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1. Introduction

In the theory of classical solutions of the Dirichlet problem for nonlinear elliptic

equations of second order, many existence results are established under certain cur-

vature conditions on the boundary of the underlying domains. In particular, this has

been the case for the mean curvature equation

(1.1)
(
1 + |Du|2

)
∆u− uiujuij = nH

(
1 + |Du|2

)3/2

(henceforth ui = ∂u/∂xi, uij = ∂2u/∂xi∂xj, Du = gradu for a function u, and

summation convention is understood), and the Monge-Ampère equation

(1.2) det(uij) = ψ(x, u,Du) > 0,

which is closely related to the Gauss-Kronecker curvature of hypersurfaces of Eu-

clidean spaces. Let Ω be a bounded smooth domain in Rn. A well known theorem

of J. Serrin [13] states that (1.1) admits a solution u ∈ C∞(Ω) with boundary value

u = ϕ on ∂Ω, for constant H and arbitrary ϕ ∈ C∞(∂Ω) if and only if the mean

curvature of ∂Ω ≥ n|H|/(n− 1) everywhere. In the case that the underlying domain

Ω is strictly convex, the Dirichlet problem for Monge-Ampère equation (1.2) has been

studied extensively. It was proved by Caffarelli, Nirenberg and Spruck [1], and inde-

pendently by N. V. Krylov [11] that the solvability reduces to the existence of smooth

convex subsolutions. Trudinger and Urbas [18] studied necessary and sufficient con-

ditions for the existence of solutions. However, as far as the author is aware, until the

recent papers [9], [8], there had been no existence results on the Dirichlet problem for

the Monge-Ampère equations in non-convex domains.

In [8] Spruck and the author proved the following result: Let ϕ ∈ C∞(∂Ω), and ψ ∈
C∞(Ω×R×Rn) be a positive function which satisfies the condition that ψ1/n(x, z, p)

is convex in p. Then (1.2) has a locally convex solution u ∈ C∞(Ω) with u = ϕ on
1
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∂Ω, provided there exists a locally convex function u ∈ C∞(Ω) satisfying u = ϕ on

∂Ω and

(1.3) det(uij) ≥ ψ(x, u,Du) + δ0 in Ω, for some δ0 > 0.

This result, with no curvature assumptions on ∂Ω being made, has great advantage

in applications to geometric problems. In particular, it contains an optimal existence

result for graphs over domains in Rn of prescribed Gauss curvature. However, per-

haps what is more interesting from the viewpoint of nonlinear elliptic theory is the

proof of the result. The subsolution u is used in a crucial way in deriving a priori

boundary estimates for the second derivatives of solutions. The following question

then naturally arises: Do similar results hold for other nonlinear equations?

The purpose of the present paper is to show that the idea of [8] can be used to

treat a more general class of fully nonlinear elliptic equations in arbitrary domains.

Throughout the paper, let f be a smooth symmetric function defined in an open

convex symmetric cone Γ in Rn with vertex at the origin, Γ 6= Rn, and containing the

cone Γ+ ≡ {λ ∈ Rn : each component λi > 0}. We consider the Dirichlet problem in

a bounded smooth domain Ω ⊂ Rn

(1.4)
F (D2u) ≡ f(λ(D2u)) = ψ(x, u,Du) in Ω,

u = ϕ on ∂Ω.

Here λ(D2u) = (λ1, . . . , λn) denotes the eigenvalues of the Hessian matrix D2u =

{uij}. We assume ϕ ∈ C∞(∂Ω), ψ ∈ C∞(Ω× R× Rn) and, for convenience, ψ > 0.

We seek solutions of (1.4) among functions u ∈ C2(Ω) with λ(D2u) ∈ Γ; we call such

functions admissible. The equation is assumed to be elliptic at admissible functions,

i.e.,

(1.5) fi ≡
∂f

∂λi

> 0 in Γ, 1 ≤ i ≤ n,

and to satisfy

(1.6) f is a concave function,

(1.7) lim sup
λ→λ0

f(λ) ≤ 0 for every λ0 ∈ ∂Γ.

