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Given an expansion 9 of the real line and £ C R, let (%, E)# denote the
expansion of R by a predicate for each subset of each cartesian product E¥ (k > 1).
We say that E is R-sparse if f(E*) has no interior, for each ¥ € Nand f : RF¥ — R
definable in fR.

(Throughout, “definable” means “definable without parameters”.)

In this note, we consider the extent to which basic metric and topological prop-
erties of subsets of R definable in (R, E)# are determined by the corresponding
properties of subsets of R definable in (R, E'), when R is an o-minimal expansion
of (R,<,+,0,1) and E is R-sparse. The precise statement of the main result is a
bit complicated, but we can state some special cases now:

Let R be an o-minimal expansion of (R, <,+,0,1) and E C R be R-sparse. If
every subset of R definable in (R, E) has interior or is nowhere dense, then the
same holds true of (R, E)#; and similarly with “nowhere dense” replaced by any of
“null” (in the sense of Lebesgue), “countable”, or “a finite union of discrete sets”.

Example. Putting 2% := {2% : k € Z} and using results of van den Dries [D1],
we obtain that every subset of R (parametrically) definable in (R, +, -, 2%)# is the
union of an open set and finitely many discrete sets. Hence, although this structure
interprets every countable first-order structure, it does not define Q, and hence not
Z. (This settles a question that arose in discussions between T. Scanlon and Miller
while at MSRI in the spring of 1998.)

From now on, R denotes an expansion of (R, <,+,0, 1) in a language L extending
{<,+,0,1}, and FE is a fixed subset of R. Enlarging L as necessary, we assume (for
convenience only) that there is a symbol in L for each definable (in 2R) function
Rf — R and k € N. (We regard R° as the one-point space {0}, and a function
f:RY = R as the corresponding constant f(0).)

For m,n € N, X C R™*" and u € R™, X, denotes the fiber

{z eR": (u,z) € X }.

*NOTE. Work in progress. Comments welcome. Please regard as personal correspondence,
not a preprint. Thanks. -CLM & HMF
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Definition. Let n € N. An (R, E)*°-set (in R") is a set of the form

U x

a€l ueP,

where

(i) X C R™*" is definable in R (for some m € N);

(ii) I is an index set;

(iii) each P, C E™.
An (R, E)~-set in R**! is special if X C R™*"*! ig defined by an L-formula of
one of the following forms:

(1) o(u,z)

(2) p(u,2) & [flu,z) =1

(3) w(u,z) & flu,z) <t

(4) o(u,2) & t <g(u,z)

(5) w(u,z) & flu,z) <t <g(u,x)

where ¢ is an (m + n)-ary L-formula and f, g are (m + n)-ary function symbols.

We'll refer to the special sets corresponding to the above five forms as being of
types (1) through (5) respectively.

Let (R, E)*° denote the expansion of R obtained by adding a predicate for each
(R, E)>-set in each R*, n > 1. (Note that (R, E)# is reduct of (R, E)>.)

We can now state our main results.

Proposition 1. Suppose that *R is o-minimal. Then for every n € N, every subset
of R**1 definable in (R, E)™ is a finite union of special sets.

(We delay the proof.)

Proposition 2. Let A C R be special. Suppose that A has no interior. Then
there exist m € N and f : R™ — R, definable in R, such that A C cl(f(E™)).

Proof. If ) # A C R is special and has no interior, then A is of type (2) or of
type (5). If the former, then A = f(P) for some m € N, P C E™, and definable
f:R™ — R. If the latter, then

A:U ﬂ{tERmp(u) & f(u) <t<g(u)}

a€l ueP,

where ¢ is an m-ary L-formula and f,g : R™ — R are definable. Since A has no
interior, each set (),cp {t € R:p(u) & f(u) <t <g(u)} has no interior. Hence,

ACRN{supf(Py):a eI} Ccl(f(E™)). O

Theorem. Suppose that R is o-minimal. Let E C R be such that cl(f(E*)) is
nowhere dense, for each k € N and definable f : R — R. Then every subset of R
definable in (R, E)*° has interior or is nowhere dense.
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Corollary. Suppose that R is o-minimal and E is R-sparse. Then the following
are equivalent:

(1) Every subset of R definable in (R, E)*>° has interior or is nowhere dense.

(2) Every subset of R definable in (R, E) has interior or is nowhere dense.

(3) For allk € N and functions f : R¥ — R definable in R, cl(f(E¥)) is nowhere
dense.

The Theorem and Corollary hold if we uniformly replace “nowhere dense” by
any of “countable”, “a finite union of discrete sets” or “null” (that is, of Lebesgue
measure 0). Of course, when dealing with the nowhere-dense case, we need only
consider the images f(E¥), rather than their closures.

