Combining decision procedures for the reals

Jeremy Avigad and Harvey Friedman*

September 15, 2006

Abstract

We address the general problem of determining the validity of boolean
combinations of equalities and inequalities between real-valued expres-
sions. In particular, we consider methods of establishing such assertions
using only restricted forms of distributivity. At the same time, we explore
ways in which “local” decision or heuristic procedures for fragments of the
theory of the reals can be amalgamated into global ones.

Let T,44[Q] be the first-order theory of the real numbers in the lan-
guage with symbols 0,1,+, —, <,..., fa,... where for each a € Q, f, de-
notes the function fo(z) = az. Let Tpu[Q] be the analogous theory
for the language with symbols 0,1, X, +, <, ..., fa,.... We show that al-
though T'[Q] = T44a[Q]UTmu[Q] is undecidable, the universal fragment of
T[Q] is decidable. We also show that terms of T'[Q] can fruitfully be put
in a normal form. We prove analogous results for theories in which Q is
replaced, more generally, by suitable subfields F' of the reals. Finally, we
consider practical methods of establishing quantifier-free validities that
approximate our (impractical) decidability results.

1 Introduction

This paper is generally concerned with the problem of determining the valid-
ity of boolean combinations of equalities and inequalities between real-valued
expressions. Such computational support is important not only for the formal
verification of mathematical proofs, but, more generally, for any application
which depends on such reasoning about the real numbers.

Alfred Tarski’s proof [23] that the theory of the real numbers as an or-
dered field admits quantifier-elimination is a striking and powerful response to
the problem. The result implies decidability of the full first-order theory, not
just the quantifier-free fragment. George Collins’s [10] method of cylindrical
algebraic decomposition made this procedure feasible in practice, and ongoing
research in computational real geometry has resulted in various optimizations
and alternatives (see e.g. [14, 6, 5]). Recently, a proof-producing version of an
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elimination procedure due to Paul Cohen has even been implemented in the
framework of a theorem prover for higher-order logic [20].

There are two reasons, however, that one might be interested in alterna-
tives to g.e. procedures for real closed fields. The first is that their generality
means that they can be inefficient in restricted settings. For example, one might
encounter an inference like

O<z<y—(1+2%)/2+y" <1+y)/2+a)"

in an ordinary mathematical proof. Such an inference is easily verified, by
noticing that all the subterms are positive and then chaining through the obvious
inferences. Computing sequences of partial derivatives, which is necessary for
the full decision procedure, seems misguided in this instance. A second, more
compelling reason to explore alternatives is that decision procedures for real
closed fields are not extensible. For example, adding trigonometric functions or
an uninterpreted unary function symbol renders the full first-theory undecidable.
Nonetheless, an inference like

O<z<y—(1+2%)/2+e") < (2+y*)/(1+e)

is also straightforward, and it is reasonable to seek procedures that capture such
inferences.

The unfortunate state of affairs is that provability in most interesting mathe-
matical contexts is undecidable, and even when decision procedures are available
in restricted settings, they are often infeasible or impractical. This suggests,
instead, focusing on heuristic procedures that traverse the search space by ap-
plying a battery of natural inferences in a systematic way (for some examples
in the case of real arithmetic, see [7, 17, 25]). There has been, nonetheless, a
resistance to the use of such procedures in the automated reasoning community.
For one thing, they do not come with a clean theoretical characterization of
the algorithm’s behavior, or the class of problems on which one is guaranteed
success. This is closely linked to the fact that the algorithms based on heuris-
tics are brittle: small changes and additions as the system evolves can have
unpredictable effects.

The strategy we pursue here is to develop a theoretical understanding that
can support the design of such heuristic procedures, by clarifying the possibil-
ities and limitations that are inherent in a method, and providing a general
framework within which to situate heuristic approaches. One observation we
exploit here is that often distributivity is used only in restricted ways in the
types of verifications described above. Arguably, any inference that requires
factoring a complex expression does not count as “obvious.” Conversely, mul-
tiplying through a sum can result in the loss of valuable information, as well
as lead to increases in the lengths of terms. As a result, steps like these are
usually spelled out explicitly in textbook reasoning when they are needed. It
is therefore natural to ask whether one can design procedures that reasonably
handle those inferences that do not make use of distributivity, relying on the
user or other methods to then handle the latter.



The “distributivity-free” fragment of the theory of the reals as an ordered
field can naturally be viewed as a combination of the additive and multiplicative
fragments, each of which is easily seen to be decidable. This points to another
motivation for our approach. A powerful paradigm for designing useful search
procedures involves starting with procedures that work locally, for restricted
theories, and then amalgamating them into a global procedure in some princi-
pled way. For example, Nelson-Oppen methods are currently used to combine
decision procedures for theories that are disjoint except for the equality symbol,
yielding decision procedures for the universal fragment of their union. Shostak
methods perform a similar task more efficiently by placing additional require-
ments on the theories to be amalgamated. (See [18, 22] and the introduction
to [3] for overviews of the various approaches.) Such methods are appealing, in
that they allow one to unify such decision procedures in a uniform and modular
way. This comes closer to what ordinary mathematicians do: in simple, domain-
specific situations, we know exactly how to proceed, whereas in more complex
situations, we pick out the fragments of a problem that we know how to cope
with and then try to piece them together. One would therefore expect the notion
of amalgamating decision procedures, or even heuristic procedures, to be useful
when there is more significant overlap between the theories to be amalgamated.
For example, the Nelson-Oppen procedure has been generalized in various ways,
such as to theories whose overlap is “locally finite” [15]. Our results here show
what can happen when one tries to amalgamate decision procedures for theories
where the situation is not so simple.

Sections 2 and 3, below, provide general background. In Section 2, we dis-
cuss the theoretical results that underly Nelson-Oppen methods for combining
decision procedures for theories that share only the equality symbol, or for theo-
ries with otherwise restricted overlap. In Section 3, we describe some particular
decision procedures for fragments of the reals, which are candidates for such a
combination.

In Section 4, we define the theories T[F|, which combine the additive and
multiplicative fragments of the theory of the reals, allowing multiplicative con-
stants from a field F. The theory T[F], in particular, can, alternatively, be
thought of as the theory of real closed fields minus distributivity, except for
constants in F'. Because of the nontrivial overlap, Nelson-Oppen methods no
longer apply. In Section 5, we provide two examples that clarify what these the-
ories can do. On the positive side, we show that when a multivariate polynomial
has no roots on a compact cube, T[Q] is strong enough to prove that fact. On
the negative side, we show that the theories T[F| cannot prove 2% — 2z +1 > 0,
a fact which is easily proved using distributivity.

In Sections 6-8 we establish our decidability results. Using a characterization
of the universal fragment of T[F] developed in Section 6, we show, in Section 7,
that whenever F' is an appropriately computable subfield of R, the universal
fragment of T'[F] is decidable. So, in particular, the universal fragment of T'[Q]
is decidable. In Section 8, we describe normal forms for terms of T[F], which
make it easy to determine whether two terms are provably equal. We also show
that these provable equalities are independent of the parts of the theory that



have to do with the ordering.

In Sections 9-11, we establish our undecidability results. In Section 9, we
present a flexible technique that will allow us to build suitable models of the
theories T[F]. In Section 10, we use this technique to reduce the problem of
determining the truth of an existential sentence over the field F' to that of the
provability of a related formula in T[F]. As a result, if Diophantine equations
in the rationals are unsolvable (which is generally believed to be the case), then
so is the set of existential consequences of T[Q]. In Section 11, we reduce the
problem of determining the solvability of a Diophantine equation in the integers
to the provability of a related VVV3*-sentence in any T[F]. As a result, we have
an unconditional undecidability result for that fragment.

The procedure implicit in our decidability results is not useful in practice: it
works by reducing the question as to whether a universal sentence in provable
in T[F] to the question as to whether a more complex sentence in provable
in the theory of real closed fields, and then appeals the the decidability of
the latter. In Sections 1214, we consider the problem of designing pragmatic
procedures that approximate our decidability results, are more flexible than
decision procedures for real closed fields, and work reasonably well on ordinary
textbook inferences. In Section 12, we suggest a restriction of the theories
T[F] which avoids disjunctive case splits, which are a key source of infeasibility.
In Section 13, we describe a search procedure that works along these lines,
making use of the normal forms introduced in Section 8. In Section 14, we
indicate a number of directions in which one might extend and improve our
crude algorithm.

Finally, in Section 15, we offer some final thoughts and conclusions.

2 Combining decision procedures

In this section, we briefly review the mathematical foundation for the Nelson-
Oppen combination procedure [21]. For more detail, see [4, 11, 16, 24]; an
important program verification system based on these method is described in
[13].

Let A be the set of first-order formulas in the language of equality asserting
that the universe is infinite. A theory T is said to be stably infinite if whenever
T'UA proves a universal sentence @, then T' proves it as well. Equivalently, T' is
stably infinite if whenever a quantifier-free formula is satisfied in any model of
T, it is satisfied in some infinite model of T. In particular, if 7" only has infinite
models, then T is stably infinite.

The Nelson-Oppen procedure for combining decidable theories of equality is
based on the following:

Theorem 2.1. Suppose Ty is a theory in a language L1, Ty is a theory in a
language Lo, Ty and Ty are stably infinite, and the languages Ly and Lo are
disjoint except for the equality symbol. Suppose the universal fragments of Ty
and Ty are decidable. Then the universal fragment of Th U Ty is decidable.



The proof of Theorem 2.1 is not difficult. The question as to whether T7 UT5
proves a universal formula is equivalent to the question as to whether it proves
the quantifier-free matrix. (One can treat the free variables as new constants, if
one prefers, but here and below we will speak in terms of proving or refuting sets
of formulas with free variables.) Since any quantifier-free formula can be put in
conjunctive normal form, the problem reduces to that of determining provability
of disjunctions of literals, or, equivalently, that of determining whether 77 U T5
refutes a conjunction of literals.

Let T be a set of literals. The first step in the procedure is to introduce
new variables to “separate terms.” For example, the universal closure of a
formula of the form ¢(f(s1,...,sk)) is equivalent to the universal closure of
x = f(s1,...,8:) — p(x), where x is a new variable. This is, in turn, equivalent
to the universal closure of y1 = s1 A ... Ayp = sp Ax = f(y1,...,yx) — p(z).
By introducing new variables in this way, we can obtain sets of equalities II;
and IIs in Ly and Lo respectively, and a set of literals, II3, in which no function
symbols occur, such that T7 U T, refutes I' if and only if it refutes II; UII; UTI3.
Let 'y be II; together with the literals in I3 that are in L1, and let I's be I,
together with the literals in I3 that are in Ls. Then each I'; is in the language
of T;, and T1 U T5 refutes I' if and only if T7 U T, refutes I'y UTs.

By the Craig interpolation theorem, 77 U T3 refutes I'y U I' if and only if
there is a quantifier-free interpolant 6 in the common language (i.e. involving
only the equality symbol and variables common to both I'y and I';) such that

Uy -6

and
ToUTU{0}F L.

By the assumption that 77 and 75 are stably infinite, we can assume without
loss of generality that each includes A. Since the theory of equality in an infinite
structure has quantifier-elimination, @ is equivalent to a quantifier-free formula.
In fact, we can assume without loss of generality that 6 is in disjunctive normal
form. So we are looking for a sequence 61, ..., 6, of finite conjunctions of literals
such that for each 1,

Tyul 6 v...Vve,

and
TQUFQU{ei}l_J_

for each 1.

Each disjunct 6; describes relationships between the variables & of I'y U Ty,
in the language Ly N Lo, which has only the equality symbol. The key point is
this: over A, every “complete type” (that is, complete, consistent set of formulas
with free variables Z) is determined by an exhaustive description of which of the
variables are equal to one another and which are not. Furthermore, there are
only finitely many such descriptions. Without loss of generality, we can assume
that each 6; is of this form, because otherwise it can be rewritten as a disjunction
of such. Thus we simply need to use the decision procedure for 75 to determine



all the complete types 6; that can be refuted by To U I's, and then use the
decision procedure for 77 to determine whether 77 UT'; proves their disjunction.
Equivalently, we can use the decision procedures to determine all the complete
types that are consistent with either side; I' can be refuted if and only if there
is no complete type that is consistent with both.

This naive procedure is not very efficient. In fact, the Nelson-Oppen pro-
cedure iteratively searches for a disjunction of equalities derivable from either
T1UT'; or T U, adds this disjunction to the hypotheses, and then splits across
the cases. It is not hard to show that this variant is complete; one can view it
in terms using both 77 U Ty and 75 U T'; to derive a sequence of increasingly
strong disjunctions of conjunctions of positive literals, until either a contradic-
tion is reached or no further strengthening can be found. In the latter case, one
can read off a complete type consistent with both 77 UT'; and To UT'5. The
procedure is much more efficient if either of the theories T; is convex, that is,
whenever ¢ is a conjunction of literals and T;Up Fz1 = y; V...V a, = yi then
T; Uy F x; = y; for some i. The linear theory of the reals has this property,
though the multiplicative theory does not. Shostak’s procedure provides further
optimization under the assumptions that terms in the theory are “canonizable”
and “solvable,” again, features that are commonly satisfied.

For future use, we record the effects of “separating terms,” as described
above. We no longer assume L; and Lo are disjoint languages.

Proposition 2.2. Let ¢ be any universal sentence in the language L1 U Lo.
Then ¢ is equivalent to a sentence of the form

VZ (01(%) A 02(F) — 03(7)),

where 01 is a conjunction of equalities in Ly, 0 is a conjunction of equalities
in Lo, and 63 is a quantifier-free formula in Ly U Lo with no function symbols.
As a result, ¢ can be written as a conjunction of formulas of the form

VZ (01(Z) V a(Z)), (1)

where each @; is a quantifier-free formula in L;. If all the relation symbols in
L1 U Ly are common to both Ly and Lo, or if the matriz of ¢ is equivalent to a
disjunction of literals, one conjunct of the form (1) suffices.

3 Decision procedures for fragments of the reals

The method described in Section 2 requires only that the universal fragments
of the theories T and T5 are decidable, and that for any sequence of variables,
there are only finitely many complete types in the common language, each of
which can be described by a single quantifier-free formula. In particular, we
have the following:

Theorem 3.1. Let T} and Ts be theories extending the theory of dense linear
orders without endpoints, with only < and = in the common language. If the



universal fragments of Ty and Ty are decidable, then the universal fragment of
Ty UT5 is also decidable.

As was the case when equality was the only common symbol, this theorem can
be stated even more generally: we only need assume that 77 and 75 satisfy the
property obtained by replacing A by the theory of dense linear orders without
endpoints in the definition of “stably infinite” above. Of course, Theorem 3.1
can be iterated to combine theories 17,75, T3, ... with the requisite properties.