This type of equation was first studied by Caffarelli, Nirenberg and Spruck. In [3],

they studied the Dirichlet problem (1.4) for ψ = ψ(x) (i.e., ψ depends only on x),
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in a domain Ω satisfying the condition that there exists a sufficiently large number

R > 0 such that, at every point x ∈ ∂Ω,

(1.8) (κ1, . . . , κn−1, R) ∈ Γ.

Here κ1, . . . , κn−1 represent the principal curvatures of ∂Ω (with respect to the interior

normal). Their main theorem states that there exists a unique admissible solution

u ∈ C∞(Ω) of (1.4) if (1.5)-(1.8) hold and, for every C > 0 and every compact set K

in Γ there is a number R = R(C,K) such that

(1.9) f(λ1, . . . , λn−1, λn +R) ≥ C for all λ ∈ K,

(1.10) f(Rλ) ≥ C for all λ ∈ K.

Moreover, in case φ ≡ constant, condition (1.8) is also necessary for existence of

admissible solutions.

This result is proved using the continuity method and a priori estimates. Condition

(1.8) plays an essential role both in the construction of admissible subsolutions and

for the estimate of second derivatives at boundary points.

The above theorem was extended to the case ψ = ψ(x, u) by Y. Y. Li [12] who

proved the following result. In addition to (1.5)-(1.10), assume that

(1.11) lim inf
λ→0,λ∈Γ

f(λ) > −∞,

(1.12) lim
|λ|→∞

∑
i

fi(λ) = ∞ in {λ ∈ Γ : f(λ) ≥ δ}, for any δ > 0.

Then there exists an admissible solution of (1.4) provided that there exists an admis-

sible subsolution.

Condition (1.8) generally is a quite strong restriction. It is shown in [3] that if the

positive λi axes belong to ∂Γ, and Ω satisfies (1.8), then ∂Ω is necessarily connected.

In this paper we will treat problem (1.4) in an arbitrary smooth domain Ω. We

emphasize that no curvature restrictions on ∂Ω will be made. Instead, we assume

that there exists an admissible strict subsolution u ∈ C∞(Ω) of (1.4), that is, for

some δ0 > 0

(1.13)
F (uij) ≥ ψ(x, u,Du) + δ0 in Ω,

u = ϕ on ∂Ω.
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The function ψ here is allowed to depend on Du. We assume that

(1.14) ψ(x, z, p) is convex in p

and, for technical reasons, that for every fixed (x, z) ∈ Ω× R,

(1.15) inf
p
ψ > 0, inf

p

∂ψ

∂z
> −∞, sup

p

|Dxψ|
1 + |p|

<∞.

We state our main result of this paper.

Theorem 1.1. Assume (1.5)-(1.7), (1.9) and (1.12)-(1.15). There exists an admis-

sible solution u ∈ C∞(Ω) of (1.4) with u ≥ u. Moreover, the solution is unique if

ψz ≥ 0.

A typical example of f is the function Sk(λ) = (σ(k)(λ))1/k defined on Γk, where

σ(k)(λ) =
∑

i1<···<ik

λi1 · · ·λik

is the k-th elementary symmetric function. The cone Γk is the connected component

of the set {λ ∈ Rn : σ(k)(λ) > 0} containing Γ+. It is verified in [3] and [12] that

for 2 ≤ k ≤ n, Sk satisfies (1.5)-(1.7), (1.9)-(1.12). As a corollary of Theorem 1.1 we

have

Theorem 1.2. There exists a solution in C∞(Ω) to the Dirichlet problem

(1.16) σ(k)(λ(D2u)) = η(x, u,Du) in Ω, 2 ≤ k ≤ n, u = ϕ on ∂Ω,

provided that there exists an admissible strict subsolution and that the function ψ =

η1/k satisfies (1.14)-(1.15).

The Monge-Ampère equation corresponds to σ(n). Also note that Γn = Γ+ and in

this case (1.8) simply means Ω is a strictly convex domain.

It would be interesting to see whether Theorem 1.1 still holds when δ0 in (1.13)

vanishes, i.e., u is merely a subsolution. Using approximation and the gradient bounds

(independent of δ0) derived in Section 2 below, we obtain from Theorem 1.1 a weak

solution in the viscosity sense.

