul—U2>. O

Proposition 7.18. Let b € R, b # 0, and let 3 be a ratio set. Then
Bl{z'},8,4"].
Proof. Let Uy, U € TB. Assume Uy <P z, Uy <P x, U; — Uy € PT. Then

o2 0)(5)-(5))
HEOERE )

Now (3 witnesses the fact that each term (j > 1) is < the first term (j = 1), and 3
— (

witnesses that first term (U; — Us)/z. So B witnesses the sum (z + Up)? — (z + Us)?
and (z + U1)? — (z + Us)? ~ 2P~ 1 (U; — Uy). O

B
Il

Corollary 7.19. Let p C &5™l be ¢ ratio set. Let a be a ratio set such that o is a
derivative addendum for p. Then Alw, a].

Proof. Let 3 be a ratio set with 8* D a. Then 3 is also a derivative addendum for .
Since tsupp u = {z 7'}, for all g € J¥* we have B[tsupp u, 3, g]. So Bltsupp u, 3, T for
all T € PTH* with T % 1 by Proposition This proves A[u, a. O

Proposition 7.20. Let 3 be a ratio set. Then B[{z~'}, 3,log].
Proof. Let Uy,Us € TB. Assume U; <P z, Uy <P z, and U; — U € PT. Then

log(z + Uy) — log(z + Usa) = log (1 + U;) —log (1 + Lf)

SO ()

7j=1
B i (fl)j-‘rl U1 o U2 Jj—1 ﬂ k @ Jj—1-k
K j x T T '
j=1 k=0

Now (3 witnesses the fact that each term (j > 1) is < the first term (j = 1), and 3
witnesses that first term (U; —Usz)/z. So (3 witnesses the sum log(x 4 Uy ) —log(xz + Us)
and log(x 4+ Uy) — log(x 4+ Us) ~ (U1 — Us) /. O
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Corollary 7.21. In the preceding proof, if 3 also generates x, then 3 generates log(x+
Uy) — log(z + Us).

Proof. Now 3 generates Uy and Us, so it generates Uy —Us. If 3 also generates x, then it
generates 1/x and (U; —Us)/x, and therefore 3 generates log(z+U;) —log(z+Usz). O

Proposition 7.22. Let u,3 be ratio sets. Let b € R and let L € #TH be purely large,
L # 0. Assume B[, 3, L] and (if b # 0) assume =" <P L'. Then B[{z~'} UA U
supp L', 3, z’e"].

Proof. We take the case b # 0. The case b = 0 is similar but easier. Write g = zbe’, so
that g = e?°6 "L, Let Uy, Uy € TP with Uy — Uz € PT, ({z~'}UAUsupp L')- Uy <P 1,
and ({71 }UAUsupp L')-Us <P 1. Then B witnesses L(z+U;)—L(x), L(z+Us)—L(x),
and L(x + Uy) — L(x + Us); also L(z + Uy) — L(z) ~ L' - Uy, L(z + Ug) — L(z) ~
L' Uy, and L(x +Uy) — L(z + Us) ~ L' - (U — Us). By Proposition [7.20, 3 witnesses
blog(x + Uy) — blog(z), blog(x + Us) — blog(z), and blog(z + Uy) — blog(m + Us); also
blog(z + Uy) — blog(x) ~ bUy/z, blog(z + Us) — blog(z) ~ bUs/x, and blog(x + Uy) —
blog(z + Usz) ~ b(Uy — Usy)/x. Let

Q1 =blog(z + Uy) + L(x + Uy) — blog(z) — L(z),
Q2 = blog(z + Us) + L(x + Uy) — blog(z) — L(x),
Q1 — Q2 =blog(x + Uy) + L(z + Uy) — blog(z + Us) + L(x + Us).