Let us consider some examples of fragments of the reals that admit quantifier-
elimination, and are hence decidable. Note that to eliminate quantifiers from any
formula it suffices to be able to eliminate a single existential quantifier, i.e. trans-
form a formula Jz ¢, where ¢ is quantifier-free, to an equivalent quantifier-free
formula. Since 3z (pV) is equivalent to Iz ¢V Iz 1, we can always factor exis-
tential quantifiers through a disjunction. In particular, since any quantifier-free
formula can be put in disjunctive normal form, it suffices to eliminate existen-
tial quantifiers from conjunctions of atomic formulas and their negations. Also,
since 3z (@ A1) is equivalent to 3z p A1 when z is not free in ¢, we can factor
out any formulas that do not involve xz. Furthermore, whenever we can prove
Va (0 V1), Iz ¢ is equivalent to Iz (¢ A0) V Iz (¢ An); so we can “split across
cases” as necessary. We will use all of these facts freely below.

Proposition 3.2. The theory of (R,0,1,4,—, <) admits elimination of quan-
tifiers, and hence is decidable.

This is theory commonly known as linear arithmetic, and is the same as the
theory of divisible ordered abelian groups. The universal fragment coincides
with that of the theory of ordered abelian groups. The method of eliminating
an existentially quantified variable implicit in the proof is known as the Fourier-
Motzkin procedure.

Proof (sketch). Tt is helpful to extend the language to include multiplication by
rational coeflicients, though we can view this as nothing more than a notational
convenience: for example, if n is a natural number, we can take nx to abbreviate
r+ x4+ ...+ x, and when n,m, k,[ are natural numbers with m and [ nonzero
we can take (n/m)s = (k/l)t to abbreviate nls = kmdt.

Consider a sentence Jx ¢, where ¢ is quantifier-free. Writing s # ¢ as
s<tVt<sands <£Ltast<sVt=s, wecan assume without loss of generality
that ¢ is a positive boolean combination of atomic formulas of the form s = ¢
and s < t. Putting ¢ in disjunctive normal form and factoring the existential
quantifier though the disjunction we can assume ¢ is a conjunction of atomic
formulas. Solving for z, we can express each of these in the form =z = s, < s,
or s < x, where s does not involve z (atomic formulas that do not involve x can
be brought outside of the existential quantifier).

If any of the conjuncts is of the form z = s, then 3z p(z) is equivalent to
©(s), which is quantifier-free. So we are reduced to the case where ¢ is of the
form (A; s; < z) A(A\;z <t;). In that case, it is not hard to verify that 3z ¢
is equivalent to A, ; si <t;. O



For more on the Fourier-Motzkin procedure, see [1]. In fact, more efficient

elimination procedures are available, and are not much more complicated; see
[19, 27].

Proposition 3.3. The theory of (R,0,1,—1, x,+, <) with the convention x +
0 = 0 admits elimination of quantifiers, and hence is decidable.

Proof (sketch). Since (R”% 1, x, +, <) is isomorphic to (R, 0, +, —, <), the pre-
vious argument shows that the theory of this structure has quantifier-elimination.
For the larger structure, consider 3z ¢, where ¢ is quantifier-free. As above,
we can assume ¢ is a conjunction of equalities and strict inequalities. Introduc-
ing case splits we can assume that ¢ determines which variables are positive,
negative, or 0. Temporarily replacing negative variables by their negations, we
can further assume that ¢ implies that all the variables are positive. Bringing
negation symbols to the front of each term, we are left with a conjunction of
atomic formulas of the form +s < +t, where s and ¢ are products of variables
assumed to be positive. But then —s < t is equivalent to T; s < —t is equivalent

to L; and —s < —t is equivalent to ¢ < s. Similarly, —s = —t is equivalent to
s = t, and both s = —t and —s =t are equivalent to L. So, we are reduced to
the case where all the variables are positive. O

Proposition 3.4. The theory of (R, exp,in,0,1, <), where exp(xz) = e* and
In(z) = 0 for non-positive x, admits quantifier-elimination, and hence is decid-
able.

Proof (sketch). Once again, we are reduced to the case of eliminating a quanti-
fier of the form Jx ¢ where ¢ is a conjunction of equalities and strict inequalities.
Expressions of the form In(ezp(s)) simplify to s, and across a case split of the
form s > 0V s < 0 an expression of the form ezp(in(s)) simplifies to s or 0.
Using the equivalences s < t < exp(s) < exp(t) and introducing case splits as
necessary, we are reduced to the case where ¢ is a conjunction of terms of the
form u < exp™(v), u > exp™(v), and u = exp™(v), where u and v are variables
and ezp™(u) denotes n applications of exp to u. If there is an equality using x,
we can use that to eliminate the existential quantifier. Otherwise, for suitable k&
we can arrange that ¢ is a conjunction of formulas of the form s; < exp”(x) and
exp®(x) < t;, in which case 3z ¢ is equivalent to (Aijsi <tj))AN(N\;0<t;). O

From Theorem 3.1 we have:

Corollary 3.5. The universal fragment of the union of the three theories above
1s decidable.

The decision procedure implicit in the proof of Corollary 3.5 is, unfortu-
nately, not very useful. There is a sense in which is does too little, and another
sense in which it does too much.

A sense in which the procedure does too little is that the union of the three
theories is too weak. For example, it is not hard to show (either using the
interpolation theorem or a model-theoretic argument) that the theory does not



prove 2 x 2 = 4, where 2 abbreviates the term 1 + 1, and 4 abbreviates 1 4
1+ 1+ 1. Similarly, it fails to prove & + 2z = 2z. In the next section, we will
focus on the additive and multiplicative fragments of the reals, and respond to
this problem by augmenting the structures to allow multiplication by arbitrary
rational constants, or, more generally, constants from a suitably computable
subfield F' of the reals. Unfortunately, this means that the two structures share
a language with infinitely many function symbols, and so the methods described
in the last section can no longer be used. We will have to do a good deal of
additional work to establish decidability in this case.

A sense in which the algorithm implicit in the proof of Corollary 3.5 does
too much is that even in the absence of the new multiplicative constants, it is
inefficient: the combination procedure relies on the fact that one can enumerate
all possible descriptions of equalities and inequalities between variables, and, in
general, the number of possibilities grows exponentially. Our proof of decidabil-
ity for the augmented theories involves a reduction to the theory of real-closed
fields, and so it does not represent a practical advance either. In Sections 12-14,
we will address the issue of developing practical procedures that approximate
the theories we describe here.

4 The theories T[F]

Let F denote any subfield of the reals. Let T,4q4[F] be the theory of the real
numbers for the language with symbols

0,1, +,—,<,..., fa,.-.

where for a € F, f, denotes the function f,(z) = ax. Let T,,.:[F] be the
analogous theory for the language with symbols

0,1, x,=,<,..., fay---

where x + y is interpreted as 0 when y = 0. Our central concern in this paper
is the union of these two theories, T[F] = Toqq[F] U Trun[F]. It will also be
useful to denote their intersection, Toaq[F] N Trmuit[Fl, by Teomm[F]. It often
makes sense to restrict one’s attention to computable subfields F' of the real
numbers; in particular, Q, the minimal such subfield, is a natural choice. We
will see below that, in a sense, the field of real algebraic numbers A represents a
maximal choice. Intermediate choices are also possible; for example, one might
consider the smallest field containing Q and closed under taking roots of positive
numbers. It should be clear that each T[F] proves, for example, 2 x 2 = 4 and
x+x=2x.

We claim that the theories T'[F] are natural, and are sufficient to justify many
of the inferences that come up in ordinary mathematical texts. The latter claim
is an empirical one, however, and we will not try to justify it here.

Each of Teomm|[F], TaddlF], and Ty [F] has quantifier-elimination, and
hence is complete. The elimination procedures sketched in Section 3 can eas-
ily be extended to Toqq[F] and Tyi[F], assuming the operations on F' are



computable, in which case these theories are decidable as well. Similarly, a
quantifier-elimination procedure for Teomm[F] is easily obtained by extending
the usual procedure for dense linear orders without endpoints, so this theory is
also complete, and decidable when F' is computable.

Reflecting these elimination procedures yields complete axiomatizations of
the relevant theories. The theory Teomm[F] is axiomatized by the following:

1. < is a dense linear order

2. 0«1

fa(fo(x)) = fap(x), for every a,b € F
fo(z) =0, fi(z) ==z

<y folr) < faly) for 0 <a € F

<y folx)> foly) for 0 >a € F

A

O<z—z< folz)forl<aeF
One obtains an axiomatization for Ty4q[F] by adding the following:
1. 0,+, < is an ordered abelian group
2.x—y=zorx=y+=z
3. fa(z +y) = fa(@) + faly)
4. farv(®) = fa(z) + fo(2)

Similarly, one obtains an axiomatization of T, [F] by adding the following to
Tcomm [F ]:

1. 1, x, < is a divisible ordered abelian group on the positive elements
2.zfy=2z—(y=0Az=0)Vae=yz
3. fa(wy) = fa(x)y

In Sections 9-11, we will prove undecidability results for fragments of T'[F].
We will find it useful to work with the following alternative system, T'[F']*, based
on the symbols 0,1, +, X, < together with constant symbols ¢, for a € F. The
axioms of T[F]* fall naturally into four groups:

1. 0,4+, < is an ordered abelian group
2. 1, x, < is a divisible ordered abelian group on the positive elements

3. (a) catb =Cq+ ey, for a,b e F
(b) cap = Cq X cp, for a,b € F
(¢)0<cyfor0<a,aeF

10



4. (a) copp X = (cq X x) + (cp X x), for a,b € F
(D) ca X (x+y)=(co X)+ (ca Xy), forae F

Note that the extra symbols in the language of T[F] are easily definable in
T[F]*. Tt is straightforward to verify the following.

Lemma 4.1. Let ¢ be a formula in the language of T[F| without —, +. Let
©* be the result of replacing each occurrence of fo(t) with c, X t, inductively,
from innermost to outermost. Then ¢ is provable in T[F] if and only if ©* is
provable in T[F*.

Lemma 4.2. Let ¢ be a formula in the language of T[F]*. Let ¢ be the result
of replacing each occurrence of ¢, with fo(1). Then ¢ is provable in T[F|* if
and only if ¢’ is provable in T[F).

Theorem 4.3. T[F] and T[F]|* prove the same sentences involving only the
symbols 0,1, 4, X, <.

Below we will call the symbols f, the auxiliary function symbols and the
symbols ¢, the auxiliary constant symbols. For readability, we will write ax
instead of f,(x) or ¢,z when the context makes the meaning clear.

The following shows that as far as provability of formulas in the language
of real closed fields is concerned, there is never a need to go beyond the real
algebraic numbers in choosing F'.

Theorem 4.4. T[R] is a conservative extension of T[A].

Proof. Since + and — are definable in terms of the other symbols of T'[F], we can
focus on sentences in which these symbols do not occur, and use Theorem 4.3.

Let d be a proof of a sentence ¢ in T[R]*, where ¢ is in the language of
T[A]*. Assign variables ¥ to the auxiliary constant symbols occurring in ¢,
and let ¢ (¢) define the corresponding real algebraic numbers in the language
of real closed fields. Assign variables Z' to all the additional auxiliary constant
symbols occurring in d, and let 6(7, Z) be the conjunction of all the axioms of
T[R] used in d, with the constants replaced by the corresponding variables. The
assertion 37, Z (6(7, 2) A ¥(¥)) is true of the real numbers, and so, by transfer
(i.e. the completeness of the theory of real closed fields, of which both the
reals the real algebraic numbers are a model), it is true of A as well. Let ab
be real algebraic numbers witnessing the existential quantifiers. Because (@)
determines @ uniquely, @ corresponds to the original auxiliary constant symbols
in . Thus we have the even stronger result that d can be interpreted as a proof
in T[A]*, taking the constant symbols to denote @, b. O

This argument shows, more generally, that to prove a sentence with auxiliary
function symbols fq,, ..., fa,, there is no need to go beyond the real algebraic
closure of {ai,...,an}.

11



5 Examples

To provide a better feel for the theories T[F], in this section we consider some
theorems that clarify their strength. The first theorem provides a lower bound
by showing that a decision procedure for the universal fragment of any T'[F] im-
plies a decision procedure for the existence of roots of a multivariate polynomial
on the unit cube.

Theorem 5.1. Let F' be any subfield of the real numbers, and let f(x1,...,xx)
be a multivariate polynomial with coefficients in F. Let I = [0, 1]* be the compact
k-dimensional unit cube. Then f is nonzero on I if and only if T[F] proves that
fact.

Proof. The “if” direction follows from the fact that the axioms of T[F] are true
of the real numbers. On the other hand, by the intermediate value theorem,
if a polynomial function f is nonzero on I, then it is either strictly positive or
strictly negative on I. So it suffices to show that if f is strictly positive on I,
then T[F] proves that this is the case.

Suppose f(Z) = >, _, t:(Z), where each t; is a monomial in z1,...,x; with
a coefficient in F, and suppose f is strictly positive on I. Given a point
(a1,...,a5) in I, let 7z = f(@) > 0, and for each i, let rz; = t;(@). By conti-
nuity, we can find an open neighborhood Uz of @, such that for each be Uz,
ti(g) > r;z — rg/3n. Shrinking Uy if necessary, we can assume that Uz is a
product of open intervals with rational endpoints.

By compactness, U is covered by a finite set of these open neighborhoods,
say Ug,,...,Us,,. Then:

1. T[F] proves VZ (£ € I — £ € Uz, V...V U;z,,). In fact, this can be proved
by Teomm[F], since it is purely a property of the ordering on the rational
numbers.

2. For each j < m and i < n, Tpu[F] proves ¥ € Uz, — t;(Z) > qi;,
where g; ; is any rational number less than rg; ; — g, /3n and greater than
Ta,i — Ta,/2n.

3. Using these lower bounds, for each j < m, Thqq[F] can prove Z € Uz, —
f(&) >3, 4
The result follows from the fact that in the last claim,
qu > Z(T‘ia‘vi —rg;/2n) =1z, —ra;/2="1z,/2> 0.
<n i<n
This completes the proof. O

As an example of something T[F] cannot do, consider the inequality x? —2x+
1 > 0. That this is generally valid is clear from writing 2% — 22 + 1 = (z — 1)?,
but this equality is a consequence of distributivity, which is not available in
T[F]. In fact, we have:
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Theorem 5.2. For any F, T[F| proves Vo (z? — 2z + 1 > ¢) if and only if
e < 0. In particular, T[F] does not prove Va (x? — 2z +1 > 0).

Moreover, proofs of Vo (22 — 2z + 1 > ¢) in T[F] necessarily get longer
as ¢ approaches 0, and the results that follow provide explicit lower bounds.
Focusing on the domain of the function 22 — 2x + 1 instead of the range, we also
have:

Theorem 5.3. For any F,
1. T[F] proves Vz (x <r — 2% — 22+ 1> 0) if and only if r < 1.
2. T[F)] provesVz (x >r — 2% — 22+ 1> 0) if and only if r > 1.