Corollary 1.3. Under the assumptions of Theorem 1.1 with δ0 = 0 in (1.13), (1.4)

admits a Lipschitz viscosity solution which is also unique if ψz ≥ 0.
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The interested reader is referred to [5] for an excellent exposition of the basic

theory of viscosity solutions and further references. We remark that for the Monge-

Ampère equation, the solution (obtained in Corollary 1.3) is actually smooth inside

the domain; see [7] for details.

Another natural class of nonlinear elliptic equations of interest consists of the pre-

scribed curvature equations of the form

(1.17) f(κ[u]) = ψ(x, u),

where f is as in (1.4), and κ[u] = (κ1, . . . , κn) denotes the principal curvatures of the

graph of u. In particular, the cases f = σ(1) and f = σ(n) correspond to the mean

curvature and the Gauss curvature equations, respectively.

The Dirichlet problem for general equations of type (1.17) has been treated by

Caffarelli-Nirenberg-Spruck [4] for strictly convex domains and constant boundary

data, and by Trudinger [16] in the viscosity sense. In [10] Ivochkina considered

the case f = σ(k) and proved the solvability of the Dirichlet problem in domains

whose boundaries satisfy certain curvature conditions. Her result extends that of

Serrin mentioned at the beginning. Related results can also be found in the work of

Trudinger [15], [17]. We expect that results similar to Theorem 1.1 hold for this class

of equations; we hope to study this problem in future work. We note that the result

in [8] on Monge-Ampère equations applies to the Gauss curvature equation. Note

also that the case of mean curvature is a borderline and possibly limiting case.

Fully nonlinear elliptic equations have received considerable study since the be-

ginning of the eighties. Among the major recent works are the contributions of L.

C. Evans [6], N. V. Krylov [11], Caffarelli-Kohn-Nirenberg-Spruck [2] and Trudinger [14]

who have discovered C2,α estimates from C2 bounds for fully nonlinear uniformly el-

liptic equations of second order with nonlinearility being concave (or convex) in D2u.

This result is fundamental to our proof of the existence part in Theorem 1.1. In

Section 2 we first make use of degree theory and reduce the proof to establishing the

estimate

(1.18) ‖u‖C2(Ω) ≤ C,

for all admissible solutions u of (1.4) with u ≥ u. Then we derive the C1 bounds.

The second derivative estimates are established in Section 3. These estimates at the

boundary points comprise the main work of this paper. The uniqueness in Theorem

1.1 is a direct consequence of the maximum principle.
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We conclude this section with some remarks concerning our assumptions. It is

shown in [3] that (1.6) implies that the function F is concave in D2u. Our proof will

heavily rely on this fact. Condition (1.7) implies that, once (1.18) is established, the

set of λ(uij) for all admissible solutions u of (1.4) with u ≥ u is contained in a compact

subset of Γ, and therefore, (1.4) is uniformly elliptic at any admissible solution u ≥ u.

This enables us to extend (1.18) directly to C2,α estimates through elliptic machinery.

Condition (1.7) also enters at a critical step in the proof of (1.18). The assumptions

in (1.15) purely arise from the technique we employ for gradient bounds. The growth

rate condition of Dxψ in p does not seem very natural in the sense of conditions such

as (1.13), (1.14) and perhaps may be improved (we will not, however, pursue the

optimal growth condition as it is not the main concern of this paper). On the other

hand, if one assumes in addition that, for any fixed (x, z) ∈ Ω× R,

(1.19) inf
p
ψz > 0, sup

p
|Dxψ| <∞,

one can replace (1.12) by a weaker condition:

(1.20) lim
|λ|→∞

∑
i

fi(1 + λ2
i ) = ∞ in {λ ∈ Γ : f(λ) ≥ δ}, for any δ > 0.

This will be clearly seen from the proof. Finally we note that (1.10) is not assumed

in Theorem 1.1.

2. Beginning of proof

In this section we first explain how to make use of degree theory and a priori

estimates to prove the existence in Theorem 1.1. To start with, we note that F (uij) >

δ0 > 0 in Ω. So by the implicit function theorem we can find an admissible function

u0 ∈ C∞(Ω) with u0 = u on ∂Ω, and satisfying

(2.1) 0 < F (u0
ij) ≤ F (uij)− ε0 in Ω, for some 0 < ε0 < δ0.

