BRAUER GROUPS OF ALGEBRAIC STACKS AND GIT-QUOTIENTS:I

AJNEET DHILLON, JAYA NN IYER, AND ROY JOSHUA

ABSTRACT. In this paper we consider the Brauer groups of algebraic stacks and GIT quotients: the only
algebraic stacks we consider in this paper are quotient stacks [X/G] with certain restrictions on X and G,
and defined over a Dedekind domain, a discrete valuation ring, or a field. We discuss the calculation of
the Brauer groups of various examples: the class of smooth toric stacks over Dedekind domains provides a
large family of examples, and we show many familiar stacks fit in to this framework. This will be continued
in a sequel, where we will discuss more examples, especially the Brauer groups of various moduli stacks of
principal G-bundles as well as the Brauer groups of their GIT quotients.
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1. INTRODUCTION AND THE MAIN RESULTS

The paper originated in an effort by the authors to study the Brauer groups quotient stacks and of GIT
quotients associated to actions of reductive groups. We began by assuming the base scheme is a separably
closed field, then soon extended our framework to the case where it is any field. While working on various
examples, we realized that as several of the algebraic stacks one encounters often are defined over the ring of
integers or Dedekind domains, it is preferable to adopt a more general framework as follows. This enables us

to consider cohomological invariants of algebraic stacks defined over arbitrary Dedekind domains. The only
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cohomological invariants we consider will be the m torsion part of the Brauer group, where m is invertible

in the given base ring.

Let B denote a regular Noetherian excellent scheme of dimension at most 1: B will serve as the base

scheme. We also consider two basic situations here:

1.1. Basic hypotheses.

(i) B =SpecR, where R is a Dedekind domain, or a DVR which is assumed to be excellent (for example,
the ring of integers Z or its localization at a prime p), or

(ii) B is a smooth scheme of pure dimension at most 1 over a field k.

Let m denote a fixed positive integer invertible in Op and let X denote a scheme of finite type over B. Then

one begins with the Kummer sequence
(1.1) 1= pim(1) = G B8G,, — 1,

which holds on the (small) étale site X, of X, whenever m is invertible in Op. (See [Gr, section 3] or [Mi,

p. 66].) Taking étale cohomology, we obtain corresponding long-exact sequence:
(1.2) = Hey (X, Gin) BHy (X, Gin) = HE (X, (1) = HE (X, G) = HE (X, G) = -+
which holds on the étale site when m is invertible in Og.

Definition 1.1. The cohomological Brauer group Br(X) is the torsion subgroup of the cohomology group
H2,(X,Gy). In other words, Br(X) = H2 (X, Gum)tors- *

Next assume X is smooth over the base scheme B. Then, by Hilbert’s Theorem 90, we obtain the

isomorphisms:
(1.3) Pic(X) 22 CH' (X) 2 HY, (X, Gu) = HE (X, 2),

where H12\}[1 (X, Z) denotes motivic cohomology (in degree 2 and weight 1) whose definition for smooth schemes
of finite type over B is worked out in [Geis], and we recall this in the Appendix. Then one also obtains the

short-exact sequence:
(1.4) 0 — Pic(X)/m = NS(X)/m — HZ (X, ptm(1)) = »Br(X) = 0,

where the map Pic(X)/m = Hy' (X, Z/m) — HZ (X, iy (1)) is the cycle map, and therefore, ,,, Br(X) identifies
with the cokernel of the cycle map. Thus it follows that for smooth schemes X over B, ,,Br(X) is trivial if
and only if the above cycle map is surjective: our approach to the Brauer group adopted in this paper is
to consider the above cycle map from motivic cohomology to etale cohomology, and involves a combination
of motivic and étale cohomology techniques. Moreover, in view of this, we will always restrict to smooth
schemes of finite type over the given base scheme B. However, apart from the restriction to smooth schemes,
our approach making use of both motivic and étale cohomology techniques over Dedekind domains offers

considerable advantages in various computations: these will become clear in later sections of the paper.

1f X is a regular integral Noetherian scheme, one may observe that H2, (X, Gm)tors = H2, (X, Gm): see, for example, [CTS,
Lemma 3.5.3]
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Let G denote a not-necessarily connected smooth affine group scheme, of finite type over B, and acting on
the given scheme X. Next we recall the framework of Borel-style equivariant étale cohomology, and Borel-
style equivariant motivic cohomology. For this we form an ind-scheme {EGgm’mé X|m} and then take its
étale cohomology, and also its motivic cohomology when X is also assumed to be smooth. One may consult
[Tot99], [MV99], and also section 3 of this paper for more details. Here BG&™™ is a finite dimensional
approximation to the classifying space of the affine group scheme G, and EG#™™ denotes the universal
principal G-bundle over BG8™ ™. In the terminology of Definition 2.1, EG8™™ = U, and BG&™™ = U,,/G.
We also assume that such a BG8™™ exists for every m > 0, as a quasi-projective scheme over the given base
B. There are standard arguments to prove that that the cohomology of the ind-schemes {BG&™™|m > 0},
{EG&#™™ x g X|m > 0} are independent of the choice of the admissible gadgets {Uy,|m > 0} that enter into
their definition: see, for example, Proposition 3.5.

Let m denote a fized positive integer invertible in Op. Then we let HE’?M(X,Z/m) denote the motivic
cohomology of {EG&™™ éX\m} defined as the homotopy inverse limit of the motivic cohomology of the finite
dimensional approximations EG8™™ x X, that is, defined by the usual Milnor exact sequence relating lim'
and lim of the motivic hypercohomolggy of the above finite dimensional approximations. (When * = 2 and
e = i, for a non-negative integer 7, these identify with the usual (equivariant) Chow groups.) Hg, .. (X, fim(e))

is defined similarly and will be often denoted Hg%, (X, ptm)-
Recall that for each fixed integer i > 0, one obtains the isomorphisms (for m chosen, depending on 7):

He '\ (X, Z/m) = Hﬁ*i(EGgm*méX, Z/m), m > 0 and X smooth, and

HE 0 (X, ) & HE (BGE™ XX, i (), m 3> 0.
These show that one may define the G-equivariant Brauer group of a G-scheme X as follows:

Definition 1.2. Brg(X) = H% (EG#™" XX, Gy )tors, for u > 0, where the subscript tors denotes the torsion
G

subgroup.

Moreover, we obtain from the Kummer-sequence the short-exact sequence:
(1.5) 0 — Pic(EGE™™xX)/m — H2 (EGE™™ XX, 1, (1)) = mBr(EGE™™xX) = ,,Brg(X) — 0 and
G G G

where
Pic(EG8™™ xX)/m = coker(Pic(EGE™™ x X) B Pic(EGE™™ x X)),
G G G

mBra(X) = the m-torsion part of Brg(X).

Definition 1.3. Given an Artin stack S of finite type over the base scheme B, we define its Brauer group to
be H2 . (S, G)tors, where H2,,(S,G,,) denotes cohomology computed on the smooth site (see (3.20)), and
the subscript tors denotes its torsion subgroup. We denote this by Br(S). For a fixed positive integer m

invertible in Op, we let ,Br(S) denote the m-torsion part of Br(S).

Then our first result is the following, which shows the Brauer group of a quotient stack [X/G], so defined,

identifies with the G-equivariant Brauer group defined in Definition 1.2.
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Theorem 1.4. Assume that X is a smooth scheme of finite type over the base scheme B satisfying one of
the hypotheses 1.1, and provided with an action by the affine smooth group scheme G. Then, assuming the
above terminology,

mBr([X/G]) = »Bra(X).
Therefore, »,Brg(X) is intrinsic to the quotient stack [X/G].

Remark 1.5. The comparison theorem [J20, Theorem 1.6] shows that Hg . (X, pm(e)) identifies with
HE . ([X/G], tm(®)), which denotes the cohomology of the quotient stack [X/G] computed on the smooth
site. However, it may be important to point out that this result does not imply the above theorem, mainly
because the Picard groups appearing in (1.5) and in the corresponding short-exact sequence for the quotient
stack [X/G] need not be trivial. See the first paragraph in section 3 for a more detailed discussion on this

issue.
We derive a number of results based on the above theorem, a few of which are listed below.

Corollary 1.6. Assume in addition to the hypotheses of Theorem 1.4 that ,Br(X) = 0. Then ,,Br([X/G]) =
0 as well in the following cases:
(i) G is a split torus, or

(ii) G is a finite product of general linear groups.

We define a toric stack X to be an algebraic stack of the following form: let X denote a toric variety defined
over a field k for the split torus T = G, or more generally a toric scheme over an excellent Dedekind domain
R in the sense of [JL, section 4(i), (4.1)]. (Recall that the hypotheses in [JL, section 4(i), (4.1)](i.e., 10.5)
require that the toric scheme X contain as an open subscheme a split torus T = G, and that all the T-
orbits are defined and faithfully flat over B = SpecR.) We will assume such an X comes equipped with a
homomorphism ¢ : Tg = G, — T, for some r > 0. Then we require that X = [X/Ty].

Theorem 1.7. (i) The scheme (A2 —{0})" x1, X, where Ty acts on X through ¢ and it acts diagonally on
(A2 — {0})" x X, is a split toric scheme over k, for the split torus Ty x T.

(i) Therefore, ,»,Br([X/Tq]) is isomorphic to the m-torsion part of the Brauer group of the toric scheme
(A? = {0})" xm, X.

Remarks 1.8. (i) Making use of the determination of the Brauer groups of smooth toric schemes over
any field or a Dedekind domain as in [JL, Theorems 2.1, 4.1] (i.e., Theorem 10.4), Theorem 1.7(ii)
enables one to determine the Brauer groups of all toric stacks: see Theorem 5.8 and Corollary 5.9, as
well as Example 5.10.

(ii) In Theorem 5.14, we also extend the above calculations to determine the Brauer groups of quotient
stacks of the form [X/pu], where £ is prime to the characteristic and gy~ acts on the smooth scheme
X.

As an application of Theorem 1.4 for stacks defined over Dedekind domains, and Theorem 1.7 we also
obtain the following computations. Let R denote any excellent Dedekind domain in which both 2 and 3
are invertible, for example, Z; /s which denotes the localization of Z by inverting 6. Let M 1 r denote the

moduli stack of elliptic curves defined over R. Let Y = Spec R|gs, g3][1/A] C A%, where A = g3 — 27¢g3.
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Theorem 1.9. (See Corollary 6.2.) Next assume the base ring R is an excellent Dedekind domain or a field
in which 2 and 3 are invertible and the following hold: { denotes a prime not necessarily different from 2 or
3, so that £ is also invertible in R, and R contains a primitive £-th root of unity for some positive integer
n. Then ¢mBr(M;y 1 r) = mBr(Spec R) @ HZ, (Spec R, 1141 (0)).