Theorem 5.3 implies Theorem 5.2. Assuming z € [1 — §,1 + 4] for a small
rational constant §, T[F] can easily show 22 > 1 — 26 + 6% and 2z < 2 + 24,
and hence 2 — 2z + 1 > —46 + 62 > —45. So, taking r to be 1 — § and
1+ 4, respectively, in the two clauses Theorem 5.3, we have the “if” direction of
Theorem 5.2. But the “only if” direction is a consequence of the fact that T'[F]
does not prove Vx (2% — 2z + 1 > 0), which is immediate from Theorem 5.3.

The two clauses of Theorem 5.3 are proved in a similar way, and so we will
only prove the first. Since T[F] easily proves © < 0 — 2% — 2z + 1 > 0, we can
replace the first statement in Theorem 5.3 by Vo (0 < x < r — 22 > 2z — 1).
T[F] proves this if and only if it refutes the set of formulas

{0<z,0<rju=2%u<2z—1}.

Recall that this happens if and only if there is an interpolant, 8, in disjunctive
normal form, such that

Tmult[F]U{OSx,atgr,u:xg}}—9 (2)

and
Tadd[F]U{u<2x—l}U9|—J_. (3)

So it suffices to show:

Theorem 5.4. There is a DNF formula 0 with at most n disjuncts satisfying
(2) and (3) if and only if r <=n/(n+1).

Proof. We will first show that if 6 has n disjuncts and satisfies (2) and (3) then
r <n/(n+1). We will then show that, in fact, for r = n/(n+1) such a 0 exists.
Write 8 = 6, V...V 6,, where each 6; is a conjunction of literals involving
only x and w. It is not hard to see that each 6; is equivalent to a conjunction of
literals of the form
adxdAbANc<duddNer<ud fo

where each < is either < or < (and some of the conjuncts may be absent).
Tt [F] U {0 < 2,2 < r,u = 2%} proves this equivalent to a conjunction of the
form

a<dzabAa®<quab® Aar<u<br (4)
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for some a, b in [0, 1], and from the point of view of T,4q4[F]U{22 —1 < u}, each
of these disjuncts is no weaker than the original. Thus it suffices to prove the
claim for interpolants that are of the form (4).

Now, Thaa[F]U{u < 2z — 1} refutes 0 if and only if it refutes each disjunct.
Thus the following lemma is crucial to our analysis.

Lemma 5.5. For a,b in [0,1), Teqa[F] U {22 — 1 < u} refutes (4), for any
versions of the relation <, if and only if b < 1/(2 — a).

Proof. It b < a, Tyqq[F]U {22 — 1 < u} easily refutes (4), and b < 1/(2 — a)
holds. So it suffices to consider the case a < b.

We need only work through the Fourier-Motzkin procedure by hand. Elim-
inating u, we obtain the inequalities a? < 2x — 1 and az < 2x — 1. (Note that
we get strict inequality, whether the initial <’s are strict inequalities or not.)
Solving for z, we obtain (a? 4+ 1)/2 < z and 1/(2 — a) < z. Eliminating x, we
get (a®?+1)/2 < band 1/(2—a) < b. This yields a contradiction if and only if b
is less than or equal to the minimum of (a? +1)/2 and 1/(2 —a). A calculation
shows that the latter is always smaller for a € [0,1), so we have the desired
conclusion. O

We can now finish off the proof of Theorem 5.4. Suppose Ty [F] U {0 <
z,x < 7,u = 2%} proves a disjunction 6; V...V 6, with each 6; of the form (4) for
some a; and b;. If any of the intervals (a;,b;) overlap, we can strengthen some
disjuncts (and eliminate redundant ones) and obtain an equivalent interpolant
where the intervals (a;,b;) are disjoint and are listed so that for each ¢, a; <
ai+1- On the other hand, Thqq[F] U {20 — 1 < u} refutes 0 if and only if
it refutes each 6;, and if this is the case, it is certainly true for any 6} such
that Tyqq[F] U {22 — 1 < u} proves 0; — 6;. Thus, from the point of view of
proving the “only if” direction of the theorem, we may assume, without loss of
generality, that 6 is a disjunction of formulas of the form (4), and the intervals
(a;, b;) corresponding to the a and b in each 6; are increasing and disjoint.

But then it is clear that T}, [F]U{0 < 2,2 < r,u = 2?} proves 0, V...V,
if and only if

1. apg = 0,
2. b; = a;y1, for each i < n,
3. anp =7,

and the <’s are chosen suitably. Lemma 5.5 guarantees that for each i, a;41 <
1/(2—a;). The largest possible value of r occurs when the inequality is replaced
by an equality a;+1 = 1/(2 — a;), and a calculation shows that in that case,
a; =1/(i+ 1) for each i <n.

This proves the “only if” direction of the theorem, establishing an upper
bound on the possible values of . But the proof in fact yields an interpolant
that shows that the upper bound can be obtained: if each 6; is the formula

aiSxﬁai+1/\a?Sugafﬂ/\aixgugaiﬂx
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with a; = i/(i + 1), then Ty [F]U{0 < 2,2 < r,u = 22} proves 0; V...V 0,
and Thqq[F] U {22 — 1 < u} refutes each 6. O

6 Provability of a universal sentence in T'[F

In this section, we will provide various characterizations of provability of a
universal sentence in T[F]. These will be used in Section 7 to establish our
decidability results.

By Proposition 2.2, if ¢ is a universal sentence in the language of some T[F],
© is equivalent to a formula of the form VZ (¢444(Z) V @mui(Z)), where @a44
and @ are in the language of Toqq[F] and Tt [F], respectively.

Proposition 6.1. Let ¢ = VT (0add(Z) V @mur(Z)) be as above. Then the
following are equivalent:

1. T[F] proves .

2. There is a quantifier-free formula 0(Z) in the language Teomm[F] such that
Toad[F1U{0(D)} b vada(@) and Ty [F) U {—0(Z) } F @rmuie (T)-

3. There is a quantifier-free formula 6(Z) in the language Teomm[F] such that
VI (0(Z) = aqd(T)) and VZ (-0(Z) = @mue(T))

hold of the real numbers, with the intended interpretation of the auxiliary
function symbols.

Proof. If 2 holds, then clearly T[F] proves ©4q4(%)V @mui (). Thus 2 implies 1.
Conversely, if T[F] proves ¢, it proves @it (T) — Pada(Z). Treating T as new
constants and applying the Craig interpolation lemma, we get an interpolant
0(Z) in the language of Teomm [F] satisfying the conclusion of 2. Since Teomm [F]
has quantifier-elimination, we can assume without loss of generality that 0(Z)
is quantifier-free.

The equivalence of 2 and 3 follows easily from the fact that each of T,qq[F]
and T [F| is a complete theory that holds of the reals numbers with the
intended interpretation of the auxiliary function symbols. O

From a model-theoretic perspective, it is useful to replace provability by
nonexistence of a countermodel. When we say I'(Z) is a type over a theory T,
we mean that I' is a set of formulas in the language of T', involving only the free
variables Z, such that I' is consistent with T'. Saying I'(Z) is a complete type
means that for every formula ¢ (&), either ¢(Z) or —¢(Z) is in T'(Z).

Proposition 6.2. Let ¢ = VT (0add(Z) V ©mui(Z)) be as above. Then the
following are equivalent:

1. T[F] does not prove .
2. TIF]U{—y} is consistent.
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3. The union of Taqa|F]U{—¢add(Z)} and Tt [F]U{~@mur(Z)} is consis-
tent.

4. There is a complete type T'(Z) over Teomm|[F] such that
Toaa[FIUT(Z) U{=paaa(T)} and Tpu[F]UT(Z) U{=@mu (L)}
are both consistent.

5. There is a complete type T(Z) over Teomm|F] such that for every finite
I'(Z) € T(Z),
ToaalF] b 32 (/\T'(Z) A ~pada())

and
Tyt [F] 1= 32 (/\T'(£) A =@t (F)).

6. There is a complete type T'(Z) over Teomm|[F] such that for every finite
(%) CT(Z), there are real numbers & and § satisfying

(%) A =@add(Z) AT (F) A Pt ()-

Proof. In light of the soundness and completeness of first-order logic, 1 is just
a restatement of 2, and the equivalence with 3 follows from the definition of ¢
in terms of w,qq and @ . The equivalence of 3 with 4 follows by the Robin-
son joint consistency theorem, or, equivalently, from the Craig interpolation
theorem, using compactness.

That statement 4 implies statement 5 follows from the fact that T,44[F] and
Tnut[F] are both complete theories; for example, Toqq[F]UT (Z) U {~¢aaq(Z)}
is consistent if and only if T,44[F] proves 37 (A I (Z) A—padd(Z)). The converse
is immediate.

The equivalence of 5 and 6 follows from the fact that each of T,44[F] and
Tt [F] is the theory of the real numbers in the respective languages. O

Note that the equivalence of 1-4 holds, in general, for any two theories.
The equivalence with 5 relies only on the fact that Tpqq[F] and Tipie[F] are
complete, and the equivalence with 6 relies only on the additional fact that they
are satisfied by the reals.

Statement 6 provides a nice characterization of provability in T[F]. A uni-
versal sentence ¢ is true of the reals if and only if every sequence & of reals
satisfies either wqqq(Z) or @mqu(Z). But a universal sentence ¢ is provable in
T[F] if and only if for every complete type I'(Z) in the language of Teomm[F],
there is a finite subset IV (Z) such that either

VE (/\ (%) — ¢ada(¥)) or VI (/\ (%) — @mun (7))

holds in the reals. In particular, this has to hold whenever I'(Z) is the type
corresponding to a sequence of real numbers; but we will see below that there
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are types in the language of Teomm [F] that are not of this form. Thus, provability
in T[F] imposes a stronger requirement.

In the remainder of this section, we consider various representations of the
quantifier-free formulas @44(%), @mui(T), and the possible interpolants 6(Z).
We also consider representations of the types I'(Z). The former will be relevant
to the discussion of heuristic algorithms in Sections 12-14, whereas the latter
will be used in our decidability proofs in Section 7.

Let ¢ = VZ (0add (%) V @mu(T)) be as above. Since Vy 1(y) is equivalent
to Vy > 0 ¥(y) A¢(0) AVy > 0 ¢¥(—y), as in the proof of Proposition 3.3,
any universal sentence ¢ is equivalent to a conjunction of formulas of the form
VZ > 0 (0add(Z) V @mu(Z)). We can absorb the condition & > 0 into both
Yadd(Z) and @u(Z). By adding a new variable if necessary, we can also
assume that each includes the condition z; = 1, and it will be notationally
convenient to do so. Thus, for the rest of this section, we will assume that ¢
is a universal formula of the form VZ (©444(Z) V @mui(¥)) where p,qq4(F) and
©muit (T) are quantifier-free in the language of Ty 44 [F| and T, [F], respectively,
and —@,q4(Z) and =@ (T) each implies £ > 0 and 21 = 1. The question as
to the decidability of the universal fragment of T[F] reduces to the question as
to whether one can determine whether T'[F] proves a sentence of this form. Let
A(Z) be the set {Z > 0,2, = 1}.

Proposition 6.3. Under hypotheses A(Z), a quantifier-free formula in the lan-
guage of Teomm[F] can be put in any of the following forms:

1. a conjunction of disjunctions of atomic formulas of the form x; < ax; or
z; < azx;, with a > 0.

2. a conjunction of disjunctions of atomic formulas of the form x; < ax;,
with a > 0, or of the form x; = ax; with a >0 and i < j.

8. either 1 or 2, with “conjunction” and “disjunction” switched.

Proof. Let 8 be quantifier-free. First, put 6 in negation-normal form, so that
it is built up from atomic formulas and negations of atomic formulas using A
and V. Replace s £ t by t < s, replace s £ t by t < s, and replace s # t by
s < tVit<s. As aresult,all atomic literals occur positively. One can further
eliminate either s < ¢ in favor of s < tVs = ¢, or one can eliminate s = ¢ in favor
of s <t At <s. The resulting formula can then be put in either disjunctive or
conjunctive normal form, without introducing negations.

In the end, all the atomic formulas are of the form az; < bz, ax; < bz,
or ax; = bz;. Dividing through by b (and reversing an inequality when b is
negative), we can assume that in each case b = 1. With the assumptions in A,
each atomic formula in which a is negative can be replaced by either T or L.
Then inequalities az; < x; (resp. ax; < x;) can be expressed as z; < (1/a)x;
(resp. z; < (1/a)x;), as necessary, and equalities ; = ax; can be rewritten
z; = (1/a)z; when i < j. O

Such normal forms can be useful in reducing the problem of proof search to
restricted cases. From an implementation point of view, not all these reductions
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are wise, however; for example, using case splits to ensure that the z’s are
all positive or to eliminate s < t in favor of s < t or s = ¢ can result in
an exponential blowup. In the absence of sign information, the normal forms
are more complicated. For example, although x5 > 2z3 can be expressed as
xg < (1/2)z9, 9 > —x3 cannot be expressed in the form x; < az;. Also, in
the absence of sign information, neither of zo < x3 and xo < 2x3 implies the
other. In that case, one has to consider normal forms with atomic formulas from
among z; < ax;, T; < axj, T; > axj;, and x; > ax;. A little thought shows that
in a single conjunction or disjunction, for each pair 4, j, no more than two such
formulas are needed; see also the proof of Proposition 12.2.

We can similarly classify the complete types over Teomm [F]. Let I'(Z) 2 A(Z)
be such a type. Since Teomm[F] has quantifier elimination, ' is determined by
the atomic formulas that it contains. Hence it is also determined by its subsets
I'; j(z4,2;), with @ < j, where I'; ; consists of the atomic formulas involving
both z; and x;. If I'; ; contains a formula of the form x; = ax;, that determines
the set I'; ; uniquely. We denote this type by I'y, /»,=,. Otherwise, I'; ; contains
the formula z; # ax; for every a in F, and so I'; ; is determined by the set
of elements a such that I';; contains the formula x; < ax;. This set is a
downwards-closed subset of the positive part of F'; think of it as the set of a
such that z;/x; < a. If this set is empty, that determines I'; ; uniquely, and
we denote the corresponding type I';, /4 ~oo. Otherwise, the set has a greatest
lower bound in the real numbers, say, 7. If r is not an element of F, then I'; ;
contains x; < ax; exactly when r < a, and this determines I'; ; exactly; we
denote the resulting type by 'z, /z;~,. If, on the other hand, r is an element a
of F', there are two possibilities: I'; ; contains the formula z; < azx;, or it does
not (in which case it contains the formula x; < (1/a)z;). Denote the first type
by I'z, /z;~a-» and denote the second by I'y, /2 ~a+-

In short, we have shown the following:

Proposition 6.4. Let T'(Z) be any complete type over Teomm|F] that includes
A(Z). Then for each i < j, T includes exactly one of the following:

1. Ty, /z;=a, for some a in F

2. Ty, ja;mr, for somer in R\ F

3. Ty ja moo

4- Us,jz;ma—, for some a in F

5. Uy /z;~a+, for some a in I
These data determine I' uniquely.

Note that not every collection of sets I';, /.. determines a consistent type over
Teomm[F]; for example, the sets 'y, /z,—2, 'z, /z5—2, and Ty, /5,—o are jointly
inconsistent.

