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A. Introduction. The question of describing the decomposition of the restric-
tion of an irreducible complex representation w of a group G to a subgroup H
of G is fundamental in representation theory. The Frobenius reciprocity law:
Hom g (7, p) = Homg(w, Ind (p; G, H)) (see, e.g., [BZ1], Theorem 2.28) asserts
that the restriction m|H of m to H has the irreducible H-module p as a quotient
precisely when the G-module m embeds in the G-module Ind (p; G, H) induced to
G from p on H. Since Hom g(m, p) = Hom (7 ® p, C), where p is the H-module
contragredient to p, the question of the multiplicity of p in 7 can be stated in terms
of linear forms on m ® g p. The study of such forms for real groups, especially when
H is the group of fixed points of an involution on a real group G, has led to the
rapidly expanding subject of harmonic analysis on such symmetric spaces G/H (if
p is trivial; (G x H)/H in general); see, e.g., Flensted-Jensen [FJ], Oshima-Matsuki
[OM], Bien [Bi].

Various facts are known also when G is a p-adic reductive group. As an example
we recall a result of Gelfand-Kazhdan [GK] and Bernstein-Zelevinski [BZ2], which
asserts that the restriction of an irreducible admissible generic (= having a Whit-
taker model) representation m of G = GL(n, F'), where F is a non-archimedean

field, to its subgroup H = GL(n—1,F) (H — G via h — ), contains each

h 0
0 1
irreducible admissible generic representation p of H with multiplicity one. Equiv-
alently, there exists a unique up-to-a-scalar non-zero H-invariant linear form on
m ® p. Recently J. Bernstein showed this (unpublished) for all irreducible admissi-
ble m and p, not necessarily generic, namely that (GL(n, F),GL(n —1,F)) — and
more generally (GL(n,F) x GL(n —1,F),GL(n — 1, F)) and (O(n,F) x O(n —
1,F),O(n—1,F)) —is a “Gelfand pair” (see [DP] when F' is R and 7 is unitary,
for the pair (GL(n, F),GL(n — 1, F))).

When F' is a global field with a ring A of adeles, 7 = ®m, an irreducible cus-
pidal (hence generic) representation of G = G(A), G = GL(n), and p = ®p, an
irreducible cuspidal representation of H = H(A), H = GL(n — 1), the local result

Department of Mathematics, The Ohio State University, 231 W. 18th Ave., Columbus, OH
43210-1174; email: flicker@math.ohio-state.edu; I wish to express my gratitude to J. Bernstein,
J.G.M. Mars, and D. Prasad, for interesting conversations related to this work.

Typeset by ApS-TEX



2

implies that there exists at most one (up-to-a-scalar) non-zero form on = ® p. Such
a form actually exists, since the local forms have the property (a proof is given in
a remark at the end of this Introduction) that for almost all v they are non-zero at
N ® Tln—1; here n, is a non-zero K,-fixed vector in =,, K, = G(R,), R, = ring of
integers in the completion F), of F' at the non-archimedean place v, and 7,,_1 is a
non-zero KX -fixed vector in p,, where K2 = H(R,).

But there is a purely global, automorphic, statement, of number theoretic inter-
est, concerning a specific shape of this linear form on 7 ® p. The question is whether
the global form is a multiple of the automorphically defined bilinear form B = By,
on ™ Q® p, where

Bs(¢na$n—1) = /H\qun <<8 ?))En_l(h”dethﬁ—lhdh;

¢n ranges over m C L§(G\G) and ¢,_1 over p C L§ ,(H\H). We again take the
algebraic group G to be GL(n), and assume that the central character of 7 is
unitary and fixed, and that, w, of p, is unitary. Then p consists of the complex
conjugates ¢, _, of the ¢,_1 in p. The cuspidal representations =, p are realized in
the spaces L3(G\G), L§ ,(H\H) of cusp forms (which transform under the center
via the fixed character in the case of G and via w in the case of H). The integral
defining By is clearly convergent since the cusp form ¢,, is rapidly decreasing (and

SO 1S ¢p_1).
To answer this question, consider the Fourier expansion of the cusp form ¢,

qﬁn(g) = Z Wn(pg)

PENu\H

with respect to the character (z) = ¥(d;<;cp, Tijit1) of N\N, where N is the
upper triangular unipotent subgroup of G, and ¥ is a non-trivial complex character
of A mod F. Here Ny = NN H, and

Wn(g) = . bn(2g)(z)dz satisfies W, (xg) = ()W, (g).

Then

Bs(¢ns ) = /NH\HW" ((
e
o

This last integral is “Eulerian”, that is, can be expressed as a product of local
integrals, when W,, and W,,_; factorize as local products:

Wn((gv)) - HWn,v(gv)7 Wn—l((hv)) - HWn—l,v(hv)-

)) Fo_1 (h)| det b~ 1/2dR

>> / &, (xh)(x)dz| det h|*~2dh
Ng\Ng

oS O o>
_ o PO =

)) Wo_1(h)| det h|*~1/2dh.
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In general, W,, and W,,_; are finite linear combinations of such local products.
At almost all places the local component is the normalized (value vol (K,)~! or
vol (KT)~* at the identity) right K- (or K}'-)invariant Whittaker function W,
or Wp_, .

Using Shintani’s explicit form [Sh| of these invariant Whittaker functions, and
the theory of Schur functions [M], a computation — relegated to the remark at the

end of this Introduction — shows that the local integral

Lo (6 1)) Wastldennis2an
H,v v

is equal to the local L-function L(s,m, ® p,) associated to the unramified com-
ponents 7w, and p, of m and p at v. At the remaining finite set of places of F
where , p or ¢ are ramified, or (Wy, ,, Wn_1,) are not (Wp ,, Wp2_, ), the analy-
sis of [JPS], Theorem 2.7, shows that the local integrals are convergent for Re (s)
large, and relates them to a local factor L(s,m, ® p,), which is now defined to
be the normalized generator of the fractional principal ideal generated by these
local integrals (see [JS2], Theorem 5.1, for the archimedean case). The product

L(s,m®p) =[] L(s, ™, @ py) has analytic continuation to the entire complex plane

as a holomor;hic function in s which satisfies a functional equation relating its
value at s and 1 — s, and the automorphic criterion alluded to above is as follows.

The bilinear form on ™ ® p 1s a multiple of B, namely B is not identically zero
on ™ Q p, precisely when L(s,m ® p) does not vanish at s = 1/2.

It is clear from the argument above that when p is not generic, but 7 is still
cuspidal, then B, which is still defined by a convergent integral, is zero.

In the analogous situation of the pair G = SO(n) and H = SO(n — 1), B. Gross
and D. Prasad [GP] conjectured in particular that (1) dim¢ Hom g, (7, ® p,,, C) < 1
for every irreducible admissible G,-module 7, and H,-module p,, and that (2) for
cuspidal representations 7 = ®m, of G and p = ®p, of H with Hom g, (7, ®p,, C) =
C for all v, the form B on 7 ® p is non zero precisely when L(1,7 ® p) # 0, where
L(s,m® p) is the standard L-function associated to 7 ® p. When n = 3 the pair
with G = SO(3) = PGL(2) had been studied by Waldspurger [W] who in fact
took H to be an elliptic torus of G which splits over a quadratic extension F
of F', and showed that B # 0 precisely when (in addition to the local condition
Hom g, (7, py) = C for all v) L(1/2,11® p) # 0, where II is the base-change of the
cuspidal 7 to PGL(2,Ag) and p is a character of A%, /E* = H(A)/H(F). When
n = 4 the groups SO(4) and SO(3) are related to GL(2) x GL(2) and PGL(2), the
local question was treated by Prasad’s thesis [P], and the global (for some F', m and
p) by Harris and Kudla [HK] using techniques of Garrett [G], Piatetski-Shapiro and
Rallis [PR]. The multiplicity of p in 7 is naturally related in these cases to that of
p' in ©', where p/, 7’ are the corresponding representations of the inner forms of G
and H (when these exist).

Conversations with D. Prasad on the conjecture of [GP] were a source of inspira-
tion to the present work. While visiting Prasad, in email correspondence concern-
ing the archimedean case of the conjecture made in [F2] and studied in [F3] for the
pair G = GL(n,C) and H = GL(n,R) (more precisely G = Res g,p(GL(n)/F),
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H = GL(n)/F, E/F = quadratic extension of local or global fields of character-
istic # 2), F. Bien alluded to work which was identified for us by J.G.M. Mars as
that of van Dijk and his collaborators; see [DP] and references there. In [DP] the
H = GL(n—1,R)-invariant distributions on unitary G' = SL(n, R)-modules 7 were
studied.

Theorem 5.1 of [DP] essentially says that the unitary irreducible non-trivial
G-modules m which are H-spherical, namely admit a non-zero H-invariant linear
form, are of the form I(1 x 7;G, P), normalizedly induced from the representa-

tion (a IC)) — 7(c) of the standard parabolic subgroup P = P,,_52 of G of type

0
(n —2,2) (thus a € GL(n — 2,R), ¢ € GL(2,R), detadetc = 1), where 7 is a
unitary infinite dimensional representation of PGL(2,R) (or GL(2,R), with a triv-
ial central character). This work was another source of inspiration for our work.
We were especially intrigued by the occurrence in a new context for us of “small”
representations of the type which attracted the attention of Kazhdan, Savin, and
others (see, e.g., [FKS]).

Since packets are singletons, and by virtue of multiplicity one and rigidity theo-
rems in the global case, it is more natural to work with the group G = GL(n), than
with SL(n). An analogue over a non-archimedean field F' of the theorem [DP] of
van Dijk and Poel is proven in Proposition 0 in the Appendix below. It would do no
harm to extend our perspective a little and consider a character £(h) = £(det h) of
H = GL(n—1,F), where £ is a character of F'*. It asserts that the irreducible ad-
missible unitarizable G = GL(n, F')-modules T which admit a non-zero linear form
which transforms under H via & must be £(det), or of the shape I(§ X T; G, P), nor-
malizedly induced from the parabolic of type (n — 2,2) where & is viewed here as a
character of GL(n— 2, F), and T is an irreducible unitarizable infinite dimensional
representation of the 2 x 2 factor of the Levi subgroup. The proof of Proposition
0 is based on the Gelfand-Kazhdan [GK] and Bernstein-Zelevinski theory [BZ2]
concerning the restriction of a representation of GL(n, F') to the subgroup P, of
[BZ2],83. We show in Proposition 0.1 in the Appendix that these I({ x 7;G, P) do
have a form which transforms under H via £&. Consequently if an irreducible unitary
automorphic infinite dimensional representation m of G = G(A) admits a non-zero
form which transforms under H = H(A) according to &(h) = £(deth), where now
¢ is a character of A* /F* | then 7 is of the form I(¢ x 7; G, P), normalizedly in-
duced from the parabolic of type (n — 2,2), where ¢ is the associated character of
GL(n — 2,A) and 7 is an automorphic unitary representation of GL(2, A) with no
one dimensional components.

The restriction of an irreducible representation of GL(n) over a finite field F, to
the subgroup GL(n — 1, q) was considered by Thoma [Th], and by Zelevinsky [Z2],
Corollary 13.8, p. 148. Their results (”branching rule”) in the finite field case are
analogous to those of Proposition 0, in the p-adic case. The case of the compact pair
U(n,R), U(n —1,R), and that of the analytic finite-dimensional representations of
GL(n,C) (and GL(n —1,C)), is also reviewed in the Appendix, following the proof
of Proposition 0, using the ”Gelfand-Cetlin” basis technique of [Zh].

Our main interest in this paper is in the purely global, or automorphic, notion of
G-modules with a form transforming under H via &, or more precisely in the bilinear
form B on 7 ® £€~1. This B would be the linear form on 7 of the shape B(¢) =
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fH\H ) ( ( 8 (1) > ) £(h)~tdh. Tt was noted above that this form is identically zero if

m is cuspidal. If 7 is not cuspidal then it can be realized in the space of automorphic
forms by means of Eisenstein series ¢(g) = E(g, ®, p, A), when m ~ I(p, \), where p
is a discrete series representation of a (standard, not necessarily proper) parabolic
subgroup P of G (p is trivial on the unipotent radical N of P), A € i} where A}
is some real space, and @ lies in the G-module I(p, A) normalizedly induced from
the data p ® eMH) on P.

The problem raised by this realization is that the Eisenstein series is slowly
increasing (in a Siegel domain) and is no longer rapidly decreasing. Consequently
the integral which should have defined B(¢) does not converge. To overcome this
problem it is natural to apply B to the truncation ATE of the Eisenstein series,
where the truncation operator AT, for T in A, is the one introduced by Arthur [A2]
to develop the trace formula. Since E is slowly increasing, ATE (for a sufficiently
regular T') is rapidly decreasing, and the integral which defines B(AT E) converges
(absolutely).

We computed B(ATE) in two important cases. The first is when P = P,_s 9
and p = p1 X pa, where p; is a character of A* /F* or of GL(n—2,A)/GL(n—2, F)
via the determinant map, and ps is a cuspidal GL(2, A)-module. Then A lies in the
one dimensional (over R) space i% ~ iR, and the result of the computation is (a
linear combination of) the product of a slowly increasing function in A, and #*/\,
where ¢ is the projection of T' to a line in the positive chamber. The multiple is zero
unless p; = &, and then it is the value at (n —1)/2 of an L-function of ps ® é_l,
depending on ®. In any case the result is supported on the line [(ply/\/("_z) X
pav ™ 2) of representations (here v(z) = |z|, x € AX), and not only at A = 0 as
Proposition 0, Appendix, which is the non-archimedean analogue of [DP], would
suggest.

The second case is when p = p; X ps X p3 is a character of the minimal parabolic
subgroup P = B of G = PGL(3). The result of a lengthy computation shows that
B(ATE) is a linear combination of terms of the form: Product of a nice function
in A, depending on ®, and a factor of the form ¢! /¢()) or t?()‘)t?(/\)/fl()\)éz()\),
where ¢, t; are components of T" and the £, /; are linear forms in the components
of A\. Here X lies in the two dimensional (over R) space i2%(~ iR?), and not in
a one-dimensional subspace as could have been predicted by Proposition 0, Ap-
pendix, and [DP]. Some of the forms ¢; are not homogeneous. But the kernels of
the homogeneous forms /¢;, £ do define the representations m ~ I(p, A) which are
permitted by Proposition 0, Appendix, and [DP], to have H = GL(2, A)-invariant
forms.

To explain this phenomenon note that the representation I(p, A) occurs in a
series of representations. As A varies over the space ¢}, and p through a set
of representatives for the set of orbits p ® eMH) of discrete series representations
of the various parabolic subgroups (more precisely, their Levi components), all
automorphic representations are obtained. In particular, for any test function f €
C°(G(A)), the convolution operator r(f) on the space of automorphic forms is an
integral operator: (r(f)®)(g) = fG\G K¢(g, h)®(h)dh, whose kernel has the spectral



decomposition
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see Arthur [A1]; the orthonormal bases ®; of I(p, A) have standard finiteness prop-
erties. The matrix coefficient (I(f, p, A\)®1, ®2) is rapidly decreasing in A € 2}, as
|A| = oo, being the Mellin transform of a Schwartz function. Hence the integrals
and sums here are absolutely convergent.

Our strategy is then to apply the truncation operator AT to the second variable,
h, in K¢(g,h), multiply by £(h) and integrate over H\H. Changing the order of
integration over A and A we obtain an integral over A € 2} of an integrand which
has the factor B(ATE(h, ®1,p,))). Also we multiply this kernel by a character
¥ (g) of the compact group N\N, where N is the upper triangular subgroup of G,
and integrate over g € N\N. Another factor in the integrand is then the Fourier
coefficient Ey(®2, p, A) of E(g, @2, p, A). By virtue of the computation of B(ATE),
the rapid decay of the matrix coefficient, and the elementary Lemma 10, asserting
that l1m fR A)(#*/A)dX = £(0) if f is a Schwartz function on iR, the limit of

I ATKf (z, h)Y(x)¢(h)dz dh as T — oo (T sufficiently regular) can be taken, and
the I(p, A) which contribute to this limit are precisely those which are permitted by
Proposition 0, Appendix, and [DP], to have a non-zero H = H(A) invariant form.

On the other hand the integral (x) fN\N fH\H K¢(z, h)¢(h)y(x)dhdx converges

absolutely, and so is equal to Tlim [[ATK¢(x, h)p(x)é(h)dh dz. Indeed, the ker-
— 00

nel K¢(g,h) of r(f) has the simpler “geometric” expansion Y. f(g~'yh), and an
veG
elementary computation shows that (x) is integrable, equal to zero unless 1) has

index at most two, and can be expressed as a sum of a certain new type of orbital
integrals, the orbit being U (A)gH (A) for some subgroup U of N, when ¢ has index
two. Note that in general, given ¢ and a non-trivial character ¢ of A mod F', there
is o = (a1,...,ap_1) € F™ such that 1) = ¢4, where 1o (x) =9( > ;z;i41) on
1<i<n
x € N\N. The index of 1) = 1), is the number of non-zero entries in .. In dealing
with this “geometric” side, it is more convenient to work with another embedding
of GL(n—1) as H in G = GL(n); see the Statement of Result, or Geometric Side,
below.

Our Fourier summation formula is the resulting identity of a sum of orbital
integrals on one hand, and a sum of distributions supported on the variety of rep-
resentations of the form I(p1 X pa; G, P), where P is the parabolic of type (n —2,2),
p2 is an automorphic generic representation of GL(2,A), and p1 is a character of
A /F* and so also of GL(n — 2,A)/GL(n — 2, F), via the determinant.

It is called “Fourier” since it involves the Fourier coefficient E,(®2, p, A), and the
character ¢ occurs also in the orbital integral. It would be misleading to call our
formula a “trace formula”, as we did in an analogous context in [F'2], since no traces
feature in the formula. It is a summation formula, comparing a sum of integrals
with a sum (possibly continuous) of distributions parametrized by representations.
Our original question concerns the identification of the representations which occur
in this parametrizing set.



The proof of the summation formula is complete only in the case of n = 3.
Indeed, the computation of fH\H E~YR)ATE(h, ®, p, \)dh is carried out for all par-

abolic subgroups P only in the case of G = GL(3). For n > 4 it is merely shown
that if [ ¢ ~IATE has the expected form, then comparison with the geometric side
implies that only m = I(p, \) with index two (in the obvious sense) occur, and these
are of the form I(py X pa2; G, P(,—2,2)) as above, or induced from a character of a
parabolic of type (n1,ng,n3). It would be natural to conjecture that at least two of
the n1, na, ng are equal to 1 if 7 is in the support of the summation formula, but we
did not go beyond computing [ ¢ 'ATE when n; =1 (i = 1,2, 3), that is, n = 3.
To obtain the formula in the n > 4 case we used a consequence of the theory of the
Bernstein center (see [BD] or [B]) which permits choosing a component f;, of f such
that 7, (f,) is zero unless 7, is a constituent of an induced I,,(t1 X « -+ X 2 X p2),
where po is supercuspidal on GL(2, F,) and p; are characters of FX.