In fact, several more related results on the Brauer group of M; ; g under different hypotheses are discussed
in section 6. For example, in Theorem 6.1, we have a more general calculation of the m-torsion part of the

Brauer group of the stack M ; g, where R is any Dedekind domain with the primes 2 and 3 invertible in R.

Next we discuss the following application of the torsion index of linear algebraic groups: see [Tot05,

section 1].

Theorem 1.10. Assume the base scheme is any field k and that m is a fived positive integer invertible in
k. If H is a connected linear algebraic group defined over k and whose torsion index is prime to m, then
mBr(BH) = ,,,Br(Spec k), where BH denotes the classifying stack of H, that is [Spec k/H]. In particular, the
following hold:

(i) »Br(BG) = ,,Br(Speck) for any positive integer m invertible in k if G = GL,, G = SL,, or G =
Sp(2n), for any n.

(1) 4 Br(BG) = ,uBr(Speck) for any prime ¢ different from the characteristic of k and 2 if G = SO(2n),
SO(2n + 1), or Spin(n), for any n and n’.

(111) ,nBr(BG) = ,wBr(Speck) for any simply-connected group G, if ¢ is different from the characteristic
of k and also different from 2,3, or 5.

We conclude with the following example. Let X denote a smooth projective curve of genus g over a field
k, provided with a k-rational point. Then one knows the isomorphism of stacks (see for example, [Wang,

Proposition 4.2.5]):
(1.6) Bun, 4(X) 2 BG&™ x Pic?(X),

where BGY" = lim BGY"™, Bun; 4(X) denotes the moduli stack of line bundles of degree d on X and
n—oo

Pic?(X) denotes the Picard scheme. In view of the above isomorphism of stacks, one may define the Brauer

group of the stack Bun; 4(X) to be the Brauer group of the stack BGE™ x Pic?(X). Then, we obtain the

following.

Proposition 1.11. Assume the base field k is separably closed, and that m is positive integer invertible in

k. Then, assuming the above situation, we obtain the isomorphism:
mBr(Bung 4(X)) 2 ,,,Br(Pic!(X)) 2 ,, Br(Sym?(X)),

where Symd(X) denotes the d-fold symmetric power of the curve X. In particular, »,Br(Bun; (X)) =0 if X

18 rational.

Acknowledgments. We thank N. Ramachandran for discussions on Theorem 1.9.
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2. EQUIVARIANT BRAUER GROUPS

We begin by discussing the construction of geometric classifying spaces and the Borel construction making
use of such gadgets. Throughout this section, the base scheme B will denote the spectrum of a regular

Noetherian integral domain R of dimension at most 1 as in 1.1.

2.1. Admissible gadgets. Let G denote a fixed smooth affine group scheme over B. We will define a pair
(W, U) of smooth schemes over B to be a good pair for G if W is a representation of G and U C W is a
G-invariant non-empty open subscheme on which G acts freely and so that U/G is a quasi-projective scheme
over B. Moreover, one may choose (W, U) so that the complement W — U has sufficiently high codimension.

It is known (cf. [Tot99])that a good pair for G always exists.

Definition 2.1. A sequence of pairs {{(Wm, Un)|m > 1} of smooth schemes over B is called an admissible
gadget for G, if there exists a good pair (W, U) for G such that Wy, = W™ and U,,, € Wy, is a G-invariant
open subset such that the following hold for each m > 1.
(1) (Up, x W)U (W x Up) C Uygq as G-invariant open subschemes.
(2) {codimy
that is,

wa1 (Umt1 \ (U x W)) |m} is a strictly increasing sequence,

codimy,,,; (Umt2 \ (Uns1 x W)) > codimy,,,,; (Ums1 \ (Um x W)).
(8) {codimy, (W \ Un)|m} is a strictly increasing sequence, that is,

codimw,, ., (W1 \ Uny1) > codimwy,, (W \ Up) .

(4) Uy, has a free G-action, the quotient U,, /G is a smooth quasi-projective scheme over B and U, —
U,./G is a principal G-bundle.
(5) In addition, we will also assume the following (see [MV, Definition 2.1, p. 133]):

the structure map Uy, — B has a section.

Lemma 2.2. Let U denote a smooth quasi-projective scheme over B with a free action by the smooth affine
group scheme G so that the quotient U/G exists as a smooth quasi-projective scheme over B. Then if X is

any smooth G-quasi-projective scheme over B, the quotient UxX = (U x X)/G (for the diagonal action
G SpecB

of G) exists as a scheme over B.

Proof. This follows, for example, from [MFK94, Proposition 7.1]. |

Example 2.3. An example of an admissible gadget for G can be constructed as follows: start with a good
pair (W, U) for G. The choice of such a good pair will vary depending on G, but may be chosen as follows.
Choose a faithful representation R of G of dimension n, that is, G admits a closed immersion into GL(R).
Then G acts freely on an open subscheme U of W = R®" = End(R) so that U/G is a scheme. (For e.g.
U=GLR).) Let Z=W\ U.

Given a good pair (W, U), we now let

(2.1) W =W U; =U and Upy1 = (U x W)U (W x Uy,) form > 1.
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Setting Zn =7 and Zymy1 = Wit \ Ung1 for m > 1, one checks that Wy, \ Uy, = Z™ and Zy 1 = Z™ X Z.
In particular, codimy,_, (W \ Upy) = m(codimw (Z)). Moreover, Uy, — U,,/G is a principal G-bundle and

the quotient Vi, = Uy, /G exists as a smooth quasi-projective scheme.

2.2. The geometric Borel construction. Given an admissible gadget {(Wy,, Uy, )|m > 0} for the affine

smooth group scheme G and a G-scheme X, we define

(2.2) EGE™™ = U, EGE™™ x5 X = Uy, xg X, BGE™™ = U, x¢B, and

T » EGE™™ x ¢ X — BG&E™™,

The ind-scheme {EG&™™ xg X|m > 0} is called the geometric Borel construction. We will often denote

lim {EG&™™ x ¢ X|m > 0} by EG8™ X X: one may view this as a simplicial presheaf.

m—0o0

2.3. Basic techniques for computing the equivariant Brauer groups. In this section, we will discuss
certain techniques that will facilitate the computation of equivariant Brauer groups. We will make use of
the admissible gadgets defined in Example 2.3, as well as Corollary 3.4 and Proposition 3.5, which are all

discussed in the next section.
Let G = GL,,, for a fixed integer n > 0. Let W = End(A") = the space of all n x n-matrices with entries

in Og. In this case, we will let

(2.3) EGE™? = (GLy xW) | ) (W x GLy).
GL, x GL,

The determination of the bad set Z,, as in Example 2.3 shows that the codimension of EG&™2 in W x W is

2. We also observe that the following hold, when X is a scheme provided with an action by GL,,:

(i) (GL, xW) xgr, X is open in EG&™? x g1, X with the compliment being ((W — GL,) x GL,) xqar, X
(ii) ((W —GL,) x GL,) xar, X has codimension 1 in (GL,, xW) xqr,, X.

Therefore, [JL, Corollary 2.8] (i.e., Proposition 10.3) and Corollary 3.4 provide the short exact sequence:
(2.4) 0 — ,,Brar, (X) = »Br((GL, xW) xqL, X)—>H:()’(W7GLD)XGLD)XGLHX’et((W x GLy) XL, X, tm(1)).
Clearly

(2.5) (GL, xW) xgr, X =2 W x X and (W — GL,) x GL,) x¢gL, X = (W — GL,) x X,

so that the exact sequence (2.4) identifies with

(2.6) 0 = wBrar, (X) = mBr(X)AHAy _ar ) wxe (W X X, i (1))

We may also consider the following special cases of the above general result.
(i) Take n = 1, so that GL,, = G,,. In this case one may take W = Al  so that EGs™2 = A? — {0} =
Al X Gy |Gy, x AL In this case the exact sequence (2.6) becomes
(2.7)
0 = mBrg,, (X) = mBr((GmxA') xg,, X) 2 ,,Br(X)

res

S H (A= Gr) xGm) X6, X, i (0)) 22 Hey (X, 11 (0)).
(ii) Take n = 2, so that in this case W = End(A?2). Therefore, in this case the exact sequence (2.6) becomes

B
(2.8) 0 = mBrar, (X) = mBr(X)2H{y_ar,)xx.e0(W X X, tim (1))
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(2.9)
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In case G is a closed smooth affine sub-group-scheme of GL,,, with G acting on X, one obtains an
induced action by GL,, on GL,, xgX. In view of Theorem 1.4, Brg(X) & Brgy,, (GL, xX¢X). Therefore,

in this case the exact sequence (2.6) becomes

0 = mBra(X) = mBr(GLy xeX) = Hiw_ar.)x(@n xox).et (W X (GLn X6 X), i (1))

et

As an example of this, assume X is provided by an action of SL,, which in fact extends to an action by
GL,. Then GL,, xs1, X 2 GL,, /SL,, x X 2 Gy, x X. Therefore, the exact sequence in (2.9) becomes

(2.10) 0 = mBrs, (X) = mBr(Gm x X) = Hiw_ar.)x (6mxx).0t(W X (G X X), 1 (1)).

(iv)

In particular, it follows that ,,Brsy,, (X) injects into ,,Br(G, x X) = ,,,Br(X & HL, (X, 1, (0)).

We next consider the case where G = G”

m?

a split torus of rank 7, or more generally a diagonalizable

group scheme of the form ji,, X -+ X p,, x Gt

v, with 7 = s+ t. In this case, we will always choose

EGe™2 = (A? — {0})". Moreover, we will also observe that when G, is provided with an action on the
scheme X with an induced action by G on X, the quotient (A% — {0})” xg X identifies with a sum of s
line bundles over (A* — {0})" xg; X with their zero section removed. These observations will be very

useful when we consider the Brauer groups of toric stacks.

