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0 Introduction

Abstract

Irreducible transitive graded Lie algebras L = Y7 ¢ Li which have
a classical reductive null component Lo and which are finite dimen-
sional over algebraically closed fields of characteristic three are con-
sidered. We show that if the depth ¢ is greater than one, then the
representation, induced by L’s adjoint representation, of L{ on L_;
must be restricted.

The classification of finite-dimensional simple Lie algebras over alge-
braically closed fields F of characteristic p > 0 depends to a great extent
on the classification of the finite-dimensional irreducible transitive graded
Lie algebras L = @;:_q L; of depth ¢ = 1 with classical reductive null
component Lg. We recall some of the progress that has been made in the
classification of such Lie algebras L. In the case in which L_; is not only
irreducible but also restricted as an Ly-module, such Lie algebras are de-
scribed by the Recognition Theorem of Kac [K] for p > 5. (See also [BGP].)
In [BG] it is shown that for p > 5, L_; is necessarily a restricted L{,-module.
(The assertion is also true for p =5 [BGP].)
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tion of Basic Research Grant #02-01-00725. He would also like to express his appreciation
for the hospitality of The Ohio State University, both at Columbus and at Mansfield, and
for the support of The Ohio State University at Mansfield.



When p = 3, the situation is more complicated. In characteristic three,
there are series of simple graded Lie algebras which satisfy the conditions
of Kac’s Recognition Theorem, but which are neither classical Lie algebras
nor Lie algebras of Cartan type. (See [B], [Sk], [St].) Moreover, for ¢ = 1,
examples exist in which L_; is a non-restricted L{—module. All simple
depth-one graded Lie algebras of characteristic three with non-restricted
Lj-module L_; were determined in [BKK]. In [BGK], two-graded (i.e.,
depth-two, graded) Lie algebras were examined, and it was proved that
when p = 3 and ¢ = 2, the Lj—module L_; must be restricted. For ¢ = 3,
the corresponding statement was proved in [GK]. It was conjectured in
[BGK] that a non-restricted Ly,—module L_; can exist only in Lie algebras
of depth one. The present paper completes the proof of this conjecture.
One has, of course, to exclude the case of H(2 : n,w) with the reverse
gradation; however, this example does not satisfy condition (D) of the Main
Theorem below (for depth greater than one). One has also to exclude the
sum of a degenerate Lie algebra (in the sense of Theorem 1.3 below) and a
(simple, classical) Lie algebra which resides in the null component and acts
non-restrictedly on the minus-one component. It follows that all graded
Lie algebras with non-restricted Lj—module L_; are known. We note, as
in [BGK], that because there are only finitely many irreducible restricted
modules for the derived algebra of a classical reductive Lie algebra, what
needs to be considered in classifying graded Lie algebras over algebraically
closed fields of characteristic three is reduced.

In this paper, we prove the following theorem, which we will henceforth
call the “Main Theorem.”

Theorem 0.1 (Main Theorem) Let L=L_;®L_g41® - ®L_1®Ly®
Li®---® Ly, q>1,r >0, be a finite-dimensional graded Lie algebra over
an algebraically closed field ¥ of characteristic p = 3 such that

(A) Ly is classical reductive;
(B) L_; is an irreducible Ly-module (i.e., L is irreducible);

(C) for all j 20, if x € L;j and [x,L_1] = (0), then x = 0 (i.e., L is
transitive);

(D) L—; = [L_it1,L_1] for all i > 1;

(E) Lo & M(L), where M(L) is the largest ideal of L contained in the
sum of the negative gradation spaces. (See Theorem 1.8 below.)



Then L_1 is a restricted module for Ly under the adjoint action, except when
L = L' + Iy, where L' is degenerate (in the sense of Theorem 1.8 below) and
where the representation (induced by the adjoint representation of L) of Iy,
a summand of the null component of L, on L_1 is not restricted.

To help to motivate hypothesis (E) above, we offer the following

Example 0.2 Consider the irreducible transitive graded Lie algebra
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where Ry = H(2: (1, 1)); for i 2 —1, and R; = O(2: (1, 1))i19p for —2p =
—2—2(p—1) £i £ —2. Here, the divided-power algebra O(2 : (1, 1)) is an
abelian ideal of R, and H(2: (1, 1)) has its usual Lie algebra multiplication
and action on O(2: (1, 1)), except that [Dy,, Dy,) = z' 25" € R_y. Then
R/M(R) = R/O(2 : (1, 1)) (See Theorem 1.3 below.) has depth one. In
general, if we consider the free Lie algebra generated by the local part of any
depth-one graded Lie algebra L, and take a co-finite-dimensional subideal C
of the mazimal ideal D in the negative part (See [BW].), then M(L&D/C) =
D/C, and (L& D/C)/M(L® D/C) = L has depth one.

We have noted that the Main Theorem has been proved for q = 2 in
[BGK] and for ¢ = 3 in [GK]. When we refer to the Main Theorem to
substantiate certain claims below, it will be for the cases already proved.

1 Preliminaries

Recall that a classical Lie algebra over a field F of characteristic p > 0
can be obtained from a Z-form (the so-called Chevalley basis) of a complex
simple Lie algebra by reducing the scalars modulo p and extending them to
F. This process may result in a Lie algebra with a non-zero center; such a
Lie algebra is still referred to as “classical” as is the quotient of such a Lie
algebra by its center. For example, the Lie algebras gl(pk) and pgl(pk) are
both considered to be classical Lie algebras. Thus, a classical Lie algebra
g may have a nontrivial center Z(g) as do the Lie algebras gl(pk),sl(pk),
and, if p = 3, Eg. It could also happen that a classical Lie algebra has a
noncentral ideal, as do the Lie algebras gl(pk), pgl(pk), and, if p = 3, Ga.
In characteristic three, Gy contains an ideal I isomorphic to ps((3), and
Ga/I = psl(3), as well.



A classical reductive Lie algebra g is the sum of commuting ideals g;
which are classical Lie algebras, and an at-most-one-dimensional center 3(g):

g=g1+---+gr+3(9) (1.1)

For any classical Lie algebra g;, the derived algebra g; has a natural p-

structure such that eﬁf I = 0, and hZLp - h; for any Chevalley basis {eq, h; | @

€ER,i=1,... ,rank(g})} of g;-, where R is the root system of the corre-
sponding complex simple Lie algebra. For a classical reductive Lie algebra
g, we will consider only the p—structure on g’ = g} +--- +g}, which is the
natural p-structure on each classical summand.

Let @ — gl(n) be a finite-dimensional irreducible representation of a
restricted Lie algebra L. The character x of m is a linear functional on L
such that x(y)?I = n(y)? — w(yP!) for all y € L. The representation is
restricted when the character x = 0.

Lemma 1.2. (See [BG, Lemma 1].) Assume that L is a graded Lie algebra
satisfying conditions (A)-(D) of the Main Theorem. If x is the character of
Ly on L_1, then Lq has character —jx on L;j for all j.

The following theorem of Weisfeiler [W] plays a fundamental role in the
study of graded Lie algebras.

Theorem 1.3. Let L=L ;®---®L 1® LoD L1 D---D L, be a graded Lie
algebra such that conditions (B)-(D) of the Main Theorem hold. Let M (L)
denote the largest ideal of L contained in L_q & ---@® L_1. Then

(i) L/M(L) is semisimple and contains a unique minimal ideal I =
S®O(n: 1), where S is a simple Lie algebra, n is a non-negative integer,
and O(n : 1) = Fz1,...,2,]/(2},...,2h). The ideal I is graded and I; =
(L/M(L)); for alli < 0.

(i) If I = (0), then for some k, 1 £ k < n, the algebra O(n : 1)
is graded by setting deg(xz;) = —1 for 1 < i < k and deg(z;) = 0 for
k<i<mn. Then I; = S® O(n:1); for alli, Lo = (0), Iy=[L_1,L4],
and L; C{D € 1®DerO(n : 1)|deg(D) = 1}.

(i) If Iy # (0), then S is graded and I; = S; @ O(n : 1) for all i.
Moreover, (0) # [L_1,L1] C Iy.

We will make use of the following results from [BGK]. For definitions of
the Lie algebras L(e), M, H(2 : n,w), and CH(2 : n,w) mentioned in the
conclusion of Proposition 1.4 below, see, for example, Section 2 of [BGK].



When we make use of certain properties of these Lie algebras in later sec-
tions, we will explicitly state the properties we need.

Proposition 1.4. (See Lemma 2.12 of [BGK].) Let L=L_1 ® Ly ® L1 &
-+ @ L, be a graded Lie algebra satisfying conditions (A), (B), and (C)
of the Main Theorem, and suppose that L1 # 0. If L 1 is a nonrestricted
Ly—module, then either L is isomorphic to one of the Lie algebras L(e) or M,
or L is a Hamiltonian Lie algebra such that H(2 : n,w) C L C CH(2 : n,w),
where n = (1,n9), w = (exp z®))dz A dy, and the grading is of type (0,1).

Corollary 1.5. (See Corollary 2.13 of [BGK].) Under the assumptions of
Proposition 1.4, Ly = sl(2), Ly is an irreducible 3-dimensional Ly—module,
and [L1, L1] = 0. In addition, [L_1, L1] = sl(2) if and only if L is a Hamil-
tonian Lie algebra.

Lemma 1.6. (See Lemma 2.1/ of [BGK].) Let L=L_1®Ly®L1®---DL,
be one of the Lie algebras L(e), M, or H(2 : n,w) with n = (1,n2), let x
be the monzero character of the Ly-module L_1, and let V' be an L-module
such that 13-V = (0) for any | € L_1U Ly. Suppose that W is an irreducible
Lg-submodule of V' with character xw = (x, ¢ € F*, and suppose that
Ly - W = (0). Then L2, -W # (0). Similarly, if L_1 - W = (0), then
L? - W # (0).

