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1. Introduction

The hyperbolic plane H2 has a canonical isometric embedding in the Minkowski
space R2,1 given by the hyperboloid

(1.1) x3 =
√

1 + |x′|2, x′ ∈ R2.

It seems an interesting question whether a two-dimensional simply connected
complete Riemannian manifold (M, g) of negative curvature always admits an
isometric embedding in R2,1. This is equivalent (see Section 2) to solving the
Monge-Ampère type equation on (M, g):

(1.2) det∇2u = −Kg(1 + |∇u|2) det g

where Kg is the (intrinsic) curvature of g. Note that this equation is elliptic when
Kg < 0. One can also ask other questions concerning local or global isometric
embedding in R2,1 for two-dimensional Riemannian manifolds. In this note we
shall consider the problem for compact disks with negative curvature.
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Theorem 1.1. Let g be a smooth metric of negative curvature on a compact
2-disk D with smooth boundary ∂D. Suppose ∂D has positive geodesic curvature.
Then there exists a smooth isometric embedding x : (D, g) → R2,1 with x(∂D) ⊂
{x3 = 0}.

This can be viewed as a counterpart to a theorem of Pogorelov [23] and
Hong [14], which states that a positively curved 2-disk with positive geodesic
curvature along its boundary admits an isometric embedding in R3 with planar
boundary.

Without the assumption of positive geodesic curvature along ∂D we shall prove
a weaker existence result which seems to have no counterpart in the positive
curvature case.

Theorem 1.2. Let (D, g) be a smooth compact disk of negative curvature with
smooth boundary ∂D. Suppose (D, g) is geodesically star-shaped with respect to
an interior point in D. Then (D, g) admits a smooth isometric embedding into
R2,1.

We say (D, g) is geodesically star-shaped with respect to x0 ∈ D if the expo-
nential map expx0

is a diffeomorphism from a star-shaped domain (with respect
to the origin) in the tangent plane Tx0D onto D.

Problems concerning isometric embedding of surfaces in the Euclidean space
R3 have received much attention. In 1906 Weyl considered the problem whether
a smooth metric on S2 with positive curvature always admits an isometric embed-
ding in R3. This problem, known as the Weyl problem, was studied subsequently
by Lewy, Alexanderov, and finally solved by Nirenberg [19] and Pogorelov [22]
independently; their results were extended by Guan-Li [8] and Hong-Zuily [18] to
the nonnegative curvature case. In [25] Yau posed the question of finding isomet-
ric embedding with prescribed boundary or with boundary contained in a given
surface in R3 for compact disks of positive curvature. Important contributions to
the area were made by Pogorelov [23] and Hong [12]-[17] who established remark-
able existence results for compact disks of positive curvature, and for complete
noncompact surfaces of nonnegative curvature. Hong [14] also considered the
problem for complete noncompact surfaces of negative curvature. We should also
mention the breakthroughs of Lin [20], [21], and the more recent work of Han-
Hong-Lin [11] and Han [9], [10] for local isometric embedding in R3. It would be
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interesting to study corresponding questions for isometric embedding in R2,1 of
negatively or nonpositively curved surfaces.

We shall derive equation (1.2) in Section 2 and show the equivalence of its
solvability to finding isometric embedding in R2,1 of a surface, therefore reducing
the proof of Theorems 1.1 and 1.2 to the Dirichlet problems for (1.2). In Section 3
we construct subsolutions for (1.2) when Kg < 0, which implies the existence of
solutions according to the general theory of Monge-Ampère equations. We shall
consider more general equations and boundary data in higher dimensions.

2. Basic Formulas

In this section we derive equation (1.2) for isometric embedding of a surface
into R2,1 . We begin with some basic notation and formulas.

Let Rn,1 (n ≥ 2) be the (n + 1)-dimensional Minkowski space which is Rn+1

equipped with the Lorentz metric

ds2 =
n∑

i=1

dx2
i − dx2

n+1.

We use 〈·, ·〉 to denote the Lorentz pairing, i.e.

〈v, w〉 =
n∑

i=1

viwi − vn+1wn+1.