Example 2.4. We will assume the base B is the spectrum of a field k of characteristic different from
2. We show here as an immediate consequence of (2.8) above that if 7, denotes the moduli stack of
stable hyper-elliptic curves of genus g > 2 and even, then ,,Br(#,) = ,,Br(Spec k), for any ¢ different
from 2 and invertible in the base field k. As observed in [LP, Lemma A.3], there is an open substack
H;, C Hg so that H) = [Uy/GLy], for an open subscheme Uy C A%%+3 5o that the complement of U,
in A%9"? has codimension greater than 1. Then the restriction ,,Br(#,) — ,,Br(#y) is injective. Now
mBr(H}) = mBr([Ug/GLg]). By (2.8), the latter injects into ,,Br(Ug) = ,,Br(A%+3) = Br(Spec k).
This shows the composite map above ,,Br(#H) — ,,Br(A?6%3) 2 Br(Speck) is an injection.

On the other hand, one has the pull-back 7* : ,,Br(Speck) — ,,Br(#s): the composition of this

map with the above map ,,Br(Hg) — ,,Br(A%+3) =  Br(Speck) is clearly an isomorphism. This
shows that the map ,,Br(Hg) — ,,Br(A?6+3) 2 Br(Speck) is in fact an isomorphism.

3. EQUIVARIANT BRAUER GROUPS VS. BRAUER GROUPS OF QUOTIENT STACKS: PROOF OF
THEOREM 1.4

The goal of this section is to prove Theorem 1.4. It may be important to point out the need for a careful

proof of this result. One starts with the long exact sequence in étale cohomology obtained from the Kummer

sequence:

(3.1)

— HL(EG x¢ X, ) BHL (EG x¢ X, Gm)SHZ (EG x¢ X, ftm (1)) = H2 (EG x¢ X, Guy)
BHZ (EG xg X,Gp) — - -

Then the cokernel(HL (EG xa X, Gy ) BZHL (EG x g X, Gyy)) maps to H2, (EG xg X, i (1)), by a map induced
by the boundary map &: we will denote this map by §. Then the Brauer group ,,,Br([X/G]) identifies with

the cokernel of the map 6. Here EG denotes the simplicial variant given in degree n by G*™.
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One also obtains a similar Kummer sequence where EG considered in 3.1 is replaced by a finite degree

approximation EG&™" i.e., one obtains:

(3.2)
— HL (EGE™ x ¢ X, Gr) BHL (EGE™ x¢ X, Gm)’ — HZ (EGE™" x g X, ftm (1)) — H2 (EGE™" x ¢ X, Gyn)
BHZ (EGE™™ xg X,Gy) — - - -

Then the cokernel(HL (EGE™" x g X, G ) BHL (EGE™ " x ¢ X, Gyy,)) maps to HZ (EGE™™ x g X, 1 (1)), by
a map induced by the boundary map §9™%: we will denote this map by §9">*. Then the Brauer group

mBrg(X) identifies with the cokernel of the map 69™%, when u > 1 as shown below.

The main difficulty in showing that the groups ,,Br([X/G]) and ,,Brg(X) are isomorphic is because the
terms in the corresponding Kummer sequences defining the corresponding Picard-groups,
ie., HL(EG xg X,G,,) and HL (EGE™" xg X,G,,) may not be trivial in general. In the special case
where they are both trivial, the isomorphisms of the above Brauer groups amounts to an isomorphism
HZ2 (EG xg X, it (1)) =2 H2, (EG&#™Y x ¢ X, fi, (1)) which may be established using the homotopy property of
étale cohomology with respect to the sheaf pi.,: see [J20, Proposition 5.2]. Therefore, the main effort in the
proof of Theorem 1.4 is to show that one obtains an isomorphism between the Brauer groups ,,Br([X/G])
and ,,Brg(X) without assuming the corresponding Picard groups are trivial: this really needs the use of

motivic techniques (and Hilbert’s Theorem 90), even when the base scheme is the spectrum of a field.

We begin discussing a simplicial variant of the Borel construction. Throughout this section, the base
scheme B will again denote the spectrum of a regular Noetherian integral domain R of dimension at most 1

as in 1.1.

3.1. The simplicial Borel construction. We next consider EG x ¢ X which is the simplicial scheme defined

by G" x X in degree n, and with the structure maps defined as follows:
(33) dl(gCH 7gn,$):(gl7"' 7gnam)>i:0
(91, 1 9i—1-9is " gn,2),0 < i <m
= (917 e 7gn—17gn'$)’i =n, and
(

Si(go,... ’gn_l,aj) =(90," " ,Gi-1,€,9i," " ,l‘)

where ¢g; € G, z € X, g;—1.9; denotes the product of g;—1 and g; in G, while g,.z denotes the product of

gn and x. e denotes the unit element in G. This is the simplicial Borel construction. Then we obtain the

following identification, which is well-known.

Lemma 3.1. One obtains an isomorphism: EG x¢g X & coskBX/G] (X), where cosk;([)X/G] (X) is the simplicial
scheme defined in degree n by the (n + 1)-fold fibered product of X with itself over the stack [X/G], with the

structure maps of the simplicial scheme coskéX/G] (X) induced by the above fibered products.
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For each fixed u > 0, we obtain the diagram of simplicial schemes (where p; is induced by the projection
EGe™" x X — X and ps is induced by the projection EG x (EG&™" x X) — EG&™" x X):

(3.4) EG x¢ (EGE™" x X)

EG xg Gemux X
G

G acts diagonally on EG xg (EG8™" x X).

Proposition 3.2. (i) The map
(3.5) pl: HL(EG xg X,G,,) — HL(EG xg (EGE™" x X),G,,) and the map
ps s HL (EGE™™ x¢ X, Gy,) — HL(EG xg (EGE™"™ x X),Gy,), foru > 1,
are isomorphisms.
(ii) The corresponding maps, for u > 1 with £ invertible in Og,
(3.6) pi : HA(EG x¢ X, puen (1)) = HZ(EG xg (EGE™Y x X), juen (1)), and
py : H2 (EGE™"™ x g X, pgm (1)) — HZ(EG x¢ (EGE™™ x X), fagn (1))

are isomorphisms.

Proof. The isomorphisms in (i) are rather involved, and therefore, we discuss the proof of (i) first. A key to
the proof is the observation that, over a scheme A which is a regular local ring, H., (A%, G,,) = Pic(A}) 2 0,
for any n > 0. We consider the Leray spectral sequences associated to the maps p; and ps:
(3.7) E5*(1) = HS,(EG x¢ X, R'p1.(Gp)) = HH(EG xg (EGE™" x X), G,,) and

ES*(2) = HE (EGE™" x¢ X, R'p2s(Grn)) = HE(EG x¢ (EGE™™ x X), Gy).

Since s,t > 0, both spectral sequences converge strongly.

The stalks of R'poy(Gp) = Ht(EGSpéB(Spec A),Gy), where A denotes a strict Hensel ring. (Strictly
speaking, in order to obtain the above identification, we need to make use of the simplicial topology as
in [JO2] or [J20, 5.4]. But we will ignore this rather subtle point for the rest of the discussion.) Since
EG = coskiPP (@), EGSPZCB(SpecA) = coskSP (G Xspecn SpecA) is a smooth hypercover of Spec A.

Therefore, we obtain the isomorphism:

(3.8) Hgt(EGS X B(Spec A),Gp) = H;mt(EGS X B(Spec A),Gp) =2 H'(Spec A, Gyy,).
pec pec

These groups are trivial for t = 1 (see, for example, [Mi, Chapter III, Lemma 4.10]). Therefore, it follows
that

(39) Rtpg* (Gm>SpeCA ~(, fort =1.

Next we observe the isomorphism, by taking ¢t = 0 in (3.8):

(3.10) P2+(Gm)spec A = HO(EGS X B(Spec A),Gy,) = H(Spec A, G),
pec

where P2, (Gm)spec o4 denotes the stalk of the sheaf p2.(Gy,) at Spec A. Observing that G, is in fact a sheaf

on the flat site, and therefore also on the smooth site, it follows that there is a natural map of sheaves
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G — P2« (Gp), where the G, on the left (on the right) denotes the sheaf G, restricted to the étale site of
EGe™" x g X (the étale site of EG x¢g (EGE™" x X), respectively). The isomorphism in (3.10) shows this
map induces an isomorphism stalk-wise. It follows that the natural map G,, — pa2.(Gy,) of sheaves on the

étale site is an isomorphism. This provides the isomorphism:

(3.11) E;Y(2) = HL (BEG®™Y x g X, p2y(Gm)) = HL (EGE™ x g X, Gpy),u > 0.

The stalks of Ri'p14(Gy) = HY(EGE™" x (SpecA),Gy,), where A denotes a strict Hensel ring, for all
SpecB
t > 0. Observe that this strict Hensel ring A is the stalk of the structure sheaf of (EG xg X), = G" x X, at

a geometric point. Hence it is a filtered direct limit lim; A;, with each A; regular.
To determine the groups H* (E(}gr’“’“spifC B(Spec A), G,), we consider the long exact sequence (with EG8™" =
Uy, which is assumed to be an open subscheme of the affine space A%, with Z, = A" — Uy,):
= HY 7, wspec nSpec A (A" Xspec B Spec A, Gm) — HY (A" XspecB Spec A, Gy,) —
—>Het (Uy XgpeeB Spec A, Gyy,) — Hét’ZuXSpechpecA(A“ XspecB Spec A, Gyy)
(3.12) — Hét (A" XgpecB SpecA, Gm)iHét (Uy Xgpeck Spec A, Gy,) —
— Het Zu stecBSpecA(Au XspecB Spec A, Gy, ) —
Next we observe the identification of G, with Z(1)[1] from Proposition 9.2. As a result, we obtain the
following identifications, for a smooth scheme Y of finite type over the base B, which is assumed to be a
Dedekind domain (which also includes the case of it being a field) and a closed smooth subscheme Z of pure

codimension ¢ in Y:

(3.13) HY, 2(Y,Gw) 2 Hy,, 4(Y,Gr) = Hy',(Y), and
H 2(Y, Gu) = Hy, (Y, Gua) = Hyj 5 (Y).
Therefore, by Proposition 9.4, we see that if ¢ > 1, then
(3.14) HY, 4 (Y,Gn) = Hyj',(Y) 20, and
=0

Hy

HE 2(Y, Gim) = Hyi(Y)

The map denoted « (B) in the long exact sequence (10.3) identifies with the restriction
Hyi' (A" Xspecs Spec A) — Hy' (Uy Xspeen Spec A)