The maximum principle then implies u0 > u in Ω. For each t in 0 ≤ t ≤ 1 we wish

to find an admissible solution ut ∈ C∞(Ω), ut ≥ u, of

(2.2) F (ut
ij) = ψt(x, ut, Dut) in Ω, ut = φ on ∂Ω,

where ψt = tψ+(1− t)F (u0
ij); u

1 then is the desired solution of (1.4) in Theorem 1.1.

We note that (2.2) satisfies all assumptions in Theorem 1.1. For example, u is an
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strict subsolution of (2.2) for all t, i.e.,

F (uij) ≥ ψt(x, u,Du) + ε0, 0 ≤ t ≤ 1.

As in [1, Section 7] and [12, Section 4], the existence for (2.2) can be proved using

degree theory and the a priori estimate

(2.3) ‖ut‖C2,α(Ω) ≤ C, independent of t

for all admissible solutions ut ≥ u of (2.2).

It is shown in [2] and [11] for uniformly elliptic fully nonlinear second order equa-

tions which are concave in the second derivatives, the C2,α norm for solutions can

be estimated using a priori C2 bounds. Thus as remarked at the end of Section 1 it

suffices for us to derive

(2.4) ‖ut‖C2(Ω) ≤ C, independent of t.

Ignoring t let us assume u ≥ u to be an admissible solution of (1.4) in C∞(Ω)

and derive (1.18) to finish our proof of Theorem 1.1. First note that, since Γ is a

symmetric cone which is not Rn and contains Γ+,∑
λi > 0 for all λ = (λ1, . . . , λn) ∈ Γ.

It follows from the maximum principle that u ≤ u ≤ h in Ω, where h is the

harmonic function in Ω with h = ϕ on ∂Ω. Consequently,

(2.5) |u| ≤ K in Ω and |Du| ≤ K on ∂Ω.

Moreover, it follows from (1.15) that for some uniform constants ψ0, C0 > 0,

(2.6) ψ(x, u,Du) ≥ ψ0 > 0,

(2.7) ψz(x, u,Du) ≥ −C0, |Dxψ(x, u,Du)| ≤ C0(1 + |Du|).

In the rest of the paper, L will denote the linear operator defined by

Lw = F ijwij − ψpi
wi − cw, for w ∈ C2(Ω),

where

F ij =
∂F

∂uij

(D2u), ψpi
= ψpi

(x, u,Du)

and

c = max
x∈Ω

max
|z|≤2K

|ψz(x, z,Du)|, K as in (2.5).
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Lemma 2.1. There exists ε > 0, independent of δ0 in (1.13), such that

(2.8) L(u− u) ≤ ψ0

2
− ε
∑

i

F ii.

Proof. Consider w = u− ε
2
|x|2. Since u is a subsolution, for ε small enough, w is still

admissible and satisfies

F (D2w) ≥ ψ(x, u,Du)− ψ0

2
.

By the concavity of F we have

F (D2w) ≤ F (D2u) + F ij(wij − uij),

and hence

(2.9) F ij(uij − uij) ≤
ψ0

2
− ε
∑

i

F ii + ψ(x, u,Du)− ψ(x, u,Du).

Using the convexity of ψ in p we find

ψ(x, u,Du)− ψ(x, u,Du) ≤ ψz(x, z0, Du)(u− u) + ψpj
(x, u,Du)(uj − uj),

for some z0 with u ≤ z0 ≤ u. Thus (2.8) follows from (2.9). �

We now apply Lemma 2.1 to derive an a priori gradient bound

(2.10) |Du| ≤ C on Ω.

Set v = u−u and consider the function |Du|(1+v)−1. Suppose this function achieves

its maximum M0 at a point x0 ∈ Ω. It suffices to estimate M0.

If x0 ∈ ∂Ω, then we have a bound for M0 from (2.5). So we consider the case

x0 ∈ Ω. We may assume u1(x0) = |Du(x0)| > 0. The function log u1 − log(1 + v)

then achieves a local maximum at x0. Thus at that point,

(2.11)
u1i

u1

− vi

1 + v
= 0 for every i = 1, . . . , n

and, since the matrix {F ij} is positive definite,

(2.12) F ij u1ij

u1

− F ij vij

1 + v
≤ 0.