A hypersurface Σ in Rn,1 is spacelike if ds2 induces a Riemannian metric on Σ,
that is, the restriction of the Lorentz pairing to the tangent plane of Σ at any
point is positive definite.

Let Σn be a spacelike hypersurface in Rn,1. We shall use ∇ and ∆ to denote
the Levi-Civita connection and the Laplace-Beltrami operator on Σ, respectively,
while D the standard connection of Rn,1. Let ν be the timelike unit normal of Σ,
i.e.

〈ν, ν〉 = −1.

Let e1, . . . , en be a local orthonormal frame on Σ. The second fundamental form
of Σ is defined as

hij = 〈Deiν, ej〉, 1 ≤ i, j ≤ n.
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We have hij = hji,

(2.1) Deiν = hijej , Deiej = hijν + Γk
ijek,

where Γk
ij = 〈∇eiej , ek〉 are the Christoffel symbols, and the Codazzi equation

(2.2) ∇khij = ∇ihjk.

The Riemannian curvature tensor is given by the Gauss equation (see e.g. [4])

(2.3) Rijkl = −hikhjl + hilhjk.

The mean and Gauss curvatures of Σ are

(2.4) H =
1
n

∑
hii, K = det hij

respectively, while the norm of the second fundamental form is given by

|A|2 =
∑

h2
ij .

Thus for a spacelike surface in R2,1 its intrinsic curvature is R1212 = −K.

Let x be the position vector of Σ in Rn,1 and define

u = −〈x, e〉, η = 〈x, ν〉, z = 〈x,x〉
which are called the height, support, and extrinsic distance functions of Σ, re-
spectively. Here e = (0, . . . , 0, 1) ∈ Rn,1 is the unit vector in the xn+1 (time)
direction:

〈e, e〉 = −1.

We have Deix = ei,

(2.5) ∇ijx := DeiDejx− Γk
ijDek

x = hijν.

Thus

∇iu = −〈ei, e〉,

(2.6) ∇iju = −〈ν, e〉hij ,

and

(2.7) |∇u|2 =
n∑

i=1

〈ei, e〉2 = 〈e, e〉+ 〈ν, e〉2 = −1 + 〈ν, e〉2.

Consequently, u satisfies the Monge-Ampère type equation

(2.8) det∇iju = K(1 + |∇u|2)n
2 .
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Let (D, g) be a two-dimensional Riemannian manifold and x : (D, g) → Σ ⊂
R2,1 an isometric embedding. Thus Σ is naturally spacelike in R2,1 and we see that
the function u := 〈x, e〉 satisfies equation (1.2) in D. Conversely, a solution of
(1.2) in D yields an isometric embedding of (D, g) into R2,1. This is a consequence
of the following fact.

Lemma 2.1. For u ∈ C2(D, g) the Gauss curvature of the metric g1 = g + du2

is

Kg1 =
1

1 + |∇u|2
(
Kg +

det∇2u

(1 + |∇u|2) det g

)
.

In particular, Kg1 = 0 if u is a solution of (1.2).

This lemma guarantees that for a smooth solution u of (1.2) we can always
find a smooth isometry from (D, g + du2) into R2 when D is simply connected
since g + du2 is flat. If we use (x, y) : D → R2 to denote this isometry then the
desired isometric embedding x : (D, g) → Σ ⊂ R2,1 is given by x = (x, y, u).

For the proof of Lemma 2.1 one can follow, for example, that of Lemma 1 in
[16] with slight modifications. So we omit it here.

In the rest of this section we derive equations for geometric quantities of (D, g).
Let L be the linear operator defined as

Lv = hij∇ijv, v ∈ C2(D).

First, differentiating K = det hij we obtain

(2.9) hijhijk = (log K)k

and

(2.10) hijhijkk − hibhajhijkhabk = (lnK)kk

where hijk = ∇khij , hijkl = ∇lkhij , etc. Next, we calculate

(2.11)

∇ijν := DeiDejν − Γk
ijDek

ν

= Dei(hjkek)− Γk
ijhklel

= hikhjkν + hjkiek

= hikhjkν + hijkek

by the Codazzi equation, and

∇iz = 2〈x, ei〉



832 Bo Guan

(2.12) ∇ijz = 2δij + 2ηhij .