(H12v’[1 (A" XgpecB SpecA) — ngv’ll (Uy XgpecB Spec A), respectively)
forming part of the localization sequence for the motivic cohomology groups. In fact, the corresponding
localization sequence is given by:

(3 15) C— Hllv’llic"(zu X Spec B Spec A) — Hllv’ll (Au X Spec B Spec A)%Hllv’ll (Uu X Spec B Spec A)

—)H21 cu(

Zy XspecB Spec A) — H12\/’[1 (A"Y Xgpec B Spec A)E;H%v’[1 (Uy XgpecB SpecA) — 0

where ¢, denotes the codimension of Z, in A%, which we assume satisfies ¢, > 1. To see that one gets such
a localization sequence, one first replaces the strict Hensel ring A by one of the A;, where A = lim; A;, with
each A; a regular local ring. Clearly then the corresponding localization sequence exists and the groups
in (3.15) involving the Z, are trivial, as ¢, > 1, by assumption. At this point, one takes the direct limit

over the A;: since the motivic cohomology groups are contravariantly functorial for flat maps, and filtered
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colimits are exact, we obtain the localization sequence (3.15). Moreover, the groups appearing in (3.15)
involving the Z,, are all trivial, thereby proving that the maps o’ and £’ in (3.15), and therefore, the maps

a and B in (10.3) are isomorphisms. This provides the isomorphisms for ¢t = 0, 1:

(316) Rtpl*(Gm)SpecA = Htet (Uu ><Speck SpeCAa Gm) = Hgt(Au ><Speck SPeC A7 Gm)
=~ HY, (Spec A, Gy,).

Therefore, it follows that
(3.17) R'p14(Gm)speca 20, for t = 1.

Since Gy, is a sheaf on the flat and hence on the smooth topology, there is a natural map G,, — p14(Gy,) of
sheaves where the G, on the left (on the right) is a sheaf on the étale site of EG xg X (on the étale site of
EG x¢g (EGE™™ x X)), respectively). The stalk-wise isomorphism in (3.16) for ¢ = 0 shows that the natural

map G,, = p1.+(Gp,) of sheaves on the étale site is an isomorphism. This provides the isomorphism:
(3.18) ES%(1) = HL (EG %@ X, p1+(Gm)) = HL (EG x¢ X, Gp).

Moreover, observing that the differentials in the spectral sequences above go from EP'9 to EPTT4-T+1 ope
sees (using (3.9) and (3.17)) that

(3.19) EX1(1) = E21(2) = 0 for all r > 2 and that ES°(i) = EL0(i), for all v > 2,i=1,2.

The last observation shows that E;’O(i), i = 1,2 is isomorphic to the abutment in degree 1, namely,
HL(EG xg (EG8™" x X),Gy), u > 1. (Observe that the assumption u > 1 implies the codimension
¢y of Zy in A" is at least 2.) Therefore, the isomorphisms in (3.18) and (3.11) complete the proof of (i).

Next we consider the proof of (ii). The key point is to consider the Leray spectral sequences for the maps
p1 and pz. In this case, one may readily compute the stalks of R'pi.(pm (1)) to be trivial for ¢+ = 1,2 and
> (1, (1) for t = 0, and for u > 1. In fact, one may adopt the same arguments as before, with the sheaf G,
on the étale site replaced by p,,,(1). Then a localization sequence corresponding to the one in (10.3) still
holds, but also extends to higher degrees. The corresponding local cohomology groups there will vanish in all
cohomological degrees less than 4, since the codimension of Z, in A" is assumed to be at least 2. Therefore,

the conclusions in (ii) follow readily. (One may also consult [J20, Theorem 1.6] for further details.) O

Let S denote an algebraic stack, which we will assume is of Artin type and of finite type over the given
base field k, with x : X — S an atlas, that is, a smooth surjective map from an algebraic space X. We let
B,S = coskg (X) denote the corresponding simplicial algebraic space. Then we let Sg,,,; denote the smooth
site, whose objects are y : Y — S, with y a smooth map from an algebraic space Y to S, and where a
morphism between two such objects ¢ : Y/ — S and y : Y — S is given by a map f : Y’ — Y making the

triangle

(3.20) Y

commute. The same definition defines the smooth site of any algebraic space. The smooth and étale sites of

the simplicial algebraic space B, S may be defined as follows. The objects of Smt(B,S) are given by smooth



BRAUER GROUPS OF ALGEBRAIC STACKS AND GIT-QUOTIENTS 13

maps u, : Uy = (B S), for some n > 0. Given such a u, : U, — B, S, and vy, : Vy,, — B,S,,, a morphism

from u,, — v,, is a commutative square:

BISD BZSIU

where « is a structure map of the simplicial algebraic space B, S. The Etale site Et(B,S) is defined similarly.
An abelian sheaf F on Smt(B,S) is given by a collection of abelian sheaves F' = {F,|n} with each F}, being
an abelian sheaf on Smt(B,S,), so that it comes equipped with the following data: for each structure map
a: BySy — B, Sm, one is provided with a map of sheaves ¢y, , : a*(Fy,) — F), so that the maps {¢,, |n, m}
are compatible. Abelian sheaves on the site Et(B,S) may be defined similarly. We skip the verification that
the category of abelian sheaves on the above sites have enough injectives. The n-th cohomology group of
the simplicial object B;.S with respect to an abelian sheaf F' is defined as the n-th right derived functor of

the functor sending
(3.21) F s kernel(6° — §' : T(B, Sy, Fo) — I'(B,S1,F1)).
Now we obtain the following Proposition.

Proposition 3.3. Let F' denote an abelian sheaf on Smt(S). Then we obtain the following isomorphisms:

(i) Hi (B S, xf (F)) =2 HE . (S, F), where the subscript smt denotes cohomology computed on the smooth
sites and To : B; S — S is the simplicial map induced by r : X — S.

(1) HE (B, S, 23 (F)) 2 H% (B, S, azl(F)), where the subscript et denotes cohomology computed on the
étale site and o : Smit(B;S) — Et(B,S) is the obvious morphism of sites.

Proof. Observe that x : X — § is a covering of the stack S in the smooth topology, so that
kernel(8° — 6* : T'(B,So, Fy) — I'(B, Sy, F1)) = I'(S, F).

Since HY (S, F) is the n-th right derived functor of the above functor, in view of (3.21), we see that
it identifies with H% (B;S, 2y (F)). This provides the isomorphism in (i). The isomorphism in (ii) is a
straight-forward extension of a well-known result comparing the cohomology of an algebraic space computed

on the smooth and étale sites. (]
Corollary 3.4. Assume the above context.
(i) Then we obtain an isomorphism
HY (EGE™Y X X, Gp) 2 HY (EG x¢ X, Gy) 2 HL ([X/G],G), foru>1,

which is functorial in the G-scheme X.

(i) Moreover, we obtain isomorphisms:
HZ (BGE™ xq X, pin (1)) = HZ (EG x@ X, i (1)) = HZ,0 (X/Cl, i (1)) for u> 1.

which are functorial in the G-scheme X, and where m is invertible in k.
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Here H!

smt

([X/G],Gy) and H2

smt

([X/G], tm (1)) denote the cohomology of the quotient stack [X/G| computed

on the smooth site.

(#ii) One obtains an isomorphism ,Br(EGE™" x g X) =, Brg(X) & ,,Br([X/G]), for any u > 1, thereby

proving that ,Brg(X) is an invariant of the quotient stack [X/G], for any positive integer m invertible in k.

Proof. The first isomorphisms in both the statements (i) and (ii) are from Proposition 3.2. The second
isomorphisms in (i) and (ii) follow from the isomorphism of the simplicial schemes: EG xg X = cosk[x/ ¢l (X)

and Proposition 3.3. Next we consider the third statement.
Recall the long exact sequence in étale cohomology obtained from the Kummer sequence:
HL(EG G X, Gn) BHL (EG xG X, Gn) SHZ(EG x¢ X, (1)) = HZ(EG x6 X, Gn)
BH2 (EG x¢ X,Gp) —

Then the cokernel(H}, (EG x ¢ X, Gp) SHL (EG x g X, Gy)) maps to H2, (EG x g X, ptm (1)), by a map induced
by the boundary map d: we will denote this map by 6. Then, in view of the isomorphisms in (i) and (ii),

(3.22)

the Brauer group Brg(X)e identifies with the cokernel of the map 9.

In view of Proposition 3.3, the isomorphisms in (i) and (ii) and the long exact sequence (3.22), ,, Br(|[X/G])
identifies with

kernel(H2, (EG xg X, Gp) 3HZ (EG xg X, Gp)).
Again by Proposition 3.3, the isomorphisms in (i) and (ii) and the long-exact sequence (3.22), this identifies
with
cokernel((HY, (EG x¢ X, Gu)/m-3H2,(EG x¢ X, pim(1))) 2 ,uBrg (X).

This proves the third assertion. O

Proof of Theorem 1.4. Clearly Corollary 3.4(iii) completes the proof of Theorem 1.4. (]

Proposition 3.5. The equivariant Brauer groups are independent of the choice of an admissible gadget
defined as in Definition 2.1.

Proof. Let {(Wp, Uy)m} and {(W,,,U,,,)|m} denote two admissible gadgets for the given linear algebraic
group G. Let G act on the given scheme X. Let Zy,, = Wy, — Uy, Zm = W,,, — Up,. Then one may observe
that {(Wm =Wun x Wy, ﬁm =Upn x Wy UW,, x Up)|m} is also an admissible gadget. Moreover,

(3.23) codimg . (Um xa X = (Un x Wi) xa X) = codimw,, (W — Un), and

(3.24) codims (Up xa X — (Wi x Up) xg X) = codimyy, (W, — Up).

mXaX

Therefore, if codimw,,(Wm — Um) > 2 and codimyy, (W, — U,y,) > 2, then in the long exact sequence

= HG! (U %6 X) —>H21(U xa X) = H2(Un x W) x@ X) = Hg! (U xg X) = -
where Q, = Um xg X — (Up x W) xa X, and in the long exact sequence
o ! (U x@ X) = H2L(Up %6 X) = B2 (W x Up) X6 X) = HE! (Un xa X) =+
where Q,,, = INJm xq X — (W x Up) xg X, both the end terms are trivial, thereby showing that the middle

maps in both the long exact sequences are isomorphisms. Here H“! denotes either motivic cohomology of

weight 1 with Z/m-coefficients or étale cohomology with respect to the sheaf p,,,(1). The assertion on the
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triviality of the local motivic cohomology terms above follows from Proposition 9.4, while the corresponding

assertion for étale cohomology follows from well-known cohomological semi-purity statements. O

4. PROOF OF COROLLARY 1.6

Proof of Corollary 1.6. When G = GL,, or G,,, the two statements follow readily from the discussion
in section 2.3: see especially (2.4) and (2.6). When G = GL,, or G = Gy, for p > 2, the codimension
of the complement of (G*P x W*P) xgxp X in E(G*P)8™2 x ., X is at least 2. Therefore in this case,

mBraen (X) 2 mBr((GXP x WXP) xgxp X) 2, Br(X). O

5. BRAUER GROUPS OF STACKS OF THE FORM [X/D] WHERE D IS A SMOOTH DIAGONALIZABLE GROUP
SCHEME AND PROOF OF THEOREM 1.7.

The main theme of this section is the determination of the Brauer groups of quotient stacks of the form
[X/D], where D is a smooth diagonalizable group scheme. We begin by observing that when D is the 1-
dimensional torus G, then (2.7) provides a means to compute the Brauer group of the quotient stack [X/D].