The case of n = 2 is also studied in full, mainly as an example to shed light on
the general case. This is similar to a case treated by Jacquet [J2] — although his
truncation seems to be slightly different than the one we use (see the computations
of [J1], p. 211, on which [J2], p. 127, is based) — to reprove Waldspurger’s beautiful
theorem [W] about a cuspidal PGL(2, A)-module 7, that there is a character n of
AX/F* with n? = 1 and L(3,7 ®n) # 0, if and only if 7 has square integrable
components or (1, 7) = 1 if not.

In the case of n = 2, a similar summation formula is compared in [J2] with
an analogous formula which is obtained on integrating the kernel k f(x,y) of a

convolution operator 7(f) on L2(@\@), against a character ¢ (z~1y), on z,y € N\N,

(1) >1k> } In [J2] the group G is taken to be the two-fold

covering group of SL(2). For n > 3 the group G with which our summation
formula should be compared is GL(2). In the case of n = 3 the required identities
of Fourier orbital integrals are proven in [F4] for general and spherical functions
(see Propositions 7 and 16 there). This is the case of a place which splits in the
quadratic extension of [F4]. These identities permit a comparison of our formula
with the summation formula of [F2] on GL(2, A) obtained there on integrating the
kernel K (z,y) multiplied by ¢(z~1y), on z, y € N(F)\IN(A). Once executed, such
a comparison would show that the support of our Fourier summation formula for
GL(3) consists of all I(£x7), where 7 is a cuspidal representation of GL(2, A) or one
induced from a unitary character of the upper triangular subgroup of GL(2,A). Tt
will be interesting to carry out the transfer of orbital integrals for such a comparison
also for n > 3, but we have not done this. As the present paper is already sufficiently
long, and the comparison of our formula with that for GL(2, A) is similar to the
comparisons of [F2] and [F4], this will not be done here.

where now N =

It is interesting to note the occurrence of the factor of the form L(ps ® £71, (n —
1)/2) in the term in the summation formula which is parametrized by 7 = I(p; ®
p2; G, P(n_2.2)) where p is a cuspidal GL(2,A)-module and p; a character (neces-
sarily £), and n > 2 (n = 2 included). Trying to approximate between the case
of a form B on 7 ® £71, £ a character of H\H, which underlies our summation
formula, and that of B on m ® p, where m and p are cuspidal on G and H as
mentioned at the beginning of this Introduction, one may wish to deal with the
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question in the general context of 7 ® p, where 7 is an automorphic G-module,
and p is a discrete-series (irreducible) representation of H. Moeglin and Wald-
spurger [MW1] have shown that each such p is the unique subrepresentation of the
G-module I(p,,v*=1/2 x p,v*=3)/2 5 ... x pv=(k=1)/2) which is normalizedly
induced from the indicated representation of the (Levi factor of the) parabolic sub-
group of type (m,...,m), where mk = n — 1, p,, is a cuspidal GL(m, A)-module,
and v(z) = |z| (z € AX).

It is tempting to ask whether it is true that if 7 ® p admits a non-zero form
which is automorphic (such as B, or in the sense of occurring in the support of
a suitable global summation formula as here), then (at least the least degenerate,
or unitarizable) 7 is of the form I(my X 7,11), induced from the parabolic of type
(n—m —1,m+ 1), where 7 is a character and m,,41 is a generic automorphic
GL(m+1, A)-module, and the standard L-function L(s, 741 ® pm) does not vanish
at k/2. The extreme cases where m =n—1, k=1, and m =1, k = n — 1, are
those elaborated on in this Introduction. The second condition is non-trivial only
when k = 1, since by Jacquet-Shalika [JS1], [JS2], and Shahidi [Sh1], the L-function
L(s,Tm+1 ® pm) does not vanish on Re(s) > 1. We have no further evidence to
answer the question affirmatively or otherwise. But it is important to understand
that the occurrence of the factor L(ps®¢&~1, (n—1)/2) in our formula suggests that
the condition that L(s,m x p) does not vanish at s = 1/2 occurs only when p is
cuspidal, as in the example discussed above for GL(n) x GL(n— 1), in Waldspurger
[W] for SO(3) x SO(2), and in Harris-Kudla [HK] for SO(4) x SO(3). In the case
U(3) x U(2) of [F4] this L-function condition does not appear since p is taken there
to be a character, namely a non-cuspidal discrete series representation of U (2, A).

Our techniques are likely to be applicable with other pairs, such as SO(n),
SO(n—1),and U(n),U(n—1), but only when p is a character. This is indeed done
in [F4] in the case of U(3),U(2), where global and local applications concerning
representations of U(3) with a U(2)-invariant linear form, are deduced. It would
be interesting to apply these techniques in the other situations too.

Local L-functions. The Whittaker function computation alluded to above is a
minor variation on that given in [F1], p. 305. In the notations of [F1] we consider

the integral
v W) = [ w((§0)) willdetgldg
N\G

where W, = W2 is the normalized unramified 1)-Whittaker function of the unrami-
fied G = GL(r, F)-module p with Hecke parameters y1, . .., y,, and W,, = W7 is the
normalized unramified ¢-Whittaker function of the unramified GL(n, F')-module 7
with Hecke parameters x1,...,z,; n > r. We take ¢ which is trivial on the ring R of
integers in the non-archimedean field F, but not on 7' R, where 7 is a uniformizer.

The normalized unramified Whittaker function has been computed by Shintani
[Sh]. His result is recorded in the Lemma of [F1], p. 305. Using this Lemma, in
the notations of [F1], our integral takes the form

ZW e 0) ( )\)|£/\|86r_1(£)\)7
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where the sum ranges over A = (Aq,...,A\p) €Z", Ay > A2 > --- > A\, > 0, we put
(X, 0) for (A1,..., A, 0,...,0) € Z™, and emphasize the dependence of the modular
function ¢ of [F1], p. 305, on GL(m), by the index m(= r or n). Again by the
Shintani Lemma this sum is

> " s (@08 2@ sx (1) 0r () 20, ().
A

But
O (X0) = 6, (x) |7

Hence the sum is

> 50,00 (@, 05000y (a7 T2 (y,0)) = [ [ (1 — wiyq %)
A t,J

by virtue of homogeneity properties of the Schur function sy ((3.1), p. 24 of Mac-
donald [M]), of the homomorphism py, , of [M], p. 24, between (3.2) and (3.3), and
the identity (4.3) of [M], p. 33, which was used already in [F1], p. 305. The last
product is equal to the local L-function

n—r

2

L(s + , T ® p)

attached to 7 ® p, at s + (n —r)/2. This is the required result as mentioned above
when r =n — 1 and s is replaced by s — 1/2.

B. Statement of Result. To simplify the notations we work with G = PGL(n).
The summation formula is an equality of two sums of distributions on G(A), A =
ring of adeles of a global field F' of characteristic # 2, namely complex valued linear
functions in f € C°(G(A)). These distributions depend on a (unitary, complex
valued) character { (to simplify the notations we take £ of order dividing n) of the
idele class group A* /F*, and on an additive character 1) # 1 of A mod F into C*.
The “geometric” side of the summation formula — see Proposition 1 — is

D Ulgn; £;69) + 050 ¥ (g0 [;69) + 029 F:69) + Wgg; £ 6 0)-

beFx

Here 6; ,, is 1 if i = n, and 0 if ¢ # n. For b € F* we put g, = diag(1,...,1,b) €
G(F). Also

o=l n 1 -1 _ 11
go = L o 1 3 9o = 1 1/° 9o = 1 -1/
01 0

To introduce ¥, note that the centralizer

a p b 1 0 1
H=<Sh=|%q =z -'q]€aq; hxoh ' =20=10 0 0
b —p a 1 0 1
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of the n x n matrix xo (which has four non-zero entries, at the corners; also, p, q are
row vectors of length n —2, and z is an (n —2) X (n —2) matrix) in G, is isomorphic
to GL(n — 1) when n > 2. Denote by ¢ : H — GL(n — 1), this isomorphism.
In the case of n = 2 it is given by ¢ <<Z 2)) = diag((a + b)/(a — b),1). Put

§(h) = £(detv(h))(= &(det h) since " = 1); it is a character of H(A)/H (F') in

1 p b
C*. Also denote by U the group of n x n matrices of the formu= [ 0 I *tq |,
0 0 1

where I is the identity (n — 2) x (n — 2) matrix, and put ¢(u) = P (p1 + ¢n—2)
where p = (p1,...,Pn—2), ¢ = (q1,...,qn—2). Then 9 is a non-trivial character of
U(A)/U(F) in C*. Denoting by du and dh Haar measures on U(A) and H(A), the

“geometric” distributions are

\If(g;f;f;w)z/ / fu=tgh)é(h)y(u)dh du.
U(A)NgH (A)g—\U(4) J H(4)

The spectral side of the summation formula is more difficult to express, and to ob-

tain. In any case we now write H for the subgroup { <g (1)> €G; he GL(n— 1)}

of G = PGL(n), and write the spectral side in three different cases, when n = 2,
when n > 3 for a special f, and for n = 3 with a (more) general f.

In the case of G = PGL(2) the spectral side is the sum of the following terms.
The main term — see (2)1 below —

sz ) La(1/2,7®E7Y).

The first sum ranges over all cuspidal irreducible G(A)-modules 7, and the second
over an orthonormal basis {®} of smooth functions in the automorphic realization
of # C L3(G(F)\G(A)). Here

wo@ = [ ewua@an y=fu=(§ 1)}
N(F)\N(A) N
is the »-Whittaker functional on the space of automorphic forms, and
-1\ _ a 0 t—1/2 —1 gx
Lo(t,r® &™) = o ((& 7)) a2 axa
FX\AX

= [ Watm <<g 2)) ®)|af*~/2¢(a) " d%a

is the L-function of 7 ® £~! which is associated with ®, at ¢.
The other terms are

—ZZ/ Ey(I(f, 1, )@, pt, )L ( =\ &/p)L (1 A, ()TN Lg(1—2X, %) " TdA
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and

S B 5 BT + 50T

Ey(I(f, 1, =1/2)®, 1, =1/2)[6(16) (M (w, p~", —1/2)®)(1)
+6(n/€) (M (w, =", ~1/2)®)(w)]} .

The sums over pu are taken over a set of representatives of unitary characters u of
AX/F*, up to multiplication by v**, A € R, v(z) = |z|, x € AX/F*. Then ®
ranges over an orthonormal basis — consisting of smooth functions — in the space

of the normalizedly induced PGL(2,A)-module I(u,\) (thus @ <<g I;) g) =

a/Qlafe 1 20(g)). We putw = ({7
I(p~1, =) is the standard intertwining operator. Also §(u/¢%) (i = 1,—1) is 0
if p# ¢ and 1if p=¢% on A” = {x € AX;|z| =1}. If p = £ on A° we may — and
do — choose the representative p to satisfy p = £¢* on AX.

In applications, the continuous sum over I(u, A), A € iR, is of little or no impor-
tance, and so are the contributions associated with I(p, £1/2) (since no cuspidal
representation has a component of the form I(u,,+1/2)).

Next we describe the spectral side in the general n > 3 case, for a test func-
tion f € C°(G(A)) of the form f = f“f,, such that the component f, at some
non-archimedean place u of F' has the following property. Fix a supercuspidal
PGL(2, F,)-module p3,, and write I(pay,A), A = (A1,..., An—2,A,) for the G-
module normalizedly induced from the representation v\t x - - - x va" T % P2y @V, of
the (Levi subgroup of the) parabolic subgroup of type (1,1,...,1,2). Here v, (x) =
|4, and A 4+ -+ A2+ 2A, = 0. Then:
fu has the property that m,(fy,) is 0 unless m, is a constituent of I(pay, ) for
some A.

The theory of the Bernstein center has the Corollary, recorded as Proposition
12 below, that there exist plenty of non-zero functions f, € C°(G,) with this
property. We need such f, to dispose of continuous sums of representations which
contribute to the summation formula, whose computation is beyond the scope of
this paper. Also we emphasize that our computation in the n > 3 case is only
sketched, and as such it is incomplete.

Then the spectral side is

_ZZElp f?pv (I)vpao)

[L(M(SQ,,;Q,O)@K,FI (@€, (n=1)/2) + Lz, _, (72 ®& (n—1)/2)] .

), and M(w, i, ) = T(1,2) -

Here p ranges over all cuspidal representations of GL(2, A) (with the supercuspidal
component po, at u) whose central character is £€27" pis the representation & X po
of GL(n — 2,A) x GL(2,A), extended trivially to P(A), P being the parabolic of
type (n — 2,2); ® ranges over an orthonormal smooth basis for the G(A)-module
I(p,0) normalizedly induced from p on P(A). The L-functions are associated to
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the indicated functions — for whose definition see Propositions 9 and 11 — in the
spaces of the cuspidal GL(2,A)-modules py ® § ~1and p, ® §. They are evaluated
at (n — 1)/2, in the domain of absolute convergence when n > 4, and on the edge
of the critical strip when n = 3.

The upshot of this is that (up to the minor local assumption at u) the support
of the summation formula consists of the G(A)-modules I(p) normalizedly induced
from the standard parabolic with Levi factor GL(n — 2,A) x GL(2,A), and the
representation p = £ ® p2 on it, where ps is an automorphic GL(2, A)-module with
central character £277,

When n = 3, thus G = PGL(3), our computation of the spectral side in the
summation formula is complete, for a function f = f“f, where f, is no longer
required to have the property with respect to the supercuspidal ps,. The function
fu 1s nevertheless restricted to be spherical and have the following property. Denote
by I, (A1, A2, A3) the G,-module normalizedly induced from the character (b;;) —

1<H<3 ;|2 of the upper triangular subgroup. Here \; € C with ||}t A2+ =1 for
_’L_

all =z € Erx. Then  f, is  taken as  follows.
fu satisfies trm,(fu) = 0 if my, = L,(A1, A2, A3) and (1)A\; — A; = £1 for some
7,75!], 07’(2))\1:)\2:)\3.

The requirement (1) will not affect any possible applicability of the summation
formula, since no representation of G(A) of the form I({ x p2), where p; is a

cuspidal GL(2, A)-module with the central character £ ~1, has a component which is
the unramified constituent of the induced representation of the form I,,(A1, A2, A3),
with A; — A; = £1 for some ¢ # j. The requirement (2) will not affect applicability
either, since if I(§ % p2) has the component I, (fiy, ftv, ft,) for almost all places v of

F', where p, is a character of F* of order 3 (or 1), then ég =1, and pay = I, (1) ®E

for almost all v. But there is no cuspidal representation py ® ¢ of PGL(2, A) whose
component is the same as that of the principal series representation I (1) at almost
all places (I(1) is the PGL(2,A)-module normalizedly induced from the trivial
* ok
0

put to simplify the computations, and is not important. An analogous requirement
in the case of PG L(2) would annihilate the terms associated with I(u, £1/2), which
— as noted in the discussion of the case of PGL(2) above — are not important.

For f = f*f, with such a component f,, the spectral side is the sum of the terms
parametrized by I(£ X po), cuspidal ps on GL(2,A), as described above for n > 3,
and terms parametrized by a line of representations, of the form I'(p;v** x por = x
p3), iA € iR. As explained at the end of this paper, these new terms are integrals
over iR, with integrand containing Ey (I(f, p, \)®, p, A), and the expressions labeled
((3)ij); i = 4,5, j = 1,2,3,4; and ((3)6.5), 1 < j < 5.

The term corresponding to ((3)4.1) take the form

1
120/ m) [ S BT p )@ V=02, 1/ o)
P R P
- Laga (1= A1/2, ps/p1)Lva (1 + A1/2, ps/p2) Laa (1 + Av, p1/p2) " HdAs.
Here A = (A\1/2,-X1/2,0), and p = p1 X p2 X p3 is a character of (AX/F*)3

representation of { < ). Thus the requirement here on the component f, is
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A1/2 —X2/2

with p1peps = 1, namely I(p,\) = I(p1v X poV X p3), ® ranges over an
orthonormal smooth basis for (the trivialized vector bundle) I(p,A), M is some
intertwining operator and Lasao(p;i/p;) is an L-function, attached to the character
pi/p;-

The other (twelve) terms have a similar shape. It will be too long to write out
all these terms, although this can be easily derived from our computations. This
description, and convergence properties of the integrals and sums, lend themselves
to separation arguments used to derive applications from such summation formulae
(see, e.g., [FK], Theorem 2).

The main conclusion from our computations is however the following:

Theorem. The support of the summation formula is concentrated only on those
automorphic (unitary) PGL(3, A)-modules of the form I(& x p2), normalizedly in-
duced from a maximal parabolic subgroup, where py is an automorphic (unitary)
generic GL(2,A)-module (with central character §_1).

C. Geometric Side. Put G = PGL(n), n > 2, and consider L = L*(G(F)\G(A)),
where F' is a global field (char F' # 2) and A denotes its ring of adeles. Then G(A)
acts on L by (r(9)®)(h) = ®(hg), g,h € G(A), & € L. For any f in the space
C2°(G(A)) of smooth compactly supported complex valued functions on G(A), the
convolution operator r(f) is defined by (r(f)®)(g) = fG(A) f(h)®(gh)dh, where dh

is a fixed Haar measure on G(A). Clearly (r(f)®)(g) = fG(F)\G(A) Ky¢(g, h)®(h)dh,

where K¢(g,h) = >, f(g7'vh).
YEG(F)

Define zog = | 0 to be an n X n matrix whose entries are 0 except at
1

0
0
(1,1),(1,n),(n,1),(n,n)

g = O

here the entry is 1. The centralizer H = {g € G; gzog™! =

a p b
To} of zo in G consists of matrices of the form | !¢ 2z —%q |, where a,b are
b —p a
scalars; p, ¢ are row vectors of length n — 2, tq indicates the transpose of ¢; and z
an (n —2) x (n—2) matrix. This H is isomorphic to GL(n — 1), since w = I —xg is
conjugate in G to diag(1,...,1,—1) € G. Note that when n = 2 this w is conjugate

to diag(—1,1) by (} _i), and the isomorphism is (Z 2) — (a+0b)/(a — D).

1 p =z
Denote by U the group of n x n matrices of the foorm v = [ 0 I *q | where
0 0 1

here I is the identity (n —2) x (n — 2) matrix. A complex valued character 1) # 1
of A/F defines a character ¢ # 1 of U(A)/U(F) by ¥(u) = ¥(p1 + ¢n—2), where

p = (p1,-.-,Pn—2) and ¢ = (q1,...,qn—2). Denote by £ a unitary character of
the idele class group AX /F* and put &(h) = {(det t(h)) for h € H(A); det means
“determinant”, and ¢ the isomorphism from H to GL(n—1). Note that &(det +(h)) =
¢(det h) since £€" = 1. We shall integrate the product of K (u,h),£(h) and ¢ (u)

over u € U(F)\U(A) and h € H(F)\H(A), and obtain
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1. Proposition. We have

[ K 1 (uy W)ER) b (w)dudy
U(F)\U(A) JH(F)\H(A)

= ) Ulg; [369) + 030 (g0; F1 &) + 02n[U(9d 5 F:69) + Vg F:E9))-

beFx

Here

U(g: €)= / / £ (ugh)é (h) ()~ du dh,
U(A)/U(A)NgH (A)g—' JH(A)

and gy = diag(1,...,1,b) € G(F), if b # 0, and
1 0 -1

g=11 0 1] ifn=3, ng(} _i> andg&z(i _}) ifn =2,
0 1 0

Note that U N gHg~" = {I} for g = gy(b # 0) or g, but it is { }oif

o O =
O = O
— O W

9=2go(n=3).