Since 7! < I/, we have Q; ~ L' - Uy ~ (bx™' + L) - U; <P 1. Similarly Qs ~
(b7 '+ L) Uy <P 1and Q1 — Qo ~ (ba™' + L') - (U; — Uy) <P 1. Since = <P I/,
we have 3 witnesses Q1 so @1 <P 1. Similarly 38 witnesses Qa2, Q2 <P 1, B witnesses
Q1 — Q2, and Q1 — Q2 <P 1. Now

=0l - ¢ N LR )1k
R W L IR0 S DI
j=1 J: j:l " k=0
so B witnesses e?! — €92 and 9! — 92 ~ @ — Q2. Then
g(x + Ul) o g(ac + Ug) _ eblog(z+U1)+L(:t+U1) o eblog(m—l—Uz)-I—L(:v-I—Ug)

_ blogz+L (€Q1 —6Q2) — zbe ( Q1 _ Q )

Now 3 witnesses €91 —e®2 and 2el is a monomial, so B witnesses g(z+U;) —g(z+Us).
Continuing:

gz +U1) — gz + Uz) = abel (91 — e9?) ~ 2P (Q1 — Q1)
~atel(ba ™t + L) (U —Us) =g - (U1 — Ua).

Therefore B[{z~'} UA Usupp L/, B, zbel]. O

Proposition 7.23. Let p C &S be g log-free ratio set. Let o be a Taylor addendum
for w. Then Alu, .
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Proof. Say pu C 6?{,“6‘“. The proof is by induction on N. The case N = 0 is Corol-
lary Now let N > 1 and assume the result holds for N — 1. Let 1 C &5 be an
exponent generator for u. Then « is a Taylor addendum for z. So by the induction
hypothesis, A[p, .

Let 3 be a ratio set with 3* O a. Note that for all zPe” € J#, we have tsupp p D
{x71} U tsupp iz U supp L'. We have Bltsupp u, 3, 2%e’] for all zbe’ € J# by Propo-
sition Thus by Proposition we have Bltsupp u, 3, T for all T € #TH with
T # 1. Therefore A[p, a]. O

Proposition 7.24. Let T € T, let a be a ratio set, and let A C &. Define

2 o log
x

Assume B[, o, T]. Then B[B,3,T o log].

Proof. Let U, Uy € TR. Assume U; — Us € AT, B-U; <P 1, and B - Uy <P 1.
Now z~! in B, so by Proposition we conclude 3 witnesses log(x 4+ Uy) — log(x),
log(x + Us) — log(x), and log(z 4+ Uy ) — log(z 4+ Us); and log(x + Uy) — log(x) ~ Uy /z,
log(x+Us) —log(x) ~ Uy /x, and log(z+U) —log(z+Us) ~ (U1 —Us)/z. Since 1 € 3,
by Corollary we conclude that 3 generates log(x + U;) —log(z) and log(z + Us) —
log(x). Now define V; := (log(x+U;)—log(x))oexp and V3 := (log(z+Usz)—log(x))oexp,
so that V1,V € @T*, Vi — Vo € T, Vi ~ (Ul/:c) oexp, Vo ~ (Ug/a:) oexp, and and
Vi—Vo ~ ((U1 — Ug)/x) o exp. By the definition of 9B in terms of 2, it follows that
A-Vp <* 1 and A - Vo <* 1. We may apply B[2(, «,T| to conclude o witnesses
Tx+V)—T(@+ Vo) and T(z+ V1) = T(x + Vo) ~T"- (Vi — V3). Now

B = U{z™'}, B=aolog:={aolog:aca}l.

T(log(z + Uy)) — T(log(z + Uz)) = (T(x + V1) — T(x + V2)) o log,
so B witnesses T'(log(z + U1)) — T (log(z + Us)). Continuing,

T(log(z + Uy)) — T (log(z + Us)) ~ (T"- (Vi — V3)) o log

_T'(logz)- (U —Us) _ (T olog)' - (Ur — Ua).

O]

Corollary 7.25. Let pu C &2 pe g ratio set. Let o be a Taylor addendum for .
Then Alp, .

Proof. By induction on M, where p C &4 7. Apply Definitions [7.1] and [7.14] using
Propositions and O

Together with Proposition this completes the proof of Theorem [7.10
Is the addendum 3 constructed above much larger than necessary?

Corollary 7.26. Let p, 3 C &2 be ratio sets. Let B € TP. Assume 3 is a Taylor
addendum for p, B* D w, and (tsupp p) - B <P 1. Then B is an (x + B)-composition
addendum for .