In the next section, we will combine the analysis given by Proposition 6.4,
together with equivalence 6 of Proposition 6.2, to show that, with general con-
ditions on F, the universal fragment of T[F] is decidable.
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7 Decidability

Let ¢ = VZ (0add () V ©mui(Z)) be as in the previous section, so that ¢g44
and @ are quantifier-free formulas in the language of Tyqa[F| and Ty [F]
respectively, and each of = 444(Z) and - () implies £ > 0 and z; = 1.
We have seen that the decidability of the universal fragment of T'[F'] reduces to
the problem of determining whether T'[F] proves a formula ¢ of this sort; and
that T[F] does not prove such a ¢ if and only if

there is a complete type I'(Z) over Tiomm[F] such that for every
finite I (Z) C T'(¥), the sentence

37 (\I'(2) A ~ada (7)) A 3T (\T'(Z) A ~pmue (7))

is true of the real numbers.

Call this the “consistency criterion for —p.” We also have a complete classifi-
cation of the relevant types I'(Z). In this section, we will use the latter to show
that when F' is a computable subfield of R and membership of a real algebraic
number in F' is decidable, the consistency criterion for —¢ is decidable.

Fix ¢ and F, and hence ©qq44(%) and @ (). If T'(Z) is any set of atomic
formulas in the language of T¢omm [F] involving the variables # and ¢ < j, let T'; ;
denote the set of formulas in I' involving x; and ;. Let S be the collection of sets
I' such that for each 7 < j, I'; ; is one of the types described in Proposition 6.4.
Since each such T' consistent with Teomm[F] uniquely determines the complete
type that extends it, we can replace “complete type I'(Z) over Teomm|[F]” by
“I" € §” in the consistency criterion for —p.

We now show that we can modify the collection of sets S to avoid the re-
strictions “a € F” in the clauses of Proposition 6.4. To do so, we consider types
in the larger language, Teomm[R]. Let the types f‘zi/%:a, f‘z,:/szm f‘m/zjzoo,
f‘xi/,;],za_ , and f‘wi/wjmfr be defined as in the paragraph before Proposition 6.4,
except with respect to the language of Teomm [Rl Let S be the sets T' of atomic
formulas in Tomam [R] such that for each ¢ < j, I'; ; is one of the following:

>

1. T'z;/z,=a, for some a in R

2. Ty, ja;mr, for some 7 in R\ F

4. Iy, /2;~a- for some a in R

5. I'z, /o;~a+, for some a in R

Note that we have replaced “a € F” by “a € R” in the first item and in the last
two items, but we have left R\ F' alone in the second item.

Lemma 7.1. The consistency criterion for —p is satisfied by a setI' € S if and
only if it is satisfied by a set I' € S.
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Proof. Suppose the consistency criterion is satisfied by some I' € S. It is easy
to check that it is then satisfied by the corresponding set Ies.

In the other direction, note that if a is in R\ F, then each of fIi/Ij:a,
fmj/mjmf, and fm/mjmﬁ includes 'y, / ~q- Thus every set I' € S includes
aset I' € §. So, if the consistency criterion is satisfied by some I e S, it is
satisfied by some I' € S. O

We now parameterize the finite subsets of each I' € S. For each € > 0, we
define a formula R .
Ple) = A Tijlel,
i<j

where

=

L. I'y,/z,=ale] is the formula z; = az;

2. Ty, jaynrle] is (r— &)z < i < (r+e)a;
3. fm/%.zoo is z; > (1/e)x;
4. fxi/szaf is (a —€)xj < z; < ax;

5. f‘xi/szCﬁ» isax; <xz; < (a+¢e)x;

For every ¢, f‘[e] is implied by some finite subset of I'. Conversely, every finite
subset of I' is implied by f‘[s] for some ¢ > 0, and, in fact, for an ¢ of the form
1/n for some n € N. Thus the consistency criterion for - is equivalent to the
following:

there is a set I' € S such that for every € > 0, the sentence
37 (f‘[s] A ~Qaqd(Z)) A 3T (f[e] A =@t (T))
is true of the real numbers.

The sets I' € S, and the corresponding formulas f[a], are parameterized by
tuples of symbols from the set

{=a’|a e R}U{'~r" |re R\F}U{'0’}U{'=a" |a € R}U{‘=a™’ | a € R}.

When F = R, there are no sets with parameters of the second kind, and so the
consistency criterion can be expressed in the language of real closed fields. By
Theorem 4.4, T[R] is a conservative extension of T[A]. Thus we have:

Theorem 7.2. The universal fragment of T[A] is decidable.

When F' is a proper subfield of R, the revised consistency criterion for —p
can be expressed as a sentence of the form

FeR\FIaeRVe>03Z,7 0
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where 6 is a quantifier-free formula in the language of real closed fields. By
quantifier-elimination for real closed fields, this is equivalent to a sentence of
the form 37 € R\ F 7, where 7 is a quantifier-free formula in the language
of real closed fields. Say F' is a sufficiently computable subfield of R if F' is a
computable subfield of R and there is an algorithm to determine whether a real
algebraic number a (described in terms of a definition, say, in the language of
real closed fields) is in F.

Theorem 7.3. For any sufficiently computable F C R, the universal fragment
of T[F] is decidable.

By our analysis of the consistency criterion, Theorem 7.3 is a consequence
of the following:

Theorem 7.4. For any sufficiently computable F' C R, there is an algorithm to
decide whether a sentence of the form 37 € R\ F ¢(Z) holds of the reals, where
 is a formula in the language of real closed fields.

We will prove something more general. Let R be any real closed field. A
function h(Z) or a predicate E(Z) on R is said to be semialgebraic if it is definable
in the language of real-closed fields without parameters.

Theorem 7.5. Let R be any real closed field, and let F' be any proper subfield
of R. If E hq,..., hy, are semialgebraic, then

ey ¢F ... 32, & F (BE@Y) N (Z,9) EFN...Nhpo(2,9) € F)

is equivalent to a positive boolean combination of assertions of the form D(Y)
and g(y) € F, where D and g are semialgebraic. Furthermore, there is an
algorithm for determining an expression of this form from (presentations of)
E hy,..., hy. This algorithm does not depend on R or F.

In particular, when there are no variables ¢/, Theorem 7.5 asserts that any
assertion of the form 37 € R\ F E(Z) is effectively equivalent to a boolean
combination of sentences in the language of real-closed fields and assertions of
the form g € F', where g is a real algebraic constant. Thus Theorem 7.5 implies
Theorem 7.4.

Proof of Theorem 7.5. We use induction on n. When n = 0 there is nothing to
do. Suppose the theorem is true for n. Then

Y ¢ F . g €F (BE@HAMG) EFA ... Ahp(if) € F)

is equivalent to Jxy & F v (x1,¥), where ¢ has the requisite form. We can then
write ¥ as a disjunction of formulas of the form

Dz, ) ANgi(z1, ) € F A Agi(21,9) € F

where D, g1, ...,g; are semialgebraic. Since we can factor the existential quan-
tifier 9z across the disjunction, it suffices to prove Theorem 7.5 for the special
case n = 1.
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So, resorting to the original notation, let E(z,%), hi(x, ), .., hm(z,§) be
semialgebraic. We need to show that

Jz e R\ F (E(x,§) Nhi(z,9) € F N ... hpn(2,9) € F) (5)

is equivalent to a positive boolean combination of assertions D(y) and ¢g(¢) &€ F,
for semialgebraic D and g.

By the theory of definability in real closed fields [6, 26], for each fixed ¥, the
set {x | E(x, %)} is a finite union of disjoint intervals (including intervals of the
form (—o0,a), (—00,al, (a,c0), and [a,00)) with endpoints that are definable
in the parameters ¢. Similarly, fixing ¥, for all but finitely many points = of R
all the functions h; are either locally increasing or locally decreasing or locally
constant at z. A bound p on the number of such intervals and exceptional
points, independent of ¢, can be determined effectively from the presentations
of E,hy,...,hy,. Furthermore, for fixed n, terms like “the left endpoint of the
nth interval (in increasing order) in the decomposition of {x | E(z, )}, if there is
one, or 0 otherwise” and “the nth point at which one of the h;’s is neither locally
monotone nor locally constant, if there is one, or 0 otherwise” are semialgebraic
functions of .

As a result, for each fixed ¢, there is a sequence of at most p disjoint
nonempty open intervals Ji,...,J; and at most p exceptional points ui,...,u,
such that

o {|E(z,§)} =J1U...UJ;U{ug,...,ur}, and
e on each interval J,, all the functions h; are either monotone or constant.
Furthermore, all the following are semialgebraic in ¥

o the predicates Dy (%), where ¢,r < p, which assert that there are exactly
q intervals in the decomposition of {z | E(z, )} and r exceptional points;

e the predicate G; ,, (%) which asserts that h; (as a function of z), is constant
on J,; and

e the functions k; (%) which return the value of h; on J,, if h; is constant
on J,, or 0 otherwise.

Given 3, assuming that there are ¢ intervals J,, and r exceptional points, we
claim that (5) is equivalent to the following disjunction:

1. there is an interval J,, n = 1,...,q, such that for each function h;, if h;
is constant on .J,,, then the value of h; on .J, is not in F; or

2. for one of the exceptional points u,, n = 1,...,r, we have u, ¢ F, and
hi(u,) € F for each i.

By the preceding paragraph, this can be expressed as a positive boolean combi-
nation 1 () of assertions of the form H (%) and I(§) ¢ F, where H and [ are
semialgebraic. This means that the expression

\ (D (i) N tbgr ()

q,r<p
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is of the requisite form. Thus, to complete the proof of Theorem 7.5, it suffices
to establish the equivalence of (5) with the disjunction of 1 and 2.

Suppose (5) holds, and, given ¢, let z ¢ F witness the existential quantifier.
Since E(x,¥) holds, either z is in J, for some n, in which case clause 1 holds,
or x is one of the exceptional points u,, in which case clause 2 holds.

Conversely, given ¢/, suppose either 1 or 2 holds. If 2 holds, then that excep-
tional value u,, witnesses the existential quantifier in (5). So assume 1 holds,
and let J be an interval on which all the functions that are constant take a value
not in F'. Renumbering, let hq, ..., h; be functions that are not constant on J.
It suffices to show that there is an x € J \ F such that hi(z,%),. .., k(z,¥) are
not in F'.

We consider two cases. First, suppose R properly contains the real algebraic
closure of F(%) in R. Then one can choose an z transcendental over F (%) in the
interval J. This = has the desired property: if h;(x, %) = a for some i =1...1,
then h;(z,7) — a = 0 is a nontrivial algebraic identity in ¢ and elements of F,
contradiction. Otherwise, R is equal to the real algebraic closure of F(%) in
R. Since F' is properly contained in R, we can choose an z with sufficiently
high algebraic degree over F(¢), in which case an equality h;(z, %) = a for some
1 =1...1 again yields a contradiction. O

Note that in the instance of Theorem 7.5 needed for Theorem 7.4, R = R
and F is a countable subfield, in which case the implication from 1 to (5) in
the last paragraph of the preceding proof follows more easily from cardinality
considerations.

8 Normal forms

When dealing with an associative and commutative operation like addition, it
is common to put terms in an appropriate normal form. For example, one can
always rearrange a sum ¢; +. . .+%,, so that parentheses are associated, say, to the
left, and ¢4, ..., t, are ordered according to a fixed ordering of terms; this makes
it easy to tell whether or not two such sums agree up to the associativity and
commutativity of addition. In the theories T'[F], not only do we have addition
and multiplication (as well as subtraction and division), but also multiplication
by constants from F. In this section, we will show that one can still, fruitfully,
put terms in T'[F] into a normal form. This provides an algorithm for testing
whether two terms are provably equal: just put them in normal form, and
compare.

In fact, to show that normal forms are unique, we will take care to define an
ordering on these terms that is compatible with the axioms for < in T[F]. This
will enable us to construct a term model of T[F] in which different terms in
normal form denote different elements. It will also enable us to show that any
equality between terms that can be established in T[F] can be proved without
using the ordering.
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We define a set of preterms inductively, each with an associated rank, as
follows. For each n, a preterm of rank 2n + 1 is called an “additive preterm,”
and a preterm of rank 2n + 2 is called a “multiplicative preterm.” A preterm of
rank 0 is called a “basic preterm.”

e Each variable, z,y, z, ... is a preterm of rank 0, as well as the constant, 1.

e For n greater than 0 and odd, if ¢1,...,t; are multiplicative or basic
preterms of rank at most n — 1, k > 2, ay,...a; are nonzero elements of
F, and at least one t; has rank n — 1, then ait; + asts + ... + axty is a
preterm of rank n.

e For n greater than 0 and even, if ¢1,...,t; are additive or basic preterms
of rank at most n — 1 and other than 1, 71,...,47; are nonzero integers,
either k > 2 or i1 # 1, and at least one ¢; has rank at least n — 2, then
tirghz .. ~t§€’“ is a preterm of rank n.

Here parentheses in products and sums are assumed to associate to the left,
and for an integer 4, ¢* is the i-fold product of t with itself if ¢ is positive, or 1
divided by the —i-fold product of ¢ with itself if 7 is negative. Note that there
is no constant multiplier for multiplicative preterms. The condition “k > 2 or
i1 # 17 in the third clause allows z2, for example, but rules out x'.

We now define, simultaneously, a normal form for preterms together with
an ordering s < t on preterms in normal form. We assume that variables have
been indexed x1,xo,.... For each n, we define the notion of normal form, as
well as the ordering, for terms of rank at most n, as follows:

1. n = 0: Each basic preterm is in normal form. These are ordered 1 > 1 >
o > ...

2. n >0, odd: An additive preterm aqt; + asts +. ..+ agty is in normal form
if and only if each ¢; is in normal form, ¢; = to > ... > t, and a; = 1.

To define s < t when at least one of s and ¢ has rank n and the other has
rank at most n, write

S=ajuy + asus + ...+ arug

and
t = biug + boug + ... + brug

where uy > us > ... = ug are preterms of rank at most n — 1, and now
the a;’s and b;’s are allowed to be 0. Then use lexicographic order: s <t
if and only if a; # b; for some ¢ and a; < b; for the least such 1.

3. n > 0, even: A multiplicative preterm tfll t? . ~t2’“ is in normal form if and
only if each t,, is in normal form, and ¢; = t3 > ... > t;. To compare two
multiplicative preterms of rank at most n, the procedure is slightly more
complicated now, since we now consider the standing of the subterms in
relation to the basic preterm 1. Write the subterms s; occurring in s and
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the subterms ¢; occurring ¢, together with the preterm 1, in >~-decreasing

order as uj, ..., Um, 1, Um+1, ..., U,. Then express
_ ’il iz 1 Zl7n+1 ik
5_u1u2...u7;l".1.um+1...uk (6)
and .
— g Jrgd2 g dm L g Il L Ok
t=ul'uy ulr 1wt (7)

where now the i,,’s and j,’s may be 0. We now say s < ¢ if and only if

e there is an n < m such that i, # j,, and, for the least such n,
ip < Jn; OT

e For every n < m, i, = j,, but there is some n > m such that i,, # j,,
and i, > j, for the largest such n.