This is the geometric half of our summation formula. It is to be compared below
with the integral over U(F)\U(A) x H(F)\H(A) of the product by v (u) and £(h)
of the spectral expression for the kernel K¢(u,h) of the convolution operator r(f)
on L.

To prove the proposition it suffices to show that if U(g; f;&,4) # 0 for g in G(F)
then g lies in U(F)gpH (F') for some b in F', and this follows from the local analogue,
asserting that if W(g; fy; & y) # 0 for g in G, then g lies in U, g, H, for some b in
F,. Here v denotes any place of F' and F;, is the associated completion of F'; we
put G, = G(Fy), Hy = H(F,), Uy = U(Fy); ¥u(u) =% (p1 + gn—2) is a character
of U, defined using a character Y, # 1 of F,; and f, hes in the space C2°(G,) of
smooth compactly supported complex valued functions on G,. The local integral
is defined in analogy with the global integral:

W foro i) = [

Uy /UyNgHyg~1!
Note that \Ij(g; fagaw) = H\II(gv; fu,&?/)u) ifg = (gv)a 5 = ®§va 1/) = ®'¢}v7 f = ®fva
dh = ®dh, and du = Qdu,,.

2. Lemma. If U(g; fu;&u; 1) # 0 then g € UygpH,, for some b € F,.

/H Fo(ugh)e (B by ()~ dh.

Proof. To simplify the notations the index v is omitted in the course of the proof,

and so is the reference to 1, £. The integral U(g; f) satisfies U(gh; f) = £~ 1(h)U(g; f)(h €

H), hence its support depends only on the image of g in G/H. The homo-
geneous space G/H is isomorphic to the space X of m X n matrices (over F')
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of rank 1 and trace 2 via the map g — g¢gzog~'. Note that z, = ’ee, where
e = (1,0,...,0,1). The integral ¥(g; f) is then viewed as a function =(z) on X
which satisfies Z(uzu~t) = ¢ (u)Z(z). The image of the double coset UgyH,b # 0,
in X is the set of the matrices

1 p =z
(ugv'e)(egy "u™") ="(1 4 2b,bq,b)(1, —p,p'q — 2+ b~ ") if wu=[0 I *q]|,
00 1

namely the matrices in X whose (n,1) entry is b # 0. To prove the lemma it
suffices to show that for any matrix = in X whose (n, 1) entry =, 1 is 0 there exists
u € U with uzu~! = z and ¢ (u) # 1. Indeed, if g € G has the image x, namely
grog~ ' = z, there would exist h € H (with det h = 1) such that ugh = g. Then
U(ugh; f) = ¥ (u)¥(g; f) is necessarily zero.

A matrix z in X whose last non-zero row is the /th, and its first non-zero
column is the fth, is of the form x = *vw, where v = (v1,...,v.,0,...,0), vy # 0,
and w = (0,...,0,wy,...,wp), wg #0. If £ > 3 and f > 1 then uzu™! = =,
where u has ¢ = 0, and top row (1,yve,0,...,0, —yve,0,...), with the entry —ywvs
at the /-th place. If f < n —2 and £ < n then uzru~! = x, where u has p = 0
and its last column is *(0,...,0, —ywy,_1,0,...,0,ywy, 1), with the entry —yw,_1
at the fth place. If / < 2 and f > n—1, then n = 2 or n = 3, since trx = 2.
If n =3 then £ = 2 = f, and U acts by conjugation transitively on the orbit of

9oToGo 1= , with stabilizer U N goH g, 1 as stated in the proposition.

o O O
S NN O
o O O

If n = 2 then U acts simply transitively on the orbit of g zo(g) ! = <8 g) and

2 0

on the orbit of gy wo(gy )™t = <0 0

). This completes the proof of the lemma
and Proposition 1.

Remark. Choosing the character 1 to be of the form ¢ (u) = ¢¥(p1 + ¢1), a similar
Lemma is obtained but with a term indexed by a suitable gq is present for all n > 2.

Denote by U’ the group of unipotent upper triangular matrices in G whose
top row is (1,0,...,0) and last column is £(0,...,0,1). Then U’ consists of the
identity matrix only, unless n > 4 as we now assume. For any y € GG, denote by
Y f, the function Y f,(g9) = f,(yg). Clearly ¥(g;¥fy,;&y;1,) is independent of y if
y € U], since this integral is non-zero only if g € U,gpH, for some b € F*. Any

character of U'(F)\U'(A) is of the form ¢, (u') = ¢( Y  aui;41), for some
2<i<n—2

a=(ag,...,qn, 2) € F(™=3) The unipotent upper triangular subgroup Nyof G is
equal to UU' = U'U. Put s (uu') = 1 (u)y!, (u'); it is a character of No(F)\INo(A),
and we have that

[ [ rgmepatdnan

U'(F)\No (4)x H(4)

is 0 unless = (0,...,0), in which case ¥(g; f;&; 1) is obtained. Consequently
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3. Corollary. The integral

K¢ (n, h){(h)a(n)dndh

No(F)\No (A) H(F)\H(A)

_ / o () / / K gy (1, R)E () () dudh | dod

U'(F)\U'(A) U(F)\U(A) H(F)\H(A)

is 0 unless a = (0,...,0), in which case it is equal to

D Ulgn; £;6,9) + 050V (g0 [;6,9) + 029 £;6,9) + Wgg'; ;6 0)-

beFx

The sum over b € F'* is finite.

Ounly the last assertion remains to be proven. Thus consider f(u~yh), with
u € UA)/U(F), h € H(F)\H(A), and v € G(F). If this f(uyh) makes a non-
zero contribution to K¢(u,h) then yzoy~™' lies in the discrete subset X (F) of the
set X(A), and also is in a compact which depends on the support of f and on
the compact U(A)/U (F). Hence the image of v € G(F) in G(F)/H(F) lies in a
finite set {v;H(F)} of cosets (and h € H(A) ranges over the compact (|J(y; * -

U(A)/U(F) - supp £)) 1 H(A) in H(A)), as required. "

D. The Case of PGL(2). Let us consider separately, and briefly, the well-known
spectral expression for the kernel K¢(g,h) in the case where G = PGL(2). This
is recorded here to motivate the discussion for n > 3 below. We shall trun-
cate this spectral expression with respect to the second variable h, integrate over

g— ((1) . ) in N(F)\N(A), N — { <1 1‘) } after multiplying by 9 (g) = ¥(x),

where ¢ # 1 is a character of A mod F, and integrate over h = <8 (1)> in

A(F)\A(A), A being the diagonal group in PG L(2), after multiplying by £(a), £ be-
ing a character of order 1 or 2 of A* /F* in C*. The Eisenstein series E(g, ®, u, ),
the truncation operator AT, and the spectral expression for the kernel are defined
below in the case of a general n. Hence the standard definitions will not be recalled
here separately in the case of n = 2. We obtain (the first figure 2 in ((2)i) below
refers to n = 2, as we now deal with PGL(2))

(@)Y S Wy r(N®)Ta( mo )

((2)2)+%i/ZE¢(I(f, 1, N ®, 11, \) / ATE<<8 2) D, 1, A) ¢(a)d*adA.
Fr @ FX\AX

Here the first sum ranges over all cuspidal irreducible representations 7 of PGL(2, A),
and ® ranges over an orthonormal basis — consisting of smooth functions — for the
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space of 7 C LA(G(F)\G(A)). The Whittaker functional is defined by

Wi (m(f)®) = / (n () ) () () s,

N(F)\N(A)

Laroet= [ a((§ 7))l

is the L-function of 7®¢~1 at ¢t which is associated with ®. Since ® is a cusp form, its

Fourier expansion with respect to N(F)\N(A) is ®(g) = > ,cpx Wy <7T <(g ?)) <I>> ,

and so
Le(t,t®¢ ) = /AX Wy, <7T <<g ?)) <I>> lal*=Y2¢(a) " d > a.

At each non-archimedean place v where &, is unramified and W, (7(g)®) is right
K, = PGL(2, R,) invariant, the local factor at v of this global integral is easily
computed (as in the Remark — which is based on [F1], p. 305 — following the Intro-
duction above) to be the local L-factor L, (t, 7, ® {;!) attached to m, ® £;;'. The
infinite product converges for a sufficiently large ¢, and it has analytic continuation
to the entire complex plane. The local factors have no zeroes, and no poles on
Re (t) > 3.

Note that the discrete spectrum of L2(G(F)\G(A)) consists in addition to the
cuspidal 7 also of the one dimensional representations x : g — x(det g), where x
is a character of A* /F* of order two (or one). But (x(f)®)(u) is independent of
u € N(F)\N(A) for @ € x(= {®: G(F)\G(A) = C @(g) = x(9)®(1)}), and so
Wy (m(f)®) = 0 for such ®. Hence such 7 = x do not contribute to our summation
formula.

The sum over p ranges over a set of representatives for the set of connected
components of unitary characters = — p(z) of A*/F*, a connected component
consisting of uv**, v(x) = |z|, A € R. In the connected component of p = & we

take . = £ to be the representative. For ® € I(u,A), thus ® ((8 z> g,)\> =
p(a/b)|a/bPH1/20 (g, X), we have

and

Eol@,0) = | B, ®, 1, Ao ()
N(F)\N(A)

The sum over ® in ((2)2) ranges over an orthonormal basis for I(u, A) consisting
of K-finite functions ®; this basis is independent of A as ® is determined by its
restriction to K.

The T is a sufficiently large positive number, and ATE(h, ®, u, \) is described
below for a general n in Proposition 14, for A € C with Re (A) > 1/2, to be:

ATE(h,®, )= > x(H(yh) < T)H(yh)**/2®(yh)
YEB(F)\G(F)

— Y x(H(yh) > T)H(yh) >~ (M(w, 1, N ®)(vh), w:<§’ _(1)>_
YEB(F)\G(F)
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Note that ®(g) = ®(g, —1/2). The characteristic function of the domain specified
by the condition X is denoted by x(X). For g = (¢9,) € PGL(2,A) we put H(g) =
5, Holgo). with Ho(g,) = layl, if g, € N(F,)( )K,. In the higher rank case
below an additive form of H will be used.

We shall integrate ATE(h, A\)¢(a) on h = <g (1)> over a € A* /F*. Tt is useful

to note the simple

0 1

This follows at once from the Bruhat decomposition G = BU BwN.
Note that

an 1(e(3 ()
(8 ) 8)) o

Further, |ay|o/[|(1, ap)||? is |ayly if |ay]y < 1 and |ay|,?t if |ay]y > 1 (in the non-
archimedean case; in the archimedean case it is |a,|/(1 + |a,|?)), in any case it is
<1, and in particular ((2)4) < T if T' > 1, as we assume.

a O
0 1

(2)3. Lemma. We have B\G=1UwUw <1 1) A.

2)5. Lemma. The integral [, ,,« € 1(a)ATE ,A | d*a is the sum of
Fx/A

5 terms (or 6, where the 6th is zero):
@50 [ @@l e
la|<T

=8(u/)R(DTM2/(A+1/2),  aeA/FX,

where, for a character x of AX /F*, §(x) is1 if x is1 on A = {a € AX;|a|] = 1},
and 0(x) = 0 otherwise,

((2)5.2) /|_1|<T(u§)(a)—1|a—1|x+1/2(1>(w)d><a
= 5(u&)@(w)T 2 /(AN+1/2),  a€AX/FX,
((2)5.3) /AX (lal/l1(1, @) P 2® (ko) u(a/ (1, @))€ (a) " da,

where k, € K depends on a and is easily computable from: w <(1) 1) (8 (1)> =
Nadoka, with n, in N(A), d, = diag(a/(1,a),(1,a)),

@3a) [ €l M N (Do
= —6() (M (w1, @) (T2 (5 = ),
@35) = [ @ M, @) )

= —3(8/€) (M (w, p, N®) )T/ ( = ).
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The third term ranges over the a € AX with |a|/||(1,a)||> < T, namely over AX,
while the sixth ranges over the a € AX with |a|/||(1,a)||> > T, namely over the
empty set, hence it is 0 and we did not write it out. To compute the term ((2)5.3)
note that for almost all v the function ® is invariant under K, = PGL(2, R,), the
characters pu, and &, are unramified, and the corresponding local factor is

/ (N”U/é-’u)(a’l/”a”l}|’l)1\+1/2d><av+/
lay o<1

(gvﬂv)(av)_1|av|;(k+1/2)dxav+/ dxav-
lay]s>1

lay|o=1

Denote by m, a local uniformizer of F,,, and write &,/ u, for (§,/uy)(m,), and &,
for (£,p00)(m,) in the following computation. Recall that |z,| = ¢, !, where g, is
the cardinality of the residue field R,/(x,) of R,. Then the integral is equal to:

oo

> (/&) gy "D £y () T M) 1
1 1

_ (m/g)e (o€o)gs 2
1— (po/€)as ™% 1= &g ™2
= (L= p2gy /(1 = (/€)@ M) (L = poéugy *1?)

= Ly(A+1/2, 1y /&) Lo(A +1/2, 10€0) /Ly (1 + 2, ).

+1

Analogous computation can be carried out at the ramified places too, and a
multiple — by a function holomorphic in A € ‘R of polynomial growth in A € ‘R as
|A| = oo — of the same product of local L-factors, as defined e.g. in [JSP] in the
non-archimedean, and in [JS2] in the archimedean cases, is obtained. We denote
these local L-factors, which depend on ®,,, by Lg,. Note that L, = Ly, when @, is
the normalized (by ®9(1) = 1) K,-invariant function ® in I(p,,A). The product
over all v of the Ly, is denoted by Lg. We then obtain

(2)6. Lemma. The term ((2)5.3) of the Lemma (2)5 is equal to

La(A+1/2,1/€)La(X +1/2, u€)/La(1 + 2X, 1i?).

This product of L-functions is holomorphic on X € iR, since L(1 + 2\, u?) has
no zeroes on Re (A) > 0 (see, e.g. [JS1]), and is of polynomial growth in A € iR
as |A| = o0o. Of course, Lg(A + 1/2,x) is holomorphic on A € iR for any unitary
character x of A* /F*.

Next we have to substitute the five terms of Lemma (2)5 in ((2)2), integrate
over A € iR, and take the limit as T'— oo (in this order!). For any choice of a test
function f, the sums over p and ® in ((2)2) are finite. We fix then p and ®, and treat
each of the 5 terms of Lemma (2)5 separately. Before we do that, note that for each
O, Dy € I(p,A), the matrix coeflicient c¢(A) = c(f, u, A; @, 1) = (I(f, u, A)D, Dy),
being the Mellin transform of a Schwartz function f, is rapidly decreasing (as
|A| = o0) in any vertical strip a < Re (A) < b, and so is the finite sum

Elj}([(fv 22 )‘)®7 1y )‘) = Z(I(fv 22 )‘)®7 q)l)Ew(@lv 1,y )‘)
D,
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We shall use this observation with the vertical strip —1 —e < Re(A) < 1 +¢, for
some small € > 0.

Note also that it is not the integral of Lemma (2)5 which appears in (2)2, but
rather its complex conjugate. For A € iR, note that A is —A. We then replace
TAM2 /(XN +1/2) by T= Y2 /(=X +1/2) in ((2)5.1), ((2)5.2), and vice versa in
((2)5.4), ((2)5.5).

Substituting ((2)5.1) in place of [¢ 'ATE in ((2)2), we may change the line of
integration from A € iR to A + % +¢e, A € itR. By Cauchy’s theorem the residue at

A = 1 will be picked up. The corresponding contribution to ((2)5.1) is

(@61) S/ OFNTBLI(, 1 5)P 15 5)
+%6(u/§)5(1) /R Ey(I(f, p, A+ % +e)P, p, A+ % +e) (T2 /(=X —€))dA.

As T — oo the integral over iR here is absolutely convergent to zero.
The case of ((2)5.2), when placed in ((2)2), is treated in the same way, the limit
as T — o0 is equal to

((2)6.2) 0(n&)P(w)m Ey(I(f, 1, 1/2)®, 1,1/2).

Next we substitute the expression obtained in Lemma (2)6 for ((2)5.3) instead

of ff_lATE in ((2)2). We obtain, noting that £ = ¢~1, m = p~!, and A = —\ for
€ iR,

(2)63 3 | Bol (o N i N LA+ 172,/
Lg(=A+1/2, (u€) Y Lg(1 — 2X, =) " dA.

The integrand is integrable on iR being (the product of a slowly increasing and) a
rapidly decreasing function in A, as |A| = oco. It is independent of T

The discussion of the terms ((2)5.4) and ((2)5.5) is similar to that of ((2)5.1)
and ((2)5.2), except that the line of integration will be moved from A € iR to
A—1/2 —¢, A € iR. Before carrying this out we need to specify the dependence
of (M(w, =1, —=A)®) on A. The operator M (w, =1, —A) is not unitary in general,
but it can be expressed (see [Sh2], p. 272) in the form

M(w, 5™, =X) = m(u~',=A) @, Ry, ~N),

where R(pyt, —A) : I(pt,—A) = I(py, A) is a unitary operator for all g, A, which
maps ®0 € I(u,t,—A) to ®° € I(u,, A) whenever pu, is unramified (and v nonar-
chimedean), and (R(u; !, —\)®,)(g) is holomorphic and slowly increasing in A in
any vertical band a < Re (\) < b, for any ®, € I(u; !, —\) and g € G,,. Moreover,
the scalar valued function

(™ =A) = LA p) /L= A 2)e(=A ) = L1+ A, i) /L1 A, p7?)

is holomorphic on —1 < Re (A) < 0 (L(1— A, z~2) in the denominator has no zeros
in Re (A\) <0, see, e.g., [JS1]) except possibly for a simple pole on Re (\) = 0 if p2
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factorizes through v(z) = |z|. In this last case we may choose p in its connected
component to have y? = 1. Then L(1 + )) in the numerator would have a pole at
A = 0 in the number field case, and at any A € iZ/logq in the function field case.
But L(1 — A) would also have a pole there, canceling the pole of the numerator,
and m(u,\) would take the value —1 at A = 0. In conclusion, M(pu~t,—)) is
holomorphic in —3/4 < Re A < 0 and of slow increase as |A| — oo.

With this knowledge we replace [ ¢ 'ATE in ((2)2) by the right side of ((2)5.4),
move the line of integration from A € iR to A — 1/2 — ¢, A € R, pick the residue at
A = —1/2, and obtain

((2)64) = 8(uE)mBy(I(F. 1, —1/2)@, 1, ~1/2) (M (w, ", ~1/2)B) (1)
- 350 [ B1(fom A== 1/20 03— =172

(M (w, 5= A+ £+ 1/2)8) (w)[TA5 /(A — £)]d.