In what follows, all Lie algebras will be finite-dimensional over an alge-
braically closed field F of characteristic p = 3. The commutator ideal [L, L]
of a Lie algebra L will be denoted by L', and the i'" commutator (ad X)*~1X
of any set X will be written as X*. The annihilator of an Loy—module M C L
in an Lo—module N C L will be denoted by Ann yM. Set
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2 Properties of irreducible transitive graded Lie
algebras

We begin this section by quoting a few results from [BG]. Let L, M (L),
I,and S =3 _ ¢ Oi be as in Theorem 1.3. Throughout this section, we
make the following two blanket assumptions:

(i) M(L)=0

(ii) I=8S.

Lemma 2.1. (See [BG, Lemma 6].) For any x in L\L_g4, [L_1, ] # 0.

Lemma 2.2. (See [BG, Lemma 7].) S; = (ad S—1)*77S for all j, —q <
J < s Ifq(t—1) < s, then (ad S_y)'S = 0 if and only if (ad S—_4)'S; = 0 for
some i, q(t — 1) Szfs

Lemma 2.3. (See [BG, Lemma 8].) [L_4, L;] # 0 for alli =0,...7r. In
addition, S; = (ad L_1)" /L, for all j, —q< j<r—1, so that s=r—1 or
r. Sy is an irreducible So-module.

Lemma 2.4. (See [BG, Lemma 9].) S_q is an irreducible So-module. In
particular, L_, is an irreducible Lo-module.

Lemma 2.5. (See [BG, Lemma 10].) Annr,L; N Annr,Viy1 = 0 for all
1= —q,...,7 — 1, where Vi;1 is any non-zero Lo—submodule of L;;1.

Lemma 2.6. (See [BG, Lemma 11].) Anny, L ;N Anng, V441 =0 for all
1=0,...,r, where V_g41 is any non-zero Lo—submodule of L_441.

Lemma 2.7. (See [BG, Lemma 12].) Annp,_ L_g41 = 0.

Lemma 2.8. (See [BG, Lemma 13].) If r 2 q, then L_qy; = [L_q, L;] for
1=0,1,...q—1.

Lemma 2.9. (See [BG, Lemma 14].) Let U, V be Ly—submodules of L
such that [U, V] C Ly and [U, [U, V]] = 0. Then {ad[u, v]|lu € U,v € V}
is weakly closed (in the sense of [J, p.31]); consequently, if (ad [u, v])'M =
0,u € Uyv €V, for some i > 1, and Loy—module M, then ad y[U, V] is
“associative nilpotent.” (See Theorem II.2.1 of [J].)



Lemma 2.10. (See [BG, Lemma 15].) If r 2 q, then (ad L_4)2L # (0).

Corollary 2.11. If s 2 q, then [S_q, [S—q, Sql] # (0). In particular, if
8 2 q, then [L_g, [L—q, Lg]] # (0).

Proof. Lemma 2.2, and Lemma 2.10 applied to the Lie algebra S + Lj.
O

Lemma 2.12. (See [BG, Lemma 16].) Let V be an Lo—submodule of

L_g4i for some i, where 0 < i < 4, and suppose that [V, Lg_;_1] = 0 =
[V, [V, Lq—il]]. Suppose further that L_44 ;1 is an irreducible Lo—submodule

of L, and that [L_g4;—1, Lg—;] # 0 (so that it equals L_1). Then V = 0.

Lemma 2.13. (See [BG, Lemma 17].) Suppose that V is an irreducible
Lo—submodule of L_q4; for some i, where 0 < i < q;—l, such that [V, Lg_;_1]
# 0 (so that it equals L_1). Then L_q4; is an irreducible Lo—module; i.e.,
it equals V.

From our observations at the beginning of this section, we have that
S CLCDerS where S=S5 ;085 4119 DS 1@S0DS1D---DS; is
a simple Lie algebra with S; = L; for ¢ < 0. Since S; is an Lj-submodule of
L1, it follows that if L is an irreducible Ly—module, then S; = Ly. If, in
addition, L is generated by its local part L_; & Lo @ L1, then for i > 1, we
have

Li=L} =5 C S CL

so that S; = L; for ¢ > 0, and L could differ from S only in the null
component. In particular, s would equal 7.

In the lemmas that follow, we will consider graded Lie algebras L =
L ,®L g11®-®L_1®Ly® L @& L, satisfying assumptions (i)
and (ii) below. Other assumptions will be noted in the statements of the
results for which we use them. Note, for example, that, as noted in the
paragraph above, assumption (iii) follows from assumptions (iv) and (v)
(and assumptions (i) and (ii), of course). Also, assumption (viii) can be
assumed whenever the previous assumptions are true, since if they hold, we
can reverse the gradation, and have that all of the hypotheses of the Main
Theorem continue to be true for the reversed gradation; in this regard, see
Lemma 2.14 below, as well as Lemma 1.2 above.

(i) L satisfies conditions (A)-(D) of the Main Theorem.



(ii) L C DerS where S = S ¢S g41 D5 1DSHDS1D---DSs is a
simple graded Lie algebra.

(iii) L; = S;, i #0.

(iv = S; is an irreducible Ly-module.

(vi) If z is a non-zero element in L_; for some ¢ 2 0, then [Lq,z] # (0).

(vii

)
) L

(v) Lit1 = [Lj, L] for ¢ > 0.
)
) The character x of L on L_; is non-zero.
)T

(viii) r 2 g.

Lemma 2.14. If assumptions (i) and (v) hold, and S; # 0, then Ann 1,L;
=0.

Proof. Suppose, on the contrary, that Ao Ann roL1 # 0. Then (as
in [BG, Lemma 18])

[L_1, Ln] = [[L-1, Ao], L1] = [[L—1, L], Ao] C Ay,
so that by transitivity (C),

0+# [S_l, Ll] CAynNS, C Annsosl.

Since for i > 0, we have by assumptions (iv) and (v) that S; = S%, and since

Jd_efS ¢®S_ 1@ ®S_1+AgN Sy is invariant under ad S;, —¢ < i < s,

it follows from our assumption that S1 # 0 that J is a proper ideal of the
simple Lie algebra S; i.e., we have obtained a contradiction. Thus, we must
conclude that Anny [y =0. O

Lemma 2.15. If assumption (vi) holds, then [V_o, L1] = L_; for any
non-zero Lo—submodule V_o of L_o.

Proof. This lemma follows from assumptions (vi) and (B). O
Lemma 2.16. If assumption (iv) holds, then Anny,L_, =0 for all i > 0.

Proof. Consider first the case in which ¢ = 1. If Ann, L_; # 0, then,
since we are assuming (iv) that L; is an irreducible Lo-module, we would
have Anny, L_, = Li. But then



[L*q’ L] = [L*q’ AnnLlL*Q] =0,
to contradict Lemma 2.3. Consequently, Annz,L_; = 0. Now, if @Q; def
Ann g, L_, # 0 for some 4 > 1, then by transitivity (C), we would have

0# (adL_1)"'Q; C Annp, L,

to contradict what we just showed. Thus, Ann,L_, = 0 for all 7 > 0, which
is what we wanted to show. [

Lemma 2.17. If assumptions (vi) and (viii) hold, then L_q = [L_q4i, L_;),
0<i<q

Proof. By Lemmas 2.3 and 2.4, [Ly, L_,4] = L_,, so the lemma is true
for 1 =0 and ¢ = q. For i« = 1, we use Lemmas 2.1 and 2.4. Now note that
for 1 £1 < g—1, we have

[(ad L1)'L g, (ad L1)* 'L g = [(adL1)'L g, [L1, (ad L) 0HD L)
= [(ad L)™' L g, (ad Ly)* VL],

so that in view of (vi), (B), and Lemmas 2.1 and 2.4

Ly = [(adLi)'L_g, (ad Ly)7'L_,)
= [(adL1)'Ly, (adL1)" 'L}, 1S i S q.

Then

L_g=[(@dL1)'L_g, (ad L1)* "L_g) C [L_g1i, L] C Ly, 1 Si < q.
O

Lemma 2.18. Let V be any (non-zero) irreducible Lo—submodule of L_q;.
If assumptions (v) and (viii) hold and 0 < i < q;—l, then [V, Lq_¢i11)] # 0,
so that [V, Lq_(i11)] = L-1. Moreover, L_gy; is an irreducible Lo—module.

Proof. If [V, Ly +1)] = 0, then, since the positive gradation spaces are
assumed (v) to be generated by L,



Vi Lg—i] = [V [L1, Lg—iy1)l]
= [V, L], Lg—(i41)]
C [Logrirn)s Lol

Consequently, since 7 is assumed to be less than qg—l, so that 22 4+ 1 < gq,

v, [V, qui]] c v [L—q+(i+1)7 Lq—(i—l—l)]]
= [L—q—l—(i—l—l)a [Va Lq—(i—}-l)]]
= [L—g+(+1), 0] = 0.

Now, L_4 = S_, is irreducible by Lemma 2.4, so we can assume by induction
that L_44;—1 is an irreducible Ly—module. Also, since [L_g4, Ly—1] = L_4
by Lemma, 2.3 and (B), we can assume by induction that [L_qy;—1, Lg—i] =
L_1. But then Lemma 2.12 would imply that V' = 0, contrary to assump-
tion. Thus, [V, L,_(;;1)] is a non-zero Lo—submodule of L_1, so that by ir-
reducibility (B), [V, Lg—(i+1)] = L-1. The last assertion follows from Lemma
2.13. O

Lemma 2.19. Suppose that assumptions (vi) and (viii) hold. Then for any
i,1 <4 < g, we have and [L_g, [L_;, L;]] = L_g; in particular, [L_;, L;] # 0.