Note that the clause 1 of the definition of > makes sense if we think of the
variables as being positive values, with each x;41 infinitesimally small compared
to z; and 1. Clause 2, which treats the case where the term of highest rank is
additive, is also intuitively consistent with an interpretation of < as denoting
a relation, “is infinitely smaller than,” on positive numbers. Clause 3, which
treats the case where the term of highest rank is multiplicative, has similarly
been designed to admit such an interpretation. The main constraint there was
to ensure that the ordering cohere, in the following sense:

Lemma 8.1. Let n > 0 be even, and let s and t be preterms of rank less than
or equal to n. Then the ordering of s and t is equivalent to the order obtained
under clause 3, when s and t are put in the form (6) and (7), respectively.

Lemma 8.1 is needed to prove Lemma 8.6. The proof proceeds by running
through the cases where each of s and ¢ is a variable, the constant 1, an additive
term, or a multiplicative term. For example, if s and ¢ are additive and 1 > s > ¢,
one easily verifies that 1s't% = 1s°¢! under Clause 3. The other cases are
similarly straightforward.

Say that a term is in normal form if it is either 0 or of the form at, where
t is a preterm in normal form and a is a nonzero element of F'. Let T" ,,[F] be
the restriction of Toqq[F] to the language without the ordering <. Let T} .. [F]
be corresponding restriction of Ty [F]. Let T'[F] = T ,[FIUT! .,[F]. Tt is
straightforward to verify the following:

Theorem 8.2. For every term t, there is a term t in normal form, such that
T'[F] proves t = t.

Our main goal, in this section, is to prove the following;:

Theorem 8.3. If § and t are terms in normal form, and T[F] proves § = t,
then § =t.

Note that the last equality is syntactic equality; in other words, T proves
that two terms in normal form are equal if and only if they are the same term.
As corollaries, we obtain the following:
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Corollary 8.4. There is an efficient procedure for determining whether T[F]
proves s = t.

Proof. Just put s and ¢ in normal form, and compare. O
Corollary 8.5. T[F] and T'[F] have the same provable equalities.

Proof. If T[F] proves s = t, then s and ¢ have the same normal form . Since
T'[F] proves s = u and t = u, it proves s = t. O

To prove Theorem 8.3, first let us extend the ordering < from preterms in
normal form to terms in normal form, as follows: if s and ¢ are preterms in
normal form, then

e 0 < at if and only if a > 0.
e at < 0 if and only if a < 0.
e 040

e as < bt if and only if:

— a is negative, and b is positive
— a and b are both positive, and either s <t or s=t and a < b

— a and b are both negative, and either s =t or s=tand a < b
It suffices to show

Lemma 8.6. There is a model M of T[F] such that if § and t are terms in
normal form and § < t, then § < t holds in M.

Proof. Note that operations of addition, subtraction, multiplication, and di-
vision are naturally defined on terms in normal form. For example, suppose
a(ays1+agsa+...+apsy) and b(bit+bata+...+bs;). To express their sum as a
term in normal form, multiply through by a and b, respectively, combine terms,
and express the sum as ciuy + coug + ... + Cim, Where ug = ug > ... > Uy,
and each ¢; # 0, or 0. In the former case, the desired normal-form term is
c1(ur + (ea/cr)us + ... + (¢m/c1)um). This term model almost satisfies the
claim of Lemma 8.6; it satisfies all the axioms of T[F] indicated in Section 4,
except for the axiom that asserts that the multiplicative group of positive ele-
ments is divisible. That is, all that is missing are nth roots of positive elements.
To remedy the situation, we embed this term model in an expanded set of formal
terms, defined as follows.

Let F’ be the smallest subfield of R that includes F' and is closed under nth
roots of positive elements, for positive n. Define the set of extended preterms
inductively, as above, with the following changes:

e in the additive extended preterms ait; + ...+ arty, the coefficients a; are
taken from F’; and
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e multiplicative extended preterms are taken to be formal products tzf té"’ e t?j’
where now the exponents ¢; are rational numbers.

Define the set of extended preterms in normal form, the ordering on these, the
set of extended terms in normal form, and the ordering on these, exactly as
before. Once again, operations of addition and multiplication can be defined on
extended terms in normal form. Lemma 8.1, as well as the analogue for additive
preterms, carry over to extended preterms as well.

Let M be the model whose universe is the set of extended terms in normal
form, with the associated ordering and operations of addition and multiplication.
Clearly there is an embedding of the set of terms in normal form into the set of
extended terms in normal form which preserves all the operations. So it suffices
to show that M satisfies T'[F.

We simply run through the axioms given in Section 4. Verifying the ax-
ioms of Teomm[F] is straightforward, as well as the fact that the terms form
an abelian group under addition, and the positive terms form an abelian group
under multiplication.

To show that the ordering is compatible with multiplication of positive el-
ements, we need to show that s < t — su < tu holds of positive terms s,t,u
in normal form. Let s = as’, t = bt’, and u = cu’ where s, ¢/, and v’ are
preterms in normal form, and a, b, and ¢ are positive. Then su = (ac)s’'v’ and
tu = (be)t’v/. Since s < ¢, we have either s’ < ¢/, or ¢ =t and a < b. In
the first case, Lemma 8.1 and Clause 3 of the definition of < guarantees that
s'u’ < t'v’, and hence su < tu. In the second case, s'u’ = t'u’ and ac < be, so,
again, su < tu.

Showing that the ordering is compatible with addition is similarly straight-
forward. So we only need to show that the multiplicative group of positive
elements is divisible. Let at be an extended term in normal form satisfying
at = 0. Then a > 0, and we can view ¢ as a multiplicative preterm tzf tél .. .tfj,
possibly with & = 1 and 4; = 1. But this has nth root (/Etil/"tgl/n . .t;’“/n,
where this is identified with {/at; if k =1 and 4;/n = 1.

We note that the complicated definition of < in the multiplicative clause of
the ordering of preterms was designed to ensure that < is compatible with the
axioms of T'[F']. This, in turn, was used to construct the term model in the proof
of Theorem 8.3. Theorem 8.3 remains true, however, for a simpler version of
=<, in which we simply use a lexicographic ordering at the multiplicative stage.
This simpler ordering, and the associated normal forms, are more amenable to
implementation. (Indeed, it may also be natural to order terms of lower rank
before terms of higher rank.) To derive the variant of Theorem 8.3 for these
normal forms, it suffices to show that the map from terms in the simpler normal
form to the normal form we have used here is injective. In other words, it
suffices to show that if s and ¢ are in the simpler normal form, u a term in the
normal form we have used here, and T[F] proves both s = v and t = u, then
s and t are syntactically identical. This can be done by a careful induction on
the maximum rank of s and t.

27



Note also that it is harmless, and again useful from an implementation point
of view, to extend the language of T[F] to include exponentiation to arbitrary
integers. Since nth roots of positive elements can be defined in T[F], one can
similarly expand the language of T[F] to allow nth root functions for positive
n, or even exponentiation to any rational power. One has to be careful, how-
ever, to provide a consistent interpretation of the nth root function on negative
elements, and natural simplifications may depend on knowing the sign of the
relevant terms. For example, v22 can be simplified to z if z is positive and
—x if x is negative. For that reason, determining an appropriate normal form
representation for terms involving nth roots is more complicated. Similar com-
plications arise in obtaining an adequate handling of absolute value, max, and
min. The issue of obtaining useful canonical representations for such extensions
is of practical importance, and is discussed further in Section 14 below.

Finally, we note that the method of computing normal forms only gives
a decision procedure for provable equations in the absence of hypotheses. For
example, T[F] proves 1+2%+y? # 0 (or, equivalently, 1 + 2% +y?> =0 — 0 = 1),
but this is not provable in T'[F].

9 Building models of T[F]

In Sections 10 and 11, our goal will be to prove undecidability results (and
conditional undecidability results) for the theories T[F]. Recall the alterna-
tive formulations T[F]* introduced in Section 4, in the language with symbols
0,1,+, X, < and constants ¢, for each ¢ € F. In light of Theorem 4.3, we will
work exclusively with the theories T[F]*. Our strategy will be to build models
of T[F]* in which F and Z are, respectively, definable. In this section, we will
develop techniques for building such models.

Let R = (R, <,+,—, X) be an ordered real closed field extending the count-
able ordered subfield FF C R. More specifically, we assume that F' is a subfield
of R, where the ordering on F' agrees with the ordering in R.

Definition 9.1. We say that h is an F-bijection of R if and only if
1. h: R — R is an order preserving bijection.
2. h(0) =0 and h(1) = 1.
3. For all z € R and a € F, we have h(az) = ah(x).

Given an F-bijection h, we define the structure h~![R] in the language of
T[F]* as follows. The domain of h™![R] is R. The symbols 0,1,+, and <
are interpreted as in R. For a € F, ¢, is interpreted as a. The symbol X is
interpreted in h~![R] as ®, defined by the equation

z®y=h""(h(z)h(y)).
It follows from the definition that  ® y = z if and only if h(x)h(y) = h(z).

Hence h is an isomorphism from (R, ®, <) onto (R, X, <).
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Theorem 9.2. Let h be an F-bijection of R. The model h=*[R] satisfies T[F]*.

Proof. Recall the axiomatization of T[F]* given in Section 4. We first verify
axioms 1,2 in h=![R]. The group given by 0,+, < is obviously an ordered
commutative group. Since h is an isomorphism from (R, ®, <) onto (R, X, <),
we have that 1, x, < is a divisible ordered commutative group on the positive
elements of R.

Axioms 3a-3c¢ obviously hold in h~![R]. For axioms 4a,4b, note that for all
a€F,

a®x=h"Y(h(a)h(z)) = h  (ah(z)) = ah™ (h(z)) = az.

Hence
(a+bd)@z=(a+db)r=ax+br=azr+bQx

and
a@(@+y)=alz+y)=ar+ay=(a®@z)+(@®y).
O

So far, we have only assumed that R is an ordered real closed field extending
the countable ordered subfield F' C R. We will now need to assume that R obeys
some additional conditions. Note that R is a densely ordered set. An interval
in RisaJ C Rsuch that forallz <y < z, z,2z € J, y € R, we have y € J.
J is said to be nontrivial if and only if J has infinitely many elements. This is
the same as saying that J has at least two elements.

By a standard saturation argument, we will fix an ordered real closed field
R, such that the following hold:

1. R is countable.
2. R extends F' in the sense above.

3. Let n > 1. Suppose that for all ¢ > 1, g;,h; : R” — R are R-definable,
where n may depend on i. Then U;g;[F™] has an upper bound. Fur-
thermore, suppose each g;[F"] lies strictly below each h;[F"]. Then the
interval strictly above each g;[F"] and strictly below each h;[F"] is non-
trivial.

Here, as always, R-definability allows the use of parameters from R, and the
notation f[S] denotes the forward image of f on S. The existence of such a
field can be proved by starting with a countable ordered real closed subfield Ry
of R containing F', and then building a countably infinite chain of elementary
extensions. At each stage, use compactness to ensure that the required upper
bounds in 3 exist, and also that there are x < y forming the required nontrivial
intervals. (For similar constructions see, for example, [9, Chapter 5].)

Below, we will refer to condition 3 as the “saturation condition on F,R.”
We will use the terms “lower bound” and “upper bound” in the weak sense (<,
>), and we will use the terms “strict lower bound” and “strict upper bound”
in the strong sense (<, >). For x1,...,z, € R, we write F[z1,...,xz,] for the
subfield of R obtained by adjoining x1,...,x, to F.
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Lemma 9.3. Let x1,...,x,,y,2 € R, where y < z. There exists y < w < z
such that w is not algebraic over Flxy,...,Ty].

Proof. Let x1,...,xn,y,2 be as given. Let g1, go,... be R-definable functions
where the union of their images over appropriate Cartesian powers of F' consists

of all elements 1/(u — y), where u > y is algebraic over Flzy,...,z,]. By the
saturation property of F, R, these elements have a strict upper bound b. Hence
y+ 1/b is a strict lower bound on these elements. Set w =y + 1/b. O

Our goal in the next two sections will be to construct F-bijections of R
such that properties of Q or Z are coded into h~![R]. Our strategy will be to
iteratively extend partial F-homomorphisms until they become total and onto.
The following definitions and lemmas will support our constructions.

Definition 9.4. Let V[F, R] be the family of all sets E C R such that for some
T1,...,Tn € R, n >0,

E={az;|1<i<nAacF}

Let W[F,R] be the set of all partial one-one functions h from R into R such
that the following hold:

1. dom(h) € V[F,R].
2. h is order preserving.

3. h(0) =0 and A(1) =1.

N

. For all z € dom(h) and a € F, we have h(az) = ah(x).
Note that for all h € W[F,R], rng(h) € V[F,R].

Lemma 9.5. Every E € V[F, R] is the image of an R-definable function on
some F™. Fvery h € WIF, R] is the restriction of an R-definable function to its
domain.

Proof. The first claim follows immediately from the definition. For the second
claim, fix z1,...,2, € R such that dom(h) = {az; | 1 <i < na € F}. Then
h=hyU...Uh,, where each h; : {ax; | a € F'} — {ah(x;) : a € F'} is given by

Lemma 9.6. For allh € W[F,R], h~! € W[F,R].

Proof. Let h € W[F,R]. For all z,y € rng(h) = dom(h™1), if 2 < y, then
h(h=1(x)) < h(h~1(y)), and so h=!(z) < h=1(y). Similarly, h=1(0) = h=1(h(0)) =
0 and h=(1) = h=1(h(1)) = 1. For any a in F and x in rng(h), h=(ax) =
h=Y(h(a)h(h=(x))) = h= (h(ah~ (z))) = ah~ (z), as required. O

The following proposition provides a connection between types over Teomm [F],
which were discussed in Section 6, and the elements of W[F,R].
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Proposition 9.7. Let x1,...,%n,Y1,--.,Yn be elements of R. Then there is an
h € WIF,R] satisfying h(x;) = y; for every i if and only if ¥ and § have the
same types over Teomm|[F).

We will not use Proposition 9.7 below, and so we omit the proof, which is
straightforward.

We now determine ways in which elements of W[F, R| can be extended. We
write fld(h) for dom(h) U rng(h). The F-multiples of © € R are the elements
az, for a € F. We write h C; A’ if and only if the following hold:

1. h,k € W[F,R).
2. hCh.

3. There exists x € dom(h')\ dom(h) such that dom(h') = dom(h)W{azx | a €
FA{0}}.

Here, W denotes a disjoint union. Then h C; A’ is equivalent to the following
assertions.

1. h,h € W[F,R].
2. hCH.

3’ There exists y € rng(h’) \ rng(h) such that rng(h’) = rng(h) W{ay | a €
F\{0}}.

Note that h C; A’ if and only if h~' C; h'~!. Note also that in 3,3’ above, z
and y are not unique, but they are unique up to multiplication by an element
of F.

