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ABSTRACT. We study a fully nonlinear equation of complex Monge-Ampeére
type on Hermitian manifolds. We establish the a priori estimates for solutions
of the equation up to the second order derivatives with the help of a subsolution.

1. Introduction. Let (M™,w) be a compact Hermitian manifold of dimension
greater than 1, with smooth boundary dM (which may be empty), and x a smooth
real (1,1) form on M. Define

V=1 _
Xu =X+ ?aé)u and [x] = {xu: u € CQ(M)}.
In this paper we are concerned with the equation
Xo =¥xu ' Aw, xu>0 on M. (1.1)

When M is closed, both w, x are Kéhler and 1 is constant, equation (1.1) was
introduced by Donaldson [5] in the setting of moment maps. Donaldson observed
that in this case the solution of equation (1.1) is unique (up to a constant) if exists,
and that a necessary condition for the existence of solution is [ny — ¢w] > 0. He
remarked that a natural conjecture would be that this is also a sufficient condition.

Donaldson’s problem was studied by Chen [3], Weinkove [13], [14], Song and
Weinkove [10] using parabolic methods as limit of the J-flow introduced by Don-
aldson [5] and Chen [2]. In [10] Song and Weinkove gave a necessary and sufficient
condition for convergence of the J-flow. Later on Fang, Lai and Ma [6] extended
their approach and solved the equation

Xu = CaXy “Aw Xy >0 on M. (1.2)
foralll1 <a<n.
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A key ingredient in solving elliptic or parabolic fully nonlinear equations is to
derive a priori estimates up to the second order derivatives. For the complex Monge-
Ampere equation on closed Kéhler manifolds, these estimates were established by
Yau [15] and Aubin [1]. Their results and techniques had far-reaching influences
in both geometry and to the theory of nonlinear PDEs on manifolds. In 1987,
Cherrier [4] studied the complex Monge-Ampere equation on Hermitian manifolds.
He established the estimates for second order derivatives in the general case, and
extended Yau’s zeroth order estimate under an additional assumption on the Her-
mitian metric. Recently, Tosatti and Weinkove [12] were able to carry out Yau'’s
estimate on general closed Hermitian mannifolds.

There has been increasing interest to study fully nonlinear elliptic and parabolic
equations other than the complex Monge-Ampeére equation on Kéhler or Hermitian
manifolds, both from geometric problems such as Donaldson’s problem mentioned
above, and from the PDE point of view. In this paper our main interest is to
seek general technical methods in establishing a priori estimates. We shall confine
ourselves to @ = 1 in (1.2) but our method works for more general equations and
in particular for all & < n. We shall treat the other cases in separate papers.

Our first result for equation (1.1) is the following

Theorem 1.1. Let u € C*(M) a solution of equation (1.1) and set Cy = sup; u —
infaru. Assume that there exists a function u € C%(M) satisfying

Xu = wXZ_l Aw, Xy >0 on M. (1.3)

Then there are constants C1, Ca, depending on Co, |u|c2(ary, the positive lower
bound of x., and infyr 1 > 0 as well as other known data, such that

m]\E}X|VU| <Ci(1+ Ig]z\x/IX|Vu\), |[Au| < Co((1+ 1181]2\2,4X|A’U,|) on M. (1.4)

We remark that both C'; and C5 in Theorem 1.1 depend on Cj, but the estimate
for Aw is independent of the gradient bound. (i.e. Cj is independent of C4.)
Apparently, assumption (1.3) is a trivial necessary condition for the solvability of
equation (1.1). Following the literature we shall call the function u a subsolution of
equation (1.1). It seems worthwhile to remark that the subsolution u plays key roles
in our proof of both estimates in (1.4); see Sections 3-4 for details. This appears
to us a rather new phenomena, and we are not clear how to derive these estimates
without using u. We also remark that the gradient estimate seems new even in the
Kéhler case.

Theorem 1.1 still holds under the following assumption which is slightly weaker
than (1.3)

(nxu — (n— 1)pw) A XZ_Z >0, xu >0 on M. (1.5)

When M is Kahler and v is a constant, this condition was first given by Song and
Weinkeve [10] and proved to be necessary and sufficient for the solvability (1.1) on
closed Kihler manifolds.