Proof. The lemma will follow from Lemma 2.4 once we show that
[L_g, [L—i, Li]] # 0. For i = ¢, the lemma follows from Corollary 2.11. Let
1 £ 4 < g. Then by Lemma 2.17, we have L_;, = [L_g4i, L_;], and by
Lemma 2.8, we have L_g44; = [L_4, L;]. Then we have

L_q =L g+i, L] = [L_g+i, [L—q, Li]] = [L—q, [L—i, L],
so that [L_q, [L_;, Li]] # 0, as required. [

Lemma 2.20. Suppose that assumptions (i), (v), (and therefore, (iii)),
(vi), and (viii) hold and that 0 < i < %. Then [L_q4i, Lg—iy1] = L.

Proof. Suppose that [L_gy;, Lg—i+1] = 0. Then, since by (iii) and

Lemma 2.3, Lj = Sj = [Sj-i—l’ Sfl] = [Lj+1’ L,1:| - Lj for all j,0 < j <,
we have

10



[L—g+ir Lg—i] = [L—g+i; [Lg—it1, L1]]
= [Lq—i+1, [L—Q+ia L—l]]
= [Lg-it1, L—gti-1],

so that (since 7 < % implies that 2i + 3 < ¢, so that a fortiori 2i — 1 < q)

[L—g+is [L—qtir Lg—ll = [L—qtis [Lg-it1, Logii-]]
= [L—gti-1, [L—g+is Lg—it1l]
[L—g+i-1, 0] = 0.

Let v € L_gy; and u € Ly—;. Then

2(ad [v, u])’L_gtiv1 = (adw)*(adw)’L_giip1
- (ad"’)qu—Hl
C (adv)[L_g4i, Lg—it1] = (adv)0 = 0.

Consequently, adr,_,_; ,[L—q+i, Lg—i] is a nilpotent set of linear transfor-
mations by Lemma 2.9. Since we are assuming that i < qg—?’ we have
1+1< %, so we can apply Lemma 2.18 to conclude that L_g, ;1 is an
irreducible Lo—module. It follows that ady_,,,,[L—qti, Lq—] annihilates

L_4tit1- Thus (since 2i +1 < 20 + 3 < q)

0 = [[L—g+i, Lg—i]; L—g+it1] = [L—g+i, [Lg—is L—gti+1]]-

If [Ly—i, L_gtit1] # 0, then, since L; is assumed (iv) to be irreducible,
[Lg—i, L_g4i+1] would have to equal L;, and the above-displayed formula
would imply a lack of {1}—transitivity (vi) of L in its negative part. It
follows that [Lg, L_qti+1] = 0. Then, in view of our initial assumption
that [L_q14, Lg—i+1] =0, we would have

0= [[L—(H-i: Ll], Lq—i] = [[L—Q+i7 Lq—i]a Ll]a

to contradict Lemma 2.14, in view of Lemma 2.19. Thus, it must be
that [L_q4i, Lg—i+1] # 0, so that by the assumed irreducibility of L,
[L_g+i, Lg—i+1] = L1, as required. O

11



Lemma 2.21. Let ¢ > 5, and suppose that assumptz'ons (iv), (v) (and
therefore (iii)), (m) and (viii) hold. If q is even, then L22 = L_g4, while if

q s odd, then L _5 =L_g41.

Proof. We have by Lemma 2.8 that L_y = [L_4, Ls_2] and by Lemma
2.18 (since ¢ > 3) that L_y = [L_g41, Lg—2]- Thus, for any j, 1 < j < ¢—1,
we have by {—1}—transitivity (Lemma 2.1) that

0# [Vogs La] = [Voys [Logias Lg—2]] = [Log1, [Vojs Lg-2]]-

where V_; is any non-zero Ly—submodule of L_;. Consequently, [V_;, Lq—_2]
# 0. Then by Lemma 2.16 when j < g — 2, or, when j = ¢ — 2, by Lemmas
2.18 and 2.19,

0# [L_g, [Vj, Lg—2]] = [V-j, [L—g, Lg—2]]
[V*j’ L*Q]
by Lemma 2.8. If we successively let V_y; dgf I’ " 5, we can conclude that
q—1

, # 0 if ¢ is even and greater than two, and L_3 # 0 if ¢ is odd and
greater than three Then by Lemmas 2.4 (See (iii).) and 2.18, respectively,

L, =L ,and L3 =L_g. O

Lemma 2.22. Let ¢ > 5, and suppose that assumptions (i), (v) (and
therefore (iii)), (vi) and (viii) hold. Then L_o is an irreducible Lo—module.

Proof. Let V_5 be any irreducible Lo—submodule of L_,. Since [L_41,
[Vfg, ]] [V 2, [L g+1, ]] [V 2, Ll] 71 by Lemmas 2.20 and 2.15,
it follows that for any j, 0 < j < & (i.e., 0 < j < 951) for which V7, # 0,
we have by transitivity (Lemma 2.1) that

[L—Q-I-la [VZQ, [V—Qa ]]] [V 27 [V 2 [L—Q-I-la ]] [V 21L ] 7é 0,

so we conclude that [VJQ, (V- 2, L,]] # 0; i.e., (ad V_)T1L, # 0. Thus, so
long as 2(j +1) < g (i.e., j < 2 — 1), we have by Lemma 2.16 that

0 7é [L*'q’ [VZQ’ [V*Q’ Lq]]]
= [V£2> [V72a [qua Lqm
c Vit

12



Thus, V7, # 0 for all j, 0 < j < %2, and (adV_)/L, # 0 for all j,
0<j< ‘142'—1. If ¢ is odd, then, since ¢ > 5, we have by Lemma 2.18 that
=1 4_
V.2 =L_g41, while if ¢ is even, we have V2, = L_g4s.
In the case of odd ¢, we have, by the irreducibility (B) of L that L_;
= (ad V_g)%Lq, so that

Lo = [L1,L 1]
(L1, (ad Vog) T L]
[V_2, [L—q, Lg]] + [V-2, Ly

V_o.

N 1N

Thus, when ¢ is odd, we see that L_» is irreducible.
In the case of even ¢, we have by Lemma 2.18 (since ¢ > 5) that L_;

-1
= [L_gi0, Lg3] = [V2 , Ly3] C (adV_9)? 'L,_3 C L_;. By (D) and
transitivity (Lemma 2.1),

Lgt1 = [L, L—q+2]

[(ad V- 2) 1Lq 3, Lg42]
4_ 41

((ad V2)8 'Ly 5, V]

(ad Vo2)?™?Ly 3

qu—|—1a

N 1N

so that (See also Lemma 2.18.) (adV_2)? 2L, 5 = L_,41. Then, by Lemma
2.17,

L, = [L-1, L—Q-H]

= [L-1, (adV_2)7?L, 3]
[
[

C [V, L_q+2] + [(ad V_g)? 2L_y, L,—3]
C [V_,, V_2 ] [0, Ly—3]
c vz

Now, by Lemma 2.16 and irreducibility (B), we have
L,1 = [L,q, L - ] [V 2 Lq 1] (adV 2)2L 1 C L,1.
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Consequently, we have

Ly = [L_i, L]

[L 1, (ad V_p)2 Ly 1]
[(adV_2)3L_1, Ly_1]+ [V 2, Lo
[0, L]+ V_y

V_o

N 1N

as required. [

Lemma 2.23. Ifq > 2 and assumptions (vi) and (vii) hold, then Ann , L_o
=0.

Proof. Set A; = Ann,L_5, and suppose that A; # 0. Since

[L_g, [L_gt1, A1]] = [L_g41, [L—2, A1]] = 0,

we have
0 = [L-g [L—gs1, 41]]
2 [[L-s, L1], [L—g41, A1]] = [L—3, [L1, [L—g+1, A1]]]
2 [[L—s, L], [Ly, [Logt1, Ad]]] = [L—y, [L1, [L1, [L—gt1, A1]]]]
D [Logt1, (ad L1) 7P [Logi1, Ad]]-

Now, if [L_g41, A1] # 0, then by (vi) and irreducibility (B), we would have
(ad L1)973 [L_g41, A1] = L_1, so that [L_g41, L_1] = 0, to contradict tran-
sitivity (Lemma 2.1). Thus, we must have [L_g11, A1] = 0.

Now, since [L_g, [A1, A1]] C [L_g41, A1] =0, and, clearly, [L_41, [A,

A1]] = 0, it follows from Lemma 2.6 that [A;, A;] = 0. Then L' def (L_q
@+ ®@L_1 &Ly ®A1)/(L—q @+ ®L_2) is a depth-one Lie algebra which
satisfies conditions (A) through (C) of the Main Theorem. Consequently, by
Proposition 1.4, (L) is one of the Lie algebras enumerated in the hypothesis
of Lemma 1.6. If weset V = L_, ®@L_,;1, then the (LT)’—~module V' satisfies
the hypotheses of Lemma 1.6. If we set W = L_ 1, we have that [A1, L_q1]
= 0, so that we must conclude that { = ¢ — 1 = 0 mod 3. However, if we
then set W = L_,, we have that [L_;, L_4] = 0, so that we must conclude
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that ( = ¢ =0 mod 3. Since both ¢ — 1 and ¢ cannot be equivalent to zero
modulo three, we have arrived at a contradiction. We therefore conclude
that Ann, L_9 = A; =0, as required. [

Lemma 2.24. Ifi < % and [L_qi—1, Lg—s] # 0, then L_q4; = [L_gqi—1,
L]

Proof. Since [L_g4;—1, Lg—;] # 0, it follows from the irreducibility (B)
of L that [L_41;—1, Lg—i] = L_1. Then by (D) we have

[L—g+it1, L—1]

[L g+i+15 [L g+i—1, Lq z]]
[L—q—H 1y [L—q+Z+17 Lq- il]
[L_g+i—1, L1]

Lg+i

N

O

Lemma 2.25. Let L be as in the statement of the Main Theorem, and
suppose that Ly # 0, that [L_2, L1] = 0 = [L_9, Lo], and that assumption
(vii) holds. Let L be the Lie subalgebra ofL generated by L_q, Lo, and L.
If M(L) is as in Theorem 1.3, then L/M(L) is Hamiltonian, and we have
[L-1, 1] = 5l(2).