Lemma 9.8. Let h € W[F,R| and v € R\ dom(h), x > 0. There exists a
nontrivial interval J such that the following holds: for all y € J, there exists
h Cy ' such that b/ (z) = y.

Proof. Let h,z be as given. Obviously rng(h) = h[dom(h)[_,] W h[dom(h)[<,],
where h[dom(h)[_,] lies strictly below hldom(h)]<,].

Case 1. dom(h)|> x is empty. Let J be the interval of elements of R strictly
above rng(h). By Lemma 9.5 and the saturation property of F, R, fld(h) has a
strict upper bound. Hence J is nontrivial. Let y € J, and define h'(az) = ay,
for all @ € F. We have only to verify that ' € W[F, R].

It suffices to show that h’ is order preserving. First, suppose ax < a'z,
a,a’ € F\ {0}. Then a < @, and so h'(ax) = ah/(x) < 'h'(z) = W' (d'z).

Next, suppose v < az, a € F'\ {0}, v € dom(h). If a < 0 then v/ —a > =,
which is impossible. Hence a > 0. Now h(v/a) < h'(z). Hence h(v) < ah'(z) =
B (ax).

Finally, suppose az < v, a € F\ {0}, v € dom(h). If @ > 0 then = < v/a,
which is impossible. Hence a < 0. Now h(v/a) < h/(x), so h(v)/a < h'(z),
h(v) > ah’(z) = h'(ax), and b’ (az) < h(v).
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Case 2. dom(h)[_, and dom(h)|., are nonempty. Let J be the inter-
val lying strictly above h[dom(h)|_,] and strictly below h[dom(h)[.,]. By
Lemma 9.5, these two sets are each images of an R-definable function on some
F". Hence by the saturation condition on F,R, J is nontrivial. Let y € J, and
define h'(az) = ay, for all a € F. We have only to verify that A’ € W[F].

It suffices to show that h’ is order preserving. Suppose ax < a'z, a,a’ €
F\ {0}. Then a < d/, and so h'(azx) = ah/(x) < o'W (x) = W' (d'z).

Suppose v < az, a € F\ {0}, v € dom(h). First assume a > 0. Then
v/a < x, and so h(v/a) < h'(x), h(v)/a < h'(x), and h(v) < ab/(z) = h'(ax).
Now assume a < 0. Then v/a > z, and so h(v/a) > h'(z), h(v)/a > h'(x), and
h(v) < ah’(z) = ab/(ax).

Finally, suppose ax < v, a € F\{0}, v € dom(h). First assume a > 0. Then
x < wv/a, and so W' (z) < h(v/a) = h(v)/a, ab’'(z) < h(v), h'(az) < h(v). Now
assume a < 0. Then & > v/a, and so h'(x) > h(v/a) = h(v)/a, ah’'(z) < h(v),
and h/(ax) < h(v). O

Lemma 9.9 (First Extension Lemma). Let h € W[F| and x ¢ dom(h). Then
there exists a nontrivial interval J such that the following holds: for all y € J,
there exists h C1 h' such that h'(z) = y.

Proof. Let h,z be as given. The case x > 0 is given by Lemma 9.8. So, suppose
x < 0. Apply Lemma 9.8 to the case —z > 0, obtaining a nontrivial J such that
for all y € J, there exists h C; h' such that h'(—x) = y.

We claim that —J is a nontrivial interval such that for all y € —J, there
exists h Cq b’ such that h'(z) = y. To see this, let y € —J. Then —y € J, and
hence there exists h Cy h' such that h/(—z) = —y. But h'/(—z) = —y implies
R (x) =y, as required. O

Lemma 9.10 (Second Extension Lemma). Let h € W[F] and = ¢ rng(h).
There exists a nontrivial interval J such that the following holds: for ally € J,
there exists h Cy b/ such that W' (y) = x.

Proof. We obtain this from Lemma 9.9 as follows. Let h,z be as given. Then
h=t € W[F] and = € dom(h™!). By Lemma 9.8, let J be a nontrivial interval
such that for all y € J, there exists h~! C; A’ such that h/(z) = y.

We claim that for all y € J, there exists h C; h” such that h”(y) = z. To
see this, let h 1 A’ be such that h/(z) =y. Then h=! C; /=1 and A/~ (y) = =.
That is, we can set h” = h/~L. O

10 Existential consequences of T'[F
The existential theory of F' consists of all sentences
Jz1,..., 2 € Fo(1,...,20)

where ¢ is a quantifier free formula involving +,x,<, and is interpreted in R.
Here we show that the existential theory of F' can be effectively reduced to
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the existential consequences of T[F] without auxiliary functions. This yields,
in particular, a conditional undecidability result for T[Q]; see Corollary 10.6
below.

We adhere strictly to the convention that if an equation holds, then both
sides must be defined. Also, a term is defined if and only if each subterm is
defined. For example,

h™ (h(2)h(1 + 2)) = & + ™} (h(z)?)

implies that both sides of this equation are defined. In particular, the above
equation implies that =, 1 + = € dom(h).
Let h € W[F,R]. We write alg(F, h) for the elements that are algebraic over
some Flz1,...,2,), 1,...,2, € fld(h). We write trans(F, h) for R\ alg(F,h).
Note that by Lemma 9.5, there exists x1,...,z, € R such that every element
of alg(F, h) is algebraic over F[x1,...,x,]. This allows us to use Lemma 9.3 to
obtain an element of ¢rans(F, h) in every nontrivial interval.

Lemma 10.1. Let h € W[F, R] be such that for every x, if
R~ (h(z)h(1 +2)) = z + h~(h(2)?),

then x € F. Let b & dom(h). There exists h C; h' € W[F,R], h/(b) defined,
such that b/ has the same property; i.e. for every x, if

WZHR (@) (14 7)) = =+ W7 (0 (2)?),
then x € F.

Proof. Let h,b be as given. By Lemmas 9.9 and 9.3, define h C; b’ such that
R'(b) € trans(F,h). We first show the conclusion for all ab, a € F. We assume

R =YW (ab)h' (1 4 ab)) = ab + b/~ (k' (ab)?).

and derive a contradiction. Clearly h'(ab)? = (ah/(b))? = a®h’(b)? € rng(l).

Since a € F and h/(b) € trans(F,h), a®h’(b)? € rng(h’) \ rng(h), which consists

of the nonzero F-multiples of h'(b). This contradicts that h'(b) € trans(F,h).
Finally, we show the conclusion for all z € dom(h) \ F. We assume

YW ()W (1 + ) = 2+ AL (h(z)?) (8)

and derive a contradiction. By the hypothesis on h, (8) does not hold with A’
replaced by h. Hence if we replace b’ by h, at least one side of (8) is undefined.
Case 1. h(1 + z) is undefined. Let 1+ z = ab, a € F \ {0}. Hence

R (h(z)ah' (b)) =z + W/~ (W (ab™1)?).
Hence h(z)h'(b) € rng(h’). Since h'(b) € trans(F,h), h(z)h'(b) € rng(h’) \

rng(h). Hence h(xz)h'(b) is a nonzero F-multiple of A'(b). This contradicts that
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Case 2. h(1 + x) is defined, but A= (h(x)h(1 + 2)) is not defined. Then
h(x)h(1 4+ ) is a nonzero F-multiple of h'(b). Since x # —1, this product is
nonzero. This contradicts that h'(b) € trans(F,h).

Case 3. h™Y(h(z)h(1 + z)) is defined, but h=1(h(x)?) is undefined. Then
h(z)? is a nonzero F-multiple of #/(b). This contradicts that h'(b) € trans(F, h).

O

Lemma 10.2. Let h € W[F,R] be such that for every z, if
R (h(2)h(1 + ) =z + h ™Y (h(2)?)

then x € F. Let b & rng(h). Then there exists h C1 h' € W such that h'~1(b)
is defined, and for every x, if

WU ()b (1 + 2)) =+ (W (2)?)
then x € F.

Proof. Let h, b be as given. By Lemmas 9.10 and 9.3, let h C; I/, where
R'=Y(b) € trans(F,h). Write ¢ = h'~1(b).
We first show the conclusion for all ac, a € F\ {0}. We assume

R YW (ac)h' (1 + ac)) = ac + W~ (R (ac)?)

and derive a contradiction. From the assumption, we have 1 + ac € dom(h').
Since ¢ € trans(F,h), 1 + ac € dom(h’) \ dom(h). Hence 1 + ac is a nonzero
F-multiple of ¢. This contradicts ¢ € trans(F, h).

Finally, we show the conclusion for all € dom(h) \ F. We assume

W7 (@)W (1 + 7)) = 2 + b (h(2)?) (9)

and derive a contradiction. By the hypothesis on h, (9) does not hold with A’
replaced by h. Hence if we replace h’ by h, at least one side of (9) is undefined.

Case 1. h='(h(z)?) is undefined. Then h(z)? is a nonzero F-multiple of b
and h'~1(h(z)?) is a nonzero F-multiple ac of c. Clearly the left side of (9) either
lies in dom(h) or is a nonzero F-multiple ac of ¢. Both possibilities contradict
that ¢ € trans(F, h).

Case 2. h=(h(z)?) is defined and h(1 + x) is undefined. Then h(1 + z) is a
nonzero F-multiple of b and 1+ x is a nonzero F-multiple of ¢. This contradicts
that ¢ € trans(F, h).

Case 3. h~'(h(x)?) and h(1l + z) are defined, but h=!(h(z)h(1 + z)) is
undefined. Hence h(z)h(1+ ) is a nonzero F-multiple of b and b/~ (h(z)h(1+
x)) is a nonzero F-multiple of ¢. But the right side of (9) is algebraic in fld(h).
This is a contradiction. 0

Theorem 10.3. There is a model M of T|F|* with domain R, with the same
0,1,+,< of R, in which for all b, b(1 +b) = b+ b* holds if and only if b € F. In
this equation, we use the multiplication of M to multiply b and 1 + b.

34



Proof. Let h be the identity function on F. Then h € W[F,R], and trivially we
have that

e for every z, if h=1(h(z)h(1 + z)) = 2 + h~*(h(x)?) then z € F; and
o for every x € F, h=Y(h(z)h(1 + 2)) = = + h=1(h(x)?).

Thus we can iterate Lemmas 10.1 and 10.2, starting with the identity function
on F', diagonalizing over the countably many elements of R. We then obtain
h € WIF,R] with domain R, such that

for every x in R, h=*(h(z)h(1 + x)) = x + h=1(h(x)?) if and only if
rzel.

The required model M of T[F]* is h~![R]. Calculating in M, we have
r® (1+2)=h" h(x)h(1l +x))

and
r+ (r@x)=a+h H(h(z)?)

Hence, for every x in R, we have z ® (14+2) = 2+ (x ® z) if and only if z € F,
as required. O

Corollary 10.4. An existential sentence ¢ over F in the language of ordered
fields is true if and only if in any model of T[F]*, ¢ has witnesses among the b
with b(1 +b) = b+ b?.

Proof. Suppose ¢ has the form 3z4,...,z, ¥(z1,...,z,) with ¢ quantifier-free,
and suppose ¥(ay,...,a,) holds with a1,...,a, € F. Let M be a model of
T[F]*. Then for all 1 < i < n, T[F]* proves ¢(cq,,---,Cqa,) and cq, (1 + cq;) =

Ca, + €2,
For the converse, Let M be a model of T[F]* given by Theorem 10.3. Then
the witnesses must lie in F. O

Corollary 10.5. The existential theory over F is effectively reducible to the
existential consequences of T[F|* without auziliary constants, and to the exis-
tential consequences of TF| without auziliary functions. The reduction can be
accomplished in linear time.

Proof. From Theorem 4.1 and Corollary 10.4. By Theorem 4.3, the we can use
T[F] in place of T[F|*. O

Corollary 10.6. If Hilbert’s 10th Problem over the rationals is undecidable (as
expected), then the existential consequences of T|Q] and T[Q]*, not mentioning
auxiliary constants or auziliary functions, respectively, are each undecidable.
The former can be reduced to the latter by a linear time reduction.

Proof. Immediate from Corollary 10.5. O
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11 VVV3* consequences of T'[F]

We use Z™ for the set of all positive integers, and N for the set of all nonnegative
integers.

Lemma 11.1. There exists i, k, A\ € R such that
1. For every n in N, we have n < p, p™ < K, and K™ < A.
2. [p,00) N F = 0.
Proof. By the saturation condition on F,R. O

We fix p,k,A given by Lemma 11.1. Let K[F,R] be the set of all functions
h such that

1. h e W[F,R).
2. h is the identity on {u, k, A, pr, pA, KA}

We will build a bijection h € K[F,R], h : R — R, such that for all z € R,
1 < < u, the equation

(k + )N+ 2) = kXA + Kz + Az + 22
holds in h~1[R] if and only if z € N. That is, for all z € R, 1 < < pu,
U+ a) f(A+2) =
FHE®)FO) + FHF ) f(@) + FHEN (@) + f7H(F(2)?)

if and only if z € Z*. In other words, for all z € R, 1 < z < p,

FHf R+ a) f A+ 2) = kA + fHRF(@) + (@) + £ (f(2)?)
if and only if x € Z+.
Lemma 11.2. Let h € K[F,R], where for every x in [1, 1], if

A=Y (h(k + 2)h(A 4+ 2)) = kA + A~ (kh(2)) + A~ (Ah(2)) + b~ H(h(z)?),

then x is in Z*. Let b & dom(h). Then there exists h C1 h' such that h'(b) is
defined and for every x in [1, u), if

RYHW (5 + 2)h' (A +2)) = kA + B/ 7 H(sh/ (@) + K 7H W () + B HR (2)?),
then x is Z+.

Proof. Let h,b be as given. By Lemmas 9.9 and 9.3, let h C; A/, where h'(b) €
trans(F, h). Note that rng(h') \ rng(h) consists of the nonzero F-multiples of
R'(b).
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We first show the conclusion for all ab, a € F'\ {0}. We assume
R (k + ab)h/ (X + ab)) = kX + h ™Y (kh(ab)) + R~ (Ah(ab)) + I/~ (K (ab)?)

and derive a contradiction.

Clearly h'=(h/(ab)?) = W'~(a?h’(b)?) is defined. Since h/(b) € trans(F,h),
a’h'(b)? € rng(h') \ rng(h). Hence a?h’(b)? is an F-multiple of h/(b). This
contradicts that h/(b) € trans(F,h).

Finally, we show the conclusion for all z € dom(h)\Z", 1 <z < u. We
assume

YW (k4 x)h' (A +2)) = kA + B " (kh(x)) + B~ H(\(x)) + B~ (h(z)?) (10)

and derive a contradiction. By the hypothesis on A, (10) does not hold with A’
replaced by h. Hence if we replace b’ by h, at least one side of (10) is undefined.

First, we claim that h=1(h(x)?) is defined. Otherwise, h(z)? is a nonzero
F-multiple of A/(b). This contradicts that h'(b) € trans(F,h).