The integrand is holomorphic and rapidly decreasing in A as |A| — oo. The integral
is absolutely convergent to zero as T' — oc.
The case of ((2)5.5) is similarly treated, to yield, as T'— oo, the limit

((2)6.5)  —o(p/mEy(I(f, 1, =1/2)®, p, =1/2)(M (w, =", ~1/2)B)(w).

The spectral side in our summation formula is then the sum of ((2)1) and the
sum over p and ® of ((2)6.1) +---+ ((2)6.5).

E. On the General Case. We now resume the discussion of the case of a general
n > 2. Thus we note that there is another expression for the kernel Ky(g,h),
which we now recall from Arthur [Al], p. 935. It is based on Langlands’ theory
[L] of Eisenstein series (and Morris [M] in the function field case); see the recent
clearer exposition of Moeglin-Waldspurger [MW2]. Thus let P denote a standard
F-parabolic subgroup of G, one which contains the upper triangular subgroup P,
let NV be its unipotent radical, and M its Levi subgroup which contains the diagonal
subgroup A. Let [[(M(A)) be the set of equivalence classes of irreducible unitary
discrete series representations of M(A). Put X(M) = Hom (M,GL(1)), ™Ap =
Hom (X (M), R) for the Lie algebra of M, and A} = X(M) ® R for its dual space.
For m = (m,) in M(A) define the vector Hps(m) in Ap by

e ) = [y (m)] = [T Ixo(mo)los X € X(M).

Extend Hjs to a function on G(A) = N(A)M(A)K by Hpr(nmk) = Hpr(m),
where K = [[ K, and K, is the standard maximal compact subgroup in G,. If

M(A)! is the kernel of Hy; on M(A), and A, is the center of M, then Hjy is an iso-
morphism from
Apg(B) N M)\ Ay (A) ~ M(A)\M(A) to %p. For any A € % = 25 @5 C
consider the character g — e{MHa(9)) on G(A), and denote its tensor product with
p € II(M(A)) by px. If A € 2% then py is unitary, and the group 2% acts freely on
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II(M(A)), making IT(M(A)) a differential manifold whose connected components
are the orbits of ¢7%.

For p € TI(M(A)) denote by Hp(p) the Hilbert space completion of the space
HY%(p) of smooth functions ® : N(A)M (F)\G(A) — C which are K-finite, have the

property that
// |®(mk)|?dm dk
K JM(F)\M(A)*

is finite, and that for every g € G(A) the function m — ®(mg) on M(A) is a
matrix coefficient of p. Let pp be the vector in A% such that the modular function
5p(p) = | det(Ad(p)|N)| on P(A) is equal to e2PP-HM®): here N is the Lie algebra
of N. For ® € Hp(p) and A € A% put ®(g,\) = ®(g)elrrtMHu9)) (g € G(A)),
and denote by I(p,A) the right representation, (I(h,p, A\)®)(g,\) = ®(gh, ), of
(h €)G(A). The G(A)-module I(p,\) is unitary for A € iA}.

Denote by Ap the set of simple roots of A, in P. These are elements of X (M) C
2%. The set Ag = Ap, is a base for a root system, and there is a coroot " in Ap, for
every root a € Ap. If P; C P, are parabolic subgroups, then the group M p NP, is
a parabolic subgroup of M p, with unipotent radical ﬂpf = Np NMp,. The set A%
of simple roots of A, in M p NP, is a subset of Ap, which spans a subspace (Q[gf )*
of A% . We have A, = (9[1123)*@9[}32- Define A} = {H € Ap; (o, H) > 0, € Ap},
and (Ap)T ={A e Ap; (N, a¥) > 0,a € Ap}. Then pp € (Ap)T.

Identify Ap, with the subspace {H € 2p;(a,H) = 0, € A%}, and denote
by A2 the subspace of Ap, which is annihilated by A}, . Then Ap, = AL & Ap,.
Denote by 3% = {wy;a € A%} the basis for (9(,’2)* dual to the basis {a¥;a €
A%‘} of Q(?f. Note that any root « € A%’ is the restriction to (Q(?f)* of a unique
root 3 € A%; oV is defined to be the projection to ngf of the vector B in Qlfig.
Let %11;12 be the characteristic function on Ay of the H € Ay with (w, H) > 0 for all
& € Ap. Put 7p = 7§. Note that 7¢ = 1.

If Q is also a standard F-parabolic subgroup, denote by W (2p,%g) the set of
elements s in the Weyl group W with sp = g. Denote by w; a representative
in G(F) for the element s of W. For p € II(M(A)) and ® € Hp(p), and A € A} ¢
with real part Re\ € pp + (U%)T, define the Eisenstein series

E(g, 2.0, = ), (9,0
YEP(F)\G(F)

and intertwining operator

N, (A)Nws N p (A)w: "\N g (A)

The functions E(g,®, p,A) and M(s, p, \)® can be continued as meromorphic
functions in A to A%. If A € i} then E(g, ®, p, A) is smooth and slowly increasing
in g, and M (s, p, A) is a unitary operator from Hp(py) to Hg(spsx). Denote by n(P)
the number of chambers of 2, namely the connected components of the complement
to the union of the hyperplanes orthogonal to the roots in Ap.
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The representation theoretic expression for the kernel K¢(g, h) is

(3.1) S u(P)tY) / " E(g, 1(f, 0, )@, p, VE(h, &, p, A)dA.

P P meg

Here p ranges over a set of representatives for the connected components (i%%p-
orbits) of II(M (A)), and ® over an orthonormal basis (chosen to have the finiteness
properties of [A1], p. 926, £. —12) for the space Hp(p); I(f, p, A) is the convolution
operator. By [A1], Lemma 4.4, p. 929, the sums over p and ® and the integral over
iU are absolutely convergent. Note that (I(f, p, A\)®,®’) is a rapidly decreasing
function in |[A\| — oo, where (-, -) indicates the inner product on Hp(p).

Our summation formula is obtained on integrating K ¢(n, h)&(h)1s(n) over n in
No(F)\Ny(A) and hin H(F)\H(A), using the spectral decomposition of the kernel,
and comparing with the result of Corollary 3. Put

o (g) = / H(ng)dn
N(F)\N(A)

for a continuous function ¢ on G(F)\G(A). Following [A2], p. 89, for a suitably
regular point 7 in A introduce

ATg(g) = (-)T@ N p(H(vg) — T)dn(79);

P YER(F)\G(F)

here P ranges over the standard F'-parabolic subgroups in G.

Denote by AT K¢ (g, h) the image of the function h — K (g, h) under the operator
AT, Since h — K(g, h) is slowly increasing, it follows from [A2], Lemma 1.4, that
ATK¢(g,h) is rapidly decreasing as a function of h € G(F)\G(A). Since K¢(g,h)
is integrable over h € H(F)\H(A) and ATK;(g,h) — K(g,h) as T — oo, and
Ny(F)\Ny(A) is compact, we conclude that

(3.2) lim / ATK ¢ (u, )€ (h)ap (u)dudh
T=o0 JN (F)\N, (&) JH(F)\H(8)

_ / / K (u, B)E(R) (u) dudh.
N (PN, () JE(P)\B(8)

The function E(g, ®, p, \) is slowly increasing in g € G(F)\G(A), hence ATE(g, ®, p, \)
is rapidly decreasing, and the expression

S Pty / " B (g, I(f, 0, N, p, N, p, NATE (h, B, p, A)dlA

p Pt

is convergent and equal to AT K (g, h). The integral over (g, h) € No(F)\Ny(A) x
H(F)\H(A) of its product with £(h)1(g) is equal to

Y)Y [ S BN [ ATEGL@p Nemanx

P, H(F)\H(A)
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where
By@oN= [ Bt

N, (F)\N, (4)

We shall sketch a proof of the following. Suppose that n > 3 (the case of n = 3
being trivial, we shall concentrate on n > 4 in the sketch of the proof below).

4. Proposition. The only possibly non-zero contributions to (3.3) are parametrized

by:
(a) P of type (n1,n2,n3) and unitary, one-dimensional p = p1 X pa X p3 with
i1 N2 N3

P1 P2 P3” — L
(b) P of type (n —2,2) and p = p1 X p2 where py is unitary one- dimensional and
p2 18 a cuspidal GL(2 A)-module whose central character w,, is equal to P
(c) P=G,n=3andp isa cuspidal PGL(3,A)-module, or n =4 and p is the
discrete-series representation of PGL(4,A) which is equivalent to the unique
subrepresentation of I((p1 X p1)5;11/2), where Py is the parabolic of type (2,2)

and py is a cuspidal representation of GL(2,A).

Sketch of Proof. (This is only a sketch since although a few cases of the assertion
made in the following sentence are explicitly computed below, the assertion is not
proven below in full generality. The assertion is the following).

As a function in T the integral fH(F)\H(A) ATE(h,®, p, \)¢~(h)dh converges to
a linear combination of exponentials in linear forms in A and T divided by such
linear forms, in A\. Examples are computed explicitly below, see, e.g., Propositions
9 and 11 for a general n, and the complete discussion in the cases of n = 2 and
n = 3. In particular the limit over 7' cannot be taken inside the integral over «2%.
Instead, the elementary Lemma 10 below implies that the limit of (3.3) as T' goes
to infinity is equal to

(4.1) > (P Z / > Ey(I(f, p, N, p, NF (2, p, A, €)dA

g Pi(an) o

where (%) are the hyperplanes defined by the linear forms in A in the denominator,
and F(®, p, A, £) are the residues of the fH(F)\H(A) ATE(h,®, p, \)¢~L(h)dh on these
hyperplanes. By virtue of a standard argument of “generalized linear independence
of characters (see, e.g., [FK|, Theorem 2), using the absolute convergence of the
integrals, the ample supply of the f, unitarity estimates and the Stone-Weierstrass
theorem, Corollary 3 would imply, when n > 4, that the coefficient Ey_(®,p, \)
is 0 for every character ¢, a € F*"~2 unless a = (0,...,0), for every pair (p, \)
which occurs non-trivially in (3.3), and every ® € H%(p).
If (m, V') is an irreducible representation of G(A) and 1 a character of Ny (F)\N,(A),

in analogy with [BZ] introduce the A,(A)-modules of coinvariants (my, V) by
Vo = V/{r(w)v — ¢Y(u)v;v € V,u € Ny(A)). Any such character 1 is of the

form tp(u) = ﬁ(KZ Biui i) for some 3 = (By,...,0n—1) € F"7'; here u =
<z<n

(uij) € No(A). The largest number of non-zero components of 3 such that Vy,, # 0
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is an invariant of the representation 7, which we call here the index of 7. A G(A)-
module with (maximal) index n — 1 is called generic, or non-degenerate, and it is
said to have a Whittaker model. A discrete-series G(A)-module whose index is 0 is
one-dimensional.

Moeglin and Waldspurger [MW1] have shown that if 7 is an irreducible discrete
series G(A)-module then there are positive integers m and k with n = mk and a
cuspidal GL(m, A)-module p, such that 7 is the unique submodule of the G(A)-

module I((p x --- X p)&IZI/ ?) which is normalizedly induced from the G(A)-module
indicated, where P = M N is the standard parabolic of type (m,...,m), and dp is
its modular function. The index of this 7is j = (m — 1)k. It My, = [[ GL(n;)
1<i<r
is the Levi subgroup of a standard parabolic, and the GL(n;, A)-module p; has
index j;, then the induced G(A)-module I((py X --- x p,.)elMHP1)) has the index
(22 ji)+r—1, forany A € Ap .
1<:i<lr

The Eisenstein series E(u, ®, p, A) which occurs in (3.3) is an element in the space

of the G(A)-module 7 = I(p ® eMHr)) whose index is 2. On the other hand, if P

is of type (n1,...,n,), and pis a discrete series M (A)-module, then n; = m;k;, and
the index of misr—1+ > (m;—1)k;. Since the k;, m; and r are positive integers,
1<i<r

we conclude that either r =3 and m; = 1(1 <i<3),orr =2and my; =1, mg =2
and ks =1, or r = 1, in which case my =3 and ki =1orm; =k =2
This completes our sketch of the proof of the proposition.

Remark. Note that in case (b) p2 may not be taken to be one-dimensional, as
then the index of 7 = I(p ® eH)) be one. In case (c), when n = 3 the p cannot
be one-dimensional (the index would then be zero). When n = 4 the p cannot be
cuspidal (index 3) or one-dimensional (index 0), nor can p; be one-dimensional, as
then the index of m would be 1.

We shall need below several decompositions.

5. Proposition. Denote by P, a parabolic subgroup of type x of G, by I the identity
(n —2) x (n—2) matriz, and by r(i,j) the matrix whose entries are 0 except for a
single 1 on each row and column, which represents the reflection (i,7). Then

I 0 0
G=P, 1 HU B(n—l,l)r(n —1,n)HU Py |0 1 0fH,
0 1 1
where H = {(; (1)> ; € GL(n — 1)} C G. Moreover,
0 0 1
G = P _50)HU E(n—z,z)r(” —2,n)HU Po o0 I 0])H
0 1

= B(z,n—z)ﬂ U E(z,n—z)r(lv n)H U B(Z,n—Z)

—_ O =

O ~NO

—_ o o
[as
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Proof. The map g + (0,...,0,1)g is an isomorphism from B(n—1,1)\Q to the pro-
jective n-space P", which decomposes as the disjoint union of three orbits, namely
0,...,0,1)H, (0,...,0,1,0)H, and (0,...,0,1,1)H. The first decomposition fol-
lows.

Denote by U, the group of matrices (u;;) in G with u;; =1 (1 < ¢ < mn), and
u;j = 0if i # j unless i = £ and ¢ < j < n. Also put Uy for the group of (u;;) in
G with u;; =1 (1 <i <mn)and u;; =0if i # j unless (4,5) = (¢,n). The Bruhat
decomposition, with Py = P,,_; 1y and P 1y = P(,,_5 1 1), asserts

P, = U 2(1,1)T(i7”_1)gi-

1<i<n
Hence
I 0
G = P(11)HU U P yr(n=1,n)r (an’HU U Puqyr(i,n=1){ 0 1
1<i<n—2 1<i<n 0 1
Then
I 0
G=Pg_ 22)HLJ U P, 22)7"(anHLJ U Pir_22yr(i,n—=1) [ 0 1
1<i<n—2 1<i<n—2 0 1
Note that
1 0 1
Py pyr (s WUH = Py gy (i m) H | Py yr(1m) | 0 10 ) H
0 0 1
for any i(1 < i < n —2). The last double cosets in the two last displayed lines are
0 0 1 1 10 1 0 0
equal, since [ 0 1 0 0 1 0 0 1 0 ] liesin the bottom right 3 x 3
1 01 0 0 1 -1 0 1

corner of P, _, ). Taking ¢ = n — 2 the second decomposition follows.

To obtain the last decomposition apply to the previous one the automorphism
o(g) = Jtg=1J, where J = (a;j), @ipnt1—i = 1 and a;; = 0if i + j # n+ 1. Then
0P _99) = Py 9y, and cH = r(1,n)Hr(1,n). Since G = Gr(1,n), the last
decomposition follows, as required.

Remark. Let I' be the identity (n — 3) x (n — 3) matrix and put
[/

K =

_o O O
o = O O
_— o = O

0
0
0

_ o O
O N O

1
0 |H=Pq_59kH.
1

Put H~ = r(1,n)Hr(1,n). In the following PZ denotes a standard parabolic
subgroup of H of type . By A we indicate an (7;— 3) x (n — 3) matrix, and B,
C will be row vectors of length n — 3; a,c,d are scalars. Proposition 5 has the
following

o=}
=

=
=



27

Corollary. We have the disjoint coset decompositions

H H
(5.1) B(n_z,z)\g = B(_n—z,l)\ﬂur(" -2, TL) : B(_n_g,z)\ﬂ
A tB tC 0
0 1 c 0
Us: 0 0 a o (M
0 0 0 1
and
H H™ —
(5.2) B(Z,n_z)\Q = B(_Q,n—3)\EUB(_1,n—2)\E : T(Ln)
N
Ulo 1 o0 \H.
1 0 1 0 0 A O
0O 0 0 1

Remark. Proposition 5 implies that the structure of H\G/H is independent of
n > 3. It would be interesting to pursue a comparison theory between G, (A)-
modules with a H, (A)-invariant form and G5(A)-modules with a H(A)-invariant
form (for n > 3) on developing and then comparing the (non-Fourier) summation
formulae associated with such double cosets.

6. Proposition. Ifn > 3, no discrete-series representation occurs in (3.3).

Proof. We need to show that the terms described by Proposition 4(c) do not occur
in (3.3). We give a complete proof in the case of n = 3, and a sketch in the case of
n = 4. Suppose first that n = 3 and p is a cuspidal PGL(3, A)-module. If ® € p
then AT® = @, since @ = 0 for all P # G by definition of cuspidality.

The Fourier expansion of the cusp form @ is

B(g) = > Wz, (p9),

PEN j (F)O\H(F)
where
Waylo) = [ Blug) (),
No(F)\Ng(4)
1 =z 0 x 0 _
and Ny = 0 1 0 C H= x % 0 The integral of ®& over
0 0 1 0 0 1
H(F)\H(A) is equal then to

W, (nh)€(h)dndh.

I

| wameman— | /
Ny (F)\H(A) Ny (M\H (4) /N (F)\N 5 (4)

The inner integral here is 0 since ¢) is non-trivial on N g (F)\N g (A) and W5, (nh) =
w(n)W5,¢ (h).
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Now the terms associated with the cuspidal p in the spectral expression for the
kernel have P = G, n(P) =1, A% = {0}, and these terms are

DD (pND)(WATB(R) =) > (p())®)(w)B(h).

p ®ep p ®ep

The integral of the product of this with 1 (u)&(h) over No(F)\Ny(A) x H(F)\H(A)
vanishes since fE(F)\H(A) ®(h)¢(h)dh = 0 for all ® € p, as required.

Of course this proof generalizes to show that when n > 3 no cuspidal represen-
tation (m =)p of G(A) would contribute a non-zero term to (3.3).

