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Since about 1925, the standard formalization of mathematics has been the ZFC axiom system (Zermelo Frankel set theory with the axiom of choice), about which the audience needs to know nothing. The axiom of choice was controversial for a while, but the controversy subsided decades ago.





Although this talk is about just about everything except the axiom of choice, I canít resist telling you some  information that you might not know. 





If a theorem of ZFC is ìrelatively concreteî, then it can be converted into a proof in ZF (i.e., without the axiom of choice) by a general method due to Gˆdel. As discussed in detail here, you only really care about relatively concrete statements. That is why this talk is not about the axiom of choice.





Putting the axiom of choice aside, it is well known that a variety of mathematical ques-tions cannot be resolved with-in ZFC. We refer to this as ZFC incompleteness.





Why donít mathematicians feel that they need new axioms? Why isnít the choice of new axioms a principal topic of concern to the mathematical community?





The short answer is that mathematicians donít care about the questions that have been shown to be unresolvable within ZFC. 





I am not going to end the talk with this short answer. In-stead, I am going to give a long answer. And I am going to show you why I predict that the situation is going to  change over the coming decade. 





1. GENERALITIES ABOUT WHY YOU DONíT CARE ABOUT SET THEORY.





For about 2,500 years, mathematicians have been concerned with matters of counting and geometry and the modeling of physical phenomena. 





These main themes gave rise to arithmetic, algebra, geometry, analysis, and closely related areas.





The interest in and value of mathematics is judged by math-ematicians in terms of its relevance and impact on the main themes of mathematics.





For the mathematician, set theory is regarded as a convenient way to provide an interpretation of mathematics that supports rigor. 





A natural number is obviously not a set, an ordered pair is obviously not a set, a function is obviously not a set of ordered pairs, and a real num-ber is obviously not a set of rationals.





So for the mathematician, mathematics is emphatically not a branch of set theory. The clean interpretation of mathematics into set theory does not commit the mathematician to viewing problems in set theory as problems in normal mathematics.





The mathematician therefore evaluates set theory in terms of how well it serves its purpose - providing a clean, simple, coherent, workable way to formalize mathematics. This point of view hardened as many mathematicians experimented for several decades with set theoretic problems, many of turned out to be independent of ZFC. 





There was a growing realiza-tion that the cause of these logical difficulties was an extreme level of generality in the formulations of the problems that was totally unchar-acteristic of normal mathematics. This uncharacteristic level of generality includes pathological cases which have no analogs in normal mathemat-ics. That if the problems are re-formulated in more concrete ways that still covered all known interesting cases, then the difficulties completely disappear. 





Furthermore, distinctions between the level of general-ity of these set theoretic problems and the most celebra-ted theorems and open problems in mathematics can be de-scribed formally in terms of concreteness.





In summary, it has long been recognized that the set theor-etic independence results from ZFC are a byproduct of pathol-ogy that can be readily dis-cerned from what is of concern to the normal mathematician.





2. GENERALITY, SIMPLICITY, AND CONVENIENCE.





A counterargument can be made in defense of set theory and its great generality. 





If you look at any graduate algebra text, you will find Theorem after Theorem cast in terms of essentially arbitrary groups, rings, and fields, etcetera. 





But this can be very misleading. 





Mathematicians definitely like to cast Theorems in the apparently maximum generality that is both simple and convenient. 





But when they come across a general formulation that does not prove simple and convenient, the first move is to cut that generality down so that simplicity and convenience is gained. A later move is to raise the original formulation as an open problem. If the essential kind of cases that motivated the Theorem in the first place are still covered in the less general formula-tion, then the original formu-lation is left as a side issue. 





It is not that such side issues are without any interest. Rather, they do not have major interest of the kind that would be needed if mathematic-ians were to consider rethink-ing what the axioms for mathe-matics should be. 





In summary, great generality is at the service of simplicity and convenience. It is cheerfully dispensed with when the level of generality appears to be beyond any interesting examples that are relevant to the mathematical purposes at hand.   





3. SPECIFICS ABOUT WHY YOU DONíT CARE ABOUT SET THEORY.





CH (continuum hypothesis) is the most well known open prob-lem of set theory.





It was the very first problem raised by the founder of set theory, along with the axiom of choice. 





any two uncountable sets of real numbers are in one-one correspondence.





Gˆdel (1938) showed that CH cannot be refuted in ZFC and Cohen (1963) showed that CH cannot be proved in ZFC. Both results make use of the entirely necessary assumption that ZFC is consistent (free of contradiction). 