Proof. Write = {1, , i} and p; = . Then supp L; C tsupp p, so L} - B <P 1.
Now tsupp L; C tsupp p, so we have 3 generates L;(x + B) — L; and L;(x + B) — L; ~
L.~ B <P 1. So small(L; o (xr + B)) = Li(z + B) — L; and (3 witnesses the fact that
this is < 1. And elerge(Lio@+B)) — ¢li — ), is witnessed by . O
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The non-witnessed version is a consequence.

Theorem 7.27 (Special Taylor Order 1). Let T,U;,Us € T. Assume (tsuppT)-U; < 1,
and (tsuppT') - Uy < 1. Then x + Ui,z + Uz € P and T(x + Uy) — T(x + Uz) ~
T/(.I‘) . (Ul — UQ).

Proof. We may assume without loss of generality that T % 1, since subtracting a
constant from 7' does not change the conclusion. Since z~! € tsupp 7, from (tsupp T’ -
Uy < 1 we conclude Uy < z. Similarly Uy < x. So x + Uy, x4+ Us € P. Let u be a ratio
set with T' € #T#, and let a be the Taylor addendum for p. Choose 8 O « such that
U, Uy € TB, Uy — Uy € PT, and

(tsuppp) - U1 <P 1, (tsuppp) - Uy <P 1.

Then from Theorem [7.10(a) we conclude T(x+Uy) =T (z+Us) ~ T'(x)- (U1 —Us). O

8 Compositional Inverse

Notation: P={Se€T:S5>1,5>0}. The set P is a group inder the “composition”
operation o. We assume associativity is known. The identity is z € P.

Theorem 8.1. Let T € P. Then there exists S € P with T oS = x.
The proof proceeds in stages. See [I1], § 5.4.1], [6, Cor. 6.25].

Proposition 8.2. Let A € Tg, A < z. Then there is B € Ty, B < x, so that
(x+ A)o(z+ B) =z.

Proof. Write a = magA. So a < z. Let u C &( be a ratio set that generates A,
witnesses A, and witnesses z + A. In particular, a <# x. Now B := pU {27} C & is
a Taylor addendum for g (Lemma and Example. Let B = { gc®:g=P a}
and D = {B € BTP :suppBC B,B ~ —a}. Define ® by

®(B):=—Ao(z+ B).

I claim ® maps D into itself. Indeed, let B € D. Then by Example B is
an (z + B)-composition addendum for p. But p generates and witnesses A, so (3
generates and witnesses Ao(z+ B) by Proposition Note tsupp p = {x71}. We have
B/z <P a/x <P 1. Then by Special Taylor we have: 3 witnesses Ao (x+ B)— A
and Ao(x+B)—A <P B<a soAo(x+B)~ A~ aand thus ®(B) € D. Therefore
® maps D into itself.

Note Ty := —A € D, ®(Ty) € D, B witnesses T, and—as just seen—3 witnesses
O(Th) — Tp.

If 3 witnesses B € D, then 3 witnesses ®(B).

If Tj € D and Tj converges geometrically to T, then T' € D by Proposition

Next let By, Bo € D and assume 8 witnesses By — Bs. Then by Proposition [7.10| as
above, we have: 3 witnesses Ao (z+By)— Ao(xz+Bs) and Ao(x+B;)—Ao(x+Bs) <P
By — By. That is, B witnesses ®(B;) — ®(B3) and ®(B;) — ®(B) <P By — Bs.

We may now apply the fixed point theorem Proposition to conclude there is
B € D such that B = ®(B). That is: B=—Ao(x+ B)orz+ B =x— Ao (z+ B)
orz+B+Ao(x+B)=zor(x+ A)o(x+ B) == O
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Proposition 8.3. Let N € N, N > 1. Let A € T with supp A C Qﬁ%nan \ &n_1. Then
there is B € T with supp B C &Pall\ &1 such that (x + A) o (z + B) = .

Proof. Write a = mag A € Qﬁ?{,nau \&n_1. Let p C 6?{,“311 be a ratio set that generates
A, witnesses A, and witnesses x + A. Now tsupppu C &y_1 so (tsuppp) - a < 1.
Let B be a Taylor addendum for g such that 8* DO p and (tsuppp) - a <# 1. Let
B={geby:g=<Pa}andD={BePTP:suppB C B,B~ —a}. Define ® by

®(B) :=—Ao(x+ B).