The estimates in Theorem 1.1 enable us to treat the Dirichlet problem for equa-
tion (1.1) on Hermitian manifolds with boundary. More precisely we can prove the
following existence result under the assumption of existence of a subsolution.

Theorem 1.2. Let (M™ w) be a compact Hermitian manifold with smooth boundary
OM, p € C®°(M), ¢ >0, where M = M UIM and ¢ € C*(OM). Suppose there
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exists a subsolution u € C?(M) satisfying

{xﬁ 2@/})(271/\(40, Xu >0 on M

1.6
u=¢ on oM. (16)

Then equation (1.1) admits a unique solution u € C*°(M) with u = ¢ on OM.

In order to prove Theorem 1.2 we need to establish a priori boundary estimates.
The gradient estimate on the boundary follows immediately from a barrier argu-
ment. The proof for the second order boundary estimates is similar to the Monge-
Ampere equation case in [7] and will be omitted here. We shall come back to the
issue for more general equations including (1.2) in our forthcoming papers where we
shall also discuss the existence questions for the closed manifold case. In this paper
we will just present the global a priori estimates up to the second order derivatives
of the solutions to equation (1.1).

The rest of this paper is organized as follows. In section 2 we fix some notations
and introduce some fundamental formulas in Hermitian geometry, which will be
used throughout the paper. We also establish a crucial lemma in this section that
will be applied to deriving the estimates in the following sections. Section 3 and
Section 4 will be devoted to establishing the global gradient estimates and the
estimates for the second order derivatives respectively. In both sections we make
the important use of the existence of a subsolution.

We dedicate this article with sincere respect and admiration to Professor Avner
Friedman on the occasion of his 80th birthday. We wish to thank Wei Sun for
pointing out several mistakes in previous versions. Part of this work was done while
the first author was in Xiamen University in summer 2011.

2. Preliminaries. We shall follow the notations in [7] where the reader can also
find a brief introduction to the background materials for Hermitian manifolds. In
particular, g and V will denote the Riemannian metric and Chern connection of
(M,w). The torsion and curvature tensors of V are defined by

T(u,v) =Vyuv — Vyu — [u,v],

2.1
R(u,v)w =V, Vyw — V,Vyw — Vi, ,jw, (2.1)
respectively. In local coordinates z = (z1,. .., 2,),
0 o -
- =gl = = iy — f,1—1
93 g((%i, 6%), {9} ={9gi}
21090 g
TE =Tk Tk = kl(J_J) _
] i Ji g 821 aZj ) (2 2)
ory 0?g.r ~0grg 091
R = i 22 = — My gpa CIka Il
82]- 82182] 821 8zj
Let v € C*(M). For convenience we write in local coordinates
v;; = V;Viv, 05, = Viv;, ete.
Recall v;; = vj; = 0;0;v and v;5;, = Opv;; — Tvp5. It follows that
l
Vijk — Viji = Linvi,
fri =i o
Vijk — Vikj = Tjkvii
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We calculate
ViRl = O — Iy ;Vigk

= 81(8kv kz pj) Fi?jvizjk

__ (2.4)
= (91(9}#)15 — 61 k:ivpj — in (vpﬁ + F?jqu) F ;Vigk
= 31@51%‘5 + gqukfiquj Fkﬂpgl F?jviﬁk - Fkirljvlﬂiﬂ
Vit = Tjith = 010kvi; — D1 T0gp — Dlivipk — Tviqr + 97 Rygzqvip:
Therefore,
Vil = Vijie = 9" RitiqUps — 9" Ry Vig,
Pq D g, D g (2'5)
Okt — Vikii; = 9" (RitiqVpj — Rijrgvpr) + Tixvpsi + Tjivige — T3, Tjivpg
The second identity in (2.5) follows from (2.4), (2.3) and
2 T7 — 0T + ThT0 + I 1% = T4 T,
It can also be derived as follows.
Vel — Vkiij = igki — Vigir) + (Vg — Vkji)
+ (i — vizi) + Uk — Vkiiz)
=V; ( zkvpj) +g Rzlkq D gquiipjykq
+ ViM% vkg) — 9" Rijiqvyi + 97 Ryjiveq 26
2.6