In order to deal with the remaining case of Proposition 4(c) suppose that n = 4
and p is the discrete series PGL(4, A)-module which is equivalent to the unique
irreducible subrepresentation of I((p1 x p1)5;(12,/ ;),Where p1 is a cuspidal GL(2, A)-
module, and 2(2’2) is the standard parabolic of type (2,2). Note that the space
of this p is spanned by residues of some Eisenstein series, which are automorphic
functions; the spectral expression for the kernel does not use the realization of p
as a subrepresentation of I((p; X p1)5;(12’/22)). The coefficient @y of ® € p is 0 if
N is the unipotent radical of a parabolic subgroup of type (1,3) or (3,1), since
the GL(2,A)-module p; is cuspidal. Indeed, the integral over N(F)\N(A), of the
Eisenstein series whose residue is ®, vanishes, since wNw™! N M (2,2) 18 non-trivial
for every element w of the Weyl group. Hence

AT®(g) = ®(g) — > TPy 0y (H(69) = T)®n,, , (69);
SEP 5 o) (F)\G(F)

note that the dimension of the center of the Levi subgroup M, 5y of P, 5y is 1.
We need to show that fH(F)\H(A) AT®(h)¢~L(h)dh is zero, where H ~ GL(3)

embeds in G = PGL(4) as H = { (g (1)> g € GL(3)}. To compute this integral

. T .
we need to rewrite A ®(g). Since O, |

of the parabolic of type (3,1), the Fourier expansion of ® along Ny is

is zero if N5 1y is the unipotent radical

Olg)= >, Py, (P9,

PEP ; (F)\H(F)
where
1 0 0 =z
_ 0 1 0 y
By 0l0) = [ D(ughple) M, u= [0 L0V
Nz, 1) (FN\N (3 1) (A)
0 0 0 1
x x x 0 * x x 0
x x x 0 * x x 0
mdPr=910 01 0] L=y« « + 0
0 0 0 1 0 0 0 1
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To continue we need a special case of the Corollary to Proposition 5, namely the
decomposition

u v w 0
P \G =P, \HUr(2,4)-P o \HUk B\ H here By =4 |0 @ ¢ 0
P2)\G = P31)\HUr(2,4)-P(y 5)\HUx-By\H, where Dy = 00 a 0
0 0 0 d

Here £ is as defined above (5.1); P, ;) and Py 5y are the parabolic subgroups of
H of types (2,1), (1,2); r(2,4) is an elementary matrix in G(F') representing the
reflection (2,4). The sum over  in P, 1)(F)\H(F') is expressed compatibly with
the sum representing ®(g), as follows.

The Fourier expansion of ®y , - along N3 1y N M, 5 is

(I)E(Z,?) (g) - Z (I)ﬂ(m),(ﬂ(3,1>,¢)(a(t)g)? a’(t) = dlag (]-7 17 2 1)

teF X%
Hence
D(g) — > TPyay (H(69) = T)®n, , (69)
5€£(2,1)(F)\£(F)
= Y [N, (09) = T, (H(pg) = T)(@n, ) )@, ) (P9)]
PEP , (F)\H(F)

The integral of the product of this by £71(g) over g € H(F)\H(A) is equal to

/ (1=7pyy o, (H (m)=T)) /(%m)u(s,l),w)(m’f)f_l(m’f)(S(m)_ldm dk,
M (5 1y (F)O\M (5 1) (A)

since Py (A) = M(2,1)(A)(ﬁ(2,2) NH)(A) and H(A) = Py (A)(K N H(A)). This
integral factorizes through N 3)(F)\N; 3)(A), namely through Py, , > which is
zero as observed above. Hence the integral over H(F)\H (A) is zero.

The second coset, r(2,4) - Py 5)\H, in P, 5)\G, parametrizes the terms in the

sum in AT®(g), which — multiplied by £¢~1(g) and integrated over H(F)\H(A) —
yield

_ / Fpan (H(r(2,0)h) = T)Ox | (r(2, )R~ (h)dh.

Nz 2)
P o) (F)O\H(A)

¥ x *x 0 x 0 % x
Note that r(2,4) 8 : I 8 r(2,4) = 8 (1) 2 2 , and the product of
0 0 0 1 0 0 % =x

this with N, 5y contains N ;). Hence this last integral factorizes through @ﬂ(g,l),
which is zero.
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The last coset, kB \H, in 2(2’2)\Q, after multiplication by £ 7!(g) and integra-
tion over H(F)\H(A), yields

R / TPy (H(kR) = D)@, , (KR)E (R)dh.

B (F)\H(A)
1 » 0 0 1 —v 0 v
. 0100} 4y (O 1 00O L
Since & oo 10l =1lo o 1 ol and the product of this with
0 0 0 1 0 0 0 1

N (3,2) contains N 3, the integral factorizes through PN, 4 and this is zero.

It follows that the integral of (AT®)(h)¢é~1(h) over h in H(F)\H(A) is zero.
This completes the (sketch of) proof of Proposition 5. Of course to complete the
proof it has to be shown that each of the three terms associated with the three
cosets is integrable, not only factorizes through an integral which vanishes.

Denote by P, the parabolic subgroup of type (n — 2,2), by p2 a cuspidal rep-
resentation of GL(2,A) with central character w,,, by p; a unitary character of
AX JF* with p7~™ = w,, and also the character p;(g) = p1(det g) of GL(n — 2, A).
Let p = p1 X p2 be the P,(A)-module defined by p; and py on the Levi fac-
tor, and extended trivially across the unipotent radical. For any A\ € C put
pr = p1 @ N (=2 x py @ v=2 where v(z) = |z|, x € AX. Denote by 7 the
vector in the one dimensional space 2] = Ap with py = p® el H)

As in [Al], p. 917, for any F-parabolic subgroup P, let W (2;,22), Ao = Ap,,
denote the set of (distinct) isomorphisms from 2(; to s obtained by restricting to
2, elements of the Weyl group W. Note that when n # 4, the set W (241,2) is
empty unless Py = Py or P, ,,_5), in which case it consists of s = identity or of

0 I
I,_o 0O
P, = P,, and then it consists of s =1 and s = s5.

As in [A2], p. 113, for any F-parabolic subgroup P define W (2l; P) to be the
union over all 2y of the s € W(241,%3) such that s2; = A contains A = Ap, and
s7la > 0 for all « € AL, Then W (2y; P) is empty unless P = G, when it consists
of the identity, or P = P,, when it consists of the identity if n # 4 and of the
identity and sp if n =4, or P =P, ,, 5, n # 4, when it consists of ss.

We shall use the following analogue of the formula (4.1) of [A2], p. 113.

§ = 89, where sy = ( >, respectively. If n = 4, W (2, As) is empty unless

7. Proposition. We have

E(nqu)apv T)\)dn: Z EB(Q,M(S,T)\)@,SP, ST)\)a
N(F)\N(4) sEW (A;P)
where
Ep(g,®,p.7)= > ®(yg,7)  (cf. [AL], p. 927).
SeP, (F)\P(F)

Proof. The equality is a tautology for P = G, so we assume that P # G. This iden-
tity is asserted in (4.1), [A2], p. 113, when p is a cuspidal representation (of the Levi
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factor of an F-parabolic). But the p in the proposition is not cuspidal. The trivial

representation 1 of GL(n — 2, A) is obtained as the residue at (”53, "55, e 35")

of the Eisenstein series on GL(n—2, A) induced from the upper triangular subgroup

and the parameter 7/ = (A1,...,A\p_2), >, A = 0, in C"2. The Eisenstein
1<i<n—1

series in the proposition is also obtained as a residue. Denote by P4 the F-parabolic

of type (1,...,1,2). The space 23 is (n — 1)-dimensional, represented by 7 + 7y,

7= (e ey Aoy 0,0) With Ap -+ 4 Ap_p = 0, and 7y = (ﬁ A2 _g).

Denote by ps = p1 X - X p1 X pa the representation of M4(A), where p; x---xpp isa
character of (AX)"~2. For ®3 € ps3, consider the Eisenstein series E(g, ®3, p3, 7+7»)
on (g €)G(A). The series E(g, ®, p, 7») is obtained as the highest residue (of degree
n — 3), for some ®3 (which is in fact the restriction of ® to M3(A)), namely

E(97®7p77—>\) = Xilklm 1 H ()‘l_)‘z—l) E(97@379377'+7'>\)-
t<icnes \1<i<n—2

Since p3 is cuspidal, (4.1) of [A2], p. 113, applies:

E(ng, ®3,p3, 7+ 72)dn = Z Ep(g, M (s, 7+7x)®3, sp3, s(T+7))).
N(F)\N(A) SEW (UAs;P)

Any of the Eisenstein series on the right can have a pole of (the maximal) order

n — 3 only when P(# G) is of type (n — 2,2) or (2,n — 2), and such a pole is

attained only at 70 = (”T_S, ”T_E’, ey ?’_T”, 0, O), precisely when st = 70 or 570 =

5 ’y T o In—2 0

spectively. Multiplying by
IT (A — Xi_1) and taking the n — 3 limits as A; — A\;_1 — 1, we obtain 0

1<i<n—2

unless P(# G) is Py or Py ,,_5, in which cases we obtain

. . . 0 I
(0, 0, ”T_?’, n=>5 . 3_—”), namely when s is the identity or s, = < 2 ), re-

Eﬂ(n_m) (ga D, p, TA) or EB(Q,n_z) (97 M(SQ? TA)(I)v S2p, SQTA)a

respectively, if n # 4, and their sum if n = 4. This is the expression asserted in the
proposition.

In [A2], the identity (4.1) is used in the proof [A2], Lemma 4.1, on p. 115, £.
2. The proof of that Lemma then applies without a change in our situation too, to
yield

8. Proposition. For a sufficiently large A (i.e., Re(\) > 1), the truncated Eisen-
stein series AT E(g, ®, p, ) is equal to

Z Z Z e2(sTx)p2(s7x, Ho(vg) = T')

Py vEP, (F)\G(F) s€W (A1, 22)
e+ HoVa)) (M (5. 7,) D) (vg),
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with the sum over vy converging absolutely.

Recall that e3(A), for A € 2§, is defined in [Al], p. 940, to be 1 if the set of
a € As with (A,aY) < 0 is even, and —1 otherwise. The function ¢o(A, H) on
(A, H) € A5 x Ay takes the values 0 and 1. It is equal to 1 precisely when for every
a € Ay, we have (A, ") < 0 and (Wa, H) > 0, or (A,a¥) > 0 and (W, H) < 0.
As noted in Proposition 7, P, ranges over the set {P = P(,,_3 9), Py = P(5,_o)},
and s = 1 or so. It is clear that e1(7y) = 1 and e3(s27)) = —1. When s = 1, the
characteristic function ¢1(7x, Ho(g) —T') can be expressed as x(dp, (9)1/? < t1), the
characteristic function of the g such that dp (g)'/? < t;, where ¢;(> 0) depends
linearly on 1" € QlaL and t; — ocoasT — oo. When s = s5 the characteristic function
¢2(s27x, Ho(g) — T) can be written as x(dp, (9)/? > t2), the characteristic function
of the g such that ép, (9)'/? > t5, where t(> 0) depends linearly on T" and ¢t — 0o
as T'— oo. Further, the exponential e(™*r1:Ho(9)) ig equal to op, (9)2 D while
els2ma+p2,Ho(9)) ig equal to op, (g)%(l_)‘). In summary, the identity of Proposition 8
can be rewritten as follows:

Corollary. The truncated Eisenstein series ATE(h,®, p,T\) is equal to the dif-
ference between

(8.1) > Xy )Y? < t1)81(vh) N 2D(yh)
YER, (F)\G(F)
and
(8.2) > Xa(vh)? > 12)82(vh) V2 (M (52, p, ) @) (vh).
YEP,(F)\G(F)

We use this Corollary to prove, with p = p; X po, the following

9. Proposition. The integral of the product of (8.1) and €~1(h) over h in H(F)\H(A)
is equal to 0(p1/§) Lay (p2 ®§_1, (n—1)/2)t}/\.

As usual, if x is a character of A* /F* we put 6(x) = 1if x is 1 on every a € A*
with |a| = 1, and §(x) = 0 if not. The L-function is the one associated in [JPS]
to the cusp form ®g¢(A) = [on @ <(é 3) k) EY(k)dk, A € GL(2,A), in po,
twisted by £

Proof. We use the Corollary to Proposition 5 to express the integral of (8.1) as a
sum of three integrals, corresponding to the three cosets in (5.1). Corresponding
to the second coset in (5.1), we obtain the integral

(8.1.2) / (L (T2 < 11)5, () V28 (e =L () dh,

Pl (F)\H(A)

where r = r(n — 2,n). By the Iwasawa decomposition H(A) = B(%_:,’Q)(A)KE we

write h = mnk, and note that rmr~! ranges over L(F)\L(A), where L is the Levi
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subgroup of type (n — 3,1,2) of G. Note that GL(2, F)\GL(2,A) can be expressed
in the form N(F)\N(A) - S for some Siegel domain S, where N denotes here the
upper triangular unipotent subgroup of GL(2). But ®4(a) = ® <<é 2) g> is
a cusp form on GL(2,A), for any g in G(A). Consequently the integral factorizes
through an integral over u € N(F)\N(A) of the cusp form ®4, and this inner
integral is zero, as is (8.1.2).

Corresponding to the third coset in (5.1) we obtain the integral

(8.1.3) / (51 (5h)) 25, () V2D ()= (),
I' 0 00 A tB tC 0
0 0 0 1 0 d ¢ 0
where £ = 00 1 0 It ranges over 0 0 a4 0 (F)\H(A).
0 1 0 1 0 0 0 d
Since
0 0 1 1 ¢ O 1 01 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0],
1 01 0 0 1 1 0 0 0 c 1

using the Iwasawa decomposition H(A) = ( 31 1)( H it is clear that the inte-
gral (8.1.3) factorizes through the integral over EN(F N(F)\!*N(A), where !N is the lower

triangular unipotent subgroup of GL(2), of the cusp form ®,(a) = @ <<([) 2) g)

on GL(2,A). This inner integral is zero, and so is — consequently — (8.1.3).
Corresponding to the first coset on the right side of (8.1) we obtain

(8.1.1) / (61 (R)Y2 < 10)61 () )28 ()¢ =L () dh.

Pty (F\H()
By the Iwasawa decomposition H(A) = M(n—Z,l)(A)M(n—Q,l)(A)KE we may write
h = nmk, and m = diag(a,b,c), where a is in GL(n — 2), and b,c in GL(1).

Note that d;(h) = |det(a)?/(bc)"~2|, and the modular function & with respect
to N(,_2 1), which occurs in the integration formula dh = 5~ Y(m)dn dm dk, is

k]l =

o o O

(
I 0
§(h) = |det(a)/b™2|. Note also that ®(nmk) = pi(deta)® 0 b
0 0

p1(det a)®y, <<8 2)) , where &y (A) = ® ((é 2) k) is a cusp form in py (A in
GL(2,4)). Denote by ® ¢ (A) the integral over k € K of ® <<([) 2) k> E-H(k).
It is again a cusp form in py, on GL(2, A).

Consequently (8.1.1) is equal to the product by the volume 1 = |SL(n—2, F)\SL(n—
2,A)|, of the integral

/|a2/(bc)"_2|(1+>‘)/2|a/b”_2|_1<13]1<,§ ((8 2)) £t b det a)py (det a)d* ad*bd* c.
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Here a, b, c range over the quotient of (A* /F )3 by the equivalence relation (2”72, 2, 2)

1,1,1). Since py has the central character w,, = p>~", we have g b0 =
p2 1 i3 0 ¢

p1(c> )Py ¢ <(béc (1)>> . The integral ranges over the domain |a?/(bc)”~2|*/? <
t1. Write v = b/c and v = a/b"~2. Then the range of integration is |v| |u|"~2)/2 =

la/b"2||b/c|™=2)/2 < t;. The integral takes the form

n— n— u 0 n— n—1\—
|U|( 2)/2(|u|( 2)/2|U|)>\(I)K,§<<O 1>>p1(vu 2)§(UU 1) ldxvdxu

o |ul(r=2/2<t,

(note that u, v range over A* /F*).
Integrating out v, and noting that Re (\) > 0, we obtain

A
o/ [ wee (5 1)) e o

Since P ¢ is a cusp form, it is rapidly decreasing, and the last integral converges.
It is a “Tate integral” for the L-function of ps. Namely for any ®5 € py, the integral

/ @((“ “)) =36 (W)U = Lo, (p2 @€, 8)
AX JF% 0 1

coincides — up to a finite number of factors — with the Kuler product which defines
the L-function of py ® £~ for further details we refer to [JPS]. The Proposition
follows. -

Before we proceed to integrate (8.2) over H(F)\H(A), note that the result of
Proposition 9, and 11 below, will be used in conjunction with

10. Lemma. Let f be a Schwartz (smooth, rapidly decreasing as |u| — 00) func-

1/6 —€
tion on iR, and signify by [ the principal value integral lir%( |+ [ ). Then
iR 2% e /e

Jim £ f(p)p~" exp(£pt)du = ££(0).

To complement Proposition 9, we have

11. Proposition. The integral over g in H(F)\H(A) of the product of £~1(g) and
(8.2) is equal to

O(p1/E)L(M (52,02 N®Yc (P2 ® E"TT, (0 = 1)/2)t57 /.

Proof. The coset decomposition (5.2) will be used, and as in the discussion of (8.1)
using (5.1), we express the integral of (8.2) as a sum of three integrals, corresponding
to the three cosets on the right of (5.2), beginning with the second coset. Since
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r(1,n)H(A)r(1,n) = H™(A), the integral over H(F)\H(A) of the summands in
(8.2) parametrized by the second coset in (8.2) is equal to

/ X(@2(B) Y2 > 13)65(1) N2 (M (53, pas \)@) ()~ (h)d.

P gy (F\H(4)

We shall abbreviate here and below and write M® for M (s2, p2, A)®; note that
(M®),(A) = (M) <<161 ?) g) is a cusp form in py on A € GL(2,A) for every
g € G(A). The Iwasawa decomposition H(A) = B(% n—3) (A)KE can be used to
show that the integral factorizes through h = mnk, with m = myms, and m; =

61 ? , with A in GL(2, F)\GL(2,A). Writing A as A; A,, with A; ranging over
N(F)\N(A), N being the upper triangular unipotent subgroup of GL(2), and A,
over a suitable Siegel domain, since (£7162)(h) is independent of A; we conclude
that the integral factorizes through [(M®),(A1A42)dA1, A1 € N(F)\N(A), and
this is zero since (M ®), is a cusp form.

The integral over H(F)\H(A) of the terms in (8.2) parametrized by the third
coset in (5.2) is equal to

/ (@ (rh) V2 > 1)85(rh) =N/2 (M @) (rh)E = (h)dh

where
1 0 0
r=|0 I 0],
1 0 1
a 0 C 0
c d B 0 . .
and h ranges over 00 A 0 (F)\H(A). Applying again the Iwasawa
0 0 0 a
1 0 0
decomposition, and noting that r commutes with x = [ ¢ 1 0 |, and that
0 0 I

E7155(zrh) = (£7162)(rh), it follows that the integral factorizes through the in-

tegral
/(Mq))’"h<<i (1)>>dc, ce A mod F,

which is zero since (M ®),, is a cusp form in ps.
There remains the first coset in (5.2). The integral over H(F)\H(A), of the
terms in (8.2) parametrized by this first coset, is equal to

/ X2 (B2 > 19)5 (h) A= N2(MB) (hr)e =2 (h) dh.

Pl o) (F)\H™(4)
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Here r = r(1,n), and we used the fact that rHr = H™. The Iwasawa decomposition
H™(A) = ﬁgin_z)(A)Mg;_2)(A)K37 can be used to write h as nmk, and we use
the change of variables formula dh = §(m)~tdndmdk, with §(m) = |b"~2/ det(c)]

a 0 0
ifm=|[0 b 0];a,bin A* cin GL(n — 2,A). Note that
0 0 ¢

~N o O
o

(M®)(nmk) = p1(det ¢)(MP) 0
0

o o O

and the function A — (M ®) ((61 2) g> = p1(det c)(MP) <<161 ?) g) for any

c € GL(n—2,A) and g € G(A), is a cusp form in A € GL(2,A) in the space of the
cuspidal representation ps of GL(2,A). Put

(M) (A) = /KE(MQ) <<§ ?) k) €1 (k)dk.