Proof. Let I be the Lie subalgebra of L generated by L 1, Ly, L,
and Ls. Since [L_9, Li] = 0 = [L_9, Ls|, we have M(L) = L_, & --- &
L, :~M(I:J). But the depth I:,/M(l:}) is then one, so by Proposition 1.4,
L/M(L) is either Hamiltonian (i.e., between H (2 : n, w) and CH(2 : n, w))
or is isomorphic to a Lie algebra of type L(e) or M. However, the height of
the latter two Lie algebras is one, and, since Ly # 0, the height of L/M(L)

is at least two. Thus, L/M (L) must be Hamiltonian, so [L_1, L1] = sl(2).
It now follows from Corollary 1.5 that L/M (L) is Hamiltonian, as well. [

Lemma 2.26. Let

A1 d:ef Ann LlL,Q.

If condition (vi) of holds, then either A1 =0, or ¢ =2 and AnnL_o/L_»
is Hamiltonian.
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Proof. If ¢ > 2, it follows from Lemma 2.23 that A; = 0. On the other

hand, if g = 2 and A; £ 0, then A (L, @ Ly @ Lo @ 10, 41)/L_,

satisfies the conditions of Proposition 1.4. Consequently, 2 is congruent to
M or L(e), or 2 is Hamiltonian; i.e., between H(2: (1, 1), w) and CH(2 :
(1, 1), w). Note that in each of these cases, L; is an irreducible Lj— module,
so Ly = A;. Since ¢ = 2, L_5 and L_; commute, so [L_g, [L_1, A1]] =0,
and we have Ann L 9 DO [L_1, A1) = [L_1, L1]. In M and L(€) however,
[L_1, L] contains the center, which has non-zero bracket with L_; and
consequently with L_o = [L_y, L_1]. Thus 2/L_o must be Hamiltonian, as
required. [

Lemma 2.27. If M, is a non-zero Ly—submodule of Ly such that [[L_1,
Ml], Ml] = O, then [L_Q, Ml] 75 0.

Proof. Suppose [[L_1, Mi], M;] = 0 and [L_g, M;] = 0. Then if v €
L_1 and m € M7, we have

(adm)?(adv)?[L_1, M1] C (adm)[My, L 5] =0

SO

0 = (adm)?(ad v)?[L_1, Mi] = 2(ad [m, v])?[L_1, Mi]

Consequently, by Lemma 2.9, ad[;_, a[L-1, M1] is “associative nilpo-
tent”. Thus, [L_1, Mi] is a nilpotent Lie algebra. Since by transitivity,
[L_1, Mi] # 0, it follows from (i) that [L_;, M;] is the center of Lj. But
the center acts as a non-zero scalar on L_1 so, since it“acts as zero” on
Ly, it must act as the negative of that non-zero scalar on My, contrary to
assumption. [

Lemma 2.28. If M is a non-zero Lo—submodule of Ly such that Ann 1, M,
#0, then [[L_1, My], Mi] = 0, and [M, Mi] = 0.

Proof. Set X def Ann ; M; # 0, and suppose that X # 0. Then by
transitivity (C) and irreducibility (B), [L_1, X] = L_1, so

(L1, My] = [[L1, X], My] = [[L 1, Mi], X] C X

Thus, [L_1,[M1, Mi]] C [X, M;] = 0, so, by transitivity (C), [My, M;] = 0.
O
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Lemma 2.29. If M is a non-zero Ly—submodule of Ly such that [[L_1, M1], Mi]
= 0, and Ny is another Ly—submodule of Ly such that [M, N1| = 0, then
[N1, N1] = 05 i.e., N1 must be abelian.

Proof. We have by Lemma 2.27 that [L_o, M;] # 0. Consequently, by
irreducibility (B), we have [L_y, M;] = L_1. Then

[N1, [M1, L 1]] = [Ny, [My, [M, L 9]]
= [My, [My, [Ny, L_5]]
C [[L-1, My], M;]
= 0.

Thus, [M1, L_1] annihilates N; as well as M;. The result follows from
Lemma 2.28 above. [

Lemma 2.30. If My and N; are Lo—submodules of L1 such that Ann 1, M1N
Ann 1, Ny # 0, then [M1, N1] = 0.

Proof. Set X def Annr,M; N Ann r,N;, and suppose that X # 0. Then
by irreducibility (B) and transitivity (C), we have [L_;, X] = L_;]. Then

[Lfla Ml] = [[Lfla X]a Ml] = [[Lfla M1]7 X] c X.
Similarly, [L_1, N1] C X. Then

(L1, [My1, N]] C[[L_1, Ni], Ma] + [My, [L-1, Ni]] =0,
so by transitivity (C), [M;y, N1] = 0, as required.

3 A factor algebra of a subalgebra of the even part
of L

In this and the following two sections, we assume that ((i) and (ii),
of course), (iv), (v) (and therefore (iii)), (vi), and (viii) of the previous
section hold, so that, in particular, by Lemma 2.22, L_5 is an irreducible
Ly—module.

We begin this section by forming the irreducible, transitive Lie algebra,
B(L_3). (See, for example, Section 3 of [BG].) Indeed, consider the subal-
gebra
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E:E—L%JGB'“@EOGB”'@EL%j

of L consisting of the gradation spaces F; = L:g for 1 < 0, and F; = Lo; for
i20.Set Ty = Anng,F_1 = Ann,L_o, and for i =1,2,..., let

T, = {o € B | [z, B1] C Ti1}.
Then

TZTQ@TlEB...@TL%J

is an ideal of E, and the factor algebra

G=E/T=G |18 0G18G &G & &Gz

%
is a transitive graded Lie algebra (See [BG, Lemma 3].) Thus, the Lie

algebra B(L_g) def & satisfies conditions (A)-(D) of the Main Theorem.

(It is shown in, for example, [BGP], that the process of forming B(L_5)
preserves condition (A).)

Lemma 3.1. Let L be as in the statement of the Main Theorem, and
suppose that assumptions (i) - (vi) and (viii) hold. If ¢ 2 6, then B(L_3) is
an irreducible, transitive graded Lie algebra of height greater than zero and
depth greater than 1, and B(L_9)_o € M(B(L_2)). Consequently, since the
depth of B(L_2) is no greater than half of the depth of L, we can, using
induction, apply the Main Theorem to conclude that the character of the
representation of B(L_3){ on B(L_2)_1 is equal to zero. Then the character
of Ly on L_q is also zero.

Proof. By Lemma 2.22, L 5 is an irreducible Ly—module, and by
Lemma 2.21, the depth of B(L_5) is greater than one.

To show that the height of B(L_5) is positive, we begin by proving that
since g 2 6, we have [L_g41, Lo] # 0. Indeed, we have by Lemma 2.20 and
{1}—transitivity (vi) that

[Lgi1; Lol 2 [Lgt1, [Lgy2, L]
[L—g+2, [L—qt15 Lg]]
[L_qt2, L]

# 07
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as required, so that if ¢ is odd, we have by Lemma 2.21 that

-1
0# [L g1, Lo] C (ad L_5)*2 Ly.

On the other hand, if ¢ is even, we have by Lemma 2.3 and Lemma 2.21
that

0+# [L_g, L2) C (ad L_5)? Lo.

In either case,

[L—2, [L-2, Lo]] # 0, (3.2)

so [L_g, L] € Ty. Thus, Tt # Lo, so Gy # (0), and the height of B(L_2) is
positive.

We must now verify hypothesis (E) of the Main Theorem for the Lie
algebra B(L_s); that is, we must show that [L_g, L_o] is not contained in
M (B(L_3)). Thus, suppose that [L_s, L_5] is contained in M (B(L_5)). We
will arrive at a contradiction by successively considering the two cases: 1)
even ¢, and 2) odd gq.

1) Suppose first that ¢ is even. Then by Lemma 2.21, L_, = L%Q =
(ad L_9)2~?[L_g, L_5], so that L_, € M(B(L_3)). Then by Lemma 2.8,
B(L_9)—1 =L_5 =[L_4, Ly_9] C M(B(L_3)), so that we would have

[L_g, L] C Ly N M(B(L_3)) =0,

to contradict, for example, (3.2) above. Thus, ¢ cannot be even.
2) Next suppose that ¢ is odd. Then by Lemma 2.21 again, L_,44
a—1 _
= L3 = (adL_5)"% ~2[L_y, L_y], so that L_,y € M(B(L_s)). Now, by
Lemma 2.18, [L_g49, Lg-3] = L_1. If [L_441, L,y—3] were equal to zero, then
we would have

0 = [L*Q—I-?a O]
= [Lgt2, [Lg+41, Lq-3]]
= [L—g+1; [Lgt2; Lg—3]] = [L—g41, L]
to contradict transitivity (Lemma 2.1). We therefore conclude that [L_441,

L,—3] # 0. Since by Lemma 2.22, L_5 is an irreducible Lo—module, it fol-
lows that L_o = [L_q41, Lg—3] € M(B(L_2)). But we saw at the conclusion
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of 1) above that L_o cannot be contained in M (B(L_2)). This second con-
tradiction shows that B(L_9)_9 = [L_9, L_o] is in fact not contained in
M(B(L_2)), no matter what the parity of ¢ is.

Consequently, we can conclude that B(L_) satisfies hypothesis (E), and
therefore all of the hypotheses of the Main Theorem, which we can now apply
to conclude that the character x of B(L_s){ on B(L_3)_1 is zero. Then 3,
which is the character of Ly on L_;, must be zero as well, and Lemma 3.1
is proved. [

We now address the depth-four and depth-five cases individually.

4 The depth-four case

Suppose

L=L 4®L 3& 0L,
satisfies conditions (i) through (viii), in particular, the assumption (iv) that
L4 is an irreducible Ly—module.
By Lemma 2.15,
[L_g, L] = L_1.
Now suppose that [L_g, L_9] = 0. Then

[L_3,L_1] = [L_3,[L_2,L1]] = [L_9,[L—3, L1]] C [L—2,L_5] =0,

to contradict {—1}—transitivity (Lemma 2.1). Thus, it follows that

[L_2, L_o] # 0.