= ViTjvp; + Tivgsi + 9" Rijigp — gquﬂpjvkq
+ viri?lvk(j + Tiquvqu 9" Rijiqupi + 9" Rijpivn

= 9" (Riiqup; — Rijiqvpt) + Thvgsi + Thivegi

= 9" (RytiqUpj — Rijkqvpi) + Tixvpji + T jiVigk — TMT Ura:

Let u € C*(M) be a solution of equation (1.1). Asin [7], we denote g,; = x;j+u;j,
{g¥} = {gﬁ}*l and let W = try + Au. Assume that g;; = d;; and g,; is diagonal
at a fixed point p € M. Then

Uik — Ukii = Riraptips — Riptips + 2Re{Thugt — TH T upg, (2.7)
and therefore,
Giikk — Orkii = B0 — Ripp0xr + 2Re{T, kgljk} T, k|29jj Gk (2.8)
where
Gkl = Xukiz — Xiikk T BrripXpi — RianpXpr + 2Re{T, szgk} T Tkqu- (2.9)

In local coordinates, equation (1.1) can be written in the form

- n
9795 = - (2.10)
T
Differentiating this equation twice gives at p
FP (ugoug + urugg) = 2Re{ frug — Fxui}. (2.11)

Fligag — (Fiigh + F”Q“)Gm%m Tik (2.12)
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where F" = (g#)? and f = —n1p~!. Note that S F < (3 g¥)2 < C; we shall use
this fact without further reference. By (2.8) and (2.12) we have

F'"W; =F"g;5:7 > ZF” (g0 — Theas51 + lagal?) — CW. (2.13)

Finally, we note that since u € C*(M) and x,, > 0 on M,
ew < xy < e lw (2.14)
for some € > 0. Consequently,

Zgﬁ(Xﬁ +ug) > GZ 9ﬁ~ (2.15)

Let A\1(Xu); - -5 An(Xu) denote the eigenvalues of {x,;+u;;5}. Then (1.3) is equiv-
alent to

(2.16)

while (1.5) is equivalent to

Z WE) for each k =1,. (2.17)
i#k

It is clear that at a point where gﬁ = ;5 in local coordinates,

S Tt 219

We conclude this section with the followmg 1nequahty which will play a crucial
role in both the gradient and second order estimates in the sections below.

Lemma 2.1. There exist 8 > 0 and N > n depending on € such that if W > N

then
n+06

(4

Proof. We may assume g;; = d;; and {g,;} is diagonal. Suppose that g7 > --- >
gnn- By Schwarz inequality, (2.10), (2.18) and (2.14) we have

(6 06 + i) (Zg“) / quﬂﬁ

i>2
(50 / ()
(

— g’ ¥
> 1+ (2.20)
ny ( n(xi1 + @1i)>
(n—vg')?( e

>\ vY 7 ik

- nap (1 * )

2n+9

(G

provided g7 is sufficiently large. O

Remark 1. One can replace assumption (1.3) by (1.5) in Lemma 2.1. This is clear
from the proof.
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3. Gradient estimates. Let u € C*(M) be a solution of equation (1.1). The
primary goal of this section is to establish the a priori gradient estimates.

Proposition 1. There exists a uniform constant C > 0 such that

max |Vu| < C(1 + max |Vul). (3.1)
M oM

Proof. Let ¢ = Ae" where n = u—u and A is a positive constant to be determined
later. Suppose the function e?|Vu|? attains its maximum at an interior point p € M.
We choose local coordinate around p such that g;; = 6;; and g,; is diagonal at p
where, unless otherwise indicated, the computations below are evaluated.