I claim ® maps D into itself. Let B € D. Then by Corollary B is an (z + B)-
composition addendum for p. Since p generates and witnesses A, it follows that 3
generates and witnesses A o (x + B). By Special Taylor we have 3 witnesses
Ao(z+B)—Aand Ao (z+ B) — A <P B ~ —a, so B witnesses A o (z + B) and
Ao(z+ B) ~ A ~ a. Thus ®(B) ~ —a. Also suppA o (z + B) C &small by [7,
Prop. 3.98], so ®(B) € D. Therefore ® maps D into itself.

Note Ty := —A € D, ®(Ty) € D, B witnesses Ty, and—as just seen—3 witnesses
(Tp) — T.

If B witnesses B € D, then 3 witnesses ®(B).

If T; € D and Tj converges geometrically to T, then T' € D by Proposition

Next let By, By € D and assume 3 witnesses By — By. Then by Proposition [7.10]as
above, we have: 3 witnesses Ao (z+By)— Ao(x+Bs) and Ao(x+B;)—Ao(x+ Bs) <P
By — By. That is, B witnesses ®(B;) — ®(Bs) and ®(B;) — ®(By) <P B, — Bs.

We may now apply the fixed point theorem Proposition to conclude there is
B € D such that B = ®(B). That is: B=—Ao(x+ B)orz+ B =x— Ao (z+ B)
orz+B+Ao(x+B)=zor(x+ A)o(x+ B) == O

Proposition 8.4. Let T € T,. Assume T ~ x. Then there exists S € To with S ~ x
and T o S = x.

Proof. Let N € N be minimum so that T" € Ty. The proof is by induction on N. The
case N = 0 is Proposition [8:2] Now assume N > 1 and the result is known for smaller
values.

Now T = x + Ay + A1, where supp A9 C &y_1, supp A1 C Q‘iﬁ\rfnau \ Bn_1, Ay < z.
The induction hypothesis may be applied to z + Ag, so there is By with supp By C
&n_1, Bo <z, and (x + Ap) o (x + By) = x. Therefore  + By + Ag o (x + By) = z so
By + Ag o (z+ By) = 0.

Write C = A; o (x + By) so that suppC C &30\ &y _; by [7, Prop. 3.98]. By
Proposition there is D with supp D C &P\ &y_; and (z + C) o (z + D) = z.
Let E = D+ Bgo (x4 D) so that suppE C &y by [, Prop. 3.98], E < z, and
x4+ FE=(x+Byo(x+D). Let S=z+ E.

z=(x+C)o(x+D)=(z+0+ A0 (z+ By))o(x+D)
:(x—i—Bo—i—Aoo(:(:+Bo)+A1O($+BO))O(m"‘D)
:(1‘+A0+A1)O<1‘—|—Bo)0<1‘+D):TOS-

with S=z+ FE ~ z. O

Proposition 8.5. Let T € T. Assume T ~ x. Then there exists S € T with S ~ x
and T oS = x.
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Proof. If T is log-free, this follows from Proposition If T € Ten, then Ty =
logy; oT o expy; € Te and still T ~ z. So there is S; with 77 0 S = z. Then
S = exp,s 051 olog,, satisfies T'o S = . O

Proposition 8.6. Let M € Z. Let T € T with T ~ ly;. Then there exists S € P with
ToS=ux.

Proof. Let Ty = T o expys, so that 11 ~ x. Then there is S; with 77 0 .51 = z. So
S = exp,s 05 satisfies T'o § = x. O

Proof of Theorem[8.1l Let T € P. There exist m, p so that log,,, oT" ~ [, ([8, Prop. 4.5]).
But there exists S; with (log,, 0T")oS; = x. Then S = S;oexp,, satisfies ToS = z. [

Remark 8.7. As is well-known: if right inverses all exist, then they are full inverses.
Review of the proof: Suppose T oS = x as found. Start with S and get a right-inverse
Tiso SoT; =xz. Then

T=Tox=To(SoT))=(ToS)oTy=z0T; =T).

Notation 8.8. Write TI=Y for the compositional inverse of 7.

Taylor’s Theorem Again

The general order one Taylor’s Theorem is deduced from the case ~ z using a compo-
sitional inverse.