It now follows from Lemma 2.4 and (iii) that [L_o, L_o] = L_4. Further-
more, from Lemma 2.3 we have [L_4, Lo] # 0. Then

0 # [L—4, Lo] = [[L—2, L—3], L2] C [L—3, [L—2, Lo]].

Now let V_g be any irreducible Ly— submodule of L_5. If [V_9, L3] = 0,
then by Lemma 2.3 and irreducibility (B), 0 = [L_y4, [V_g2, L3]] = [V_o,
[L_4, L3]] = [V_2, L_1] to contradict transitivity (Lemma 2.1). Thus, we can
assume that [V_g, L] = L, since we are assuming that L; is irreducible (iv).
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Then by Lemma 2.15, L_1 = [V_a, [V_2, L3]]. Then we have by condition
(D) of the Main Theorem that

L, = [L_y, L]
= [L-1, [V 2, [V_2, L3]]]
C [[L-1, Voo], Voo, Ls]] + [V—2, Lo]
= [V 25 [[L 1, Vo ]’ L3]] + [V*Qa LO]
C [V_o, L]
C Voo

so that L_ is an irreducible Ly—module.

Thus, in the depth-two irreducible, transitive Lie algebra B(L_o), we
have by (4.1) that B(L_2); # 0. Furthermore, it follows again from (4.1)
above that

B(L_3)—2 = L4 = [L_o, L5] £ M(B(L_2)),

so that hypothesis (E) of the Main Theorem is satisfied for B(L_3), as
are the other hypotheses of the Main Theorem. Then the Main Theorem
(proved for the case ¢ = 2 in [BGK]) applies to show that the representation
of B(L_3); on B(L_2)_1 is restricted. Consequently, the character x of Lj
on L_, is zero, as must be the character %X of Ly on L_.

5 The depth-five case

Suppose

L:L_5@L_4GB---€BLT

satisfies conditions (i) through (viii), in particular, the assumption (iv) that
L4 is an irreducible Ly—module.
Since L is transitive (C), [L_1, Ls] # 0.

(L5, [L-1, Ls]] = [L-1, [L—5, Ls]]

is also non-zero by Lemma 2.3 and transitivity (Lemma 2.1), so that, by
irreducibility (B), [L_s, [L—1, Ls]] = L_;.

Now suppose that [L_4, Ls] = 0. If [L_3, [L_3, Ls]] = 0, then we would
have
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0=I[L 1, [L3,[L 3, Ls]]] = [L3, [L3, [L1, Ls]]].

However, since [L_5, [L_1, Ls]] = L_1, we have by transitivity (Lemma
2.1) that

0# [L—1, L_3] = [L—3, [L—5, [L-1, Ls]]] = [L—s, [L—3, [L-1, Ls]]]

so that [L_s, [L_1, Ls]] # 0. Since L; is assumed (iv) to be irreducible, we
must have [L_3, [L_1, Ls]] = L;. Then by {1}—transitivity (vi),

0 7é [L73, Ll] = [L737 [L*3a [Lflﬂ L5]]]7

contrary to what was derived above. Thus, we can assume that [L_3, [L_3,
Ls]] # 0. But then, by the irreducibility (B) of L, we must have [L_3, [L_3,
Ls]] = L_;. Then, by {—1}—transitivity (Lemma 2.1),

0 # [L4y L1] = [L_y, [L—3, [L—3, Ls]]] = [L—3, [L—3, [L—4, Ls]]],

so that [L_4, Ls] # 0.
Since we are assuming (iv) that L; is irreducible, it follows that

[L_4, Ls) = Ly. (5.1)

Now let V_5 be any non-zero Lg—submodule of L_5. Then we have by
(5.1) and {1}—transitivity (vi) that

0 # [V_o, Ln] = [V_o, [L_4, Ls]] = [[L—4, [V_9, Ls]],

SO

[L—4a [V—Q’ L5]] = L—la
by the irreducibility (B) of L. Then, by {—1}—transitivity (Lemma 2.1),

0 7é [V—Qa L—l] = [V—Qa [L—4a [V—Qa LS]]] = [L—41 [V—Q, [V—Qa L5]]],

so that [V_g, [V_o, Ls]] # 0. Thus, by the assumed irreducibility (iv) of Ly,
we must have [V_q, [V_a, Ls]] = L;. Then, as above, by the {1}—transitivity
(vi) of L, we have
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0# Voo, L] = [V_o, [Voo, [V 2, Ls]]],
so that

Voo, Vo2, [Vo2, Ls]]] = L1, (5.2)

by the irreducibility (B) of L. Then, since the negative gradation spaces are
generated (D) by L_1, we have

L_g=[L_y, Ly] =[L_1, [V_a, [V_2, [V_2, Ls]]]] C [V_2, Lo] C V_o,

so that L_s is an irreducible Ly—module.
Now, by Lemma 2.17, L_5 = [L_9, L_3]. Consequently, in view of (D)
and (5.2) above

L75 = [L72a L73]
[L—2, [L_1, L_9]]
= [L s, [L g, [L 2, [L 2, [L 2, Ls]]].

Then by {1}—transitivity (vi), we have

0# [L1, L—5] = [L1, [L—2, [L-2, [L-2, [L—g, [L—2, L5]]] C [L—2, [L—2, Lo]],

so that [L_g, L_9] # 0. Furthermore, since the negative gradation spaces
are generated (D) by L_1, we have by (5.2) above that

Loa = [L_1,L_3
= [L-1,[L-1,L_2]]
= [L-1, [L-2, [L—2, [L—2, [L—2, Ls]]]]]
C [L—g, L],
Loy=[L_s, L_o). (5.3)

Now suppose that [L_4, Lo] = 0, and suppose further that [L_3, Lo] = 0.
Then we would have by (C) and (D) that
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0=I[L 4, Ly] =[[L 3, L 1], Ly] = [L 3, [L 1, Lo]] = [L3, L]

by the assumed irreducibility (iv) of Li, to contradict {1}—transitivity (vi).
Thus, [L_3, Lo] # 0, so that by the irreducibility (B) of L, [L_3, Lo] = L_;.
Then

[[L—3, [L—4, Lo]] = [[L-4, [L—3, Lo]] = [L—4, L_1] #0,
by {—1}—transitivity (Lemma 2.1). Thus, it must be true that

(Lo, Ls] #0, (5.4)
so that

0 # [L_4, Lo] = [[L_2, L_s], Lo] C [L_o, [L_2, Lo]]. (5.5)

Thus, B(L_3) is a transitive, irreducible depth-two Lie algebra. By (5.5)
above, B(L_39)1 # 0. By (5.3) and (5.4) above, B(L_3) satisfies hypothesis
(E) of the Main Theorem. Therefore, as in the depth-four case above, it
follows from the Main Theorem (proved for the case ¢ = 2 in [BGK]) that
the character of B(L_s); on B(L_2)_1 = L_9 is zero. Consequently, the
character of Ly on L_; is zero, as well, and L_; is a restricted Ly—module.

6 Conclusion of the proof of the Main Theorem

Let L be as in the statement of the Main Theorem. In this section, we will

construct from L a Lie algebra L /M (IZ)) in which properties (i) through (vi)
of Section 2 hold. We will show that the conclusion of the Main Theorem
holds for L/M(L). Since it will be clear that the conclusion of the Main

Theorem can hold for L/M (L) only if it holds for I, we will have succeeded
in thereby proving the Main Theorem for L, as required.

Since property (viii) may not hold in all the Lie algebras we consider, it
may be necessary for us to consider “opposite” gradations. We will therefore
have carefully to analyze the irreducible L{—submodules of L;.

Consider the Lie algebra L C L generated by the local part L_1®Lo® L,
of L. We will now show that if (as we are assuming) the depth of L?M (L)
is greater than one, then the depth of (L)/M(L) cannot be one. This is the
content of the next three lemmas.

Suppose, then, that the representation of Lj on L_; is not restricted
and that the depth of E/M (L) is one. In each of the three possible cases,
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corresponding to the three lemmas below, respectively, we proceed to obtain
a contradiction. We first observe that (in light of the assumptions in the
previous sentence) we can apply Proposition 1.4 to conclude that L/M (L)
is either between H(2 : (1, 1), w) and CH(2 : (1, 1), w), or is equal to
L(e) or M. We will show that in each of these cases, [L_2, Li] # 0, so that
L_y ¢ M(L), and the depth of L/M(L) is greater than one. For each of
these cases, L is an irreducible abelian Ly—module. Thus, we can from
now on assume that (iv) holds, that

MEI)=L ;0L 410 &L,

and that [L_Q, L1] =0.

By hypothesis (E) of the Main Theorem, L_o ¢ M(L). Consequently,
L/M(L) has depth greater than one, and [Lsq, L_3] # 0. Let j be the
smallest natural number such that [L;, L_5] # 0. Our goal is thus to show
that in fact j = 1 in each of the possibilities for L/M (L). We begin with the
Hamiltonian case.

Lemma 6.1. If
H2:(1,1),w) CL/M(L)CCH?Z2: (1, 1), w),
then [Lfg, Ll] 7é 0; z'.e., _7 =1

Proof. Recall (See, for example, [BGK].) that H(2 : (1, 1), w) has a
realization as the divided power algebra O(2: (1, 1)), with Poisson bracket

{f. 9} = 0y f (029 + gz¥) — 8yg(5f + f2?).

In this realization, H(2 : (1, 1), w) is a graded Lie algebra, with the homo-
geneous degree of a monomial equal to one less than its degree in the second
variable, y.