CH follows the standard script completely. Note that the un-countable sets are not subject to any regularity conditions. 





In particular, note that any specific uncountable set of real numbers encountered in normal mathematics is very far from arbitrary. In fact, they are given in terms of sequential operations. For instance, the set of all normal real numbers in the sense of Borelís normal number theorem. Or any open or closed set in any complete separable metric space, such as the Cantor set in I. 





So it is natural to look for a theorem of the form  





any two reasonable uncountable sets of real numbers are in one-one correspondence.





And there is the classical theorem:





in any complete separable metric space, any two uncount-able Borel measurable sets are in one-one correspondence by a Borel measurable function.





The importance of complete separable metric spaces, Borel sets in complete separable metric spaces, and Borel meas-urable functions between Borel sets in complete separable metric spaces is now widely recognized as the preferred formulation of the idea of sequentially based mathematical object. We refer to this as the Borel universe. 





Any set theoretic problem such as CH reformulated in terms of the Borel universe is expected to be provable or refutable well within ZFC. 





Given the enormous flexibility and generality of the Borel universe by the standards of normal mathematics, Borel uni-verse reformulations are gen-erally fully satisfactory for the normal mathematician. The peculiar and characteristic generality of full blown set theory. 





If mathematicians are going to consider new axioms for mathematics, it would appear that they would be responding only to a need within the Borel universe. 





4. ZFC INCOMPLETENESS IN THE BOREL UNIVERSE.





In the 1960ís, I recognized the enormously powerful pro-tection the Borel universe provides from ZFC incompleteness. 





I had decided that if ZFC in-completeness is ever going to have any impact on mathema-tics, it was going to have to penetrate the Borel universe. 





So, starting in the late 60ís, I concentrated on finding ZFC incompleteness in the Borel universe. 





It had already been established around that time that if you stray somewhat modestly beyond the Borel universe, then ZFC incompleteness is present in force. 





In particular, continuous images of Borel measurable sets in complete separable metric spaces lead right into ZFC incompleteness, particularly if complements of such are involved. 





Of course, if the space is compact, or even (-compact like Euclidean spaces, then continuous images of Borel measurable sets remain Borel measurable. But continuous images take on a different complexion in, say, Baire space NN. These are the so called analytic sets. 





So I saw a desperate need for finding ZFC incompleteness in the Borel universe, particu-larly in order to avoid the inevitable marginalization of so much work in foundations of mathematics. 





My colleagues concentrated on extending results obtained from certain new axioms to corresponding results about extensions of the analytic sets (the projective sets.)





I would rather not spend much time talking about this work here (done in the 80ís) for these reasons.





a. The Borel universe is still at the absolute outer limits of what is considered normal mathematics. It is still far too general for most normal mathematicians today, who live among at least the continuous or the discrete.  


b. My examples of ZFC incom-pleteness in the Borel universe were not sufficiently diverse and did not have enough points of contact with other areas of mathematics to make up for 1 above. 


c. There are recent developments which are far more prom-ising in the way of seriously joining the issue of new ax-ioms for mathematics with the mathematical community. The new results lie in discrete mathematics. 





But let me leave you with a result of mine in the Borel universe that I showed could be proved if and only if you use uncountably many uncount-able cardinalities. This is a significant fragment of ZFC which is far beyond anything that a normal mathematician uses. (One direction of this work relies on work of D.A. Martin).





THEOREM. Let E be a Borel measurable subset of the unit square I2 that is symmetric about the line y = x. Then E contains or is disjoint from the graph of a Borel measurable function from I into I. 





5. THE THINNESS THEOREM.





We now move to new developments in the world of discrete mathematics. 





Let N be the set of all non-negative integers. A multivar-iate function from N into N is a function f such that 





i) there exists k ( 1 such that dom(f) = Nk;


ii) rng(f) ( N.





For A ( N, we write fA for {f(x): x ( dom(f) ( every coordinate of x lies in A}. 





Ex: If f is binary addition then fA = A+A.





THEOREM 5. (thinness). Let f be a multivariate function from N into N. There exists an infinite A ( N such that fA ( N.





I know that this result is of an essentially nonconstructive  nature (independent from ACA0), although I donít know just how nonconstructive (does it imply ACA0 over RCA0?). In any case, it is proved using the classical infinite Ramsey theorem. We leave it as a challenge to the audience.


 


6.THE COMPLEMENTATION THEOREM.





A multivariate function f from N into N is strictly dominat-ing iff for all x ( dom(f), f(x) > |x|. Here | | is the sup norm of x. 