Theorem 8.9 (Taylor Order 1). Let T,U,,Uy € T, S € P. Assume ((tsuppT')oS)-U; <
1, and ((tsuppT)oS)-Us < 1. Then S+ U1, S+Uz € P and T'(S+Uy) —T (S + Us) ~
T'(S) - (U — Uy).

Proof. Because S has an inverse, there exist (71, (72 such that (71 0S5 = U; and (72 oS =
UQ. Then
((tsuppT) 0 S) - Uy < 1 <= ((tsuppT) o0 S) - (U1 0 5) < 1
— (tsuppT)-U; < 1.
Similarly (tsupp7) '!?2 < 1. Therefore by Theorem z+ U,z + Uy € P and

T(x + Uy) — T(x + Us) ~ T'(x) - (Uy — Us). Compose on the right with S to get
S+ U, S+ U; € P and T(S+ Ul) — T(S—I— U2) ~ T(S) . (Ul — UQ). O

Question 8.10. The witnessed version should be something like this:

Let p be a ratio set, and let S € P. Then there is a ratio set o such that: for all
ratio sets B with B* 2 a, for all T € *TH* with T % 1, and for all Uy, Uy € TP with
U — U, € PT, and

((tsuppp) 0 8)- Uy <P 1, ((tsuppp)o S)-Us <P 1:
() T(S + Uy) — T(S + Uz) ~ T'(S) - (U1 — Us).

(b) B witnesses T'(S + Uy) —T(S + Ua).
(c) B generates T(S + Uy) —T(S + Us).
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(d) If also T <* z and Uy # Ua, then

T(S+U) —T(S+Us)
Uy —Us

<B1.

But deducing this from the special case in Theorem would require a positive
answer to Question If that doesn’t work out, then perhaps adapting the proof

above ([7.11] through [7.25)) would be required.

9 Mean Value Theorem
Consider [8, Prop. 4.10]: Let A,B€ T, 51,52 € P, A’ < B', S; < Sy. Then
AoSy—Ao0S; <BoSy—BolSi.

Let us consider witnessed versions of it.

Fixed Upper Term

Proposition 9.1. Let b € &, b # 1, 51,5 € P, 51 < Sy be given. Let p =
{1, -+, un} be a ratio set. Then there is a ratio set o such that: for every a € &, if
p witnesses a < b, then a witnesses a(Sz) — a(S1) < b(S2) — b(S7).

Proof. First, b = e® where B is purely large and nonzero. So B > 1. Each y; < 1 < B.
By [8, Prop. 4.10], for each i we have

1i(S2) — pi(S1) < B(S2) — B(51). (1)

Next I claim
b(S1) (pi(S2) — 1s(S1)) < b(S2) — b(S1). (2)

We take two cases.

Case 1. b(S1) > b(S2). Then b(Sz) — b(S1) ~ b(S1), ©i(S1) < 1, i (S2) < 1, so we
have

b(S1) (14:(S2) — pi(S1)) < b(S1) ~ b(S2) — b(S1).

Case 2. b(S1) < b(S2). If B(S2) > B(S1) then (since exp is increasing) b(Ss2) >

b(S1) and

b(S1)(B(S2) — B(S1)) = b(S1) log (b(S5)/b(S1)) < b(S1) <b(52) B 1)
= b(Sy) — b(S)),

and both extremes are positive, so combining this with (1) we get (2). On the other
hand, if B(S2) < B(S1), then

b(51)(B(S1) — B(S2)) = b(S1)log (b(S1)/b(S2)) < b(Sq) (EE?S - 1)
(51

(S2)

o
~—

(b(S1) — b(S2)) < b(S1) — b(S2),

o
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and both extremes are positive, so combining this with (1) we get (2). This completes
the proof of (2).

Now let the ratio set a be such that: for each i, o witness p;(S1) < 1, 3 (S2) < 1
and (2). Such «a exists because this is only a finite list of requirements.