We first note that H(2 : (1,1), w) is the sum (not direct, of course) of
three three-dimensional simple Lie algebras

Lo = (€0 = Drrz(1,1),6) @) b = Prrgai(1,1),0)(): fo = Prraa,),0) ()

(e-1 = DH(Q:(I,I),w) (2$(2))> h, fi= DH(2:(1,1),w) (9(2)»

(e1 = Dra(,1),w) @y®), b, f1 = Dra1),0) (@)
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and a self-normalizing three-dimensional abelian subalgebra

<Z—1 = DH(Q:(I,l),w)(]-)’ h, A= DH(?:(l,l),w)(-’If'(Q)y(Z))>'

(When we write, for example, eg = Dy (2.(1,1),w)(y), we are merely indicating
that eg is the element of the Lie algebra H(2 : (1, 1), w) which corresponds
to the monomial y.)

In view of the universal property of the tensor product, we have a map-

ping
L 1®L_1—L_o

given by

U@V [u, V]

Since the symmetric tensors map to zero, it must be that L_o is isomorphic
to A?(L_1). We will write

e_p = [2_1, e_1]

z_g =le_1, f-1]

f2=[f-1, 2]
In all this notation, the subscripts refer to the gradation space of the el-
ement; in addition, e;, 1 = —2,—1,0,1 all have h—eigenvalue two, f;, i =

—2,—1,0,1 all have h—eigenvalue minus two, and h, z1, z_1 and z_o all have
h—eigenvalue zero. To assist the reader in the calculations, we provide the
following bracket-operation table:
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H |[]|fo|h |e [f<1|h |ea|fi|h |eci |21 | h |2
x(2)y fo 0 2f0 2h 2e_1 2f0 0 [er 2f0 0 0 2f0 0
Ty h f() 0 26() ffl 0 [2e; f1 0 [2e_; 0 0 0
Y eo |h e | 0 |21 |e |f1 |2z1]| e 2f-1]2e_1| ey |er
x e 1 RfaRza| 0 2f 1|2h 2eg Rf 122 2| f 2 2f 1 2fo
Ty h |fol O (2e [f=1]| 0 [2e1]f1 | O [2e_1| O 0 |0

zy@ ler |0 [er [2fi | A e OO [er | fo 0 |e |0
v fi [2e1[2f1 |21 [eo |2/ 10 [0 |2/ [ 20 | fo [2F1 |0
ry h f() 0 260 f_1 0 261 f1 0 26_1 0 0 0
2.’1,‘(2) €1 0 €_1 f_1 zZ—92 |€-1 2f0 h €_1 0 26_2 €_1 0
1 Z_1 0 0 €_1 2f_2 0 0 2f0 0 €_9 0 0 0
Ty h f() 0 260 f_1 0 261 f1 0 26_1 0 0 0
2@ y@ [z, [0 10 [2es[fo [0 J[O]Jo]o [o [0 [0 [o

In addition, we have

[60’ 6—2] = 2f—2a [605 f—?] = 2-2, [607 Z—Q] = 26—27

and

[f07 6—2] = 07 [an f—Q] =€_2, [an 2—2] =0.

If, as we may assume, [L_o, L1] = 0, we would have [L1, [z_1,e_3]] = 0.
Thus, [z_1, e_2] would be an element of Ann;, ,L;, which is an Ly—module.
It would then follow that [fo, [eo, [€0,[2=1,€—2]]]] € Anny_,Li, as well.
However,

[f07 [60, [6(), [z—lve—Q]]]] = [f07 [607 2([6—17 6—2] + [z—la f—Q])]]
= [fo, [f-1,e—2] + 2[e_1, fo2] + 2[z_1, 2_2]]
= le_1,e-9]
and [e_1,e_2] ¢ Anny,_,L1, since it has non-zero bracket with fi. This

contradiction shows that [L_o, L1] # 0, as required. O

Lemma 6.2. If L/M (L) = L(e), then j = 1.
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Proof. Recall (See, for example, [BGK].) that L(e) and M, as subalge-
bras of contact Lie algebras, have realizations as divided power algebras of
O(2: (1, 1)), with Poisson bracket

{f’ g} = Af0,9 — Ago, f + axfayg - Byfawga

where

Af =2f =x0:f —yoyf.

We first note that L(e) is the sum (again not direct) of four three-
dimensional simple Lie algebras. In what follows, we will simply write,
for example, eg = y to indicate that ey is the element of L(e) corresponding
to y. We set ¢ = 2(z + zy), so that ad c is the “degree derivation.”

p— (zy +€2)), fo= - i : (1 + €)zPy + ez2))

L0:<60:yah:

2

(e-1 = x(Q), W=
6 —

S(h— <), 1 =)

<61 = (1 + E)J»‘y(Q) — €Yz, h” = 6—%((1 + €)h + 66)7 f—l = ‘T)>

2¢?
e—1

(z.1=1, 0" = (h—c), z1 = e(e + 1)zPy? 4 22,
As before, in the proof of Lemma 6.1, L_5 is isomorphic to A%(L_1), and

we set e_g = [z_1, e_1], z—2 = [e_1, f-1], and f_o = [f_1, 2_1]-
Set

(lmn def le + me+n
ik i€z + je+ k'

so that, for example, €191 = (62_’;)12. Then we have
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L(e)| eo h fo e_1 h' f1 el h" =1 Z_1 n'" 21
eo 0 eo h 2f-1 68% eo 0 2f1 68560 2z_1 0 eé?geo 68(2)(1)61
h |20 | 0 |egi3fo [egize—1 | 0  [ei3fi feqizer| 0 Jegi3f-1fepipe—1 [ 0 [egifar
fo [ 2n |egisfo | O 0 [ef9ifo egizer legiaz1 [€711fo legine—1 |eqiof—1 [ ef9ifo | 0
e—1| f-1 |epise—1 0 0 ertie—1| R |edgifo leiite—1| z—2 2e_o leeifje—1| O
WS | 0 [ [dfem | 0 [ fiha | 0 o (a0 [aws
S | 0 Jegisfi Jegizer | 207 Tefiifi | O 0 leffih | 2o 0 Jeqifi | ©
e [ Tdie [e [ [eiter T 0 [ 0 [eiier [ W [ [qler [ 0
h" legize0 0 911fo |efiie—1 0 eni1/1 Jefiier 0 EHIl CHEE 0 91721
121 leorafovegise ]| 222 Jeniifa] eo [ 2p7 Jiifoa] 0 fo [/ 1 |01 o
2_1 0 egfgz_l eg%gffl e_o 6%(1](1]2_1 0 68(1)(1]60 6(1)%(1)Z_1 2f_o 0 66%%?2_1 '
W | 0 [ e s| 0 kATl | 0 BEifaleal 0 kv
z1 [e950er | €Q1921 0 0 €29021 0 0 €90z1 | €520f0 | 2h"" eell%z 0

Then, since we

are assuming that [L_o, L;] = 0, we have

= [e1, 2-9]

= [e1, [e-1, f-1]]
= e lfor ol + s

1 2
= 21+ ——=((1+¢) +e€)e_q
e—1 -1

le—1, (1 +€)h + e

€

which is, of course, absurd. Thus, it must be true that [L_g, L1] # 0 in the

case of L(e).

O

Lemma 6.3. If L/M (L) = M, then j = 1.

Proof. We note that M, too, is the non-direct sum of the four three-
dimensional simple Lie algebras

Ly=(eg =z, h=2z—xy, fo= y+w(2)z)
(ec1 =z W =c+h, fi =y —z2(2))
(er=2% W' =c—h, f1=1)
(z.1=x, h" =2¢, 21 = yz + 2P z?)).
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Here, again, ad c is the degree derivation, with ¢ = 2(z + zy).
Again, L 5 is isomorphic to A?(L_1), and we again define e o, z_o, and
f—2 as in the proof of Lemma 6.1. Then

M €0 h f() €_1 hl f1 €1 h” I A | h”l z1
€ 0 €0 h 0 €0 Z1 0 26() Z-1 |€-1 0 261
B |20 | 0 | fo Re1| 0 |fi 21|10 [f |0 |0 |0
Jo |2h [2fo | 0 Rz_1|2fo |e1 |21 |fo |e-1 Rz_1| O |f1
e_1] 0 le—1 |z—1 | 0 Re_i|R |0 |0 |z_2 [2e—2 [2e_1 | eg
h’ 280 0 f() €_1 0 2f1 0 0 0 22_1 0 z1
fi |22 |2f1 |2ex |2 | f1 |0 [0 |O |e [2fo | f1 |O
(&) 0 €1 221 0 0 0 0 €1 h” 260 €1 0
h” €o 0 2f0 0 0 0 261 0 f1 22_1 0 z1
fo1 2221 21 2e—1 222 | 0 Reg [2h" 2f1| 0 |f-2 2f-12f0
Z_1 26_1 0 Z-1 |€—2 |Z—1 f() €y k-1 2f_2 0 22_1 h”l
h’” 0 0 0 €_1 0 2f1 261 0 f_1 Z_1 0 2Z1
z1 €1 0 2f1 260 221 0 0 2Z1 f() 2h”’ Z1 0

and we have

leo, e—2] =0, [eo, f-2] =222, [eo, z_2] = 2e_2,

and

[fo, e—2] = z—2, [fo, f=2] =2e_2, [fo, 2—2] = f—2.

If, as we are assuming, [L_o, L1] = 0, we would have (since [h',e_s] = 0)
that [L1, [e—1,e—2]] = 0. Thus, [e_1, e_2] would be an element of Anny, ,Lq,
and it would then follow that [fo, [eo, [eo,[e—1,e—2]]]] € Anny_, L, as well.
However,

[f()’ [f07 [6—17 6—2]]] = [f07 2(['2—1’ 6—2] + [e—la Z—Q])]
= [f—17e—2] + [2_172_2] + [e—l7f—2]'
But

[21, [f-1,e—2]+[z—1, 2-2]+[e—1, f-2] = [fo, e—2]+2-2[c, z_a]+2[eq, f-2] = 2-2,
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so [f-1,e—2] + [z—1,2—2] +[e—1, f—2] € Ann, ,Li. This contradiction shows
that [L_g, Li] # 0 in the case of M, as well. [

It is now clear that when L/M (L) is Hamiltonian or is isomorphic either
to L(e) or to M, we must have j = 1, so we may assume in what follows
that [L_Q, Ll] ;é 0.

