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Given an expansion R of the real line and E � R, let (R; E)# denote the
expansion of R by a predicate for each subset of each cartesian product Ek (k � 1).
We say that E is R-sparse if f(Ek) has no interior, for each k 2 N and f : Rk ! R

de�nable in R.
(Throughout, \de�nable" means \de�nable without parameters".)
In this note, we consider the extent to which basic metric and topological prop-

erties of subsets of R de�nable in (R; E)# are determined by the corresponding
properties of subsets of R de�nable in (R; E), when R is an o-minimal expansion
of (R; <;+; 0; 1) and E is R-sparse. The precise statement of the main result is a
bit complicated, but we can state some special cases now:

Let R be an o-minimal expansion of (R; <;+; 0; 1) and E � R be R-sparse. If

every subset of R de�nable in (R; E) has interior or is nowhere dense, then the

same holds true of (R; E)#; and similarly with \nowhere dense" replaced by any of

\null" (in the sense of Lebesgue), \countable", or \a �nite union of discrete sets".

Example. Putting 2Z := f 2k : k 2 Z g and using results of van den Dries [D1],
we obtain that every subset of R (parametrically) de�nable in (R;+; �; 2Z)# is the
union of an open set and �nitely many discrete sets. Hence, although this structure
interprets every countable �rst-order structure, it does not de�ne Q , and hence not
Z. (This settles a question that arose in discussions between T. Scanlon and Miller
while at MSRI in the spring of 1998.)

From now on, R denotes an expansion of (R; <;+; 0; 1) in a language L extending
f<;+; 0; 1g, and E is a �xed subset of R. Enlarging L as necessary, we assume (for
convenience only) that there is a symbol in L for each de�nable (in R) function
Rk ! R and k 2 N. (We regard R0 as the one-point space f0g, and a function
f : R0 ! R as the corresponding constant f(0).)

For m;n 2 N, X � Rm+n and u 2 Rm , Xu denotes the �ber

fx 2 Rn : (u; x) 2 X g:

*NOTE. Work in progress. Comments welcome. Please regard as personal correspondence,
not a preprint. Thanks. -CLM & HMF
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De�nition. Let n 2 N. An (R; E)1-set (in Rn ) is a set of the form

[

�2I

\

u2P�

Xu

where
(i) X � Rm+n is de�nable in R (for some m 2 N);
(ii) I is an index set;
(iii) each P� � Em.

An (R; E)1-set in Rn+1 is special if X � Rm+n+1 is de�ned by an L-formula of
one of the following forms:

(1) '(u; x)
(2) '(u; x) & f(u; x) = t

(3) '(u; x) & f(u; x) < t

(4) '(u; x) & t < g(u; x)
(5) '(u; x) & f(u; x) < t < g(u; x)

where ' is an (m+ n)-ary L-formula and f; g are (m+ n)-ary function symbols.

We'll refer to the special sets corresponding to the above �ve forms as being of
types (1) through (5) respectively.

Let (R; E)1 denote the expansion of R obtained by adding a predicate for each
(R; E)1-set in each Rn , n � 1. (Note that (R; E)# is reduct of (R; E)1.)

We can now state our main results.

Proposition 1. Suppose that R is o-minimal. Then for every n 2 N, every subset

of Rn+1 de�nable in (R; E)1 is a �nite union of special sets.

(We delay the proof.)

Proposition 2. Let A � R be special. Suppose that A has no interior. Then

there exist m 2 N and f : Rm ! R, de�nable in R, such that A � cl(f(Em)).

Proof. If ; 6= A � R is special and has no interior, then A is of type (2) or of
type (5). If the former, then A = f(P ) for some m 2 N, P � Em, and de�nable
f : Rm ! R. If the latter, then

A =
[

�2I

\

u2P�

f t 2 R : '(u) & f(u) < t < g(u) g

where ' is an m-ary L-formula and f; g : Rm ! R are de�nable. Since A has no
interior, each set

T
u2P�

f t 2 R : '(u) & f(u) < t < g(u) g has no interior. Hence,

A � R \ f sup f(P�) : � 2 I g � cl(f(Em)): �

Theorem. Suppose that R is o-minimal. Let E � R be such that cl(f(Ek)) is

nowhere dense, for each k 2 N and de�nable f : Rk ! R. Then every subset of R

de�nable in (R; E)1 has interior or is nowhere dense.
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Corollary. Suppose that R is o-minimal and E is R-sparse. Then the following

are equivalent:

(1) Every subset of R de�nable in (R; E)1 has interior or is nowhere dense.

(2) Every subset of R de�nable in (R; E) has interior or is nowhere dense.

(3) For all k 2 N and functions f : Rk ! R de�nable in R, cl(f(Ek)) is nowhere
dense.

The Theorem and Corollary hold if we uniformly replace \nowhere dense" by
any of \countable", \a �nite union of discrete sets" or \null" (that is, of Lebesgue
measure 0). Of course, when dealing with the nowhere-dense case, we need only
consider the images f(Ek), rather than their closures.