For each ¢ = 1,...,n, we have

(IVul?)i (IVul*);

W+¢z‘=0, W+¢;=O (3.2)
e (Vu)s (V)
ul®) ul?);
i i <. 3.3
VuE | [vep %S (3:3)
A straightforward calculation shows that

(IVul®)i = wpug + upiug, (3.4)

(IVul®) i = upgug + uritigs + Ugiup + Urllz

= Uil + UgpUg T Uigpuk + Riuiug
)l = Thug® = [T,
It follows that ’ ’
FA(|VulP)s > Flugugs + Y Flug — Thu* = C(1L+|VuP’).  (3.6)

k
By (3.2) and (3.4),
[(IVul?)il® = Juguri|® = 2|Vu*Re{ugu;zd5} — |upug)*. (3.7)
Combining (3.3), (3.7) and (3.6), we obtain
IVul?Fg; + 2F Re{upuzdit < C(1+ [Vul?). (3.8)
Now,
¢i = ¢y b = d(nim; + Miz)-
‘We have
20 ' FURe{upu;p 07} = 20" Re{uim;} — 2F " Re{ ;rurdi
1 o i7 (3.9)
> — §|Vu| F'nm; — C
and _ ~ i
U
- - 3.10
2F”mm+F”(@ﬁ+Xﬁ)—% (310)
Therefore, by (3.8),
1 s 7 n _ _
SF e+ P+ x) = 7 <O +Val ). (3.11)

We consider two cases separately: (a) W > N for some N sufficiently large, and
(b) W < N.
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In case (a) we have
7 n _ On
F*ug +xi7) — — 2 —»
( ) P
by Lemma 2.1 for some 6 > 0. Therefore from (3.11) we obtain a bound |Vu| < C
when A is chosen sufficiently large.

Suppose now that W < N. Then, using equation (2.10),

Fiimg + F(w; + x;7) > [Vy? min 4 ¢y~ F7
K3

2
n

>n|Vn

n—1 2 w
>en \V’?|”<7_1>
>co| V™.

Plugging this back in (3.11) we derive a bound |Vn| < C which in turn implies a
bound |Vu| < C. O

4. The second order estimates. In this section we derive second order estimates
for solutions of equation (1.1).

Proposition 2. Let u € C*(M) be a solution of equation (1.1). There exists a
constant C > 0 depending on €, supvy 1, sup,,; u — infy; u, the C? norms of x, u
and 1, and the geometric quantities of M, such that

max |Au| < C(1 + max |Aul).
M oM

Proof. Consider @ = e?W, where as aforementioned W = try + Au and ¢ is a
function to be determined. Suppose @ achieves its maximum at a point p € M.
Choose local coordinates such that g;; = d;; and g;; is diagonal at p. We have (all
calculations below are done at p)

W Wi

; =0, =0, 4.1
w e w e (4.1)
Wii |”z‘|2
— = < (). .
i 2 +¢; <0 (4.2)

By (2.3) and (4.1),
[Wil? = Zgjji
J

(o5, - Tho)| +2 X Oellog, - Thed WD+ NP (w3

J

2

2 .
= ‘ Z(gﬁj —Tg;5) + i

J

IN

. 2 _
= Z(gﬁj - Tijjgjj)’ — 2WRe{gi\i} — 2|\ [?

J

where
Ai = Z(iji — Xijj + Tilelj)-

J
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By Schwarz inequality,
i i
| (0~ e < W eV lag; - Thasl” (4.9
J J

It therefore follows from (4.2), (4.3), (4.4) and (2.13) that
= - : 2 I T T —
0>F'W; — F% +WEF%: > WF"¢; + 2F"Re{p; \;} — CW. (4.5)
Let ¢ = e where n = u — u + sup,,;(u — u) and A is a positive constant. We
see that ¢; = A¢gn; and ¢;; = Agn;; + A%ém;m;. By Schwarz inequality,
2AF Re{mi\;} > — A2F|n;|? — C. (4.6)
By Lemma 2.1 we see that
¢ Flis = AF g + A’ Fonp,
= A
=AF"(xs +uz) — %

z%+ﬁﬁm;

2 it
+ AF " nim; (4.7)

provided W is sufficiently large. This combined with (4.6) and (4.5) gives
(0A — CyY)W < C.
Choosing A large enough we derive a bound W < C. O

By Proposition 2 equation (1.1) is uniformly elliptic for solutions u with x, > 0.
Therefore one can apply Evans-Krylov Theorem and the Schauder theory to derive
higher order estimates.
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