Second, we claim that A~ (kh(x)) is defined. Otherwise, xh(z) is a nonzero
F-multiple of h'(b).

Third, we claim that h=1(Ah(x)) is defined. Otherwise, Ah(z) is a nonzero
F-multiple of h'(b).

From these three claims, we see that the right side of (10) is defined if we
replace h/ by h. Therefore h=!(h(k + x)h(\ + x)) is undefined.

Case 1. h(k + z) and h(\ + z) are undefined. Then h/'(k + z),h' (A + )
are nonzero F-multiples of h/(b). Since h'(b) € trans(F, h), the product h'(x +
z)h' (A+x) € rng(h')\rng(h). Hence b/ (k+x)h'(A+2z) is a nonzero F-multiple of
h'(b). Also W' (k+x)h/(A+x) is a nonzero F-multiple of A’(b)2. This contradicts
that h'(b) € trans(F, h).

Case 2. h(k + x) is undefined, but h(A + z) is defined. Since A\ + = #
0, we have h(A + z) # 0. Now h/(k + z) is a nonzero F-multiple of h/(b).
Since h/(b) € trans(F, fid(h)), h'(k + x)h(X + x) € rng(h’) \ rng(h). Hence
R (k + z)h(A + z) is a nonzero F-multiple of h'(b). Therefore h(A + z) € F,
and hence h(A+z) = A+ 2 € F. In particular, A+« € F and x > 0. This
contradicts Lemma 11.1.

Case 3. h(k + x) is defined, h(\ + z) is undefined. Since k + x # 0, we
have h(k + z) # 0. Now R/(A + z) is a nonzero F-multiple of h'(b). Since
R'(b) € trans(F,fld(h)), h(k + )R (A + z) € rng(h') \ rng(h). Hence h(k +
x)h/(A+ z) is a nonzero F-multiple of h/(b). Therefore h(x+ ) € F, and hence
h(k+z) = k+x € F. In particular, kK + « € F and « > 0. This contradicts
Lemma 11.1.

Case 4. h(k + x) and h(\ + ) are defined. Since h=!(h(k + z)h(\ + 7)) is
undefined, h(x 4+ z)h(\ + x) is a nonzero F-multiple of A/(b). This contradicts
that h'(b) € trans(F, h). O

Lemma 11.3. Let h € K[F,R] be such that for every x in [1, ], if

A=Y (h(k + 2)h(A 4+ 2)) = kA + A~ (kh(2)) + A~ (Ah(2)) + b~ (h(z)?),
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then x is in Zt. Let b & rng(h). Then there exists h C; h' such that h'~1(b)
defined and for every x in [1, u), if

R=YW (k+ z)R' (A + ) = kX + B/ 7 H(xh/ (2)) + K7L () + B 1R (2)?),
then x is in Z7T.

Proof. Let h,bbe as given. By Lemmas 9.10 and 9.3, let h C; k', where h/~1(b) €
trans(F, fld(h)). Write ¢ = h’'~1(b). Note that dom(h’)\ dom(h) consists of the

nonzero F-multiples of c.
We first show the conclusion for all ac, a € F'\ {0}. We assume

'YW (k4 ac)h/ (A 4 ac)) = kA + b~ (kh(ac)) + h~  (Ah(ac)) + B~ (W (ac)?)

and derive a contradiction. In particular, the assumption implies that h'(k+ac)
is defined, and so k + ac € dom(h) or k + ac is an F-multiple of ¢. Both
alternatives contradict that ¢ € trans(F, fld(h)).

Finally, we show the conclusion for all z € dom(h)\Z", 1 <z < u. We
assume

RYW (k4 x)h (A +2)) = kA + B Y (kh(x)) + B~ H(\(x)) + B (W(z)?) (11)

and derive a contradiction.

There are five terms in (11). The four terms other than kX are each either a
nonzero F-multiple of ¢ or an element of fld(h). Since ¢ € trans(F, fld(h)), the
ones that are nonzero F-multiples of ¢ must cancel.

We now use the inequalities on z,u,x, and A. Note that

o (k+z)(A+1z) > KA

o W/((k+x)(A+ ) > (KA) = KA.
o WU (k+x)W (A4 2)) > W1 (KA) = KA.
o 2 < L.

o h(x) < h(p) = p.

o kh(z) < pk.

o WY (kh(z)) < B~ Nuk) = pk.

o \h(z) < pA.

o W7Y(Ah(z)) < B (pA) = pA.

o h(z)? < p? <k

o W'H(h(z)?) < WY K) < K.

o YW (k+a)W (A+2)) > KA > pk+p+r > B~ (kh(z))+h "1 (Ah(z))+

h
W= (h(x)?).
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It is now obvious that the terms that are nonzero F-multiples of ¢ cannot include
=YW (k + z)h' (A + 2)).

This leaves h'~1(kh(x)), K’ (Ah(z)), W'~ (h(x)?) as the terms that might
be nonzero F-multiples of c¢. Using the above, we have

o /71(h(z)?) < k.
o Wl(kh(x)) < ps.
o /7L Ah(x)) < pA.

o \(z) > A
o WTH(AR(z)) > HTH(A) = A
Hence
R=1(h(x)?) < k.
k < W' 7Y(kh(z)) < ps.
A < W1 (\h(2)).

It is now clear that none of h'~!(kh(z)), h'~1(Ah(z)), K'~(h(x)?) can be a
nonzero F-multiple of ¢. Hence

R=YHW (5 +x)W (A +2)), A Ykh(z)), and K" (\h(z)), " (h(x)?)
all lie in dom(h). Therefore

B (k+x)h/ (A +2z), rkh(z), Mh(z), and h(z)?>

lie in rng(h). We claim that h'(x + x),h' (A + z) € rng(h). To see this, first
suppose both are not in rng(h). Then x+ x and A+ z are F-multiples of ¢, and
o (k+z)(\+ ) is of the form aa’c?, where a,a’ € F. This contradicts the fact
that ¢ is in trans(F, h).

Now suppose one of them, say, by symmetry, h'(k+z), is an F-multiple of ¢,
and the other, h'(A+ ), lies in rng(h). Since A+ # 0, we have h/(A+x) # 0.
Then A'(k + z)h/ (A + z) is of the form acu, where a € F'\ {0} and u € rng(h).
But A/ (k + ) (A + z) € rng(h). Hence acu € rng(h) \ {0}. This contradicts
the fact that that c is in trans(F,h).

From W/ (k + x), (A + z) € rng(h), we obtain that x + z, A + x € dom(h).
Thus we see that both sides of (11) are defined if we replace h’ by h. Hence
(11) holds with A’ replaced by h. This is a contradiction. O
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We want to iterate Lemmas 11.2 and 11.3, but we first need to deal with the
base case. Let

S={k+z:2cZVYUu{A+2:2€Z}U{N\+rx+ Iz +2? |z € ZT}U
{1, 4, By A ks, A, KA}

Let S’ be the set of all F-multiples of elements of S.

Lemma 11.4. Letz € S, 1<z <u. Ifk+xe€ S thenz €Z™. If \+x € 5’
then x € ZT.

Proof. Let x be as given. Suppose k +x € S’. Since k + x < 2k, clearly x + x
is not a nonzero F-multiple of any element of

Atz eZYU{rA+rr+ A x+2% |z € ZTYU{\ uk, p), KA}

Since k + z is greater than every ", n € Z%, k + x is not a nonzero F-multiple
of any element of {1, u}.

Now suppose &+ is an F-multiple of k +y, y € N. Write k +z = a(k + y),
a € F. Then k = (ay—z)/(1—a) or a = 1. Now |ay—2z| < |ay|+|z| < p+p = 2p.
Also 1/|1 —a] < por a= 1. Hence k < 2u? or a = 1. Therefore a = 1. Hence
k+x=k+y, and z = y. Therefore x € Z+.

Suppose A +x € S’. Since A + x < 2\, clearly A + x is not a nonzero F-
multiple of any element of {u\, kA} U{kA+rz+ Az +22 | z € N}. Since A+ is
greater than every k", n € Z*, A+ is not a nonzero F-multiple of any element
of {k+x:xe€ZTU{1,u, Kk, pur}.

Now suppose A+ z is a nonzero F-multiple of A4y, y € Z*. Argue as above
that z € Z*. O

Lemma 11.5. There exists a bijection h € K[F,R|, h: R — R, such that the
following holds. For all x € dom(h) with 1 <z < pu, we have

R (h(k + 2)h(A + ) = kA + Y (kh(2)) + R~ (Ah(x)) + A~ (h(z)?)
if and only if x is in Z7.

Proof. Let h be the identity function on S’. Obviously h € K[F,R]. By
Lemma 11.4, for all © € dom(h) such that 1 <z < p, if

R (h(k 4+ 2)h(A +2)) = kA + B (kh(z)) + A~ (Ah(2)) + b (h(x)?)
then x € Z*. This is because for the relevant z, if h(k + z) is defined then

x €ZT.
For the reverse, let x € Z*, and note that

Rk +2)h(A+2)) = h (s +2) A+ 2)) = A (kA + ke + Ao+ 2%) =
KA+ Kz + Az + 22
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So

kX +h7 Y (kh(z)) + B (\h(2)) + R (W(x)?) =
KX+ h 7 H(kz) + R (Ox) + b7 (2?) = kA + Kz + Az + 22
O

Lemma 11.6. There exists a bijection h € K[F,R|, h: R — R, such that the
following holds. For all x € R with 1 <z < p, we have

R (h(k + 2)h(A + ) = kA + =Y (kh(2)) + R~ (Ah(2)) + A~ (h(z)?)
if and only if x is in Z7T.
Proof. Start with the h given by Lemma 11.5, and iterate Lemmas 11.2 and

11.3, diagonalizing over the countably many elements of R. O

Theorem 11.7. There is a model M of T[F|* with domain R, with the same
0,1,4+, < as R, with three elements u, k, A such that the following holds. For all
r € R with1 <x < pu, we have (k+ x)(\+ 1) = kX + kx + Az + 22 if and only
if x is in ZT. In this equation, we use the multiplication of M.

Proof. By Theorem 9.2 and Lemma 11.6. O
We say that a quadruple (M, u, , A) has property (*) if and only if
1. M is a model of T'[F]*.
2. p, K, A € dom(M).

3. The x € dom(M) for which 1 < x < pand (k+z)(A\+2) = KA +KT+A\r+2°
contain 1 and are closed under +1.

There is the stronger property (**) of (M, u, k, A) that asserts the following.
1. M is a model of T[F]*.

2. p,k, A € dom(M).

3. Thex € dom(M) for which 1 < x < pand (k+z)(A\+2) = KA\ +KrT+AT+22
are exactly the positive integers in M.

Corollary 11.8. Let D be a Diophantine equation over the positive integers.
Then D has a solution in nonnegative integers if and only if the following holds.
For all quadruples (M, p, 5, \) with property (*), D has a solution over the x
such that 1 <z < p and (k + x)(A + 7) = KA + kx + Az + 22

Proof. Let D be as given. Suppose D has a solution in the positive integers.
Let (M, u,k,\) have property (*). Then the z such that 1 < x < p and
(k+ 2)(A+ ) = KA + kx + Az + 22 must contain the positive integers.
Conversely, suppose that for all quadruples (M, p, k, \) with property (*),
D has a solution over the x such that 1 <z < p and (k +2)(A + ) = kKA +
kx + A + 2. By Theorem 11.8, there exists (M, u, k, \) with property (**).
Hence D has a solution over the positive integers. O
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Theorem 11.9. The set of consequences of T[F)* without auziliary constants,
and of T[F] without auziliary functions, is undecidable. In fact, the set of VWV3I*
consequences of T[F]* without auziliary constants, and of T[F| without auziliary
functions, is complete r.e.

Proof. We use Corollary 11.8 and that Hilbert’s 10th problem over Z%is com-
plete r.e. We can express

(M, i, 1, A) has property (*)

as the formula ¢(u, k, A) given by

K+ 1D)A+1) =k A+ r+A+1A
Ve (1<z<pA(k+z\+2) =8N+ Kz + Az +27) —
(1 <z+1 < pA(s+(@+1)(A+(z+1)) = kA+r(z+1)+FA(@+1)+(z+1)%)).

Then we can write

for all quadruples (M, p, k, \) with property (*), D has a solution
over the x such that 1 < o < pand (k+2)(A+1) = KA+kz+ Az +22

as the assertion that

Vi, 6, A (s Ky A) —
D has a solution over the = such that 1 <z < p and
(k+2)(\+2) = KA + k1 + Az + 22)

is provable in T[F|*. Note that the sentence above is in the form ¥Yvv3*. By
Theorem 4.3, we can replace T[F] by T[F|*. O

12 Avoiding disjunctions

In Section 7, we saw that the universal fragment of T'[Q)] is decidable. The proof,
however, involves a complex reduction to the language of real closed fields. As
a result, the procedure is of little practical importance: T[Q] is weaker than the
theory of real closed fields, our decision procedure works for only the universal
fragment of the language, and it does so less efficiently than procedures for the
corresponding fragment of real closed fields. The procedure we describe is in no
sense more extensible to larger languages than procedures for real closed fields.
It may therefore seem as though we have taken a step in the wrong direction.

We maintain, however, that the analysis provides guidance in designing
heuristic procedures for the reals that address the aims outlined in Section 1.
An obvious strategy for capturing inferences like the ones described there is to
work backwards from the desired conclusion, using the obvious monotonicity
laws. For example, when the terms s, t, and u are known to be positive, one
can prove st < wv by proving s < u and ¢t < v. The examples presented in
Section 1 can be verified by iteratively applying such rules.
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There are drawbacks to such an approach, however. For one thing, excessive
case splits can lead to exponential blowup; e.g. one can show st > 0 by showing
that s and ¢ are either both strictly positive or both strictly negative. And the
relevant monotonicity inferences are generally nondeterministic: one can show
r 4+ s+t > 0 by showing that two of the terms are nonnegative and the third is
strictly positive, and one can show r+s < t+u+ v + w, say, by showing r < u,
s<t4+w,and 0 < w.

In “straightforward” inferences that arise in practice, however, sign informa-
tion is typically available. This is the case with the examples in Section 1, where
all the relevant terms are easily seen to be positive. It is also the case with the
following representative example, taken from the first author’s formalization of
the prime number theorem [2]: verify

using the hypotheses

n < (K/2)x
0<C
O<e<l.

This is easily verified by noting that 1+ ﬁ is strictly less than 2, and so the
product with n is strictly less than 2(K/2)z = Kz. In this case, backchaining
does not work, unless one thinks of replacing Kz by 2((K/2)x) in the goal
inequality.

This example suggests that some form of forward search may be more fruit-
ful: starting from the hypotheses, iteratively derive useful consequences, until
the goal is obtained. Alternatively, we negate the conclusion and add it to the
list of hypotheses, and then iteratively derive consequences until we obtain a
contradiction. Our analysis shows that if we separate terms, we can in fact use
Toad|F) and T [F] independently to derive consequences, and that we only
have to consider consequences in the language of Teomm[F]. This procedure is
complete for the universal consequences of T[F|, and works equally well if we
combine other local decision procedures for languages that are disjoint except
for = and <.