We proceed to consider some of the remaining cases.

5.1. Toric stacks. Let X denote a toric variety defined over a field & for the split torus T = G},, or more
generally a toric scheme over the base B in the sense of [JL, section 4(i), (4.1)], i.e. satisfying the hypotheses
as in (10.5). Recall B is assumed to be the spectrum of a Dedekind domain R which is an excellent scheme
and that the hypotheses in (10.5) require that the toric scheme X contain as an open subscheme a split torus

T = G}, and that all the T-orbits are defined and faithfully flat over B. Consider a homomorphism

G, —» G,
given by characters
a1y, 05 G = Gy,
Each character in turn decomposes as a; = (a1, (v, - - ., vy ) Where ;5 : G,y — Gy, given by z +— 2%,

We are interested in the Brauer group of the quotient stack [X/G7 |: as defined in the introduction, such

stacks are what we call toric stacks. (See [GSat] and/or [JK, section 2].) We let

(5.1) Xa(X, G,) := (A\ {0})" xg;, X.

5.2. Notation. We let

m XAl ifu=1
AG(u) = { Om ¥ A7 ifu
A*x G, fu=2
Given v € {1,2}", with v = (vy,...,v,) we set
(5.2) U(v,X,6}) = (JTAG(w)) xep, X

1

. 1 ifu=2
u =
2 ifu=1

Given u € {1,2}, we let
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Proposition 5.1. In the above situation, for each choice of v = (v1,--- ,v,), there is an isomorphism
oy : U(v,X,Gl) > A" x X
given by

T
1y, Ty, _
bu((211,212), - (Tr1, Tr2), p) = (1”1, maH%vi-?)

5
T1vy Lo, |

Proof. One checks that the lift of ¢,, defined by the same equations is equivariant for the action of G;,, on

[1; A% x X and hence ¢, is well defined. One can write down the inverse of ¢, as

oy (1, 2, p) = (Y11, Y12)s - - - (Yr1, Yr2), D)

where
1 ife=1
YL g it =2
and
o ZT; if V; = 1
Y2701 iy =2
One checks that these maps are mutually inverse. (Il

Proposition 5.2. As v varies over {1,2}" the U(v,X,GL)), form an open cover of X5(X,G?).
Proof. This is clear. O

Proposition 5.3. The variety (scheme) Xo(X,G) is toric and has dense open torus
G’ x T D Xy(X,GL)

given by

(21, oy 2ry0) — [(1,21), (1, 22), ..., (1, ), D).
Moreover all the GJ,, x T-orbits on Xo(X, G})) are faithfully flat over B.

Proof. The question that A is an open embedding is local on Xo(X,G?h)) so it can be checked locally on
U(v,X,G?)). Using the isomorphism of the prior proposition, we check that it is an open embedding with
dense image. To see that X5 (X, G) is normal, note that normality is local for the smooth topology and the
smooth cover X x (A — {0})" is normal. One may see from the above discussion that, when B = SpecR for
an excellent Dedekind domain R, the G, x T-orbits on X5(X,G?")) are of the form GI, x T', where T’ is a
factor of T. Therefore, they are faithfully flat over B. ]

We proceed to discuss an explicit fan for the toric variety (scheme) Xo(X, G).

Proposition 5.4. Choose v,w € {1,2}".
(1) We have ¢,(U(v,X,G5) N U(w,X,GL)) = [} AG*" x X where

1 iy — .
AGU Wi — A Zf Vj Qf)z
G,, otherwise.
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(2) The composition

T 1 r
[TAG"™ x X% U(v,X,G,) N U(w,X,GL) & JAG"™ x X
1 1

s given by
¢w O¢;1($1,...7$T7p) = (I;)hwl"' '7‘1.7?th7 ¢ 'p)
where
xjv,,w, _ {xil Zf U = w;
z, otherwise,
and

Proof. (1) Set
G x Al if v, =w; = 1
AGUw = Gy X Gy i v; # W,
Al x G, ifv,=w =2.
It follow from 5.2 that [[] A% xg, X = U(v,X,G5) N U(w, X, G7,).
When v; = w; the ith component of m is the same as that of U(v, X, G})) and when v; # w; then an
open axis is missing. The result follows directly from the formula for ¢,.

(2) Here we make use of the formula for ¢, ! given in the proof of 5.1. We see that

¢w O¢;1(x1a"'7xrap) = (bw((yllaylg)w"7(y’r17y7‘2)ap)

T
Y1, Yr, 1y, _
= (wl,..., ke ,Hymf ’p>a
1

Y1w; Yrw,
where
YT s itu=2 Y271 ite =2
One checks

S Z; ifvzv:wi ) o 1 if’t}izwi
Yiws = 1 if (3 7é Wy . Yiuti = Z; if V; 7é Wy .

It follows that
Yid _ ) Ti if v; = wy
Yiw, :L’i_l if Ui # w;

and
T
Hy;j) = H 55;1 =1
1 v FW;

We will assume from now on familiarity with cones and fans and their associated toric varieties.

Proposition 5.5. Consider the morphism of split tori

$u: Gl x T =GLH = GL*
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induced by the map ¢, : U(v,X,G~) — A" x X where G, x T = G5 C U(v,X,G") and G5 C A™ x X.
Then the induced pullback map on character lattices ¢¥ : X(GTF5) = 2" — X(GILFS) = Z"F5 is given by

multiplication by the matrix
(I, A, )
Blo,e) = (0 Toxs >

SXT
where:
e(v;) 0 - 0
0 e(ve) - 0
Iv = . . . .
0 0 e(v)
—0411(1)1—1) —0[51('[)1 —1)
—0412(1)2 — 1) e —CYSQ(UQ — 1)
A(v,a) = . .
_alr(vr - 1) tee _asr(vr - 1)
Here
1 ifv, =1
e(wy=3" 7Y
-1 ifvy,=2

Proof. We need to compute the morphism from the torus G;, x T to A" x X via ¢,. The torus G;, x T sits
inside U(v, X, G,) as described in 5.3. Recall the embedding is

(Zla e -azrap) — [(1vzl)a LR (1727*)727]'

Hence, one computes

¢U((1721)7(Iaz2>7"'7(J7Z’r)ap17'"aps) = (z;(v1)7z;(vg)a"'7'zﬁ( 07‘)7tp17tp27"'7tp5)

where -
t= H zi_l.
i:l,’t}izg
Now let x; : GI'F® — G, be the character x;(21,...,2r15) = z;. We need to compute x; o ¢,. It is easy to
see that

Xi © v = X5 (vi)
when ¢ < r. This proves that the left (r + s) x r block of the matrix B(v, «) is as stated. Now assume ¢ > 7.
Take 1 < j <r. Then

Xi 0 Gu([(L 1),y (Lizg)seeey (L), 1)) = XLy, 2507, 1 2000,

Now A =0if v; =1 and A = —1 if v; = 2. Now recall that the torus G;, acts on T = G}, via the characters
a; as described at the start of this section. The top right r x s block of B(v, «) is obtained by observing that
Rt
It remains to check that the bottom s x s block is the identity. This is straightforward as GJ, act on G}, via

ordinary multiplication. (Il

Proposition 5.6. Let V be a finite dimensional vector space with an automorphism a : V — V. Let p be a

cone in V with dual cone p¥. Then we have
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Proof.

Y

v € (a(p)’ = <alz),v>0> VYzecp

= <z,a'(v)>0> Vrcp
= (a')(v) € p"
= ve () (V).

O

Proposition 5.7. Let X C Z° be a fan for the toric variety (toric scheme) X. Let cone(eq,...,e;) be the
standard fan for the toric variety (toric scheme) A™ so that cone(ey,...,e;) X X is a fan for A" x X. Then

a fan for Xo(X, GL)) is given by taking the union of the fans
(B(v,a)")"*(cone(ey,...,e;) x X)

as v varies over {1,2}".

Proof. Consider first the case where X is affine, given by a cone 0. We write S, for the monoid consisting

of lattice points in oV. We have

Spec(k[S‘jxcone(el---er)]) = X’ (SpeC(R[SUXcone(m...ET)]) = X)

As a sub-algebra of the co-ordinate ring of the torus, this is

k [SB(v,a)(cr X cone(es .. .cr))] (R[SB(V,Q)(O‘ xcone(es.. .cr))] ) TeSpeCtiVGIY) .

In other words, the dual cone for U(v, X, G/, ) is B(v,a)(o x cone(ey ...e;)). The cone is then described via
the lemma. The affine case now follows from [CLS, Exercise 3.2.11]. The same gluing procedure yields the

result in general. O

Proof of Theorem 1.7. Clearly the above discussion proves the first statement. Now the second statement

follows readily from Theorem 1.4 making use of Corollary 3.4. ]

We will now recall the following basic framework from [JL, sections 2 and 4]. In the following discussion,
we state the results explicitly only for toric schemes defined over the excellent Dedekind domain R: the case
for toric varieties over the field k should be clear by replacing R by k. Observe that Xo(X,GJ,)) is now a
smooth split toric scheme with the open orbit given by the split torus G!.F*. We will denote the coordinates
of this torus by t;, i = 1,---r+s. Let ¢ denote a primitive m-th root of unity in k and let (¢;,¢;)¢ and (b, t;)¢
denote cyclic algebras with b € R*. Observe that any Azumaya algebra generated by the cyclic algebras
(ti,tj)c, @ < j will be of the form II; (¢, tj)zi’j, for some choice of integers 0 < e; ; < m, while any Azumaya
algebra generated by the cyclic algebras (b, t)¢, with b € R* and ¢ a coordinate of the torus G,”* will be of
the form A = TI7_, (b;, ¢;)¢", for some integers 0 < e; < m.