Now let a € & and let p witness a < b. We must show that o witnesses a(S2) —
a(S1) < b(S2) — b(S1). Now a = bgiga---gs, where g; € p for all j and J > 1.
Compute

||,’:]g

J
(SQ)—CLSl H SQ —b Sl

J
= (b(S2) — b(S1)) ng(Sz)
1

J

+ b(S1)(91(S2) — g1(S1)) ng(52)

2

J
+ b(S1)g1(51) (92(S2) — 92(51)) HGj(SQ)
3

+ ...
k—1

b(S1) Hg] Sl gk<S2) — gk ( Sl HQ] S2)
k+1

J-1
+b(51) H 9;(S1)(9s(S2) — gs(51)).
1

Finally note that o witnesses that each of these terms is < b(S2) — b(S1): Each term
has one or more factors g;(S1) <* 1 or g;(S2) <* 1, and a witnesses 1, so we may
apply Proposition [3.8 even if a does not witness b(S2) — b(S1). O

Corollary 9.2. Let B€ T, B # 1, 51,52 € P, S1 < S2 be given. Let p = {1, , tin}
be a ratio set. Then there is a ratio set v such that: for every A € T, if u witnesses
both B and A < B, then v witnesses A(S2) — A(S1) < B(S2) — B(S1).

Proof. Let b = mag B, so b # 1. Let a be the ratio set of Proposition Let B
witness b(S2) — b(S1). Let v = a U 3.

Let A be such that g witnesses both B and A < B. Now if g € supp(A(S2)—A(S1)),
then there is a € supp A with g € supp(a(S2) —a(S1)). But then there is by € supp(B)
with a <* by <* b, so by Proposition there is there is m € supp(b(S2) — b(S1))
with g <¥ m. And m ¥ mag(b(S2) — b(S1)) = mag(B(S2) — B(S1)). This shows that
A(S2) — A(S1) <Y B(S2) — B(S1). O

Remark 9.3. The particular case b = x appears in [8, Prop. 4.12]. The construction
for v from p in that case: Let = {u1, -+, un} and S; < Sy be given. For each i, let
«; witness:

pi(S1) <1, pa(S2) <1, pi(S2) — pi(S1) < log Sz — log Si.
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Then v = |J!, a; satisfies: if A € T and p witnesses A < z, then v witnesses
A(Sg) — A(Sl) < Sy — 51.
Also, since z is increasing, (2) suffices, so we could replace

pi(S2) — pi(S1) < log Sy —log St by  pi(S2) — pi(S1) < o~ — L.

General Upper Term

Theorem 9.4. Let pu C &2l he o ratio set. Let S1,S2 € P with Sy < Sy. Then there
s a ratio set o such that:

(a) Ifa,b € 3*, a <* b, and b # 1, then a(S2) — a(S1) <> b(S2) — b(S1).

(b) If g € 3¥* and g <* 1, then o witnesses g(S2) — g(S1).

(b') If g € I* and g =" 1, then o witnesses g(S2) — g(S1).

(c) If B #TH*, b =mag B, and b # 1, then b(S2) — b(S1) < B(S2) — B(S1).

(d) If B € #TH* and B <* 1, then a witnesses B(Sa2) — B(S1).

(e) If A,Be€HPTH, A <* B <M1, then A(Sg) - A(Sl) << B(Sz) - B(Sl)

(f) If > A; converges p-geometrically and Ay <M 1, then Y (A;(S2) — A;(S1))
converges a-geometrically

(g) If the multiple series »  Ap converges p-geometrically and Ag <* 1, then
Y (Ap(S2) — Ap(S1)) converges ac-geometrically.

Proof. Write p = {1, -+ , tn} with p; = %, and L; is purely large. By the Support
Lemma the set

W = { sz(Lz(SQ) — Lz(Sl)) pE " } \ {0}
=1

has finitely many different magnitudes: {mag@ : Q € W} ={g1, -+ ,gn}. f1 <5 <
m, then g; = mag@Q with @ = > | pi(Li(S2) — Li(S1)). So for 1 < [ < n, since
> pil; = 1 = py; we have

pu(S2) — i (S1) <Y pi(Li(S2) — Li(S1)) ~ g;

by [8, Prop. 4.10].
Let the ratio set a be such that:
o witnesses p;(S1);
o witnesses 11;(52);
o witnesses 11;(S1) — pi(S2);
1i(S1) <= 1
pi(S2) <= 1;
15(S1) — 1i(S) < g for all 4,
ifl1< ’i,k‘ <n and /M’(Sl) — Mi(SQ) - ,uk(Sl) — uk(Sg), then

1i(S1) — p1i(S2) =% pr(S1) — pr(S2).