Now let Vi be any irreducible ngsubnlodule of Li. Because of the
{1} —transitivity of the negative part of L/M (L), and because we have shown
that [L_o, L1] # 0, we can apply Lemma 2.26 above to L/M (L) to conclude
either that [L_o, V1] # 0, or that the depth of L/M (L) is two and L/M (L)
modulo its minus-two component is Hamiltonian. However, in the latter
case, L; is an irreducible Lj—module, so V; = L;. Since we are assuming
that [L_o, L1] # 0, we have [L_5, V1] # 0 in this latter case, also. Conse-
quently, if é is the Lie algebra generated by L_; & Lo & Vi, then the depth
g of E/M (f/) (Again, see Theorem 1.3.) is (also) greater than one.

Let F be the height of L/M(L). Suppose first that the depth § is less
than 7. If ¢ is less than ¢, then the Main Theorem follows by induction;
otherwise, it follows from Sections 4 and 5 and Lemma 3.1.

From now on, then, we will assume that 7 is less than or equal to ¢.
Suppose first that # > 1. Then, by definition of L, it must be that [Vi, V;] #
0, so that by Lemma 2.28, Ann,V; = 0. Clearly, B(V7) (See Section 3.)
satisfies the conditions of the Main Theorem. (Condition (E), for example,
follows from the transitivity (C) of L, which shows that actually M (B (V1)) =
0.) Consequently, we can conclude from that theorem that the representation
of Lj on Vi is restricted, and that the representation of Ly on B(V;); = L4
is restricted, as well (since B(V1); C Hom (V4, Ly)). . .

Thus, we may assume that 7+ = 1; i.e., that [V}, Vi] = 0. If L/M(L)
is not degenerate (i.e., if we are not in case (iii) of Theorem 1.3), then we
can apply Proposition 1.4 to B((L/M(L));) = B(V1) (ie., we can, as in
the previous paragraph, reverse the gradation of L/M(L)) to conclude that
B((L/M(L))1) is isomorphic to L(e) or M, or is Hamiltonian (i.e., between
H(2 : n,w) and CH(2 : n,w)). But in those cases (B((L/M(L))1))1 =
(L/M(L))—1 is abelian; ie., [Ly + M(L), L_1 + M(L)] € M(L), so that
by (D), L_o =[L_1, L_4] C M(I:/), so that [L_, V1] = 0, contrary to what
we have proved. Thus, if # = 1, L/M (L) must be degenerate. )

We will therefore assume in the rest of this section that L/M(L) is
degenerate for all choices of irreducible Ly—submodules V; in the socle of
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Li. In particular, we can assume that any Lg—submodule of L; contains
an Lyo—submodule V; such that [V, [V1, L_1]] = 0, and the subalgebra of
L generated by L_1, [L_1, V1], and V; is degenerate. We will consider two
cases, 1 <r < ¢ and ¢ < r, and obtain a contradiction in each case. We will
thereby easily be able to complete the proof of the Main Theorem.

Suppose first that 1 < r < §. Then L_, 1 # 0. Since L/M( L) is degen-
erate, we have

L= Vi, i—i—l]a 1<i<g-1

Since L_1 is an irreducible Ly—module, it follows that

Ly =(dW)i 1L -
We have

0= [[L—la‘/i]a VI] 2 [[[L—T—l, L'I‘],Vl]a Vl] = [[[L—T—la Vl]a ‘/I]LT]'

If r = 2, this says that [L_;, L,] = 0, to contradict transitivity (C). If r 2 3,
then

0= (ad Vi) ?[[[L—r—1, Vi, Vi], L] = [(ad V1) L1, L] = [L_1, L],

to again contradict transitivity, and prove that r cannot be strictly between
one and §.

Now suppose that ¢ < 7. In this situation, we will find the following two
lemmas useful.

Lemma 6.4. Let L satisfy hypothesis (A) of the Main Theorem, and let i
be a mon-zero integer. Further, let M_; and N; be Lyo—submodules of L_;
and L;, respectively, such that [M_;, N;] # 0, and [M_;, [M_;, N;]] =0 =
[[[M_;, N;], N;], N;]. Then [M_;, N;] lies in the center of L.

Proof. By hypothesis,

[M,Z, [M,Z, [Nza [va[M*Z’ ]]]]] - [M*Z’ [M*Za ]] =0.
Consequently, we have, for m € M_; and n € N;,

0 = (adm)?(adn)?[M_;, N;] = 2(ad [m, n])*[M_;, N;].
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It follows from Lemma 2.9 that [M_;, N;] is nilpotent; however, Ly is as-
sumed to be classical reductive, so [M_;, N;] must be in the center of L.
O

Corollary 6.5. Under the hypotheses of the above lemma, if, in addition,
[M_;, N;] is not in the center of Lo, then either [M_;, [M_;, N;]] # 0 or
[[[M_i, N;], N;], N;] # 0, so that, in particular, either B(M_;); # 0 or

B(N;); # 0.

Lemma 6.6. Let L be as in the statement of the Main Theorem. Ifr > 1,
and all Lo—submodules of Ly contain an irreducible Lo—submodule Vi such

that E, as defined above, is degenerate, then
[Li, Li] #0,1Zi < 4.

Proof. Since L is transitive and r is assumed to be greater than one, so
that Lo # 0, we have from above that

0 # IL- hLzl—Kadvl)‘f—lL_: Lo
C [[(adV1)T2L_g, L], Vi] + [(ad V1)T°L_;, Wi, Lo]]

_q7

Now, focusing on the first term in the above sum (and bearing in mind that
[[L_1, V4], V1] = 0), we have

in

[@dVi)T2L 4, Lol, Vi) = [[Vi, Lo}, (ad VA)T3L 7], V4]

[VA, [V, La]l, (ad VA)T*L_g], Vi]

= - = [[(ad V)7 2Ly, L_{], Vi]

Consequently, if this (first) term is not zero, then the conclusion is true.
Suppose, then, that this (first) term is zero. Then the second term must be
non-zero, and we have (since the first term is zero) that

»-Qn
N,

0# [(adV2)T 2L_, [Vi, Lo]) = -+~ = [L_;, (ad V1)7

so that for all i between one and ¢ inclusive,

[L—i7 [Liv Vl]] # 0.

However, if we then assume that [L_;, L;] = 0, we have, for all natural
numbers j (since we are assuming that any non-zero Ly—submodule of L;
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contains an Ly—submodule V; as described in the statement of the lemma,
so that if necessary, we can replace our old V; with a new one) that

(ad L;)? (ad L)’ V; (ad L;)’~"(ad L ;)" [Ls, [L 4, VA]]
(ad L;)Yad L_;)" "'V,

' QVI#()’

U iu

But that would imply that (ad L ;)?V; # 0 for all natural numbers j. Since
L is assumed to be finite-dimensional, we have arrived at a contradiction.
Thus, [L_;, L;] must be non-zero, as claimed. [

Note that in the above proof, L _ ; could be replaced by any Ly—submodule

K ;of L ;, 2 <4< §,suchthat (K ; + M(L) ;)/M(L) ; # 0 to demon-
strate that [K_;, L] # 0,1 < 4’ £ 4; in addition, note that Ly could be
replaced by any non-zero Ly—submodule Ky of Lo, so that, for example,
[K_9, K3] # 0 for any such choices of K_5 and Ko.

Now suppose that Anny,_,V; # 0, as it would, if, for example, M (L)_o
# 0. Let X_5 be an irreducible Ly—submodule of Ann;_,Vj. Then either
[X_o, [L_1, V1]] = X_9, or [X_2, [L_1, V1]] = 0. In the latter case, we have
by the transitivity (C) and irreducibility (B) of L that [X_o, [X_2, [L1, Vi]]]
= [X_2, [L=1, V1]] = 0. Since L_; can be assumed to be a non-restricted
Lo—module, it follows (See Lemma 2.9.) that the representation of B(X_2)
~ Lo/Ann, X o on B(X_2)_1 = X_9 is also not restricted. Then (using
the Main Theorem and induction on ¢) B(X_2) must be a depth-one graded
Lie algebra isomorphic to one of the Lie algebras listed in Proposition 1.4.
In particular, [[L1, V4], [L1, V4]] = 0. Then

[X—Q’ [X—2’ [[Lla Vl]’ [[Lla Vl]’ [X—Q’ [Lh Vl]]]]]]
- [X—Qa [X—Qa [[Lla Vi]a [Lla Vlm]
C [X_2, [X—2, 0]]
=0.

Then if w € X_5 and d € [L1, V4], we would have

0 = (adw)*(add)?[X_s, [L1, V]|
= 2(ad [w, d])*[X_o, [L1, V1]

so by Lemma 2.9 [X_o, [L1, Vi]] is nilpotent. Then (See Lemma 6.6.)
[X_9, [L1, V1]] would be in the center of Lj. But (again, as we observed
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above) by the definition of X_o, the fact that L is 1-transitive in the neg-
ative part, and the irreducibility of L, [X o, [L1, Vi]] = [L_1, Vi]. Then
[L_1, V1] would be in the center of L. However (See Corollary 6.5.), since
the adjoint endomorphism of any non-zero element z of the center of L
must (by Schur’s Lemma, and the irreducibility (B) and transitivity (C)
of L) act as a non-zero scalar on L_; = [L_4,[L_1, V4], it follows that
0 # [z, Vi] C [[L-1, V1], V4], contrary to hypothesis. This contradiction
shows that [X_o, [L_1, Vi]] = X_2. But the representation (induced by the
adjoint representation of L on itself) of [L_1, V1] on L_; is restricted (by the
definition of a degenerate Lie algebra), as must then be the representation
of [L_1, Vi]on X o C[L_1, L_1]. Consequently, B(X_5)( contains at least
two non-trivial ideals, one isomorphic to [L_1, V] and one isomorphic to
the ideal whose representation on L_; is not restricted. However, it would
then follow from [Ku2] that B(X_») is classical, a contradiction. Thus, we
can conclude that Anny_,V; = 0.