We will denote the subgroup of ,,Br(T) generated by {H1§i<jgr+s(ti,tj)?’j|ei7j > 0} by A, and the
subgroup generated by {Ili<;<,4s(b,%;)¢'le; > 0,b € R*} by B. Let M (N) denote the lattice of characters
(co-characters or 1-parameter subgroups) associated to the split torus G!F*. Let A’ denote the fan associated
to the toric scheme X3(X,GJ,) and let N” denote the subgroup generated by (J,,cn 0’ " N. Then N’ =

Zan; @ ---Zayn,, where ny, -+ ,n,, 0,471, -+ N4 is a basis for N and a; > 0 are integers with a;|a;4 7,
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fori =1, -+ ,u. Then [JL, Theorems 2.1 and 4.1] (i.e., Theorem 10.4) readily provide the following theorem
that calculates the Brauer group of the toric stack [X/GI ].

Theorem 5.8. For a positive integer m invertible in R, let ,,Br([X/GL]) denote the m- torsion part of the
Brauer group of [X/G]. Then the following hold, assuming R contains a primitive m-th root of unity (:

(i) mBr([X/Gh]) = »Br(SpecR) & (Br([X/Gr]) NA) & (,,Br([X/GL]) NB), where (following the termi-
nology in [JL, Theorem 3.2])

(i) mBr(X/GL])NA = the subgroup generated by {A = I, ;(%;, tj)?’j |m > e; j > 0} satisfying the following
conditions: for eachv =1,...,min{u,r+s—1}, ifm, = hef{m, e1.p,€2.4, s €105 Cou41s" " +Corts)
then (mﬂv)\av. In view of the assumption the toric scheme X is smooth, all a, = 1, and hence hence
the last condition translates to m, = m, for all v.

(iii) ,,Br([X/Gp]) N B is generated by {A = H:if(bl,tl)zﬂ m > e; > 0}, as b; € R* varies among the

corresponding classes in HL (SpecR, . (0)) so that the following conditions are satisfied: for each

v =1 ,u, if m, = hef{m,e,,ord,(b,)}, then (%ﬁbv)ﬂav. (For an element b € R*, we let b

denote the image of b in K*/(K*)™. Let ord,,(b) denote the order of b, which is the least positive
integer so that b°rdm®) € (K*)™.)

In view of the assumption the toric scheme X is smooth, all a, = 1, and hence hence the last

condition translates to ord,,(b,) = my, for all v.
Moreover, [JL, Corollaries 3.3 and 4.2] provide the following corollary.

Corollary 5.9. Assume the basic hypotheses of the last theorem. Let A denote the fan for the toric scheme
X. Then the following hold:

(i) In case there is a cone o in the fan A with dimension(o) > s — 1, then ,Br([X/G"]) N A is trivial.
(ii) In case there is a cone o in the fan A with dimension(c) > s, then both ,Br([X/GL]) N B and
mBr([X/Gr]) N A are trivial, so that ,,Br([X/G}]) = ,,Br(SpecR).

Proof. In view of Proposition 5.7, one may observe that if there is a cone o for the given toric scheme X
with dimension(o) > s —1 (dimension(c) > s), then there is a cone ¢’ for the toric scheme X5 (X, G!)) with
dimension(c’) > r+ s — 1 (dimension(o’) > r + s, respectively). Therefore the conclusions follow in view
of [JL, Corollary 3.3 and 4.2]. O

Example 5.10. Letn > 1 denote a positive integer. We will now consider the Brauer group of the weighted
projective stack [(A™ — {0})/G,,] defined over a base B as in (1.1). (Observe (see [GSat, Example 4.14])
that the stack My 1w is a weighted projective stack, so that our results here apply to such stacks.)

Corollary 5.11. Assume the basic hypotheses of Theorem 5.8. Then ,,Br([(A™ — {0})/Gn]) = ., Br(B).

Proof. From the description of the fan for the associated toric variety (scheme) Xo(A™ — {0}, Gy, ) as in
Proposition 5.7, one can see that it satisfies hypotheses in Corollary 5.9(ii). (Il

Example 5.12. Here we consider the stack [A'/G,,]. This is the stack that classifies pairs (L,s) with L — X
a line bundle on the scheme X and s € H(X,L). Now (2.7) shows that ,,Br([A'/G,]) injects into ,,Br(Al).
Clearly the latter is trivial if m = €™ for a prime £ invertible in k (R) and k (R) has £-cohomological

dimension 1 or less. The same holds for the stack [A™/G,,], where G, acts diagonally on A™.
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Proposition 5.13. (The period-index problem for toric stacks)

(i) Assume the base field k is algebraically closed and let m denote a positive integer invertible in k. Then
for [X/G"] a toric stack as in Theorem 1.7, if a € ,,Br([X/G"]), Period(a)|Index(a) 571,

(ii) Assume the base field k is the function field of a smooth curve over an algebraically closed field and
the positive integer m is invertible in k. Then for [X/GL] a toric stack as in Theorem 1.7, if a €
mBr([X/G")), Period(a)|Index(a)"ts.

Proof. This follows readily from Theorem 1.7, Proposition 5.3 and [JL, Theorem 5.3 and Corollary 5.7]. O

5.3. Quotient stacks of the form [X/jm]. Next we proceed to consider quotient stacks of the form [X/ ]
where X is a smooth scheme provided with an action by the diagonalizable group scheme of the form pign, all
defined over the base scheme B as in 1.1, with £ a prime invertible in Op. In this case, we let Eggn = A%2—{0}
provided with the action of pn, where it acts through the obvious injection pn — G,, and G,, acts on A2

in the obvious manner. In view of Theorem 1.4, one may identify Br([X/ue]) with Br(Epe %, X).
Theorem 5.14. Assume the above situation. Then the following hold.

(i) For n > n', we obtain a short exact sequence:
0 = 4w Br([X/Gm]) = pu Br([X/pen]) = Hee ([X/Gu], sy (0)) — 0.
(i) In case n < n’, we obtain a short exact sequence, where o is the first Chern classes of the line bundle
O(—1) on BGy, =P>:
0= (pu Br([X/Gun])) /€0 = e Br([X/pen]) = kex(HY ([X/Gn], prow (0) “3HE ([X/Gm])) = 0.
(iii) Next assume that Op has a primitive £-th root of unity and that the smooth scheme X is provided

with an action by the symmetric group Xy, where ¥y denotes the symmetric group on L-letters. Then g

identifies with the constant sub-sheaf Z/¢ of ¥y and

Br([X/%e]) 2 (,Br([X/pg])) 0o,

Proof. We will first prove (i) and (ii) when X = B, so that pm acts trivially on X in this case. We begin
with the calculations in [Voev2, section 6] on the motivic cohomology of Bu. A key observation is that
Bugp = O(—£") — z(P*), where O(—¢") denotes the obvious line bundle on P*°. This is clear since a
model for the geometric classifying space for ju. is given as the quotient (A" — 0)/ue» which fibers over
P? = (A" — 0)/G,,. Therefore, the homotopy purity theorem [MV, Theorem 2.23] provides the cofiber

sequence:
(53) B,U,en+ — (O(_gn)]poo)+ — Th(O(—gn)>,
where Th(O(—¢")) is the Thom-space of the above line bundle, which identifies with the cofiber of the first

map. Next we let H{ (P>, Z/¢") = @Hay (P>, Z/¢"") and similarly HEY®™ (P>, p1yu) = SHA (P figr ).
Then

(5.4) H (P, Z/0) = Hi® (B, Z/0* )[[o]] and
H*

HG® (P, prgn ) = H™ (B, o )[[0]]-
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Thus, Hy;* (P, Z/0") (H5® (P, piyw ) is a formal power series ring in the variable o () over Hy;* (B, Z/¢"")
(over HZ;®* (B, f1,n ), respectively). o and & are the first Chern classes of the line bundle O(—1). (Observe

that the cycle map sends o to 7.)

Then the long-exact sequences in motivic and in étale cohomology associated to the above cofiber sequence
provide the commutative diagram of long exact sequences
(5.5)

Hyi' (B, Z/0")[[o] - Hy (B, Z/¢")][o]] Hy' (Buen, Z/07) Hy' (B, Z/0")[[o]

SRR | |

T HAB, s (O)I[6)] T HE (B, s (1))[[5]] HEZ, (Bregn, prpo ) He (B, g (0))[[0)]

where oeH%!(P>°) is the first Chern class of O(—1).

Here e denotes the Euler class of the line bundle O(—¢"). H** denotes either motivic or étale cohomology
with Z/¢™-coefficients. The map denoted Ue is the composition of the Thom isomorphism and the obvious
map H**(Th(O(—¢"))) — H**(E(O(—£")p<)) = H**(P>).

Next we break the remaining part of the proof into two cases, (i) when n > n’ and (ii) when n < n/. In
the first case, observe that {"c = e(O(—£")) and therefore, the above long exact sequence breaks up into
short exact sequences since we are working with Z/¢" -coefficients for n > n/. In view of (5.4), the statement
in (i) follows when n > n’ by taking the cokernels of the vertical maps, and observing that H11v}0 = 0 (since
motivic complex Z/¢™(0) identifies with the constant sheaf Z/¢™). In fact one may observe that the vertical
maps above are all injective, as one may see from the Kummer sequence and then apply a snake Lemma
argument (see, for example: [JL, Lemma 2.6]) to obtain the required conclusion, when X = B and the action
by pen is trivial.

Next we consider the case where X is no longer the base scheme B. In this case, and for the remainder of
the proof, we will denote (A% — {0}) x,,,. X by [X/pen] and similarly (A% — {0}) xg,, X by [X/Gm]. A key
observation now is that (A% — {0}) x,,, X = 7*(O(—")) — 2([X/G]), where 7 : (A2 — {0}) X1, X — Bjgn
is the projection and 7*(O(—£")) denotes the pull-back of the line bundle O(—£") on P> = BGy,. This is
clear since a model for the geometric classifying space for pyn is given as the quotient (A"t —0)/pm which
fibers over P = (A"*! —0)/G,,. Therefore, the homotopy purity theorem [MV, Theorem 2.23] provides the

cofiber sequence:

(5.6) (A* = {0}) Xpupn X)5 = 7(O(=£")p )1 — Th(x"(O(=£"))).