Obviously, if F has cardinality less than the continuum, then E is PR-sparse.

If the substructure of R generated by E is proper, then FE is R-sparse, since R
expands (R, +); in particular, it’s possible for E to be f-sparse and yet have the
cardinality of the continuum.

If R is o-minimal and the substructure of R generated by FE is proper, then F
is R'-sparse, where R’ is the expansion of /& by constants for all real numbers; see
Lemma 4.1 of [D2].

If L is countable, R is o-minimal and FE is a countable union of compact sets,
each having Hausdorff dimension 0, then the substructure of R generated by E is
proper. (This is proved in Section 4.1 of [MS] for the case that 2 expands the field,
but it’s also true when working just over the additive group.) Hence, E is R-sparse.
(See also the preceding paragraph).

If FE is R-sparse and measurable, then E is null (since otherwise the difference
set {a<b:a,b € E} has interior). Similarly, if E is fR-sparse and has the property
of Baire, then F is meager.

One easily modifies all of the above results to take into account definability with
parameters.

We are still investigating consequences for the definable sets in arbitary R”.

We now begin to work toward the proof of Proposition 1.

We start with four lemmas, whose proofs we leave to the reader. The first three
involve nothing but (somewhat tedious, in spots) elementary set theory. (Recall
that we allow arbitrary index sets I in the definition of the (R, E)>-sets.) The
fourth is an easy observation about sets of real numbers.

Lemma 1. Letn € N. A finite intersection of (R, E)*-sets in R is an (R, E)*°-set.
A finite intersection of special sets in R"t! is special.

(Note that the collection of all subsets of R™*"+1 defined by L-formulas of the
forms (1) through (5) in the definition of “simple set” is closed under taking finite
intersections.)
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Lemma 2. Let m,n € N, I be a set, and P, C E™ for a € I. Let A C Rmtn+!

and put
B := U ﬂ A,.

a€l ueP,

(1) If A is special, then B is special.
(2) If A is a finite union of special sets, then B is a finite union of special sets.

(Use (1) and Lemma 1 to get (2).)

Lemma 3. Letn € N. The complement of an (R, E)>-set in R" is an (R, E)*°-set.
The complement of a finite union of special sets in R**! is a finite union of special
sets.

(Use Lemmas 1 and 2(2) for the second part.)

Lemma 4. Let ) # S CR. Then:

(1) sup S < +oo if and only if there exists s € S such that s’ < s+ 1 for all
s'esS;

(2) infS > ©oo if and only if there exists s € S such that s < s’ + 1 for all
s'esS;

(3) inf S > 0 if and only if there exists s € S such that 0 < s < 2s’ for all
s'es.

For suggestiveness (as well as economy of space) we adopt the following notation
for the proof of the next lemma: For any set Y, we write “Ver” instead of
“Jy € Y”, and “A " instead of “Vy € Y.

Lemma 5. For each n € N, the projection on the first n variables of a special set
in R"*! js an (R, E)>°-set in R™.

Proof. Let n € N and A C R**! be special.
If Ais of type (1), then A = B x R for some (R, E)>®-set B C R".
Let z € R™.
Suppose A is type (2). Then

V'V A lew2) & fu,z)=1]

teER a€l ueP,
<~

V VA lelws) & flu) = foa)].

a€l veP, ueP,

Suppose A is of type (3). Let a € I. By Lemma 4(1),

sup f(Py,z) < +00 & \/ /\ [f(u,z) < f(v,z) +1] .

vEP, u€EP,
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Hence,

V'V A plua) & flu) <]

tER a€l ueP,
<~

V VA lews) & fu,2) < fo,0)+1].

a€l vEP, u€P,

The case that A is of type (4) is similar, using Lemma 4(2).
Suppose that A is of type (5). Let a € I. Now,

\/ /\ [f(u,z) < t<g(u,z)]

teER u€ P,

if and only if

A N fluo) <g,a)

u€P, vEP,

and at least one of the following hold: max f(P,,z) does not exist; ming(P,, z)
does not exist; or inf{ g(v,z) < f(u,z) : u,v € P, } > 0. Note that

max f(P,,x) does not exist < /\ \/ [f(u,2) < f(v,2)]

u€EP, vEP,

and

min g(P,,x) does not exist < /\ \/ [g(v,z) < g(u,2)] .
u€P, vEP,

Use Lemmas 1, 3 and 4(3) to finish. O

Proof of Proposition 1. Suppose that SR is o-minimal. By Lemmas 3 and 5, it
suffices to show that for each n € N, every (R, F)>-set in R**! is a finite union of
special sets, which is immediate from cell decomposition and Lemma 2(2). O
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