Differentiating (1.4) with respect to xk we find

F ijuijk = ψxk
+ ψzuk + ψpj

ujk.

Plug this with k = 1 into (2.12) and make use of (2.11) to derive

−1

1 + v
Lv + ψz +

ψx1

u1

≤ c.
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It follows from (2.7) and Lemma 2.1 that∑
i

fi ≡
∑

i

F ii ≤ C.

In view of (1.12) and (2.6) this implies |u11(x0)| ≤ C and hence yields a bound for

u1(x0) by (2.11); (2.10) is thus established.

Remark. Consider the function 1
2
|Du|2 − v. Suppose it attains its maximum value

at a point x0 ∈ Ω, then at x0 we have

ukuki − vi = 0, F ij(ukukij + ukiukj)− F ijvij ≤ 0.

Thus (note that F ijukiukj ≡
∑
fiλ

2
i ),∑

i

fiλ
2
i − Lv + ψxk

uk + ψz|Du|2 ≤ C.

Using the Cauchy-Scharwz inequality, one sees that a bound for the gradient can be

derived from assumptions (1.19), (1.20) and Lemma 2.1.

3. A priori estimates for second derivatives

In this section we establish a priori estimates in Ω for the second derivatives of u

in two steps. First we show how to derive

(3.1) |uij| ≤ C in Ω,

if we know bounds for uij on ∂Ω. Then we come back to estimate uij on ∂Ω.

Step 1. Let us first assume we have a bound

(3.2) |uij| ≤ C on ∂Ω.

In order to derive (3.1), it suffices to estimate

M = max
x∈Ω

max
|ξ|=1

∂2
ξu

v + b− 1
2
|Du|2

,

where v = u− u and b = 1 + maxΩ |Du|2. If the maximum occurs on ∂Ω, then M is

estimated via (3.2). So consider the case that M is achieved at some point x0 in Ω and

for some direction ξ. By rotating the coordinates, we may assume ξ = (1, 0, . . . , 0)

and uij(x0) = 0 for i 6= j. It suffices to establish a uniform upper bound for u11(0).
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The function log u11 − log(v + b − 1
2
|Du|2) then attains a maximum at x0. Hence

at that point, since uij is diagonal,

(3.3)
u11i

u11

− vi − uiuii

v + b− 1
2
|Du|2

= 0, for all i,

(3.4)
u11ii

u11

− vii − u2
ii − ujujii

v + b− 1
2
|Du|2

≤ 0, for all i.

Differentiating (1.4) twice, using the concavity of F and the convexity of ψ in p, one

finds

F iiuiijuj ≥ ψpj
ujujj − C,

F iiuii11 ≥ (ψ)11 ≥ ψpj
uj11 − C(1 + u11).

Multiplying (3.4) by u11F
ii and taking sum, with the aid of (3.3) and the above

inequalities, we obtain

F iiu2
ii − Lv ≤ C.

This and (2.8) then yield

F iiu2
ii +

∑
i

F ii ≤ C.

Consequently, a bound for u11(x0) follows from (1.20).

Step 2. To estimate the second derivatives of u at an arbitrary point on ∂Ω, we

may assume the point is the origin of Rn and that the positive xn axis is in direction

of the interior normal to ∂Ω at 0. Near 0, ∂Ω locally can be represented as a graph

(3.5) xn = ρ(x′) =
1

2

∑
α,β<n

Bαβxαxβ +O(|x′|3), x′ = (x1, . . . , xn−1).

¿From (u− u)(x′, ρ(x′)) = 0 it follows that

(3.6) (u− u)αβ(0) = −(u− u)n(0)Bαβ, α, β < n

and hence

(3.7) |uαβ(0)| ≤ C, α, β < n.

To estimate uαn(0) we need make use of the assumption δ0 > 0 in (1.13). First we

note that in the proof of Lemma 2.1, by requiring ε depend on δ0, we may replace

(−ψ0) by δ0. Consequently, we obtain the following key lemma which is a direct

extension of Lemma 2.2 in [8].
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Lemma 3.1. There exists a uniform positive constant ε1 such that

(3.8) L(u− u) ≤ −ε1
(
1 +

∑
F ii
)

in Ω.