In this case, in place of the diagram (5.5), we obtain the diagram:

(5.7)
un*(e)
T HG (X Gl 2/ ) T Hy (X/Gm] 2/ T Mg (X pen ], 2/ T (X /Gl 2 ) T
| e i i

Hgt([X/Gm]v Hogn’ (0)) Hgt([X/Gm]v Hepn’ (1)) Hzt([x/p’ln]v Hogn’ (1)) Hét([X/GmLV‘gn’ (O))
where the map denoted Ur*(e) is the cup product with the Euler class of the pulled-back line bundle

7*(O(—£")p ). Now the class 7*(e) = 7*({"0) = {"7*(0) and hence is trivial. Therefore, the long-exact
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sequences in each row break up into short-exact sequences. One obtains the short exact sequence in (i) on
taking the cokernels.

Next we consider (ii), i.e., the case when n < n’. Now the long exact sequence (5.5) no longer breaks up
into short exact sequences so that we will argue a bit differently as follows. Here also we first consider the
special case where X = B and py» acts trivially. Then one obtains the following commutative diagram of
short exact sequences from the long exact sequence (5.5):

(5-8) 07 T Hy (B,Z/e)[lo]l/(¢*0) T Hyj Bue, Z/€) T K0

| ]

0 HZ, (B, e )[[01)/(€75) 2, (Brign, fignr) K 0

where
K = ker(HL(B, 2/ ) [o]| 23 HE (B, /6" )[[o]]) and K = ker(HY, (B, pp (0)) 7] -3 HE, (B, pow (1)][[5]))-

Taking the cokernels of the vertical maps, and observing again that Hll\,’[O = 0 now proves (ii) in this case.
When X is no longer B, we will instead obtain the commutative diagram with exact rows:

(5.9) 07 7 Hy (X/Gul, Z/€¥)/(00) —~ Hyf (X/puen], Z/0%) K™ 0

| | N Y

0 H, ([X/ G, pgnr) / (£90) HE, ([X/ e ] prgnr) K™70

where

K = ker(H (X /G, Z/0" ) E3HE (X /Gon], Z/0*')) and

K = ker(H ([X /G, st (0) “3H (X /Gra), pwr (1))).

Taking the cokernels of the vertical maps, now proves (ii) in this case.

Next we will consider (iii). First observe that, under our hypotheses, one may identify the sheaf u, with
the constant sheaf Z/¢. In this case, we will adopt the terminology from section 2.3 and let EGLY™? denote
the object defined in (2.3). Then we will let [X/%,] denote EGLI™? xqr,. (GL, xx, X). Moreover we will

let [X/pen] denote EGLY™? x g, (GLy, x7/¢X). Then one has a natural map p : X/ 1] S[X/Z./0) — [X/S4).
The main observation now is that |%;/Z/¢| = (£ —1)! is invertible in Z/¢ and . Therefore, the induced
maps
(5.10) P H (XS], Z/0) = By (1X/juel Z/0)* ) and

P HL (XS], /) — B (X e Z/ 00

are split injective. One may also observe that the action of Aut(u,) is compatible with the cycle map.
Therefore the case of [X/p] considered above completes the proof of (iii) in the Theorem. O

Example 5.15. As an example one can consider the quotient stack [Al/uén/], Here we make use of Proposi-
tion 5.14 to compute the resulting Brauer groups. Observe that HL, ([A'/Gy], ppn (0)) = HL (BGy, popnr (0)) =2
Hl(BM@/ (0)) since BG,, = P>. One may now complete the computation making use of the short-exact se-
quences in Proposition 5.14. Observe that when B = Spec k with k a separably or algebraically closed field,
e Br([AY /] is trivial.
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6. BRAUER GROUP OF THE MODULI STACK OF ELLIPTIC CURVES AND PROOF OF THEOREM 1.9.

Let M 1 r denote the moduli stack of elliptic curves over the base scheme B, which we assume is the
spectrum of a Dedekind domain R, for example, the ring of integers in a number field. We proceed to
compute the f-primary torsion part of the corresponding Brauer group. We will assume that the primes 2
and 3 are invertible in R. Let Y = Spec R[g2, g3][1/A] C A%, where A = g3 — 27g3. We define an action of
Gyn by g2 — utga, g3 — u8¢g3, u € G,,. Let B = SpecR. Then we make use of the following presentation for
the stack My 1 r: see [Ols, Proposition 28.6] or [Hart77, Chapter IV section 4, Theorem 4.14B]:

(6.1) Mir = [Y/Grl.
Then we obtain the following result.

Theorem 6.1. Assume further that the prime ¢ is invertible in R. Then the following hold:
(i) ¢nBr(Y) = mBr(B) @ H. (B, ptem (0)) =2 mBr(B) @ Homeons (758(B, %), Z/™), where 7¢¢(B, ) denotes the
étale fundamental group of B (pointed by a base point x) and Homeon, (754 (B, %), Z /™) denotes the group
of continuous homomorphisms into the the discrete group Z /0",
(i) HE (Y, e (1)) = HY (B, ppn (1)) @ H (B, jugn (0)) 22 coker(R*SRY) @ Z/07,
(iii) ¢»Br(Mir) = kernel(res : mBr((A' x Gu) xg,, Y) = mBr(Y) = H} ¢ o (0))xe,v(Cm X Al xg,,
Y, e (1)) 2= HY (G % {0) X, Y s (0)) 2 HL (Y, 100 (0)),
where res denotes the residue map discussed in (2.7) and in [JL, 2.3]. In particular the Brauer group
mBr(Mi1r) is a subgroup of ;Br(Y). Moreover ;wBr(Mi1r) = 0 if the residue map in (i) is
injective.
(iv) In case the Brauer group ;«Br(B) is trivial, ;Br(Y) = HZL (B, e (0)) and hence ¢nBr(Mi1R) is
generated by classes coming from HZ, (B, pen (0)).
(v) In case R is a finite field, separably closed field, or a complete discrete valuation ring with finite or

separably closed residue field, ¢»Br(B) is trivial, so that the conclusions in (iv) hold in these cases.

Proof. Throughout the proof, we will let © = go, y = g3 and A = SpecR|[z, y]/(z% — 27y?). Let Al
denote the affine space of dimension ¢ over B = SpecR. Observe that the curve corresponding to A has
an isolated singularity at the origin, which can be resolved by taking the normalization as follows. Recall
that A corresponds to the plane curve with equation : (2/3)® = y2. Therefore, we substitute (z/3) = t2
and y = t3, so that A = Rz, y]/((z% — 27y®) = R[t?,t3] with function field K(t), where K denotes the
function field of R. This is because 1/t = t2/t3 = (z/3)/y = z/(8y). Since R is assumed to be a Dedekind
domain, it is integrally closed in its field of fractions K. Therefore, R[t] is integrally closed in K(t): see
[StacksP, Normal rings: Lemma 10.37.8]. Clearly t is integral over A, and therefore the integral closure of
Ain K(t) is R[t] = R[3y/z], which corresponds to the affine line AL over B = Spec R. This proves that the
normalization of the curve A is the affine line Allg and the normalization maps A]13 — {0} isomorphically to
the curve A — {0}.

Therefore, we obtain the isomorphisms:

(6.2) A% — A (A3~ {0}) — ((A) — {0}) A} — AL 2 A x Gyup

HE (AR — A, e (1)) = HE (AR — {0}) — (A = {0}), pen (1)) 22 HE, (AR — AR), pen (1)),
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where the last isomorphism follows from the observation made earlier that the normalization of A is the affine
line A, At this point Theorem 10.1(i) applies to provide a proof of the assertion in (i) while Theorem 10.1(ii)
applies to provide a proof of the assertion in (ii). The assertion in (iii) then follows from (2.7). The remaining

statements are clear. O

Corollary 6.2. (i) Next assume the base ring R is a field k in which 2 and 3 are invertible. Let ¢ denote a
prime not necessarily different from 2 or 3, so that £ is also invertible in k, and k contains a primitive

£ -th root of unity for some positive integer n. Then
(6.3) Br(My 1 1) = Br(Spec k) @ HL, (Spec k, p1 (0)).

Moreover the last summand corresponds to cyclic algebras of the form (b,t)¢, where b € k* and t € G,
corresponds to the character that generates the lattice of characters of G, .

(ii) The corresponding results also hold when the base ring R is an excellent Dedekind domain in which 2
and 3 are invertible and where £ denotes a prime not necessarily different from 2 or 3, so that £ is also

invertible in R, and R contains a primitive £ -th root of unity for some positive integer n.

Proof. We will first consider the proof of the first statement. The main point to observe is that, in view
of (6.2), now Mj 1 identifies with the toric stack [(A} x Gy x)/Gm k). According to Proposition 5.7,
the corresponding toric variety Xg(A}c X Gm,k, Gm,k) has an open covering by toric varieties of the form
Al x Al x G, . Now the open orbit is G,Xn:j’k, but there are only two codimension 1 orbits coming from the
fan, namely {0} x G:ﬁk and G, x X {0} x G, 5. Observe also that the fan for the toric variety A} x Gy, x
is 1-dimensional and hence the fan for Xo(A} X G, g, Gy k) is 2-dimensional. Using the terminology of
Theorem 5.8, r + s = 3, and v = 2 and since the toric schemes are all smooth, the invariant factors a, = 1
for all v. Therefore, Corollary 5.9(i) applies to show that the term ¢ Br([Af X G x/Gmk]) N A is trivial.
Now Theorem 5.8(iii) and Corollary 5.9(ii) apply to show that as b € k* varies, the corresponding classes in
H., (Spec k, 1= (0)) give rise to the cyclic algebras (b, t)¢ contributing to the last summand HY (Spec k, 1142 (0))
in (6.3). This completes the proof of (i). For the second statement, one may observe that M 1 g identifies
with the corresponding toric stack defined over B = Spec R and therefore a very similar calculation holds in
this case. O

Now we return to the general setting where R is a Dedekind domain and consider the situation without
assuming it has a primitive £"-th root of unity. One considers the following conditions on B = SpecR.