But what consequences shall we look for? Once again, our analysis shows
us that a single well-chosen interpolant suffices: if we pick the right 6, Tpqq[F]
will be able to derive € from our initial set of hypotheses, while T, [F] will be
able to prove —6. According to Proposition 6.3 and the discussion after it, we
can assume, without loss of generality, that 6 is a conjunction of disjunctions
of literals of the form z; < ax;,x; < ax;,x; > axj,r; > axj, and comparisons
between variables and constants in F. As a result, if the initial sequence of
hypotheses can be refuted, there is a sequence 61,05, ...,80, of disjunctions of
atomic formulas of the form above, such that Tyqq[F] proves each formula 6;
from the initial set of hypotheses, and Ty,.;:[F] proves a contradiction from
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these hypotheses and 61, ...,8,. Of course, the situation is symmetric, so we
can just as well switch T,qq[F] and Ty [F] in the previous assertion.

This reduces the task to that of deriving appropriate disjunctions 6; of atomic
formulas x; < ax; from the initial hypotheses. The problem is that there are
always infinitely many disjunctions that one can prove, and it may not be clear
which ones are likely to be useful. For example, from = + y > 0, T,qq[F] can
prove x > a V y > —a for any a, and, a priori, any of these may be useful to
Tt [F]

One solution is simply to ignore disjunctions. By Proposition 2.2, with some
initial case splits we can reduce the problem of proving a universal formula to
refuting a finite number of sets of formulas of the form A,qq U Amuir U A comm,
where

e A,qq is a set of formulas of the form z; = ¢, where ¢ is a term in the
language of T,qa[F;

e A, is a set of formulas of the form z; = ¢, where ¢ is a term in the
language of Tt [F;

® Acomm is a set of formulas of the form x; < ax;,z; < axj,z; > axj, x; >
azx;, or a comparison between a variable and a constant.

Definition 12.1. Let A = A 430 UA i UA comm be as above. Say T[F] refutes
A without case splits if there is a sequence of atomic formulas 6y, ..., 0, such
that the following hold:

e for m < 2n, 6,, has the same form as the formulas in A pmm;
° 0271 is J.,
e for each m < n,

Tadd [F] U Aadd ) Acomm U {907 s 792m—1} F 02m;

e for each m < n,

Tmult [F] U Amult U Aco’mm U {00, RS 92m} = 92m+1-

In other words, T[F] refutes A without case splits if T,qq[F] and T [F)
can iteratively augment a database of derivable atomic formulas in the common
language until a contradiction is reached. This is a proper restriction on the
theories T'[F], which is to say, there are sets A that can be refuted by T[F], but
not without case splits. It takes some effort, though, to cook up an example.
Here is one. Let

Agga ={x+y>2,w+2>2}

From this, Thqq[F) proves (x> 1Vy>1)A(w>1Vz>1). Let

At = {ux2 < ua:,uy2 < uy,uw2 > uw, uz? > uz}.
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From this, Ty [F] proves u > 0V u < 0, and hence (z < 1Ay < 1)V (w <
1Az < 1). As a result, T[F] refutes Aggq U Apyuie. But one can check that
there are no atomic consequences involving the common variables, x,y, z and
w, that follow from either set. (Strictly speaking, our characterization of A has
us using new variables to name the additive and multiplicative terms in A,4q
and A, respectively, and then putting the comparisons in A o But the
net effect is the same.)

Situations like this are contrived, however, and we expect that focusing on
atomic consequences will be effective in many ordinary situations. The following
proposition provides some encouragement.

Proposition 12.2. Let A be a set of atomic formulas in the language of
ToaalF)]. Let u and v be any two variables. Then there is a consequence, 0,
of Toqa[FIUA in the language of Teomm|[F], involving only w and v, that implies
all the consequences of the form u < av, u < av, v < au, or v < au that can
be derived from Toaq[F]UA. In fact, 6 can be expressed as a conjunction of at
most two formulas of the form u < av, u < av, u > av, u > av, v < 0, v <0,
v >0, orv>0.

Proof. Use a linear elimination procedure to eliminate all variables except for
u and v from A. The result is a set of linear inequalities involving u and
v, which implies every other relation between u and v that is derivable from
Taaa[F] U A. (If a relation is not a consequence of the resulting set of linear
inequalities, its negation is consistent with them, and hence with T,qq[F] U A.)
This set of linear inequalities determines a convex subset of the cartesian plane.
Considering extremal points, one can determine the minimal intersection of at
most two half planes through the origin that includes this convex subset. O

An efficient algorithm for determining the convex polygon determined by a
sequence of half-planes can be found in [12, Section 4.2]. Keep in mind that
there may be no nontrivial consequences of A, in which case we can take 6 to
be the empty conjunction, T. Or A may contradictory, in which case we can
take 6 to be L, or v < 0 Av > 0. Furthermore, # may not be strong enough to
determine whether u and v are positive, negative, etc. In that case, as in the
discussion after Proposition 6.3, determining whether one inequality is stronger
than another can be confusing. For example, § may be u > 2v A u > 3v; in
the absence of sign information, neither conjunct is stronger. If one adds the
information v > 0,  becomes v > 0 A u > 3v.

On the multiplicative side, we have to assume we know the signs of the
variables, and that F' is closed under nth roots.

Proposition 12.3. Let A be a set of atomic formulas in the language of
Tt [F]. Assume that for each variable x occurring in A, A contains either
the formula © > 0 or the formula © < 0. Assume also that F' is closed under
nth roots of positive numbers for positive integers n. Let u and v be any two
variables. Then there is a consequence, 0, of Tyu[F]U A in the language of
Teomm|F], involving only u and v, that implies all the consequences of the form
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u<av, u<av, v < au, or v < au that can be derived from Tpu[F]UA. In
fact, 0 can be expressed as a conjunction of at most two formulas of the form
u<av,u < av, u > av, or u > av.

The good news is that the proof is even easier in this case.

Proof. Introduce a new variable w, and the equation w = u/v. Eliminate all
variables except for w. The result is a set of inequalities of the form w < a,
w < a, w > a, and w > a, of which we can choose the strongest and then replace
w by u/v. O

The requirement that we have sign information on the variables is generally
needed to carry out the elimination procedure for Tyu,;:[F]. We can always
ensure that this information is present using case splits, though this can be
computationally expensive. The requirement that F' is closed under taking roots
is also needed for the conclusion; for example, from {u > 0,u? > 2v?} we would
like to conclude u > v/2v. For practical purposes, however, we will suggest,
in the next section, that one should choose Q for F in an implementation,
and avoid case splits. In that case, we can only hope for an approximation to
Proposition 12.3. For example, when trying to put a multiplicative equation
in pivot form, if we do not have sufficient sign information to determine the
appropriate direction of an inequality, we can simply ignore this equation. And
when required to take nth roots at the very end of the procedure, we can rely
on crude approximations, such as {/a > 1 whenever ¢ > 1. Once again, we
expect that even with these concessions, the resulting procedure will be helpful
in verifying commonplace inferences.

This strategy, then, will form the basis for the heuristic procedure that
we will suggest in the next section. We leave open one interesting theoretical
question, though: is it decidable whether a theory T[F] can refute a set A
without case splits? The proof of Theorem 5.2 shows that trying to refute the
set A corresponding to z2 + 2r — 1 < 0 leads to an infinite iteration, so the
obvious search procedure is not guaranteed to terminate.

13 Towards a heuristic procedure

In this section, we discuss some possible avenues towards developing heuristic
decision procedures, based on the analysis we have provided here. We are, of
course, sensitive to the tremendous gap between neat decidability results and
heuristic procedures that work well in practice. But we expect that the former
can serve as a useful guide in the development of the latter, by clarifying the
inherent possibilities and limitations of the method, and separating heuristic
issues from theoretical ones. Of course, different heuristic approaches will have
distinct advantages and disadvantages, and so different procedures can be ex-
pected to work better in different domains. We expect the type of algorithm we
propose here to be fruitful for the kinds of examples discussed in Section 1.
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Given a quantifier-free sequent in the language of T[Q], first, put all terms
in normal form, as described in Section 8. This will make it possible to identify
subterms that are provably equal. For that purpose, one can use the simpler
normal form described at the end of Section 8.

Next, use new variables, recursively, to name additive and multiplicative
subterms. These will form the sets Ayqq and A ;. With these renamings, the
original sequent will be equivalent to one in the language of Teomm[Q).

Convert the resulting sequent to a finite sequence of sets A ymm of inequal-
ities ¢ < ay, r < ay, x > ay, x > ay, to be refuted. For example, proving the
sequent

r=yw<z=u<v

amounts to refuting the set A ymm of formulas
{r>y,z<yw<zv<u}

Note that the equality in the hypothesis is replaced by two inequalities. This
seems to be a reasonable move, since with A,gqq and A, © and y may name
complex terms; we imagine that this procedure will be called after obvious
simplifications and rewriting have been performed. Also note that the task of
proving an equality © = v splits into two tasks, namely, refuting v > v and
refuting u < v. Again, this seems reasonable, since we envision this procedure
being called when direct methods for proving equalities have failed.

Now, try to refute each set A pmm, with the following iterative procedure.
First, for each pair of variables z,y in A omm, use Taqd[Q] U A comm to derive
new or stronger inequalities of the form = < ay, x < ay, * > ay, or x > ay, as
well comparisons between x and constants for each variable z. Add the new in-
equalities to A omm, removing ones that are subsumed by the new information.
A comm can be represented as a table of comparisons for each pair {z,y} (for
each pair, at most two formulas need to be stored), as well as a table of com-
parisons with constants for each variable z. Even though the procedure implicit
in Proposition 12.2 invokes a linear elimination procedure (see the discussion
and references in Section 3), the work can be shared when cycling through all
possible pairs. For example, to determine all inequalities obtainable from a set
with n variables, eliminate the first variable, x, and recursively determine all
the inequalities obtainable from the resulting set with n variables; then deter-
mine all the inequalities that can be obtained with x and one other variable.
Furthermore, at least initially, for most pairs no information will be available at
all, and so will be eliminated quickly. We expect that for the types of problems
that arise in ordinary practice, the number of variables and named subterms
will be small enough to make the procedure manageable. If not, heuristics can
be used to focus attention on pairs that are likely to provide useful information.

Do the same with T}, [Q] U Aje. First, use the information in A, to
determine the variables for which one has comparisons with 0. For a defining
equation such as u = x2y*, the multiplicative procedure can infer u > 0 at the
start, and add it to A .ymm for possible use by the additive procedure. With
limited sign information on the variables, let the procedure for T, [Q] U Ay
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do the best it can to eliminate variables. If it cannot make use of an inequality
zFs < t to eliminate = because the sign of s is not known, simply ignore the
inequality at this stage. It may become useful later on, if the sign of s becomes
known.

Iterate the additive and multiplicative steps, until one of Ag,qq U A comm Or
A it U Acomm yields a contradiction. Of course, there is the question as to
when to give up. One can certainly report failure when no new inequalities have
been derived. But as noted at the end of Section 12, nonterminating iterations
are possible; in that case, the procedure can simply give up after a fixed amount
of time, or rely on the user to halt the procedure.

14 Extending the heuristic

There are many ways that one may extend the proposal in the previous section.
These fall into general classes.

Improvements to the heuristic. There are likely to be better ways of searching
for useful comparisons between terms. For example, one can have a list of
“focus” formulas — initially, one wants to include the goal formula as a focus
formula — and search for inequalities between subterms of those. Also, one does
not need to search for comparisons between two variables unless information
has been added to A ymm since the last such search that could potentially yield
new information. Thus, a wise choice of data structures and representations of
information in the database may yield significant improvements.

Eztensions to stronger fragments of T|Q]. The procedure we have described does
not try to derive disjunctions, which requires potentially costly case splits. Are
there situations in which it makes sense to introduce such splits? For example,
it may be useful to split on the sign of a variable, z > 0V x < 0; or to split on
a comparison between two variables, x > y V x < y, where x and y name terms
in the search.

Conservative extensions of T|Q]. The functions which return nth roots, absolute
value, minimums, and maximums can all be defined in T[Q], and it would be
useful to extend the heuristic to languages that include these. But, as discussed
at the end of Section 8, one has to either introduce case splits at the outset to
simplify terms appropriately, or simplify a term like vz2 to 2 when z > 0 is
determined in the course of the search. What is the best way to handle such
extensions?

Nonconservative extensions of T|Q), in the same language. An obvious short-
coming of T[Q] is that it fails to capture straightforward inferences that are
easily obtained using distributivity. On the other hand, using distributivity
to simplify an expression before calling a decision procedure for T'[Q] can erase
valuable information; for example, after simplification, T'[Q] can no longer verify
(x 4+ 1)% > 0. A better strategy is to perform such simplifications as the search
proceeds, when occasion seems to warrant it, perhaps retaining the factored
versions as well.
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As noted in Section 1, it is reasonable to claim that any validity that requires
complex factoring falls outside the range of the “obvious,” and hence outside
the scope of the problem we are concerned with here. But one would expect
a good procedure to multiply through in at least some contexts, i.e. only use
distributivity in the “left-to-right” direction to simplify expressions at hand.
The question is how to work this in to the procedures described below in a
principled way. It would also be nice to have a better theoretical framework to
discuss provability with equalities “applied only in the left-to-right direction.”

Amalgamating other decision and heuristic procedures. A major advantage of
the method described in Section 13 is that it can easily be scaled to allow other
procedures to add facts to the common database. For example, one can easily
make use of the equivalence z < y < f(z) < f(y) for a strictly monotone
function f. One can similarly add procedures that make use of straightforward
properties of transcendental functions like exp, In, sin, cos, and so on.

Extending the overlap. Just as one might make use of limited forms of distribu-
tivity, one can add restricted uses of laws like e*T¥ = e%e¥, for the exponential
function.

Handling subdomains, like Z and Q, and extended domains, like C. For example,
it is known that the linear theory of the reals with a predicate for the integers
is decidable (see, for example, [28]). Handling mixed domains involving N, Z,
Q, R, and/or C is an important challenge for heuristic procedures.

15 Conclusions

In order to obtain useful methods for verifying inferences in nontrivial math-
ematical situations, undecidability and infeasibility should encourage one to
search for novel ways of delimiting manageable, restricted classes of inferences
that include the ones that come up in ordinary mathematical practice. We hope
our study of inferences involving inequalities between real-valued expressions
that can be verified without using distributivity is an interesting and fruitful
investigation along these lines. We also feel that the paradigm of amalgamating
decision or heuristic procedures when there is nontrivial overlap between the
theories is an important one for automated reasoning.

However, we expect that similar investigations can be carried out in almost
any mathematical domain. This yields both theoretical and practical challenges.
On the theoretical side, for example, there are questions of decidability and com-
plexity. On the practical side, there is always the question of how to implement
proof searches that work well in practice. As a result, we feel that this type of
research represents a promising interaction between theory and practice.
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