Thus

(2.13) |∇z|2 = 4
n∑

i=1

〈x, ei〉2 = 4z + 4η2,

(2.14) Lz = 2
∑

i

hii + 2nη,

(2.15) Lx = nν

by (2.5), and

(2.16) Lν = nHν +∇ lnK.

Therefore,

(2.17)
Lη = 〈x,Lν〉+ 2hij〈∇ix,∇jν〉+ 〈ν,Lx〉

= nHη + n + 〈x,∇ lnK〉.
Note that

hijηiηj = hij〈x, ei〉〈x, ej〉 =
1
4
hijzizj

So
1
4
L(|∇z|2) = L(z + η2) = 2

∑
hii + 4nη + 2nHη2 + 2η〈x,∇ lnK〉+

1
2
hijzizj .

Finally, from

hijkl − hijlk =
∑
m

himRmjkl +
∑
m

hmjRmikl.

and the Codazzi and Gauss equations, we derive

(2.18)

LH =
1
n

∑

k

hijhkkij =
1
n

∑

k

hijhikkj

=
1
n

∑

k

hijhikjk +
1
n

∑

k,m

hijhimRmkkj +
1
n

∑

k,m

hijhmkRmikj

=
1
n

∑

k

hijhijkk + nH2 − |A|2

=
1
n

∆ln K +
1
n

∑

k

hilhmjhijkhlmk + nH2 − |A|2,



Isometric Embedding in Minkowski Space 833

and
(2.19)

1
2
L|A|2 =

∑

k,l

hijhklhklij +
∑

k,l

hijhklihklj

=
∑

k,l

hijhklhijkl +
∑

k,l

hijhklihklj +
∑

k,l,m

hijhkl(himRmkjl + hmkRmijl)

= nH|A|2 +
∑

k,l

hijhklihklj +
∑

k

hithsjhklhijkhstl

+
∑

k,l

hkl(lnK)kl −
∑

k,l,m

hklhkmhml.

The last inequality should be compared with the Calabi identity [3] (see also [4])

(2.20)
1
2
∆|A|2 = |A|4 +

∑

i,j,k

h2
ijk + n

∑

i,j

hij∇ijH − nH
∑

i,j,k

hijhjkhki.

3. Construction of subsolutions

In this section we construct subsolutions for equation (1.2) from which we
conclude Theorems 1.1 and 1.2. We shall do this for a general class of Hessian
equations that include (1.2). Throughout this section we assume (Dn, g) to be
a compact simply connected Riemannian manifold of dimension n (n ≥ 2) with
nonpositive sectional curvature and smooth boundary ∂D.

Let us first consider a radially symmetric function u(x) = u(|x|) in Rn. A
straightforward calculation shows that

(3.1) det D2u =
(u′

r

)n−1
u′′, r = |x|,

Thus the Monge-Ampère equation in Rn

det D2u = ψ(x, u, Du)

takes the form

(3.2) (u′)n−1u′′ = rn−1ψ(x, u, u′)

for radially symmetric functions.
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Lemma 3.1. Let f ∈ C l(R+) be a nonnegative function defined on R+ := {r ≥
0}. Then there exists a unique convex function φ ∈ C l+2(R+) with φ(0) = 0,
φ′(0) = 0 and

(3.3) |φ′|n−1φ′′ = rn−1f(r)(1 + |φ′|n), ∀ r > 0.

Moreover, φ is strictly convex where f > 0, and

(3.4) lim
r→+∞φ(r) = +∞

unless f ≡ 0 on R.

Proof. Integrating equation (3.3), we have

log
(
1 + (φ′)n

)
= n

∫ r

0
rn−1f(r)dr, r ≥ 0.

Therefore,

(3.5) φ′(r) =
(
eh(r) − 1

) 1
n , r ≥ 0

where

h(r) := n

∫ r

0
rn−1f(r)dr.

Integrating again,

φ(r) =
∫ r

0

(
eh(r) − 1

) 1
n dr, ∀ r ≥ 0.