Now let uP € J* with uP # 1. Then pP(S1) # puP(S2) and log pP(S2)—log uP(S1) €
W, so mag(log uP(S2) — log uP(S1)) = g; for some j. Then for 1 < i < n we have
wi(S2) — pi(S1) < gj, so of course

1i(S2) — pi(S1) <% log pP(S2) — log P (S1). (1)
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Write V' = pP(S2)/uP(S1) and note V> 0,V # 1. Since o witnesses p;(S1) and
w;(S2) for all i, by Propositions |3.3| and « witnesses V. Next I claim

pP(S1) - (1i(S2) — pi(S1)) < uP(S2) — uP(S1), (2)

or equivalently p;(S2) — p;(S1) <* V — 1. We prove this in five cases.
Case 1. V ~ 1. Then since a witnesses V, we have V — 1 <% 1, so

]+1

log V = log (1 + ( Z —1) <V —1.

7j=1
So by (1) we have p;(S2) —pi(S1) <* log V' <* V —1, and therefore 1;(S2) — 11 (S1) <*
V-1
Case 2. V ~c,ce R,c>0,c# 1. Then

pi(S2) — pi(S1) =¥ 1xe—1*V —1,

so by Proposition [2.12] we have p;(S2) — p;(S1) <*V — 1.

Case 3. V < 1. Then p;(S2) — pi(S1) <* (—1) ~ V — 1, so by Proposition [2.12] we
have 11;(S2) — 1i(S1) <* V — 1. (Note: We do not say o witnesses V' — 1.)

Case 4. V = 1,const V = 0. Then 1 € supp(V — 1), so p;(S2) — ui(S1) <* 1 ¢
V —1. Thus p;(S2) — pi(S1) <V —1. (Again in this case: We do not say o witnesses
V —1: See Remark [9.5])

Case 5. 'V = 1,constV # 0. Since o witnesses V', this means 1 <% magV =
mag(V — 1). So Mi(SQ) — ,ui(Sl) <1 <>V —1. Thus /.Li(SQ) — Hi(Sl) <V -1

This completes the proof of (2).

(a) Now let a,b € J* with a <* b and b # 1. We must show that a(Ss) —a(S7) <
b(S2) — b(S1). Now a = bgigo--- gy, where g; € p for all j and J > 1. Compute

J
a(Ss) — a(S1) = b(S>) H (S2) — b(S1) ng Ss)

7j=1

J
= (6(S2) — b(S51)) [ T 95(S2)
1

J

+ b(S51)(91(52) — 91(S1)) ng(sz)

2

J
+ b(51)g1(S1) (92(S2) — 92(S1)) ng(52)
3

+ ...
k—1

b(S1) Hg] (51)(9k(S2) — gk(S1)) Hg] Sa)
ki1
J-1

b(S1) H 9;(51)(gs(S2) — g4(51)).
1
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Note that a witnesses that each of these terms is < b(S2) — b(S7); for this apply
(2) in all terms except the first. Each term has one or more factors g;(S1) <* 1 or
g;(S2) <* 1, and o witnesses 1, so we may apply Proposition even if a does not
witness b(S2) — b(S1). Thus a(S2) — a(S1) <> b(S2) — b(S1) by Proposition

(b) Let g € J#* with g <#* 1. Then g = gi1g2--- g7, where g; € p for all j and
J > 1. Now g; <1, g; > 0and S; < S, s00 < g;(S2) < g;(S1) and therefore
dom(g;(S1)) > dom(g;(S2)) and mag(g;(S1)) =< mag(g;(S2)). We consider two cases.

Case 1. dom(g;(S1)) > dom(g;(S2)) for some j. Then

J J
dom(g(51)) = [ ] dom(g;(51)) > [ ] dom(g;(S2)) = dom(g(52)).

J=1 Jj=1

So mag(a(S1) — a(S2) = mag(a(S1). Now let m ¢ supp(g(Si) — g(S2)). One
possibility is m € supp(g(S1)), so m = H‘jjzlmj with m; € supp(g;(S1)) for all
j. But since o witnesses g;(S51), this means m; <® mag(g;(51)). Therefore m =
[Tm; <% [Imag(g;(S1)) = mag(g(S1)) = mag(g(S1) — g(S2)). The other possibil-
ity is m € supp(g(S2)), so m = [[m; with m; € supp(g;(S2)). But a witnesses
g;(S1) — 9;(S2) and g;(S2), so m; < mag(g;(S2)) <* mag(g;(S1)). Then as before
m <* mag(g(S1) — g(S2)). Therefore o witnesses g(S1) — g(52).