THEOREM 6. (complementation). Let f be a strictly dominating multivariate function from N into N. There exists A ( N such that fA = N\A. Further-more A is unique and infinite.  





Proof: Rewrite this equation as A = N\fA, so Theorem 6 looks like a fixed point theorem. Suppose membership in A has been determined for all 0 ( m < n. We throw n in A iff n ( f(A ( [0,m)). Since f is strictly dominating, we have n ( A ( n ( fA as required. 





Since there is no leeway in the construction, A is unique. Since A ( fA = N, obviously A must be infinite. QED





7. BOOLEAN RELATION THEORY.





Both the thinness theorem and the complementation theorem have a very simple form. They assert that for every multi-variate function of a certain kind, there exists a set of a certain kind, such that some particular ìBoolean relationî holds between the set and its image under the function. 





We will be more precise about the relevant notions of ìBool-ean relation,î but first we give two more examples to in-dicate just how rich the fam-ily of such statements is.





a. Let f be a multivariate continuous function from R into R. There exists an un-bounded open set A ( R such that fA ( R. (Theorem).





b. Every bounded linear operator on Hilbert space maps some nontrivial closed subspace into itself. (Open problem).





We now give a formal presen-tation of Boolean relation theory.





A multivariate function is a pair (f,n) where f is a func-tion, n ( 1, and if n ( 2 then dom(f) is a nonempty set of n-tuples. We usually omit the n, which we consider to be the arity of f.





If f is a multivariate func-tion of arity n and A is a set then fA = {f(x1,Ö,xn): x1,Ö,xn ( A}.





A BRT setting is a pair (V,K) where V is a set of multivar-iate functions, and K is a set of sets.We always assume there is a largest element of K.





Ex: Let V be the set of all multivariate functions from N into N, and K the set of all infinite subsets of N.





Ex: Let V be the set of all strictly dominating multivariate functions from N into N, and K be as above.





We now describe equational Boolean relation theory in (V,K). 





In its most elemental from, it consists of analyzing all statements of the form





For all f ( V there exists A ( K such that a given Boolean equation holds between A,fA.





A Boolean equation between elements of K is an equation between Boolean terms ñ i.e., using the Boolean operations of intersection, union, and complementation. Complementation is defined using the largest element of K as the uni-versal set. 





Note that the complementation theorem has this form since A = N\fA is obviously a Boolean equation between A,fA.   





Note that there are sixteen such Boolean equations up to formal Boolean equivalence. 





More generally, we can attempt to analyze all statements of the form 





For all f1,Ö,fk ( V there exists A1,Ö,An ( K such that a given Boolean equation holds between the (k+1)n sets 


A1,Ö,An


f1A1,Ö,f1An


Ö


fkA1,Ö.,fkAn.





It appears that equational Boolean relation theory is interesting for any interest-ing pair (V,K) ñ and frequently quite nontrivial even for just a single function and a single set. 





In fact, there are at least trillions of such interesting triples throughout mathematics. 





The thinness theorem is an example of what we call ine-quational Boolean relation theory. Here inequations play the exact role that equations play in equational Boolean re-lation theory, where an ine-quation is simply the negation of an equation. 





And of course we can go further and consider proposition-al Boolean relation theory. Here, instead of just equations and inequations between sets and their images under functions, we consider proposition combinations of equations between sets and their images. 





I.e., equations between sets and their images connected by not, and, or, if then, and iff.





Propositional Boolean relation theory is probably enough for the foreseeable future. But the natural outgrowth of this is the far more general iterated Boolean relation theory. The BRT terms are the least class of expressions such that 





any set variable is a BRT term;


if f is a function vari-able and t is a BFT term then ft is a BRT term;


if s,t are BRT terms then so are sí,s(t,s(t.





Again sí is the complement of s, which is defined using the largest element of K.





In generalized BRT, we use prepositional combinations of equations between BRT terms. 





8.EQUATIONAL BRT: 2 FUNCTIONS, 3 SETS.





We now consider one natural triple (V,K). We let ELG(N) be the set of all multivariate functions from N into N of expansive linear growth. I.e., there exist rationals p,q > 1 such that the inequality





p|x| ( f(x) ( q|x|





holds for all but finitely many x ( dom(f). Here | | indicates sup norm. 





The results we are going to state would hold equally well for a wide range of variants of ELG(N). For instance, we can use any lp norm, 0 < p ( (, and/or we can use QG(N) = quadratic growth, etcetera. We can also demand that there be no exceptions to the above inequality.





We also let INF(N) be the set of all infinite subsets of N.