Obviously, if E has cardinality less than the continuum, then E is R-sparse.

If the substructure of R generated by E is proper, then E is R-sparse, since R
expands (R;+); in particular, it's possible for E to be R-sparse and yet have the
cardinality of the continuum.

If R is o-minimal and the substructure of R generated by E is proper, then E

is R0-sparse, where R0 is the expansion of R by constants for all real numbers; see
Lemma 4.1 of [D2].

If L is countable, R is o-minimal and E is a countable union of compact sets,
each having Hausdor� dimension 0, then the substructure of R generated by E is
proper. (This is proved in Section 4.1 of [MS] for the case that R expands the �eld,
but it's also true when working just over the additive group.) Hence, E is R-sparse.
(See also the preceding paragraph).

If E is R-sparse and measurable, then E is null (since otherwise the di�erence
set f a� b : a; b 2 E g has interior). Similarly, if E is R-sparse and has the property
of Baire, then E is meager.

One easily modi�es all of the above results to take into account de�nability with

parameters.

We are still investigating consequences for the de�nable sets in arbitary Rn .

We now begin to work toward the proof of Proposition 1.

We start with four lemmas, whose proofs we leave to the reader. The �rst three
involve nothing but (somewhat tedious, in spots) elementary set theory. (Recall
that we allow arbitrary index sets I in the de�nition of the (R; E)1-sets.) The
fourth is an easy observation about sets of real numbers.

Lemma 1. Let n 2 N. A �nite intersection of (R; E)1-sets in Rn is an (R; E)1-set.

A �nite intersection of special sets in Rn+1 is special.

(Note that the collection of all subsets of Rm+n+1 de�ned by L-formulas of the
forms (1) through (5) in the de�nition of \simple set" is closed under taking �nite
intersections.)
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Lemma 2. Let m;n 2 N, I be a set, and P� � Em for � 2 I. Let A � Rm+n+1

and put

B :=
[

�2I

\

u2P�

Au:

(1) If A is special, then B is special.

(2) If A is a �nite union of special sets, then B is a �nite union of special sets.

(Use (1) and Lemma 1 to get (2).)

Lemma 3. Let n 2 N. The complement of an (R; E)1-set in Rn is an (R; E)1-set.

The complement of a �nite union of special sets in Rn+1 is a �nite union of special

sets.

(Use Lemmas 1 and 2(2) for the second part.)

Lemma 4. Let ; 6= S � R. Then:

(1) supS < +1 if and only if there exists s 2 S such that s0 < s + 1 for all

s0 2 S;
(2) inf S > �1 if and only if there exists s 2 S such that s < s0 + 1 for all

s0 2 S;
(3) inf S > 0 if and only if there exists s 2 S such that 0 < s < 2s0 for all

s0 2 S.

For suggestiveness (as well as economy of space) we adopt the following notation
for the proof of the next lemma: For any set Y , we write \

W
y2Y " instead of

\9y 2 Y ", and \
V
y2Y " instead of \8y 2 Y ".

Lemma 5. For each n 2 N, the projection on the �rst n variables of a special set

in Rn+1 is an (R; E)1-set in Rn .

Proof. Let n 2 N and A � Rn+1 be special.

If A is of type (1), then A = B � R for some (R; E)1-set B � Rn .
Let x 2 Rn .
Suppose A is type (2). Then

_

t2R

_

�2I

^

u2P�

�
'(u; x) & f(u; x) = t

�

,
_

�2I

_

v2P�

^

u2P�

�
'(u; x) & f(u; x) = f(v; x)

�
:

Suppose A is of type (3). Let � 2 I. By Lemma 4(1),

sup f(P�; x) < +1,
_

v2P�

^

u2P�

�
f(u; x) < f(v; x) + 1

�
:
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Hence,

_

t2R

_

�2I

^

u2P�

�
'(u; x) & f(u; x) < t

�

,
_

�2I

_

v2P�

^

u2P�

�
'(u; x) & f(u; x) < f(v; x) + 1

�
:

The case that A is of type (4) is similar, using Lemma 4(2).
Suppose that A is of type (5). Let � 2 I. Now,

_

t2R

^

u2P�

�
f(u; x) < t < g(u; x)

�

if and only if ^

u2P�

^

v2P�

f(u; x) < g(v; x)

and at least one of the following hold: max f(P�; x) does not exist; min g(P�; x)
does not exist; or inff g(v; x) � f(u; x) : u; v 2 P� g > 0. Note that

max f(P�; x) does not exist ,
^

u2P�

_

v2P�

�
f(u; x) < f(v; x)

�

and
min g(P�; x) does not exist,

^

u2P�

_

v2P�

�
g(v; x) < g(u; x)

�
:

Use Lemmas 1, 3 and 4(3) to �nish. �

Proof of Proposition 1. Suppose that R is o-minimal. By Lemmas 3 and 5, it
su�ces to show that for each n 2 N, every (R; E)1-set in Rn+1 is a �nite union of
special sets, which is immediate from cell decomposition and Lemma 2(2). �
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