Case 2. dom(g;(S1)) = dom(g;(S2)) for all j. Write g;(S2) = g;(S1) - (1 —V;) with
V; <*1,V; > 0. Note o witnesses V; = (g;(5S1) — 9;(52))/9;(S1). Then

J

J
1-T[a-v)=>_vi+U,
Jj=1 J

1

where each term of U is <* one of the V; and mag )V} is magVj for the largest of
the V;. So a witnesses 1 — [[(1 — V;). Now g(S1) — g(S2) = g(S1) - (1 = [[(1 = V}))
and a also witnesses g(S1), so o witnesses g(S1) — g(52).

(b') Let g € J*, g =* 1. As already noted, e witnesses g(S1) and g(S2). Now
g~! <¥ 1, so we apply (b) to it: a witnesses g='(S1) — g~1(S2) and therefore
witnesses g(S2) — g(S1) = g7 (S1)g™" (S2) (671 (S1) — 97" (S2)).

(c) Let B € #TH*. Then b := mag B € J*. Assume b # 1. Let B =) apm. If aym
is any term in B other than the dominant term, then since g witnesses B, we have
m <* b, and therefore m(S2) — m(S1) <* b(S2) — b(S1) by (a). So

amm(S1) — amm(S1) < b(S) — b(S1) if m < b, (1)
amm(Sl) - amm(Sl) = b(Sz) - b(Sl) ifm=>o.

Summing these, we get B(S2) — B(S1) < b(S2) — b(S1).

(d) With the notation of (c), assume also b <* 1. Then sum (1) and note «
witnesses b(S2) — b(S1) to conclude that o witnesses B(S2) — B(S1).

(e) Let A,B € PTH A <* B <* 1. Write b = mag B. For every a € supp A we
have a < b, so as in (c) we conclude A(S2) — A(S1) <* B(S2) — B(57).

(f) follows from (d) and (e).

(g) follows from (d) and (e).
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Remark 9.5. In Case 4 in the proof for Theorem[9.4} Although p;(S2)—p;(S1) <* V-1
and V > 1, we cannot conclude p;(S2) — pi(S1) < V. In fact, we cannot choose
ratio set that will achieve this. For an example: let pu = {,ul,,ug}, u = e 7,
U =e ¢, S =x, Sy = 2. Write v; = p13(S2)/pi(S1), so vi = e™* and v = e*‘f%*ez
are small monomlals and 1/1V2 ;P = 1for j € N. Take p = (j,—1) so puP = ,ul,u2 ,

V = pP(S2)/pP(S1). Assume uq(S2) — ul(Sl) <V (for all j). Compute

p1(S2) — pa(S1) = e,
T_9j
( 2) 6 7 _ eeQI—ez—jx
up(Sl) e " ’
a monomial. So we have e <% ¢ =¢"=iT for all j. This means a* contains all

—e2@ et (j—1)x

e and is therefore not well-ordered. So we have a contradiction.

Remark 9.6. The following is not true: Given p, Sz, Sp, there is a so that: if g € J#
then o witnesses g(S2) — g(S1). This is a continuation of Remark [9.5] Let p, 51, S be
as before. Let g = plpuy . So g(S2) — g(S1) = e° " =2jr _ ¢e"~jT If o witnesses this,
then e~ +e"+iT ¢ *. As noted, this is not possible for all j that this belong to the
same grid o*.

Remark 9.7. The following is not true: Given u,S1,Sa, there is a so that: if ) A;
converges p-geometrically, then (A (Sg) A;(S1)) converges a-geometrically. This
is another continuation of Remark (9.5 Let A; = M1M2 . Then )  A; converges p-
geometrically. But there is no ratio set o that witnesses all terms A;(S2) — A;(51).
[Does this suggest that we should we change the definition of geometric convergence?]

Potentially, there is a separate theorem like Theorem [9.4] for each [D,,] in 8, §5.1].
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