Since d2(hr) = |(ab)"~2/ det(c)?|, our integral takes the form

[ b= dente 02 deniol e ( ()

- p1(det c)é(a™ "t /bdet c)d* ad™ bd*c.

a 0 0

It rangesoverthe | 0 b O
0 0 ¢

to. Integrating over ¢ in SL(n — 2, F)\SL(n — 2, A) we earn a volume factor which

is equal to 1, and we may assume that c lies in A* /F*, as do a,b, and (a, b, c) are

taken modulo the equivalence relation (z, z, 2" 2) = (1,1,1). Write u = a/b and
v = b"=2/c. Then the integral ranges over |v||u|("=2)/2 > t,, and it takes the form

in My 1 o) (F)\M 3 1,,_9)(A), with |(ab)"~2/ det(c)?|*/?* >

. e _ u 0 _ n—
|| =22 (Ju| =22y ) A (M D) e e <<0 1>>p1(1)) Ye(ur ) d X ud .

o] Jul(n=2)/2> ¢,

Integrating out v we obtain

s/ [ (1 9)) cwr= e

- ne1 n—1
= 6(p1/§)>\ 1t2 AL(M‘})K,g <p2®§ 17T> 9
where Liara), . (p2 ® "7, 2=1) is the value at (n — 1)/2 of the L-function of py ®

§”_1 associated with the cusp form §”_1(M(I>)K,£ in ps ®§"_1. This completes the
proof of our proposition.
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Bernstein’s center. It remains to compute the contribution to the spectral side of
the summation formula of the terms parametrized by the data of Proposition 4(a).
It might be true that for a general n > 3 the only terms described by Proposition
4(a) which contribute to the summation formula are associated with a parabolic
subgroup of type (ni,ng,n3) where at least two of the nj, ng, ng are equal to
1, but we do not pursue this question here. In fact we shall discuss below the
contributions of the terms of Proposition 4(a) only in the special case where n =3
(and nq = ny = ng = 1). Before embarking on this computation for n = 3 we shall
complete a special form of the summation formula for a general n > 3, which does
not involve the terms of Proposition 4(a). This special case, for a general n > 3,
depends on a choice of the test function f.

Let v be a non-archimedean place of F'. A cuspidal pair in G, is a pair (M,, p,)
consisting of a (standard) Levi subgroup M, and a supercuspidal (irreducible) M,,-
module p,. The pairs (M,, p,), (M), p,) are equivalent if there is g in G, with
M! = g7 'M,g and p, equivalent to m — pl (g mg). An equivalence class is
called an infinitesimal character (of G,). For every irreducible G,-module 7, there
exists a cuspidal pair (M,, p, ) such that 7, is a constituent of the composition series
of the G,-module I(p,; Gy, P,) normalizedly (= “unitarily”) induced from the P,-
module extended from p, on M, by 1 on the unipotent radical of the (standard)
parabolic P, = M,N, defined by M,. The infinitesimal character x(m,) of m, is
defined to be the infinitesimal character of (M,, p,); it is uniquely determined (see
[BZ]).

The set ©(G,) of infinitesimal characters has the structure of a complex algebraic
variety. Indeed, the group X (M,) of unramified characters p : M, — C* of M,
acts on the set IrrM, of irreducible M,-modules by p : p, — pp,. For any
cuspidal pair (M,, p,), the image of the map X (M,) — O(G,), p — (My, upy), is
called a connected component of ©(G,). This component has the natural structure
of an affine complex algebraic variety as a quotient of X (M,) (~ C*? for some
d = d(M,) > 0), by a finite group. The O(G,) is a complex algebraic variety equal
to the disjoint union of infinitely many connected components ©.

As a consequence of the theory of the Bernstein center (see [BD] for a preliminary
draft, and the forthcoming work [B]), one has the following

12. Proposition. Let © be a connected component in ©(G,). Then for any
fv € CX(Gy) there exists f, 0 € C°(Gy) such that for any m, € Irr G, we have
Wu(fv,@) =0 Zf X(ﬂ-v) € @7 and Wv(fv,@) = Wv(fv) Zf X(ﬂ'v) € 0.

We use this Proposition 12 as follows. Fix a non-archimedean place u of F', a
unitary character p}, of F.* and a supercuspidal (irreducible) representation p3,
of GL(2, F,) with central character w), = (p{,)?>~™. Denote by M, the standard
Levi subgroup of type (1,...,1,2), and by p? the supercuspidal representation
P, X oo x pl, x pY, of M,. Denote by ©) the connected component of the
infinitesimal character of p2.

We shall derive the summation formula for a function f which is a (finite linear
combination of) product(s) over all places v of F' of the form ®f,, where f, €
C(G,) for all v, f, = f2 is the quotient by vol (K,) of the characteristic function
of K, in G, for almost all v, and f, has the property that f, = f, eo. For any
such f we have that 7(f) = 0 for every representation 7 of G(A) of the form
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I(p; G(A), P(A)), normalizedly induced from a pair (P, p) described in Proposition
4(a).

For such f, the summation formula is obtained from (3.3),where the sums over
P and p range over the connected components of pairs (P, p) (up to conjugation)
as listed in Proposition 4(b). The factor [ ¢ *ATE in (3.3) is equal — by virtue of
the Propositions 9 and 11 — to the difference

5(pl/§)[L‘1>K,§(PZ ®§_17 (n - 1)/2)t?/)‘ - L(M(SQ,pQ,)\)‘b)K,&(p;/ ® §7 (n - 1)/2)t2_>\/>\]7
since é” =pi~ 1 - wz_lé if p1 = ¢, and py, the contragredient of ps, is equivalent
to p2 ® wy, where wy is the central character of ps. More_precisely we need the
complex conjugate of this. Of course on A € iR we have A = —A. The factor is
then

301/ rt (52 5 B s (P2BE " (0=1) /DR AL, (0 ®E, (n=1)/2)17 /],

For the given smooth function f, the sum over ® in (3.3) is finite, and the function
Ey(I(f,p,\)®,p, A) is holomorphic and rapidly decreasing in A € iﬂé(: iR) as
|A| = oc.

By virtue of Lemma 10 we may take the limit as ¢; — oo (and so t2 — 00) to
obtain the required result, namely that when 7' — oo the limit of (3.3) is

Z ZElp fa p, 0 (I)vp? 0)5(p1/§)

(P,p)
L gy 01, o (P2 @€ (0= 1)/2) + Ly (0¥ ® (n—1)/2)]

F. The case of PGL(3). It remains to compute the contributions to the summation
formula from the terms parametrized by the data described by Proposition 4(a). We
shall do this only in the case where n = 3, and then P = B is the upper triangular
subgroup of G = PGL(3), and p = p1 X p2 X p3 is a character of B(A)/B(F'), which
is trivial on N(A)/N (F'), N being the unipotent radical of B.

Assume then that n = 3, and put P, = P, ). To integrate the automor-
phic function ATE(g,®,p,A\) over ¢ € H(F)\H(A), we note that we may — as
we will — integrate instead over H°(F)\H°(A), where H° = r(2,3)Hr(2,3) =

¥ 0 %
0 = 0 . Indeed, ATE(r'gr,®) = ATE(g,®") with ®"(g9) = ®(gr) if
¥ 0 =
€ G(F), since ATE is automorphic, and we may replace the orthonormal basis

{(ID} by {(ID’"}. We need a coset decomposition analogous to that of Proposition 5,
with H® replacing H, and with respect to B. Put

g1 = Eg = €3 =

e R ra—
o = o
—_ o O
o o
_ = O
_— o O
—_ O =
o = o
_— o O
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13. Proposition. IfG = GL(3) and P, = P, ,), then we have the disjoint union

G =P, H UP,r(23)H" U P eyr(23)H°
= BH" U Br(12)H" U Br(23)H" U Be1r(12) H° U Beor(23)H® U Besr(23)H'.

Consequently, if B> = BN H = , then we have the disjoint coset

o O *
S *x O
* O *

decomposition

B\G = B"\H" ur(12) - B°\ H° U r(23)-B°\ H"°

a 0 =z
Ueir(12)-{ | 0 a 0] 3 \H®Ueor(23)- \H°
0 0 b

Uesr(23) - \H°.

o O oo

o O Q o O Qe

OO O

Definition. Below we refer to the six cosets in the last line as “the first coset”, ...,
“the sixth coset”.

Proof. The homogeneous space P;\G is isomorphic to the projective 3-space via

the isomorphism g — (0,0, 1)g. The orbit (0,0,1)H" consists of the vectors (a, b, c)

with b = 0, that of r(23)H" consists of (a,b,c) with a = ¢ = 0, and the orbit
1 0 0

(0,0,1) | 0 1 0 | 7(23)H" consists of (a,b,c) with b # 0, and a # 0 or ¢ # 0.
0 1 1

Whence the first decomposition.

To deduce from it the second decomposition, recall the Bruhat decomposition

P, =BUBr(1,2)N,; = BUBr(1,2) U Beir(12) 4,

1 % 0
where A is the diagonal subgroup and N; = 0 1 0 = {a"te1a; a € A}.
0 0 1
Then
P, H° = BH° U Br(12)H° U Be;r(12)H®.
Moreover

P.r(23)H° = Br(23)H®, since r(23)r(12)r(23) € H® and Ber(12)r(23)H" = Br(23)H°.

Finally
2162T(23)ﬂ0 = Qezr(23)ﬂ0 U §63T(23)ﬂ0,

since

Be17(12)ear(23)H® = Bese1r(12)r(23)H° = Besr(23)H®  (r(23)e1r(23) € HY).



40

To obtain the coset decomposition it suffices to note that
B\BrH’ =r.(r'Brn H\H").

The proposition follows.

—1
Remark. (1) Since 0
0

co - O

1 0 0 b
0 | e3r(23) = e3r(12) [ 0 1 0 |, we have that
1 1 0 0
Besr(23)H° = Besr(12)H". (2 t (
and that Eezr(23)ﬂ0 = BeyHC.
Since the character p = p1 X p2 X p3 is a cuspidal representation of the diagonal
subgroup A(A) = B(A)/N(A), Lemma 4.1 of [A2], p. 114, applies. It asserts, in

our case, the following.

) It is easy to see that Bejr 12)&0 = BeHO,

14. Proposition. The truncated FEisenstein series ATE(h,®,p,)\), where A\ €
A5 ¢ has real part Re(N) in po + (U5)T, and T is sufficiently large in the positive
Weyl chamber g, is equal to

(14.12: Z e0(sA\)do(sA, Ho(yh) — T)elsAtros HoOW) (AL (5 p, \)®)(vh).
S€W 1€ B(FN\G(F)

We may identify the two dimensional spaces 2y and 2§ with the space of the
vectors (21, T2, x3) in R® with x1+x9+23 = 0. The simple roots are oy = (1, —1,0)
and as = (0,1, —1), and a dual basis is given by p; = (%, %1, %1), o = (%, %, %2)
(i, pg) = 6i5). If a = diag(ai,as,a3) then ai(a) = |ai/as| = el®-H(®) and
az(a) = |ag/as| = ef®2:H(@)) thus H(a) = In|ay/as|p1 + In|ay/as|ps. Hence if
a = diag (21, 72/71,25 "), then H(a) = In|zi|a; + In|zs|as. We shall also write
A = A1 + Aape, and note that A € (AF)T if Ay > 0 and Ay > 0. Recall that
go(A) is defined for A € 2 in [Al], p. 940, to be 1 if (A, ") < 0 for an even
number of a« € Ag = {a1,as}, and its is —1 otherwise. The function ®o(A, H) on
(A, h) € Ay x Ay is defined there to be equal to 1 if (A, «Y) < 0 and {u;, H) > 0,
or (A, ) > 0 and (u;, Hy <0, for both i = 1,2; it is 0 otherwise.

First Coset. We are to consider the integral over H’(F)\H’(A) of the prod-

a 0 b
uct by £74(h) (= £ ((ad —be)/e?) if h = | 0 e 0] € H°(A) of the ex-
c 0 d

pression displayed in Proposition 14. Using the coset decomposition of Propo-
sition 13, we consider first the coset B°(F)\H°(F). Applying the Iwasawa de-
composition H(A) = N°(A)A°(A)K®, and noting the change of variables for-
mula dh = 6~!(a)dndadk, where §(a) = e H()) (= |ay/as| if a = (ay,as,a3),
po = @1 + g = p1 + pa), our integral takes the form

(143)) eo(sA) / do(sA, H(a) — T)eM @) (M (s, p, \) D)o ¢(a)¢ " (a)da,
sEW A(F)\A(4)

where ¢(diag (a,b,c)) = £(ac/b*). Write T = Inty - oy + Ints - 2. Note that
(M5, p, \)®)0 (a) = i (M (5, p, A)®) (ak)€ (k) is zero unless *p = &(*p(a) =
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p(s(a))) on A(A) NK°. We may choose p in its connected component with ¥p = ¢
on A(A) if 5p = & on A(A) NK®. Then (M(s, p, \)®)ko ¢(a){ *(a) is independent
of a € A(A), and is equal to its value at a = 1. Also we write §(p/§) =1if p=¢
on A(A) NK°, and §(p/€&) = 0 otherwise.

The following table lists the various functions in the integral.

s SA eo(sA) | ¢o(sA\, H(a)—T) elsAH(a))

id )\1/1,1 + )\2/12 1 |JJ1| < ty, |JJ2| < ts |JJ1|)‘1 |JJ2|)‘2
T‘(12) —)\1,ul + ()\1 + )\2)/12 —1 t < |JJ1|, |JJ2| < ts |.’171|_>‘1 |.’172|>‘1+>\2
7"(23) ()\1 + )\2)[1,1 — )\2/1,2 -1 |.T1| <ty, ta < |.T2| |£U1|>‘1+>‘2|.T2|_>‘2

7"(23)7"(12) )\2[1,1 — ()\1 + )\2)/1,2 -1 |.T1| <t ,t2 < |.T2| |.T1|>‘2|.T2|_>‘1_>‘2
T‘(12)T'(23) —()\1 + )\2)/1,1 + )\1/12 —1 t < |JJ1|, |JJ2| < ts |JJ1|_A1_A2 |.’172|A1
T‘(13) —)\2/1,1 — )\1/1,2 1 t < |JJ1|, to < |JJ2| |.’171|_}‘2|JJ2|_)‘1

We shall label below by ((3)i) the various terms in the integral [ ¢~'ATE to be
substituted in (3.3), in our present case of PGL(3), where n = 3, and the character
p of the minimal parabolic subgroup.

Since

—A gX A X t—>
|z| = d"x = |a:|da::T,

|| >t |lz|<t—1 |lz| <t

our integral is equal to

((3)1)

t?1tk2

L (13(6/)

tl—Al t%l‘l')\z
A1 AL+ Ao
ti\1+>\2 t2—>\2
AL+ A2 Ay
A2 A1+ Ao
AL+ A2 A

e r(13)
X (M (r(13), p, \)®)go ¢ (1)5(§/" p).
2 1

+ (M(r(12), p, A) )0 ¢ (1)3(¢/7 2 p)

+ (M(r(23), p, A) )0 £ (1)5(¢/7) p)

/ |z M dXx = ﬁ
A’

(M(r(23)r(12), p, ) ®@)go ¢ (1)8(¢/7 271D p)

(M(r(12)r(23), p, ) ®@)go ¢ (1)8(¢/7 D7)

Second Coset. Next we consider the coset 7(12) - BY(F)\H"(F), and again in-
tegrate over H°(F)\H"(A) the corresponding partial sum of (14.1), multiplied by
¢~1(h). Applying the Iwasawa decomposition H’(A) = N°(A)A(A)K®, noting
that r(12)N°(A)r(12) consists of upper triangular unipotent matrices, and that
dh = e~ (po-Ho(a)) dn, dg dk, and making the change a — r(12)ar(12) of variables on
A(A), we obtain the integral

(14.3)

> eo(sA) / do(s\, H(a) — T)elMH @)
SEW AF\A(A)

(M (5, p, \)®)go ¢ (r(12))5 ("D /2 p)elpo—r(12po.H(a)) g
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The argument used in the case of (13.2) implies that (M (s, p, A)®)xo ¢(ar(12))¢~(r(12)ar(12))
is zero unless *p = "(12)¢ on A(A) NK®, but then we may choose p in its connected
component to satisfy *p = "2¢ on A(A), and our function is independent of a. If

H(a) = In|z1|a; +In |z3|as, since pg —r(12)py = (1,0,—1) — (0,1, —1) = (1, -1, 0),

the new factor in the integrand of (14.3) (as compared with that of (14.2)) is
|1[?/|22].

The corresponding table for (14.3) is the same as for (14.2), except that the 6
entries in the last column are multiplied by |z1]?/|z2|. Consequently (14.3) is equal
to (put 7 = r(12), s = r(23), for brevity)

A1+2 gA2—1
tl t2

A+ 2 E(I)KO € (r(12))d(p/")

B t%_)\l t21+)\2_1
2= A1+ A1
t%+}\1+k2 tz—}\z—l
24 A1+ A A +1

N t%+>\2 t2_>\1_>\2_1
24+ XA+ A2+ 1

B t%—)\l—)\z tgl—l
2— A1 =X —1

t%—)\z tz—)\l—l
~ 5 g o 3 1 M), 2 NP £ (r(12)0(7p/7E).

((3)2)

(M (r(12), p, \)®)xo ¢ (r(12))6("p/"€)

_|_

(M(r(23), p, A)®)xo ¢ (r(12))0(°p/"€)

(M (r(23)r(12), p, \)®)ro ¢ (r(12))0(* p/"€)

(M (r(12)r(23), p, \)®)ro ¢ (r(12))0 (" p/"€)

Third Coset. The subsum parametrized by 7(23) - B°(F)\H°(F) in (14.1), or
rather its integral over H°(F)\H"(A), can be treated analogously. Applying again
the Iwasawa decomposition and making the change a — r(23)ar(23) of variables
on A(A), an integral analogous to (14.2) and (14.3) is obtained, namely r(12) has
to be replaced by r(23) in (14.3). Note that pg —r(23)po = (1,0,—1) — (1,—1,0) =
(0,1, —1), and elPo—r(23)po,H(a)) — |22 /2, |. Hence the last column in the table for
(14.2) has to be multiplied by |z3/z1| to obtain the analogous table, for the coset
r(23) - B°(F)\H°(F). Integrating we obtain (put r = r(23),s = r(12), in the
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following expression)

t}\l—l tA2+2
1 2 r
P (1 (29)3(/76)
t1—>\1—1 t;‘l +A2+42

A+1A+A+2

Artda—1 42-X
3 1 (M(23):p NP £((28))5( /7€)

Mo—1  42-Ai—As
£y t

T M) (12), 0, )i ¢(r(23)0(0/ ")

—A1—A2—1 241
tl t2

AM+HA+124+ )

pAe=1 42=M
~ T Mr(13) )P ¢ (1(23))0(70/ 7).