Let us now work within (ELG(N),INF(N)). Here equa-tional and inequational Bool-ean relation theory for one function and one set is very manageable, with no logical difficulties.





However, equational Boolean relation theory for two func-tions and three sets in (ELG(N),INF(N)) is profoundly connected with new axioms for set theory.





There are 2512 statements in BRT for 2 functions and 3 sets in (ELG(N),INF(N)). We know that one reasonably simple in-stance can be proved using some commonly considered new axioms but not without new axioms. In fact this instance is equivalent to, roughly speaking, the consistency of these new axioms. 





We conjecture that the full BRT for 2 functions and 3 sets in (ELG(N),INF(N)) can be carried out with these new axioms. We know that it cannot be carried out without these new axioms. 





Experts in set theory will consider this a moral certainty, especially in light of some strong partial results we have obtained.  





Here is the particular in-stance that is tied up with new axioms.





THEOREM (from new axioms). Let f,g ( ELG(N). There exists infinite A ( B ( C ( N such that 


fA ( B ( gB;


fB ( C ( gC;


C ( gC = (;


A ( fC = (.





If we delete any one of these four, there is no logical problem.





There are several variants of these four conditions where it is also necessary and suffic-ient to use these new axioms. E.g.,





fA ( B ( gB;


fB ( C ( gC;


A ( fC = (.





fA ( (B ( gB)\A;


fB ( (C ( gC)\A.





9. CONCRETENESS.





An objection can be raised that an arbitrary multivariate function from N into N is a bad thing, with too much path-ology - there are continuumly many such functions. Are these logical difficulties a result of pathology inherent in arbi-trary functions from N into N? 





Let ELGí(N) be the subclass of ELG(N) consisting of all mul-tivariate functions f from N into N which can be written in the form 





f(x) = max(P(x),Q(x))





where P,Q are polynomials with integer coefficients. Then for i)-iv), it is still necessary and sufficient to use those new axioms.  





The objections can go further. The conclusion asserts the existence of three infinite subsets of N. What can we say about these infinite sets? 





A supergeometric progression in N is subset of N where each element is a fixed power ( 2 of the previous element. 





Assuming the two functions lie in ELGí(N), the infinite sets can always be taken to be a finite union of sets, each of which are the image of a poly-nomial with integer coeffic-ients at tuples from a super-geometric progression subject to a finite set of polynomial inequalities with integer coefficients. This holds even if we use a somewhat more general class of multivariate functions than ELGí(N); e.g., functions defined by finitely many cases, each of which are given by finitely many poly-nomial inequalities with inte-ger coefficients, where on each case, the function is defined by a polynomial with integer coefficients.





10.THE PARTIAL CLASSIFICATION.





We are morally certain that BRT in (ELG(N),INF(N)) can be carried out with these new axioms. Here is what we know. 





Every Boolean equation between sets can be expressed as a finite set of inclusions of the form





A1 ( Ö ( An ( B1 ( Ö ( Bm





where if n = 0 then the left side is interpreted as the universal set U, and if m = 0 then the right side is inter-preted as (. 





And every such finite set can be viewed as a Boolean equation.





An exclusion is such an inclusion where n = 2 and m = 0. A covering is such an inclusion where n = 1. 





We are close to being able to handle all sets of exclusions and coverings. However, we have only handled all sets of exclusions and forward coverings. 





Forward coverings in A1,A2,A3, fA1,fA2,fA3,gA1,gA2,gA3 are coverings where the subscript on the left side is smaller than all subscripts on the right side.   





11. FINITENESS.





In BRT in (ELG(N),INF(N)) for 2 functions and 3 sets, with exclusions and forward cover-ings only, there is the fol-lowing finiteness phenomenon:





If there are nonempty finite A ( B ( C ( N then there are infinite A ( B ( C ( N. 





However, it is necessary and sufficient to use the new axioms to obtain this result. 





We conjecture that the same holds for full BRT in (ELG(N), INF(N)) for 2 functions and 3 sets. 





12. WHAT ARE THOSE NEW AXIOMS?





A strongly inaccessible cardinal is a cardinal ( > ( such that





( is not the limit of a sequence of smaller ordinals of length < (;


for every cardinal ( < (, 2( < (.





A 0-Mahlo cardinal is a strongly inaccessible cardin-al. An n+1-Mahlo cardinal is an n-Mahlo cardinal in which any closed unbounded subset contains an element that is n-Mahlo.





The new axioms assert that for each n ( 0, there exists an n-Mahlo cardinal. 
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