Now let K_5 be any irreducible Ly—submodule of L_5, and let K5 be
as in the remark following the proof of Lemma 6.4; i.e., Ko is a (non-zero)

irreducible Ly—submodule of L,. Because we can assume that M (L) o C
Anny ,Vi = 0, we can, in view of the aforementioned remark following
the proof of Lemma 6.6, conclude that [K o, K5] # 0, and (in view of the
irreducibility (C) of L) that [[K_q, V1], V1] = [L_1, V1]. Since (See Theorem
1.3.) [[L_l, Vl], [L_l, V1]] 75 O, we have

0# [[[K—27 Vl]’ V1]7 [L_1,V1]] = [[[K—Q’ [L—lv‘/l]]’ Vl]’ Vl]

It follows that K_5 isn’t a trivial [L_;, Vi]—module. Furthermore, since
[K_o, Ko] # 0, we have by Corollary 6.5 that if [K_5, [K_o, K»]] = 0, then
[[K_2, K2|, K2], K2] # 0. However, in that case, we would have by The-
orem 1.3 that (in the Lie algebra generated by K_o, Lo, and Kjy) B(K?2)
is a degenerate Lie algebra, so that K o would be abelian, contrary to the
definition (according to the same Theorem 1.3) of the bracket operation in

L, unless, of course, dimV; = 1 and § = 2; in this latter case, though, V;
would be a trivial Lj—module, to contradict Lemma 1.2 and our assumption
that the x of that lemma is not (identically) zero. (Of course, the commu-
tativity of K_o could also be deduced from the transitivity of B(K3), since
[KQ, [K_Q, K_Q]] C [K_Q, [K_Q, KQ]] = 0) It follows that [K_Q, [K_Q, Kz]]
# 0; i.e., B(K_3); # 0, so we can argue as above in the X_5 # 0 case to
arrive at a contradiction; i.e., B(K_9) cannot both be classical and have the
representation of its null component on its minus-one component fail to be
restricted.
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Thus, it must be that » = 1, and

L=L (@ ---L1®[L_;,V]eW

is a degenerate Lie algebra (in the sense of Theorem 1.3(ii)). But in that
situation, the representation of [L_;, V1] on L_; is restricted. It cannot be,
then, that Ly = [L_1, V1]; there must be a summand Iy C Ly which acts
non-restrictedly on L_;.

It follows, as noted above, that the proof of the Main Theorem is now
complete.

7 Remark

Recall that in the proof of Lemma 6.1, we noted that L_o &2 L_; A
L_q. It turns out that a similar statement can be made for an irreducible
Lo—submodule of Ly in the cases in which L/M (L) is isomorphic either to
L(e) or to M, even though [L1, L;] = 0 in those cases. Let j be as in the
previous section. By Lemma 2.25, j £ 2; furthermore,

E/M(i) = I~J_1 + io —{—El = L(e) or M.

In this case

Lo = Lo = gl(2) = sl(2) @ (w), (7.1)

where (w) is the center of Ly. If we compose the bracket operation in L
with the projection 7 of gl(2) onto (w), we obtain a non-zero Ly—invariant
pairing

LI«

Ly x Li1— L0—><w)

Since L_; and L; are irreducible Lo—modules, we have L1 = L* ;. Let L_;
correspond to the point (x, a) on the Zassenhaus variety of sl(2); that is,
X is the character of the adjoint representation of Ly on L_; (See Lemma
1.2.), and a is the value of the Casimir operator on L_q; i.e., ((—adh +
I)? + (ade)(ad f))|1_, = al, where I is the identity operator on L_;. (See
[BKK].) It can be shown that L*,; corresponds to the point (—x, a).

Let Ly be an irreducible Ly— submodule of L. Since L is transitive (C),

L2 g Hom (Lfl, Ll) = Ltl ® Ll.
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Using the isomorphism L* ; = L, we have

Ly CL, ® Ly =B(LLy),

the Lo—module of bilinear forms on L* ;. Obviously, B(L* ;) has two natural
Ly—submodules, namely, S(L* ), the Ly—submodule of symmetric bilinear
forms, and A%(L* ,), the Ly—submodule of skew-symmetric bilinear forms.
Recall that dim L_; = 3. Therefore, dim S(L* ;) = 6, and dim A?(L* ;) = 3.

We first consider the case in which T, C S(L* ;). For I € L.y, the corre-
sponding bilinear form ¢ € B(L_1) is defined by

P(u, v) = n([[l, u], v]), u,v € L_1.

Since ¢ € S(L_1), it follows that w([[l, u], v]) = «([[[, v], u]) for any u, v
€ L_;, whence [l, [u, v]] € sl(2) C Ly. Thus, since elements of the form
[u, v] span L_g, we have that [L o, Lo] = s{(2).

In the notation of [BKK],

E_l = L_1 = <1, Z, .’EQ)

for both L/M(L) = L(e) and L/M(L) = M (and for Hamiltonian L/M (L)
as well, as we saw earlier). Let {vg, v1, v2} be the basis of L* ; which is dual
to {1, z, z2}.

Lemma 7.2. If L/M(L) = M then Ly ¢ S(L* ).

Proof. When L/M(L) = M, (v}, vov1, v? + vova) is the unique three-
dimensional Ly—submodule of S(L* |). By Lemma 1.2, the character on L2 is
non-zero. Since the only non-restricted Lyo—modules are three dimensional,
it follows that

¥ 2 2
Lo = (vg, vov1, vi + vov2).

It can be shown that the Ly—module ('0(2), vov1, v? + vov2) corresponds
to the point (x, 1) in the Zassenhaus variety, and that L_o = A%(L_4)
corresponds to the point (—y, 0).

Suppose that [Lg, Lo] = 0 (or that [L_s, L_5] = 0). Then (in the first
case) we would have a one-graded Lie algebra

@ Lo Lhol,

generated by L_o and Ly, since as we noted above, [L_y, Lo] = sl(2) =
Lj. According to Corollary 1.5, such a Lie algebra is of type H(2 : n,w).
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However, in H(2 : n,w), the sl(2)—module H(2 : n,w); is of type (—x, 1).
Here, however, the role of H(2 : n,w); is being played by L_o, and we saw
above that L_j is of type (—x, 0). This contradiction shows that [Ly, L] #
0. Similarly, [L_9, L 9] # 0. We can now let the Lie algebra generated by
L_y, Ly, and Ly play the réole of f,/M (L) in the above argument. Then
[Lg, Lo] would be of type (=, 0) and [L_g, L_s] would be of type (—x, 1),
and we could argue as above to conclude that [[La, Ls], [Lg, Lo]] is non-zero
and of type (—x, 1), and that [[L_o, L_2], [L_2, L_o]] is likewise non-zero
and of type (—x, 0). Continuing in this way, we conclude that L? # 0 and
L™, # 0 for any positive integer n. Thus, since we are assuming that L is

finite-dimensional, it cannot be that T, C S(L* ;) when L/M (L) = M. [
Lemma 7.3. If L/M(L) = L(e) then Ly € S(L* ).

Proof. Suppose now that L/M(L) = L(e), and (again) that either
[La, Lo] = 0 or [L_9, L_5] = 0. Then, as in the previous case where L/M (L)
= M, we would have a one-graded Lie algebra, for example,

- ®L 0Ly d L,

with a semisimple character y of Lj = sl(2) on Lo. According to [BKK],
such a situation is impossible. Thus, [Lg, Lo] # 0 and [L_g, L_5] # 0, and
both Ly—modules correspond to semisimple characters of s[(2). We repeat
our argument for [Lg, Lo] and [L_s, L_5] to show that (Ivé)2 # 0 and that
(L2,)? # 0. Continuing in this way, we see that dimL = oo, so that it
cannot be that Ly C S(L* ,) when L/M (L) = L(e), either. O

More explicit analysis of the Lo—module B(L* ;) = S*(L*,) @A%(L* ) in
the case L/M (L) = M shows that S?(L* ) is an indecomposable Lo—module,
and that

2( 1% _ (2 2 Q2( 1%
soc(§°(LZ,)) = (vg, vovr, vi + vova) C §°(LLy),
where S?(L*,) is the Ly—submodule of S%(L* ;) corresponding to the point
(p, 1) of the Zassenhaus variety. (Note that A?(L*,) corresponds to the
point (u, 0).) It follows that
soc(B(L* 1)) = soc(S*(L* ) ® A%(L*,)) = S?(L* ) @ A*(L* ).

Therefore, any non-trivial submodule of B(L*,) contains either S?(L* )
or A%2(L*,). We are focusing on L as a submodule of B(L* ;). Therefore,
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either S?(L* ) C Ly or A*(L* ) C Ly. In light of the previous lemma, we
can conclude that u = A?(L* ;) = A?(L,) in the M case.

We will now demonstrate that this is true more generally; i.e., that
L = A%(L;) both when L/M(L) = L(e) and when L/M (L) = M. Since us
was assumed to be any irreducible Ly—submodule of Lo, and since (in light
of the previous two lemmas) we may assume that Iy is not contained in
S(L*,), and since

up C Ly C S(L*,) @ A*(L% ),

it follows that
up NA%(L* ) # 0.
However, because of the irreducibility of fg, it must be that
uy C AZ(L* ).
Then by hypothesis, we can assume that
for any irreducible submodule Ly of Ly, as we wanted to show.

The authors would like to acknowledge their gratitude to the referee for
a multitude of helpful suggestions.
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