((3)3)

_|_

(M (r(12), p, )®)xo ¢ (r(23))0(°p/"€)

_|_

(M (r(12)r(23), p, \)®)ro ¢ (r(23))0(* p/"€)

Fourth Coset. The next coset of B(F)\G(F') to be considered is
a 0 =z
e1r(12)- 0 a O (F)\H°(F). The integral over H°(F)\H°(A) of the prod-
0 0 b
uct by €71(h) of the subsum parametrized by this coset in (14.1) is the sum over
s € W of the integral over u = b/s € A* and w = ¢/b =€ A* /F*, of the product
with gp(sA) of

o(sA, H(h) = T)(M®)(h)e TN (12 fac)|c/a|d* (a/b)d* (c/b),

where

(M)(g) = / (M (s, p, ) (gr(12) k)¢~ (k) dk,

KO
1 0 0 b 0 0 1 0 0
h=11 1 0 0 a 0)]=11 1/u O
0 0 1 0 0 ¢ 0 O
As usual, the Iwasawa decomposition was used, and it was noted that £; commutes
1 0 0
with 7(12)N°r(12) = | 0 1 x |. Note that (M®)(h) is zero unless *p3(w) =
0 0 1

*p(diag (1,1, w)) is equal to {(w) = {(diag(1,1,w)) on all w € AX with |w| = 1.
We may choose p in its connected component, when 0(*p3/{) = 1, such that *p3 = {

on AX. With this choice, (M®)(h)¢ " (w) is independent of w. The integrand can
therefore be expressed in the form

0(°ps/€)po(sA, H=T)(M®) el )l ¢ (u)d* ud*w,  H = H(h).

O = =
—_
o~ O
I
—_— o O
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Note that if ¢ = (9,) € G(A) where g, = nya,k, € G(F,), the H(g) =
Yo Hyv(gyv), where Hy(g,) is defined to be H,(a,), and ¢n|x(a,)| = (x, Hy(ay,)) for
any x € X(A) = Hom (4,GL(1)). For x = (x,), y = (yy) in AX, put || = I, |2y,
and ||(z,y)|| = TTl[(zv, yo)llo, Where [[(zy,yo)|lv is max(|Zy|v, [yv]v) in the non-

v
archimedean case and (|z,|2 + |y,|2)}/? in the archimedean case. Also we write
(x,y) for an element in A* with |(z,y)| = |[(z,y)|. Then

1/2

1 0 0
H||1 ut 0| | =H(dag(w(l,u")" (1Lu"h),w))
0 0 w

1 1
= =z In(jwe?] (L, u)|P)en = 3 In(juw’))as
1 1
=3 In |w|(a1 + 2a9) — 3 In |u|(2a1 + o) — In ||(1, u™ 1) ||ay

= —Infw| - po — I fuf - gy =T [[ (1, w7 )| - .

IV(1). We shall consider each of the summands indexed by s € W. When s = 1,
the characteristic function ¢o(A, H — T') is non-zero when

1 2
3 1n|w|+§ In |u|+In||(1,2~ )| > —Inty, or Injw| > A= —3Int;—21n |u|-31In||(1,u 1),
and
3 1
ln|w| + - ln|u| > —lInty, or In|lw|>B= _ElntQ - §1n|u|.
Note that

_1n|uv|v S 07 if |U11|1) Z 17
1n|uv|v S 07 if |uv|v S 17

iy (1, )2, = {

is always non-positive, and consequently so is

—In|u| —2In||(1,u” Zln|u” )%lu,

which is therefore less then In(#2/ty) if we choose t; and to with ty < t3 (later we
also require that ¢; < t2). It follows that B > A, namely the integral ranges, when

s =1, over the u € AX and w € AX /F* with |w|~! < £3/%|u|'/2.
On the domain of integration, the integrand is the product of
[uw] exp((A + po, H)) = [uw] exp{—(1 + A1) In(jwu?] [[(1,u™)[]%)/3 = (1 + X2) In[uw]/3}
= (1L, w™ )P luPw]) = AV u? |~ 422 e |

= || (1, w1 || TR [ (F2AaAA) /3y = (A 42A2) /3

and (M ®) E(u)d(Pus/f).

O =
—_
O~ O
I
- o O
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Integrating with respect to w € AX /F* on |w|™1 < |u|1/2tg/2, we obtain
1 2
1 =)= @A) g, | = (2A1+X2)/3 1/2t3/2 (A1+2X2)/3 /(2 “
11w )] |ul (lul™%577) /(A4 3A2)

1
= (L) [T 2 2 2 (200 4 Ay).

We need to integrate this over u = (u,) in A*. Note that p, is unramified and
that (M®)(g) is right-GL(3, R,) and left-A(F,) invariant, for almost all v. When

1 0 0
*p3 = § we have that {(u)(MP) 1 1/u 0 , as a function in u, € FJ,
0 0 1

is a multiple of *py () = *py( diag (1, 1/uy, )E, (1) = *py( diag (1, 1/uy, 1)) if
|uy|y < 1, and of *pif (uy) = *py(diag (1/uy, 1,1))€ (uy) = *py(diag (1/uy, 1,uy)) if
|ty|y > 1, for almost all v. Note that in the non-archimedean case we have

1+A1/2 .
(Lot a2 g e _ [ Tl il <1,
’ v — _
v Y o M2 |y > 1.

Hence the integral of the local factor over F¢ against d*u, is equal — in the non-
archimedean case — to

1 0 0
[ (1 1 o) | e
e 00 1

1 0 0
+ / o), [ (1 1/a 0| ) julon 72, (wyaxe.
uly>1 0 0 1

At almost all v we put z = 5p; (m,) and y = *pf(x,), where «
parameter in F,,. We obtain

, 18 a uniformizing

0o oo
D gyt Rgn N grn 2y = (1 - g N2y T (1= g M2 )T -
0 1

= (1 —ay gy 1 72) /(1 — gy /2 Jy) (1 — zgy 121/2)
= Ly(AM/2,Cp) DLy (L +A1/2,%07)/L(1 + A1, °py /°p).

At the remaining finite number of places we obtain a multiple of this multiple of L-

factors by a polynomial in qf,‘ v/ 2, or a holomorphic function in A\; in the archimedean

case. Denote the product over v by

(3)4.1) Laa(AM1/2, Cp) ™) Laa(1+X1/2,°p7)/Lasa(1 4 A1, °p~ /*p")
=e(M/2,0p") ) Lma(l = X1/2,°p) La (1 + A1 /2,°p7) /Lara (14 A1, *p~ /*p7).

This quotient has a simple pole on the line A\; € iR if 5p~ (or *p*) factorizes through
v(z) = |z|; it is holomorphic, of polynomial growth as A; € iR, |A;| = co. When
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the pole exists we may choose p in its connected component to satisfy *p~ =1 (or
SpT =1). In this case the pole occurs at A\; = 0 (in the number field case, and at
A1 € iZ/logq in the function field case). The result of our computation is of course

the product of ((3)4.1) with £3277/2/((2A + A1)/3).

IV(5). The next summand is that of s = r(12), when s\ = —A1p1 + (A1 + A2) po.
The characteristic function ¢o(sA, H — T') is 0 unless In |w| < A and In|w| > B.
But B > A hence the integrand is always zero.

IV(6). Similarly, when s = r(12)r(23), so sA = —(A; + A2)p1 + Ao, the char-
acteristic function vanishes unless In|w| < A < B < In|w|, and the integrand is
always zero.

The remaining three cases of s are analogously treated. To simplify the notations
we consider only the case where p = 1 and £ = 1. The key ingredients of the
computations would then be seen, and the general case can be treated as in the
case of s = 1 above, with additional notational effort only.

IV(2). When s = r(23), then s\ = (A1 + A2)p1 — A2p12, and the characteristic
function is zero unless In |w| > A and In|w| < B, namely the integral ranges over
the u,w with

V26577 < w71 < B3 Jul?)) (1, u Y|P,
Since

e(sA—{—po,H) — ||(1, u—1)||—(1+)\1+>\2) |wu2|—(1+>\1+)\2)/3 2|—(1—)\2)/37

|uw

the integral over w € A* /F* in the designed domain of the product of this with
luw] is

(1, 7Ry~ Ar A3
- 1—AN2 3/2 1—AN2
[Pl (1w PR A — (uf 252 Q=205 (g = Xg)/3).
The integral of this over u in A* with respect to d*u is

((3)42) [ti\l_ka‘?()\g)LMq)(l — )\2)LM<I)(]_ + AQ)/LM@(:[ + 2)\2)
— 15725 (A 4 A2)/2) Laga (1 = (A + A0)/2)
*Lya(1+ (A1 +X2)/2)/Lya(1+ A1+ X2)]/ (A1 — A2)/3);
the computation is carried out as in the case where s = 1.

IV(3). When s = r(23)r(12) and s\ = Xapy — (A1 + A2)ue, the characteristic
function specifies the same domain of |w| as in the previous case of s = (23), and

e(s/\—i—po,H) — |wu2|—(1—i—/\2)/3”(17 u—1)||—(1~|—)\2) |uw2|(}\1+/\2—1)/3

= (|1, )| 7 A Aa =22 B |BAHAD By 71,

Multiplying this by |uw|, and integrating over w € A* /F* in the domain specified
by the non-vanishing of the characteristic function, we obtain

11, w7 D uaf O =22 12 0) =223 — (g [ /3| (1, w722/ (204 00) /3).
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The integral of this over u € A* against d*u is equal to

((3)4.3) [t; M/ Pe(\g/2) Lasra (1 — X2/2)Lase (1 + A2/2)/Lasa(1 + As)

— 177 e(Ar + A2) Lya(1 — Ay — A2)

“Lpyra(14+ A1 4+ A2)/Lara (1 + 201 +2X2)]/((2A1 + A2)/3).
IV(4). When s = r(13) and sA = —A2u1 — A2, the characteristic function
¢o(s\, H — T) vanishes unless In|w| < A and In|w| < B; but A < B, hence the

support is specified by
Jw| < 7% u 72| (1w )],

Also
e(sA—}—po,H) — ||(1, u—l)“—(l—)\z) |wu2|—(1—)\2)/3|u,w2|—(1—)\1)/3

= [|(1, w72 | P #2A B BR[| 71,

The integral over w € A* /F'* (on the specified domain) of the product of this with
luw] is equal to

(1, w722 Pt 3 (30 72 (1, ) [ 72 BRAD B /(200 + A0) /3).
The integral of this on u € A*, by d*u, is

((3)4tgFM 22 ((2A1 + X2)/3) " re(M) Lara (1 — M) Lara (14 A1) /Lara (1 4 2X1).

a 0 =z
Fifth Coset. The coset £97(23) - 0 b 0 (F)\H"(F) is treated analo-
0 0 b

gously. Carrying out the computation we would obtain terms ((3)5.i), 1 < i < 4,
analogous to ((3)4.1).

Sixth Coset. The remaining subsum of (14.1) to be considered ranges over the
a 0 0

coset 37(23)X | 0 a 0 | » (F)\H"(F)in B(F)\G(F). The integral over H(F)\H(A)
0 0 b

can be expressed — on using the Iwasawa decomposition H(A) = N°(A)A(A)K° —

as the sum over s € W of the product with e¢(s\) of the integral of

do (s, H — T)els 00 g jc| =2 (M®) (h)¢ (ac/b?)dz d* ud* v,

where
1 0 0 a 0 0 v 0 0
H=HMh), h={0 1 0|0 c 0o]=([0 v 0],
1 z 1 0 0 b u z 1
(M)(g) = [ (M NN grRE ()
over

ze€A u=a/be A", v=c/be AX/F*.
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For u = (uy) € A, z = (2,) € A, we let |(1, 2y, uy)|y be max(1, |2y, [tw]v)
if v is non-archimedean, and (1 + |2,|? + |uy|?)Y/? otherwise, put [|(1,z,u)| for
ITI(L, 200, [tw]o)]], and put (1, z,,u,) for an element of F, with absolute value
v

|(1, 2y, Uy )|w, and (1, z,u) for ((1, zy,u,)) € A*. Then

€ N(A) diag (u/(1,u),v(1,u)/(1, z,u), (1, z,u))K

g ©¢&
N < O
_ o O

where K = II,K,, and K, is the standard maximal compact subgroup of G,.
Changing variables z — z/v, noting that G is a projective group, H becomes

H

€ © &
N < O
_— o O

1 1
= (3 [w? /o] = In || (1, w) e + (30 fuv| = In[(L, 2, w)|)eez.

VI(1). We shall consider separately each of the six terms indexed by s € W, with
s = 1 treated now. As A = A1 + Aopo with A; > 0, the characteristic function
¢o(A, H — T') is supported on the set determined by (H — T, ;) < 0 (i = 1,2),
namely on the u, v, z with

[ /o2 /L )l <ty o] YR/I1(L u, 2)] <t

or equivalently
ty 2 ul? /(L w)]P < Jof < a1 u, 2)]1P.

The integrand is the product by

where k(u,z) € K is independent of v, of (recall that ¢/a = v/u, and that the
change z — z/v added a factor |v|~1)
eAP I |7t = (fu? /o] /| (L, w)[|P) A (Juvl /]I (1, 2, ) [|2) 223 ) 7

= (| /ol /N ) |2 (ol /1[(1, 2, ) 22211, 2, w) [ THIA )7
= |rU|(>\2—>\1)/3|u|(2)\1+)\2)/3||(17 2, u)||_1_)\2 ||(1, u)“_l_)\l.

The integral of this product over v in A°/F*, A® = {a € AX;|a| = 1}, is a multiple

of §(*p2/£), where *py(v) = 5p(diag (1,v,1)). If *pp = € on A® we may choose p in

its connected component to have *ps = £ on AX. Then (*) is independent of v.
Integrating against d*v over v in A* /F'* we obtain

[ul A3 (1, ) |7 (1, 2, ) |

A(t2lul 72N w2 D7 = T PP/ w2/ (A = Ad)/3).
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This is
(52~ M (1L @)L 2, w) )7 A =872 w2 (11 w) (L 2, w) ) 7722]/(Ae=21) /3).

Each term in this difference, multiplied by §(%p2/§) (M ®)

g © &
N = O

0
0 | | &(u),
1

has to be integrated over z in A (against dz) and over u in A, against d*u. These
global integrals are products of local integrals. We shall now compute these local
integrals for almost all v, where (M ®), is K,-invariant (and p, is unramified and
v is non-archimedean). We first integrate the first summand against dz, to obtain

J I w020 /(1) () a1 2, 0), (1,2, )
= p(ding (u/ (L. 1/ (L) [ )l
1zl <II(1u)]lo

+ *p(diag (u/(1,u), (1,u)/u,1)) / [uly (L w5~ 25 p(z)dz
|2]o > (L,u)][o

= "p(diag (u/(1,w), 1/u, (1, w)))uly (L, w) |5 72 (1 — ¢ 7 /ul(m,) /(1 = a5 /l(my)

where pu(z) = %p(diag(1,1/z, 2)), since

/ dz = |a

1z]u<|al
and -
[ b= =g Y e
n=r-+1

|Z|v>q17;

= (1—qy ((z,)di )~ /(1 = ¢y D p(m,) 7).

Put pq(u) = *p(diag (u,1/u,1)) and = = py(x,), and y = p(x,). The integration
over u € F)* of the product by uq(w) if |ul, < 1 and by p(u) of |ul, > 1, of
lu|2||(1,u)|| ;72 1 d¥u, has been carried out above as part of the discussion of
other cosets in B(F)\G(F'). Thus integrating over u we obtain

(Lo(A1/2,p™ ) Lo (1 + A1/2, 1) /Lo (1 + Ar, pn/ ) (Lo (A, 171 /Lo (14 Ay, p7 1))

The computation of the remaining finite number of ramified factors is similarly
u 0 0

yielding such factors, which depend however on (M®), 0 u 0 . The
u z 1

product over all v of these factor is equal to

((3)6.1) Lya(AM/2, 7" ) Laga(1+ A1 /2, p1) Lo (Ay, ")

Lya(1+ Ay, pa/p) Lara(1+ Ay, p=t)
_eM/2, e D Iy (1 = A1/2, 07 ) La (1 = Aty o7 ) e (14 A /2, 1)
B Lara(1 4+ A, p= ) Lara (1 + A1, p1 /1)
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This product of L-functions is holomorphic on A; € R, unless p or u; factorizes
through u — |u|. In this case we may chose p in its connected component to have
i =1or py = 1. Then the product of the L-function has a simple pole at \;y = 0
(A1 € iZ/logq in the function field case), and has a polynomial growth in A; as
|A\1] — oo. The integration of the term subtracted in the difference is identical,
except that Ay and Ay have to be interchanged.

Since the presence of the characters p and ¢ considerably complicates the nota-
tions, and the general case of any p and & has just been treated in the case of s =1,
to simplify the notations in the remaining cases of s # 1 we restrict our attention
only to the case of p =1 = £. Clearly the general case similarly follows.

VI(2). Next we consider s = r(12) in W. Then s\ = —Ajpu1 + (A1 + o) g, the
characteristic function ¢o(sA, H —T') is 1 when

o] <t [ul?/I(L WP (and |o] < gl I(1,u, 2)]%,
but this last inequality is implied by the first inequality), and

el I [~ = (Ju? [0l /[|(L,w)[IP) 2D (fuol /] (L, 2, u) |2 EHA A3 |

= Ju A BRI (1, ) T (1 2

The integral of the product of this by d*v over v € A* /F* in the specified domain
is

|u|>\1+>‘2||(17u)||_1_>\1_>\2||(1,u7 z)||_I_AI_A2t1_(2)\1+A2)/((2)\1 + )\2)/3)

The integral of this over z € A and u € A* is the same as in the previous case
where s = 1, with A; (there) replaced by A1 4+ A2 (here). We then obtain

((3)62) 8(()\1 + )\2)/2)6()\1 + )\z)LMq>(1 — ()\1 + )\2)/2)LM(1>(1 — )\1 — )\2)
L (14 (A + X2)/2) Laga(1+ Ay + X2) 272722 /(201 + X2)/3).
VI(3). When s = r(23), then sA = (A1 + A2) 1 — Aapa, we have ¢o(s\, H—T) # 0

when
o] > 3 |ul 7 (1, u, 2P (> 672 [ul /)1 (1, w)|1?),

and

e+ | =1 = (Ju® fo] /| (1, u) [|2) A (Juw] /] (1, 2, ) |[P) 2B 7

CXX 31y = E A3 (1, )| 1M N (1, 2, 0) 71,

=|u
Integrating against d*v on AX /F* obtained is t5* 72*? /((A; + 2X2)/3) times

[ul A2 (L, w) [T TR (1, 2, ) TN TR

This factor, and its integral over z € A and u € A, is identical to the corresponding
factor and its integral in the previous case when s = r(12). The result of this
computation will take the label ((3)6.3).
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VI(4). When s = r(23)r(12), sA = Aap1 — (A1 + A2) p2, and ¢o(sA\, H —T) # 0 on
lv] > #3|u|7Y|(1, u, 2)||3. The integrand contains the term

NP =L = (Ju? o]/, w) ) S (1, 2) [2) A0 2

= Ju O A (1) [ (1, ) [N

The integral of this (times d*v) over v € A* /F* is tZ_(AIJrZ)Q)/(()\l +2X2)/3) times
[l 211, w) |7 72211, w, 2)]| 71

This expression (and its integral over z € A, u € A*) has already appeared in the
subtracted term in the difference associated with s = 1. In any case, the result of
this computation would be labeled ((3)6.4).