Finally, the convexity of φ and (3.4) follow from the fact that φ′(0) = 0 and
φ”(r) > 0 whenever f(r) > 0. ¤

Remark 3.2. When f is constant Lemma 3.1 is a special case of Lemma 3.7 in
[7].

We now suppose that (D, g) is geodesically star-shaped with respect to x0 ∈ D.
Given any positive function ψ ∈ C∞(D), define

(3.6) w(x) := φ(r(x)), x ∈ D
where φ is obtained from Lemma 3.1 with f := A maxD ψ, A > 0, and r is the
distance function from x0

r(x) := distg(x, x0), x ∈ D.

We calculate
∇2w = φ′∇2r + φ′′dr ⊗ dr.
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Since g has nonpositive curvature, by the Hessian comparison principle (see, e.g.,
[24]) we see that ∇2w is positive definite and

(3.7) det∇2w ≥ (φ′

r

)n−1
φ′′ = f(r)(1 + |φ′|n) ≥ Aψ(1 + |∇w|n) in D.

Therefore w is a subsolution of the following Monge-Ampère equation

(3.8) det∇2u = ψ(1 + |∇u|2)n
2 det g in D

when A is chosen sufficiently large. By Theorem 5.1 of [5] we obtain a locally
strictly convex solution u ∈ C∞(D) of (3.8) satisfying the Dirichlet boundary
condition u = w on ∂D. In particular, for ψ = −Kg this implies Theorem 1.2.

Using the function w constructed above it is possible to solve the Dirichlet prob-
lem for equation (3.8) with arbitrary smooth boundary data when D is strictly
convex, i.e., the second fundamental form of ∂D is positive definite. (When D is
a strictly convex bounded domain in Rn this was observed by P. L. Lions; see [1].)
More generally, we have the following existence result for the Hessian equation

(3.9) σk(∇2u) = ψ(x, u)(1 + |∇u|2) k
2 in D,

where σk(∇2u) = σk(λ(∇2u)) is the k-th elementary symmetric function of the
eigenvalues of ∇2u with respect to metric g.

Theorem 3.3. Let ψ ∈ C∞(D×R), ψ ≥ 0, ψu ≥ 0, and ϕ ∈ C∞(∂D). Suppose
that ∂D satisfies the condition

(3.10) (κ1, . . . , κn−1) ∈ Γk−1 on ∂D,

where (κ1, . . . , κn−1) are the principal curvatures of ∂D. Then equation (3.9) has
a unique admissible solution u ∈ C∞(D) which satisfies the boundary condition

(3.11) u = ϕ on ∂D.

Here Γk denotes the open convex cone in Rn defined as

Γk = {λ ∈ Rn : σj(λ) > 0, 1 ≤ j ≤ k}.
A function u ∈ C2(D) is admissible if λ(∇2u) ∈ Γk. Equation (3.9) is elliptic at
an admissible solution; see e.g. [2].

By Theorem 1.3 in [6], in order to prove Theorem 3.3 we only need to construct
an admissible subsolution attaining the same boundary data.
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Lemma 3.4. Suppose ∂D satisfies (3.10). Then for any ϕ ∈ C∞(D) and A > 0
there exists an admissible function u ∈ C∞(D) with

(3.12) σ
1/k
k (∇2u) ≥ A(1 + |∇u|2) 1

2 in D, u = ϕ on ∂D.

Proof. We shall modify the constructions in [2] and [6]. For convenience we
assume σk is normalized so that

(3.13) σk(1, . . . , 1) = 1.

Let d denote the distance to ∂D,

d(x) = distD(x, ∂D) for x ∈ D.

We may choose δ0 > 0 sufficiently small such that d is a smooth function in

Nδ ≡ {x ∈ D̄ : 0 ≤ d ≤ δ} ∀ 0 < δ ≤ δ0,

and for each point x ∈ Nδ0 there is a unique point y = y(x) ∈ ∂D with

d(x) = distD(x, y).

The eigenvalues of the Hessian of d in Nδ0 are given by

λ(∇2d(x)) = (−κ1(y(x)) + O(d), . . . ,−κn−1(y(x)) + O(d), 0)

where κ1(y), . . . , κn−1(y) are the principal curvatures of ∂D at y ∈ ∂D.