With the aid of Lemma 3.1 we can use an upper barrier of the form

w = A(u− u) +B|x|2 in Ω ∩Bσ(0),

with A � B large and σ > 0 small, to estimate uαn(0), α < n. By subtracting a

linear function we may assume u(0) = uα(0) = 0, α < n. For α < n set

T =
∂

∂xα

+
∑

β

Bαβ

(
xβ

∂

∂xn

− xn
∂

∂xβ

)
.

As in [3] we find

|T (u− u)| ≤ C|x|2 on ∂(Ω ∩Bσ(0)),

|LT (u− u)| ≤ C
(
1 +

∑
F ii
)

in Ω ∩Bσ(0).

In view of Lemma 3.1, if we choose A� B � 1, then

L(w ± T (u− u)) ≤ 0 in Ω ∩Bσ(0),

w ≥ ±T (u− u) on ∂(Ω ∩Bσ(0)).

Thus by the maximum principle w ≥ |T (u− u)| in Ω ∩Bσ(0). Consequently,

(3.9) |uαn(0)| ≤ wn(0) + |uαn(0)| ≤ C, α < n.

It remains to prove

(3.10) unn(0) ≤ C.

For this we will modify the argument in [3], using a key idea from [8]. Let Γ′ denote

the projection to λ′ = (λ1, . . . , λn−1) of Γ. ¿From now on derivatives are computed

at 0.

Lemma 3.2. The distance of λ′(uαβ) ∈ Γ′ from ∂Γ′, the boundary of Γ′ in Rn−1, is

greater than some uniform positive constant c0.

We first note that (3.10) will follow from Lemma 3.2. For if unn is very large then

from Lemma 1.2 of [3], λ′(uij) is close to λ′(uαβ) and so its distance to ∂Γ′ is greater

than c0/2. Thus (by (3.7)) for some constant M , (λ′(uij),M) belongs to a compact

set in Γ. But our assumption (1.9) then implies a bound on λn and hence (3.10).
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Proof of Lemma 3.2. Without loss of generality, we may assume that at 0, u = u =

0, uα = uα = 0, α < n, and un = 0. ¿From (3.6) we then have

(3.11) uαβ = uαβ − unBαβ.

We observe that λ′(uαβ) belongs to Γ′. To see this let Enn denote the n×n matrix

whose (n, n) entry is one and all others are zero. Since λ(uij) ∈ Γ, λ(uij + aEnn) ∈ Γ

for any a > 0. By Lemma 1.2 of [3], λ′(uαβ) is close to λ′(uij + aEnn) ∈ Γ′ when a is

sufficiently large.

Let t0 be the first positive number such that λ′(σαβ) ∈ ∂Γ′, where

(3.12) σ =
∑

α,β<n

(uαβ − t0Bαβ)xαxβ.

In view of (3.11), if t0 = +∞ then we are done. So let us assume t0 < +∞ and derive

a bound

(3.13) un ≤ t0 − η

for some uniform η > 0, from which Lemma 3.2 follows.

By rotating coordinates x1, . . . , xn−1, we may assume {σαβ} to be diagonal with

σ11 ≤ . . . ≤ σn−1,n−1. As in [3], one can find a support plane to the cone Γ′ at λ′(σαβ),

i.e., there exists a fixed µ′ = (µ1, . . . , µn−1) ∈ Rn−1 with

µ1 ≥ · · · ≥ µn−1 ≥ 0,
∑
α<n

µα = 1,
∑
α<n

µασαα = 0

such that

(3.14) Γ′ lies in
{
λ′ ∈ Rn−1 : µ′ · λ′ > 0

}
.

Let S be a surface represented locally near 0 by

xn = ρ(x′)− τ

2
|x′|2 with 0 < τ small,

and let d(x) denote the distance of x ∈ Ω to S. At the origin

dαβ = τδαβ −Bαβ, 1 ≤ α, β ≤ n− 1; din = 0, 1 ≤ i ≤ n.

Rewrite

Bαβ − τδαβ =
1

t0
(ωαβ − σαβ) ,

where

ωαβ = uαβ − t0τδαβ.
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We see for fixed positive τ sufficiently small, λ′(ωαβ) lies in some compact subset of

Γ′. Hence by Lemma 6.2 of [3], we obtain

(3.15)
∑
α<n

µα dαα ≤ −a < 0,

for some fixed positive constant a; τ is so fixed.