VI(5). When s = r(12)r(23), we have s\ = —(A1+A2) 1+ A1 p2, and ¢o(sA, H—T)
is 1 when |v| < #7%|u|?/||(1,u)||>. In the integrand we find

el | =1 = (| /o] /]| (1, w) |3 772D (fuw] /] (1, w, 2) ) A B ] 7

[PAEA/3 gy [~ 2AD/3 (1) || A H 22 [

=|v 1,u,z2)
The integral over v € AX /F* of the product of this with d¥v is t72* 722 /((2A\; +
A2)/3) times

[l I W) [T ANy 2) ]| 7T

This expression is equal to that appearing in the first term in the difference asso-
ciated to s = 1. The label in this case would be ((3)6.5).

VI(6). Finally, when s = r(13), s\ = —Aap1 — A1pa, and ¢o(sA, H —T) # 0 only
when
talul T, 2z WP < Jol < ¢/ W)l

But this domain is empty.

This completes our evaluation of the integral over H°(F)\H°(A) of the product
by ¢71(h) of the truncated Eisenstein series AT E(h, ®, p,\) of (14.1), when G =
PGL(3) and p is a character of the diagonal subgroup. Namely the result is the sum
of (3(1)), ((3)2), ((3)3), ((3)4.1) and ((3)5.(1)) (1 <@ <4) and ((3)6.j) (1 <j <5).

G. Conclusion for PGL(3). To obtain the terms of our summation formula in
the continuous series, namely those which are parametrized in (3.3) by the minimal
parabolic subgroup P = B and a character p of B(A)/B(F) (note that n(B) = 1/6
in (3.3)), we need to replace [ATE - ¢ in (3.3) by the complex conjugate of the
sum of ((3)i), 1 < i < 3, (3)i), ¢ = 4,5, 1 < j < 4, and ((3)6.i), 1 < i < 5.
Then we need to carry out the integration over A in the two dimensional (over
R) space 2}, namely over A; and Ay in R. Finally we shall take the limit as
T — oo in the positive Weyl chamber, namely as ¢t; — oo and {5 — oo. Note
that for A in 2% the complex conjugate A is —A. Then the function il EATE is
analytic in A on %, and each of the expressions ((3)i.j) has analytic continuation
in A to A . As functions in A, the ((3)i.j) are slowly increasing in every band
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a; < Re(A;) < b;, Ai = (A, a;),% = 1,2, while the other factor, Ey(I(f, p, \)®, p, M),
in (3.3), is rapidly decreasing there. For any f, the sums over p and ® are finite.
With these comments out of the way, we now point out the main features of the
computations of the various terms.

L. In the case of (3(1)), as in the case of GL(2) we note (see [Sh2], p. 272) that
the intertwining operators M(s, p, A) are a product of (i) a scalar valued function,
m(s, p, A), which is a quotient of products of L-functions in the components of p,
and is holomorphic on A1, Ay € iR, and of (ii) a normalized intertwining operator
R(s,p,\) = ®yR(s, py, A), with properties as listed in the case of GL(2). In partic-
ular Lemma 10 applies to each of the six terms listed in ((3)1), and the limit of the
integral over A € 123 as T' — oo would be the value of the integrand at A\; = X2 =0
(after the factor of type T*/A is removed). Namely, the limit as T — oo of (3.3)
with ((3)1) replacing [¢~'ATE, is the sum over p, ® of:

Ey(I(£,,0),0,0) 3 i(s) (M (s, p, 0B ¢ (D(E/*p)

seWw

with i(s) =1if s =1 or s =r(13), and i(s) = —1 otherwise.
It will be useful to recall the functional equation ([A1], (iii), p. 927)

M (5152, p, \)=M (s1, 520, 52A) M (52, p, A)

for any s1, s5 € W. The same functional equation holds for the normalized operator
R(s,p,A), and the scalar valued function m(s, p,A). Thus it suffices to recall the
definition of m(s, p, A) (from [Sh2], p. 272), when s is a simple reflection, and it is

m(si, p, A) = L((A, i), pi/ pi1) /[ (L(L+ (A, i), pif pig1)e((Ns i), pif pis1))

where s1 = r(12), s3 = 7(23), p = p1 X p2 X p3 and i = 1,2, and by the functional
equation L(t, u) = e(t, p)L(1 —t,p~1) it is

m(sg, p,A) = L(1 — X, piy1/pi) /L(1 + Xi, pi/ pis1), i = (A ay).

The value of this factor at A; = 0 is 1 if p;/p;y1 is non-trivial, and —1 if it is.
Recall that we choose p in its connected component to have that p;/p;4q1 is 1 if it
factorizes through the absolute value = — |x|.
II. Next we consider the contribution corresponding to ((3)2). In order to leave
((3)2) as it is, we consider instead the complex conjugate of (3.3). Thus Ey (I(f, p, A)®, p, A)
in (3.3) will be replaced by EE([(T’ p~ L, =A@, p~t, —\); this is an analytic function
in A € i2% (note that A = —\ there), which has analytic continuation in A on A% c-
The analytic continuation of Ey(...,A) is in fact holomorphic in A. Indeed, the
residue of the Eisenstein series at a value of A where it has a pole, lies in a space of a
representation without a Whittaker model, hence the Fourier coefficient Ey (..., A)
has no pole there. Moreover, as a function in A this E, is rapidly decreasing as
|A| = oo in any vertical strip a; < Re(\;) < b; (i =1,2).

We shall substitute each of the six terms of ((3)2) in (the complex conjugate of
) (3.3) in place of [(¢7*ATE)(h)dh. In each of the six cases we shall move the line
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of integration A; € ¢R to a parallel line. In doing this, we need to watch out for
poles of the integrand; these will contribute to the integral, by Cauchy’s formula.

II(1). In the case of s = 1 we move A; € iR to e_5 + A1, A\; € iR, small ¢ > 0.
As the integrand is holomorphic between these two lines, no residue would turn
up. The monomial £} 2¢32~! would then become #}*T¢32~1. When #; — oo and
to — oo (in the domain ti/z <ty < t3) the absolute value t5/t5 has the limit 0, and
so the corresponding contribution to the limit of (3.3) as T — oo is 0.

II(2). In the case of s = r(12) in ((3)2) inserted in (3.3), note that the only singu-
larity of the integrand may be obtained from the normalizing factor

m(r(12), p,A) = L(1 — A1, p2/p1)/L(1 4+ A1, p1/p2),

which depends only on A;, and is holomorphic on A; € iR. Moving the line of
integration in Ay from iR to & — 4 + 4R, the monomial t2~*1#5' 2! would become
tf—ht;“ﬁf—f’. The limit as 7' — oo in the specified domain of 7"s is zero, and
again no non-zero contribution to the limit of (3.3) as T' — oo is obtained.

II(3). In the case of s = r(23), analogous change of A; from iR to —2 + iR, would
yield the same conclusion. This change is permitted since m(r(23), p, A) depends
only on As,.

II(4). In the next case of s = r(23)r(12), the normalizing factor is

m(r(23)r(12), p, )
= m(r(23), P2 X p1 X ps3, (()\2 - )\1)/3, (2)\1 + )\2)/3, —()\1 + 2)\2)/3))m(r(12), P, )\)

L(A1 + A2, p1/p3) . L(A1, p1/p2)
L(1+ X1+ X2, p1/p3)e(A1 + Az, p1/p3)  L(1+ Ai, p1/p2)e(Ar, pr/p2)

The e-factors have neither zeroes nor poles. Changing variables Ay — Ay — A; the
main part (i.e. up to a holomorphic, slowly increasing in vertical strips, function
in A) of the integrand is the product of the Fourier coefficient

((4)1) EE(I(fap_lv_)‘/)Ea p_la_)‘/)v

N = Apr + (A2 — A pz = A (1 — pe) + Azpe,

((4)2) LA, p1/p2)  La,pi/ps)  #7PT™ tz_l_h.
L(L+At,p1/p2) L(1+XA2,p1/p3) 2+ A=A 1+ X

We shall move the line of integration of Ay from iR to 2 + ¢R. The resulting
expression is holomorphic and of rapid decay in Ay as |A\;| — oo, and in A9, and
the absolute value of ti‘Z’_}‘ltz_l_)‘Z‘, namely tz_l, goes to 0 as T" — oo. The only
pole encountered as A\; moves form iR to 2 + iR is of L(\1, p1/p2), when p1/po
(factorizes through the absolute value and so) is 1 (by our normalization). This
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pole would occur at A\; = 1 (note that the pole at Ay = 0 is canceled by that of
L(14 A1, p1/p2) in the denominator. We could take the residue at Ay = (X, 1) =1,
but this would make our formula longer then necessary for any possible practical
applications. Instead, we shall introduce a zero at A; = 1, and explain why it would
not restrict the applicability of the summation formula.

To introduce a zero at A\ = 1, fix a place v of F', and let f = f“f, be a prod-
uct of a function f* on G(A™), A" is the ring of adeles without a component at
u, and a function f, on G,. We take f, to be spherical, namely K,-invariant.
Then the trace trm,(f,) is zero for any irreducible G,-module 7,, unless m, is
unramified, namely has a non-zero K,-fixed vector. In the latter case m, is the
unique unramified subquotient of a G,-module of the form I,,(A), normalizedly in-
duced from the unramified character an — A(a) = e{#(2):}) of the upper triangular
subgroup B, = A,N, of G,. Moreover, trm,(f,) = trI,(fs,A) is denoted by
fJ(N), and named the Satake transform of f,, at A(€ A% ¢)- Now I(f,p~t,—\) =
IGF, (o)~ =MVI(Foys pit, =X), and I(F,,, pzt, —N') acts as 0 unless p,, is unrami-
fied, in which case it is the product by the scalar tr I(f,,, p2t, —\’) of the projection
on the unique K,-fixed vector in I(p; 1, —\).

Our assumption on f, will be that fY(A) = 0 at A with A\; = (A, 1) equals (1
or) —1).

Now if L(A1, p1/p2) of ((4)2) has a pole, then p; = p2 (by our normalization),
and I(p,t,—N) = I(—X + A u2) for some A\, which depends on p,, and

tr[(7u7 p1717 _)‘/) = 7:(_)‘/ + )\u,u2)

is zero when (=X + A\, 2, 1) = —A; equals —1. Hence ((4)1), which is equal to

T (=X + Apu) p2) B (L(T

U

) (pU)—l, _)‘/)7 p_la _)‘/)a

vanishes at A; = 1, and cancels the pole, necessarily simple, of L(A1, p1/p2). The
fourth term of ((3)2) will consequently make no non-zero contribution to the sum-
mation formula, under our assumption that f,Y () = 0 at A with Ay = (A, 1) = —1.

Remark. This assumption on f, (and f) does not restrict the applicability of the
summation formula. Indeed, the representations 7 of G(A) which occur in the
space L?(G(F)\G(A)) are unitary, and so are their components. Almost all local
components 7, of T = ®m, are unramified, and we choose u (for a given 7) such that
7, 1s unramified. Then 7, = I,,(\), and it is unitary only for A with | Re (A, )| < 1
(all roots ). Then our assumptions on f, implies that tr I, (f,, A\) vanishes only
at m, = I,(\) which do not occur in the automorphic (unitary) spectrum, and so
no information could be obtained about such 7, from the summation formula even
if the assumption was not made. In any case, no information is lost.

We shall have to deal with various other terms, in analogous fashion, and will
need the vanishing assumption at (A, a) = 1 for all roots a.

Vanishing Assumption. The component of f at u is a spherical function f, whose
Satake transform f is zero at any A = A1p1 + A2pe with (A, @) = 1 for some root
a of A in G (in other words, at A with A1, A2 or A\ + Ag equals 1 or —1).
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II(5). The next, fifth, summand, in ((3)2), and its contribution to (3.3), is simi-
larly treated. The normalizing factor m(r(12),7(23)p, 7(23)A\)m(r(23), p, A) is the
quotient of

(L(A1+ A2, p1/p3)/L(1+ Av + Az, p1/p3)) (L(A2, p2/p3) [L(1 + Az, p2/ps3))

by the holomorphic never-zero e-factors. Changing variables Ay — Ay — Ag, the
product of these L-function with the monomial in 7" in ((3)2) becomes

L()\lapl/p3) ) L()\Q,pz/p?’) . t%_)\l . tg\l_)\2_1
L(14+ A, p1/p3) L1+ A2, p2/p3) 2—A1 A — Ao — 1

Moving the line of integration in Ay from R to 4 4+ A3, A2 € iR, we obtain the
monomial with absolute value ¢3t;°, whose limit is 0 as T' — oo in #; < 3. The
integrand may have a pole in 0 < Re (A2) < 4 only when py/p3 (factorizes through
the absolute value and so by our normalization) is equal to 1, at A = 1. But
this pole is canceled by the zero of fY(X) at A with (A, @) = —1. No non-zero
contribution is then made to the summation formula.

I1(6). The last term in ((3)2), parametrized by s = r(13), is the most difficult to
handle. The normalizing constant m(r(13), p, A) is the quotient of

L(A1, p1/p2) L(A1 4 A2, p1/p3) L(X2, p2/p3)
L(1+4 A1, p1/p2) L(1 + A1+ A2, p1/p3) L(1 + A2, p2/p3)

by a product of e-factors. This has to be multiplied by

(577722 = X)) (82~ /(1 + A1),

It suffices to move the line of integration in Ay from iR to 2—e+ A3, A2 € R, as then
the monomial in 7" has absolute value ¢3¢, 1 and its limit as T — oo in the specified
domain would be 0. The possible poles of the integrand on 0 < Re (A\3) < 2—¢ are
obtained from L(Aq, p2/p3) when pa/ps = 1, at Ao = 1, but this pole is compensated
by a zero of f/(A) at A2 = (A, aa) = —1, or from L(A1+ A2, p1/p3) when p1/p3 = 1 at
A1+ A2 = 1, but this pole is canceled by the zero of fY(A) at Ay +Xy = (A, @) = —1,
where « is the root a1 + as.

To summarize, the six terms of ((3)2), when substituted in (3.3), would give an
expression whose limit as 7" — oo is 0. Then there is no non-zero contribution to
the summation formula from the second coset.

ITI. The analysis of ((3)3) and the limit as T — oo of its contribution to (3.3) is
carried out analogously to that of ((3)2). In fact ((3)3) is obtained from ((3)2) on
interchanging (¢1, A1, 7(12)) with (t2, A2, 7(23)).

To study the contribution of the remaining three cosets of B\G to the summation
formula we make the next

Vanishing Assumption II (VA II). The component f, of f at some place u is a
spherical function whose Satake transform f, is zero at A(= A1p1 + Az2u2) = 0 (i.e.
when )\1 = )\2 = 0)
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The place u here may be different then that used in the first Vanishing Assump-
tion. Using a function f with such a component implies that trz(f) = 0 for 7
whose component at « is unramified and of the form y, ® I,,(1), where I,,(1) is the
unramified irreducible GG,,-module normalizedly induced from the trivial represen-
tation of B,,, and X, is any unramified character of F)* or order 3. Since we can
choose u at will, the 7 affected are those whose components are almost all of the
form m, = xu ® I,(1). The 7 which occur discretely in our summation formula
are those of the form I({ x p2), where p, is a cuspidal G(2, A)-module with central

character é_l. If I(£ x p2) has the component x, ® I,,(1) for almost all places u of
F', then ég = 1, and the component of py ® éz coincides with that of the induced

*

PGL(2,A)-module I(1) (from the trivial representation of ) at almost

*
0
all places of F'. But no such cuspidal ps exists, hence the VA II does not restrict
the applicability of the summation formula.

The VA II is used to cancel singularities in the integrand of (3.3) introduced by
the L-function of the various ((3)i.j); ¢ = 4,5,6. We deal with each term separately,
and cancel its singularity. However it is possible that adding up this terms their
singularities would cancel each other, and then the integral over A € ¢ would be
taken with no need to introduce zeroes using f. But we have not pursued this line
of investigation.

IV(1). Replacing [¢ATE in (3.3) by the complex conjugate of the product of
((3)4.1) and (3/2)63> /2 /(A3 + A1/2), we first change variables Ay — Ay — A1/2,
then apply Lemma 10 to take the limit as to — oo of the integral over A\ € i:R. The
result is the value of the integrand at Ay = 0, or if we do not change variables in
A2, the value of the integrand at A2 = —A1/2 is obtained. The remaining integrand
is a function in A1, and its part described in ((3)4.1) will have a pole at Ay = 0 if at
least two of the components py, p2, p3 of p are equal. However, the VA II guarantees
that the other factor in the integrand of (3.3), namely Ey(I(f, p, A\)®,p, A), would
vanish on A\ = —)\;1/2 at A\; = 0. Hence the integrand is holomorphic and rapidly
decreasing as |A1| — oo, and the corresponding contribution to the summation
formula takes the form

iz/zﬂpa(f, P, N, p, A)((3)4.1)(@, p, M)Ay

(((3)4.1) depends on @, p and A1), where A = Xy g +Aop2 = Ay (1 — 3p02) = 3 A1
In other words, the integral is supported on the line of representations of the form
I(p,\) = I(piv™/? x pav=21/2 x p3).

IV(2). In this case ((3)4.2), or rather its complex conjugate, is put in (3.3) instead
of [¢ATE. Lemma 10, applied separately to each term in the difference of ((3)4.2),
permits taking the limit as T" — oo of the integral over A1 — As € ¢R. The limit is
the value of the integrand at Ay = Ag, and VA II implies that Ey (I(f, p, \)®, p, A) is
0 at Ay = A\ = 0, where the products of the L-functions of ((3)4.2) may have their
poles. The integral thus obtained as T — oo is supported on the I(p, \) = I(p1v* x
pa X par ™ ), as A = Mg + Aape = A1 (p1 + p2) = Ai(aq + as) = A(1,0,-1).
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IV(3). In this case analogous discussion shows that the limit as " — oo of the
corresponding part of (3.3) is supported on the I(p, A) with Ay = —2)\q, thus A =
A (p1 — 2p2) = —Aras and I(p,\) = I(p1 X pav=> x p3ptt).

IV(4). Here the support of the integrand of (3.3) as T' — oo is as in the previous
case of IV(3).

V. This case is entirely analogous to IV, the same results are obtained, except that
A1 and Ay may be interchanged.

VI. Entirely analogous discussion can be carried out in the case of the five non zero
terms of the sixth coset. The limit of the contribution to (3.3) as T' — oo from the
term (1) is supported on Ay = Ag, in case (2) the support is on Ay = —2Ay, in case
(3) on A\; = —2)\o, in case (4) on A\; = —2X2, and in case (5) on Ap = —2);.

This completes our derivation of the summation formula for the symmetric space
PGL(3)/GL(2).
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