For t > 0 consider the function in Nδ0

η =
1
t
(e−td − 1);

We have

∇2η = e−td(−∇2d + t∇d⊗∇d)

and

σj(∇2η) = (e−td)jσj(−∇2d) + t(e−td)j−1σj−1(−∇2d), ∀ 1 ≤ j ≤ k.

By assumption (3.10) there exists t0 > 0 sufficiently large such that

(3.14) ∇2η ∈ Γk and σk(∇2η) ≥ t

2
e−ktd in Nδ, ∀ t ≥ t0

for δ > 0 sufficiently small.

On the other hand,

(3.15) |∇η| = e−td ≤ 1 in Nδ.
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Fixing t ≥ 2(16eA)k and δ = t−1, we see that

(3.16) σ
1/k
k (∇2η) ≥ 8A(1 + |∇η|) in Nδ.

Let h(s) be a smooth convex function on s ≤ 0 satisfying

h(s) =





s for −ε2 ≤ s ≤ 0
1
2(ε1 + ε2) for s ≤ −ε1

and
h′(s) > 0 for −ε1 < s < −ε2

where ε1 = 1
t (1− e−1) and ε2 = 1

t (1− e−1/2). The function ζ := h(η) is smooth
in D and

(3.17) ∇2ζ = h′∇2η + h′′∇η ⊗∇η.

Since h′ ≥ 0 and h′′ ≥ 0 we have

λ(∇2ζ) ∈ Γk in D.

Let ρ ≥ 0 be a smooth cutoff function with compact support in D such that
ρ ≡ 1 in the complement of Nδ/2. We consider the function

v := ζ + cρw

where w is a smooth convex function satisfying

(3.18) (det∇2w)
1
n ≥ 2Aψ(1 + |∇w|) in D,

which can be constructed as in (3.6) with a suitable choice of f . Note that v = 0
on ∂D. Moreover,

∇v = ∇ζ + c(ρ∇w + w∇ρ)

and

(3.19) ∇2v = ∇2ζ + cρ∇2w + c(∇ρ⊗∇w +∇w ⊗∇ρ + w∇2ρ).

Since ζ = η in Nδ/2, by (3.14) and (3.16) we may fix c > 0 sufficiently small
(which may depend on A, however) such that λ(∇2v) ∈ Γk in Nδ/2 and

(3.20) σ
1/k
k (∇2v) ≥ 1

2
σ

1/k
k (∇2ζ) ≥ 4A(1 + |∇η|) ≥ 2A(1 + |∇v|) in Nδ/2

Since ρ ≡ 1 in the complement of Nδ/2 and 0 ≤ h′ ≤ 1, we have

|∇v| ≤ |∇ζ|+ c|∇w| = h′|∇η|+ c|∇w| in D \Nδ/2
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and

∇2v = ∇2ζ + c∇2w ∈ Γk, in D \Nδ/2.

By (3.17), (3.16), (3.18) and the concavity of σ
1/k
k in Γk,

(3.21)

σ
1/k
k (∇2v) ≥ σ

1/k
k (h′∇2η + c∇2w)

≥ h′σ1/k
k (∇2η) + cσ

1/k
k (∇2w)

≥ 8Ah′(1 + |∇η|) + 2Ac(1 + |∇w|)
≥ 2A(c + |∇v|) in D \Nδ/2.

Here we have used the Newton-MacLaurin inequality

σ
1/k
k (∇2w) ≥ σ1/n

n (∇2w) = (det(∇2w))
1
n .

(Recall that σk is normalized; see (3.13).) Finally, choosing B sufficiently large
we see from (3.20) and (3.21) that the function u := Bv + ϕ is admissible and
satisfies (3.12). ¤

Note that any admissible function in D is subharmonic and therefore satisfies
the maximum principle. Since ψu ≥ 0, taking

A = max
x∈D

ψ(x, ϕ̄), ϕ̄ = max
∂D

ϕ

in Lemma 3.4 we obtain an admissible subsolution for the Dirichlet problem (3.9),
(3.11). Theorem 3.3 now follows from Theorem 1.3 in [6]. The proof of Theorem
3.3 is complete and therefore so is that of Theorem 1.2.
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