On ∂Ω near 0 we have

u = ϕ =
1

2

∑
α,β<n

ϕαβxαxβ + t0

(
1

2

∑
α,β<n

Bαβxαxβ − ρ(x′)

)
+ P (x′) +O(|x′|4),

where P is a homogeneous cubic in x′. For h > 0 small let

Dh = {x ∈ Ω : |x′| < h, |xn| < h2}.

In Dh, we will employ the barrier function

v = w + η(C|x′|2 − xn),

where

w = σ(x′) + t0xn + P (x′) + l(x′)
(τ

2
|x′|2 − d

)
+
M

2
d2.

Now following exactly the argument in [3, pp 289-291], we can choose suitable positive

constants C,M large, h, η small, and a linear function l(x′), such that

(3.16) u ≤ v on ∂Dh,

and at every point in Dh,

(3.17) λ(vij) 6∈ {λ ∈ Γ : f(λ) ≥ ψ0}.

It follows from the maximum principle (see [3, Lamma B]) that u ≤ v in Dh, which

yields (3.13). �

The proof of Theorem 1.1 is thus complete.
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Notes added on December 5, 1995. In his review of this paper, John Urbas

points out that condition (1.12), which is used in deriving the a priori gradient es-

timate (2.10), seems uncompatible with (1.6). In the following we derive a gradient

bound without assuming (1.12). Instead, we assume that the function f satisfies

(3.18) fi(λ) ≥ ν0 > 0 for any λ ∈ Γ with λi ≤ 0.

We are also able to replace condition (1.15) by the following weaker assumption:

(3.19) inf
p

p ·Dxψ + |p|2ψz

(1 + |p|2)γ
> −∞ for some 0 < γ < 2.

Set v = u− u and

M0 = max
Ω̄

weav2

, w = (1 + |Du|2)1/2

where a > 0 is a sufficiently small constant to be determined later. It suffices to

estimate M0.

Suppose M0 is attained at a point x0 ∈ Ω̄. If x0 ∈ ∂Ω, then we have a bound

for M0 from (2.5). So we consider the case x0 ∈ Ω. The function logw + av2 then

achieves a local maximum at x0. Thus at that point,

(3.20)
wi

w
+ 2avvi = 0 for every i = 1, . . . , n

and, since the matrix {F ij} is positive definite,

(3.21) F ijwij

w
− F ijwiwj

w2
+ 2aF ijvivj + 2avF ijvij ≤ 0.

We compute

F ijwij ≥
1

w
F ijuijkuk.

As before, we differentiate equation (1.4) with respect to xk to find

F ijuijk = ψxk
+ ψzuk + ψpj

ujk.

Thus

F ijwij ≥
1

w
(ψxk

uk + ψz|Du|2) + ψpj
wj.

Combining this inequality and (3.20) with (3.21), we obtain

2a(1− 2av2)F ijvivj + 2av(F ijvij − ψpj
vj) +

1

w2
(ψxk

uk + ψz|Du|2) ≤ 0.

By the assumptions (1.6) and (1.14) we thus derive

F ijvij − ψpj
vj ≥ −C.
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Choosing a such that 4amaxΩ v
2 ≤ 1 then yields

(3.22) F ijvivj ≤ C(1 + w2γ−2).

Here we have used assumption (3.19). By a rotation of the coordinate system, we

may assume {uij(x0)} is diagonal, and therefore, F ij = δijfi. We may also assume

that, at x0, |u1| ≥ |Du|/n. Now, assume |Du(x0)| ≥ 2nmaxΩ |Du|. Then it follows

from (3.20) that

u11(x0) ≤ −avw2 < 0.

Thus, by (3.18), F 11 ≥ ν0 > 0. It follows from (3.22) that

ν0v
2
1 ≤ C(1 + w2γ−2).

However,

|v1(x0)| ≥ |u1(x0)| − |u1(x0)| ≥
1

n
|Du(x0)| − |Du(x0)| ≥

1

2n
|Du(x0)|.

We obtain, at x0,

w2 ≤ C(1 + w2γ−2),

which implies a bound |w(x0)| ≤ C.
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