(i) Pic(B) =0,

(ii) H%ppf(B,/Mn(l)) = 0. (In case ¢ is invertible in Og, HZ (B, i (1)) = 0
(iii) H%ppf(B7Wn(1)) = 0. (In case ¢ is invertible in Og, HL (B, p (1)) = 0.)
Lemma 6.3. (i) Under the hypothesis in (i), qBr(B) = prpf
puted on the fppf site. If in addition to the hypothesis in (i), £ is invertible in Op, ¢ Br(B) = H2 (B, pm(1)).
Therefore, under the hypothesis in (i), (i) is equivalent to ¢»Br(B) = 0.

(i) Under the hypothesis in (1), H}ppf(B,,ugu(l)) =0 if and only if the the "-th power map I'(B, Gy,) —
['(B,Gy,) is surjective. If £ is invertible in B and (i) holds, HL (B, pe (1)) = 0 if and only if the the "-th
power map I'(B,Gy,) — I'(B, Gy,) is surjective.

(B, wen (1)), which denotes cohomology com-
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Proof. To see (i), consider the the following part of the long exact sequence provided by the Kummer

sequence:

B
(64) E H%ppf (B7 Gm) - H}ppf(Bv Gm)gH%ppf(B’ /M“(l))g)H%ppf(B> Gm)l)H%ppf(B7 Gm) o

(If ¢ is invertible in Og, one may also use the corresponding long-exact sequence in étale cohomology.) The
map denoted v is the £"-th power map, and its kernel is ¢» Br(B). The exactness of the long exact sequence
above shows that the kernel of « is isomorphic to the image of 5. But the map § is clearly injective in
view of the assumption that Pic(B) = 0. Thus ¢Br(B) = H%ppf(B, ten(1)). The same argument proves the

corresponding statement in étale cohomology when ¢ is invertible in Ogp.

For (ii) we consider the following part of the long exact sequence provided by the Kummer sequence:
o s .
(6.5) 0 — HY +(B, pen (1)) = T(B, G) =T (B, Gr)=Hiy ¢ (B, pun (1)) — Pic(B) = 0
This shows that Hg (B, e (1)) is isomorphic to the cokernel of the £*-th power map. Thus Hg (B, e (1)) =

0 if and only if the ¢"-th power map F(B,Gm)e—nﬁ‘(B,Gm) is surjective. The corresponding statement for

étale cohomology, when ¢ is invertible in O may be proven similarly. O

Next we make the following observations. Let Z denote the ring of integers in Q. Then
(i) Pic(SpecZ) =0, and
(ii) Br(SpecZ) = 0. In particular ¢»Br(SpecZ) = 0.

One may readily see (i) is true because Z is a PID. The statement that Br(SpecZ) = 0 may be proven using
class-field-theory: see [Ay], for example. Since ¢»Br(SpecZ) denotes the ¢"-torsion part of Br(SpecZ) the

second assertion in (ii) follows.

Let Z1 /6 denote the localization of the ring Z by inverting the number 6. Next observe that SpecZ, /s =

SpecZ — {(2), (3)}. Therefore, one may compute its Brauer group as follows.
Lemma 6.4. ;»Br(SpecZ /) = ¢ (Z/2Z) © ¢ (Q/Z), for £ =2 or 3.
Proof. We skip the proof as this follows from a standard argument using the computation that Br(Z) =0. O

Taking R = Z; /6, we obtain the following corollary to Theorem 6.1.

Corollary 6.5. Let B = SpecZ;s and let Y be as in (6.1). Let Z’{/ﬁ denote the units in the ring Z s¢.
Then for £ =2, or 3,
(i) ¢nBr(Y) = m(Z/22) ® ¢ (Q/Z) D HE (Spec Zy j6, /") =2 n (Z/27) ® ¢ (Q/Z) ® Homeons (Z5 X 25, Z/ ),
where Homeont (Z5 x Z5,Z/0™) denotes the set of continuous homomorphisms from the profinite group
Z%5 x 7% (which denotes the group of units in Zs X Z3) to the discrete group Z/€",
(it) He (Y, puen (1)) = Hy (Spec Zy g, pen (1)) @ H, (Spec Zy /6, fuen (0))
= coker(Z; ;g L g) ® O, (Spec Za g, Z/0%) = L3 16 /(5 16)" 2/, and
(iii) nBr(My1r) = ker(res : «Br(Y) — HL (Y, (1)) where res denotes the residue map as in Theo-

rem 6.1.

Proof. One may compute the étale fundamental group of SpecZ /s to be Z3 x Z3. Therefore (i) follows
from the first statement in Theorem 6.1(i). The Kummer sequence in (6.5) (which holds on the étale site in

this case since £ = 2,3) shows that H (SpecZ g, juen (1)) = coker(Zf/GgZ*{/G). Therefore, (ii) follows from
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Theorem 6.1(ii). Now (iii) follows readily from Theorem 6.1(iii) and the above observations. This completes

the proof of the Corollary. |

Remark 6.6. We would like to point out that, though there are related results in the literature, such as
[AMO], their work uses a completely different presentation of the moduli stack.We are able to obtain the
results discussed above, as a direct consequence of our work on the Brauer groups of toric stacks and quotient

stacks as in the earlier sections of this paper.

7. BRAUER GROUP AND TORSION INDEX OF LINEAR ALGEBRAIC GROUPS: PROOF OF THEOREM 1.10.

Throughout this section we will work over any base field & with m a positive integer invertible in k. All
linear algebraic groups we consider will be defined over k. Let H denote a fixed connected linear algebraic
group with a chosen Borel subgroup B and a chosen maximal torus T C B. Let N denote the dimension of

H/B. For a linear algebraic group G, we will let BG8™ denote BG&™™  for some m > 0.
Next consider the diagram
(7.1) H/B-5BB&™ =~ EH™ xy (H/B)-»BHE™,

where f denotes the obvious map induced by the inclusion B C H (or equivalently the projection H/B —
Spec k). Observe that BB8™ ~ BT8™ where ~ denotes an isomorphism in the motivic homotopy category.
We next recall the definition of the torsion index of connected linear algebraic groups from [Tot05, section
1].

Definition 7.1. (See [Tot05, section 1].) Let N = dim(H/B), so that CHY(H/B) 2 Z. Then the torsion
index of H (denoted t(H)) is the least positive integer t(H) so that

image(i* : CHY(BB#™) — CHN(H/B))

equals t(H).CHY (H/B).
Observe that there exists a class a € CHY (BB&™, Z/m)(= Hy, "~ (BB&™, Z/m)) so that
(7.2) f+(a) = t(H) € CHY(BH®™,Z/m) = Z/m,

where t(H) is the image of the torsion index ¢(H).

Remark 7.2. For linear algebraic groups defined over the complex numbers, the torsion index can also be
defined using singular cohomology with integral coefficients, as for such groups the singular cohomology of

H/B with integral coefficients is isomorphic to the corresponding Chow group.
Next we consider the following squares that commute:

fo
(7.3) Hi*(BBe™ Z/m) —  Hi 2 *N(BHE™, Z/m)

lcycl lcycl
e

HE (BBE™, i (o)) He 2N (BHE™, i (o — N))
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(7.4) HE® (BBE™, Z/m) HE (BHE™, Z/m)

Iz
cycl cycl

HE (BBE™, i (o)) HE (BHE™, 11 (o))

-~
7
To see that these squares commute, one may observe that BBs™™ identifies with EH&™™ xy (H/B)
while BH8™™ identifies with EH8™™ x g (H/H) = EH8™™ x (Spec k). Now observe that, since B is a Borel
subgroup in H, H/B is a flag variety and therefore admits an H-equivariant closed immersion into a projective
space P™ on which H acts. Therefore, the map EH8™™ xyg H/B — EH&™™ x H/H & EH8™™ xy Spec k
factors as the composition EH&™™ XHH/B$EHgm’m x g Pt SEHS™™ x o Spec k. Therefore it suffices to show
that the cycle map commutes with i, and i* as well as with 7, and 7*. One may prove i, commutes with the
cycle map by using a deformation to the normal cone argument. To prove m, commutes with the cycle map,
one may use the projective space bundle formula for motivic and étale cohomology. The commutativity of

i* and 7m* with the cycle map may be proven similarly.

Lemma 7.3. (i) The cycle map cycl : Hy;*(BB&™,Z/m) — Hy, (BB&™, i, (e)) is an isomorphism when the
base field k is separably closed.
(ii) For any base field k, Hy (BBE™, 1,,(v)) = @it om=u,j+m=vHi (SPeCk, tm (j))®Z/mH§/[m (BB&™, Z/m(m)).

In particular,
HZ (BBE™, 11, (1)) 22 HE (Spec b, i (1)) @z, Hyg (BBE™, Z/m(0)) ©H, (Spec k, 11 (0)) @z, Hy (BBE™, Z/m(1))
= 12, (Spec k, pim (1)) © B (BBE™, Z/m(1)).

(iii) For any base field k, the cycle maps in the left column in the commutative squares (7.3) and (7.4) are
both injective.

(iv) Hy" (Spec k, Z/m) is a split summand of both Hy;* (BB&™, Z/m) and Hy;" (BH&™, Z/m). H (Speck, iy, (@)
is a split summand of both Hf (BB&™, 1, (e)) and HE (BHE™, 1, (e)). It follows that ,,Br(Speck) is a split
summand of both ,,Br(BB&™) and ,,Br(BH&s™).

Proof. Observe that BBs™™ ~ BT&™™ = x"P™ where T is a split maximal torus in H of rank r. Therefore,
the first two statements follow readily from the calculation of the motivic and étale cohomology of a projective
space P™. In fact, we will presently provide the following details on this. One starts with the isomorphisms

provided by the projective space bundle formula:

(7.5) (BB, 2/ m) & WG (Spec k. Z/m) © (9% it/ mltl/ (")),

where each t; has bi-degree (2,1). Similarly one see that

(7.6) HE (BBE™, i () 2 HE" (Speck, Z/m) © (@i Z/mlt)/(577)),

where each t; has bi-degree (2,1). Next one may observe that
2j,j m,m A~ AT m
DY HY (BBE™™, Z/m) = @7, 12/ mlts] /(7).

On letting m — oo, these observations prove the statement in (i) and the first statement in (ii). The second

statement in (ii) is now an immediate consequence of the first statement.
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The third statement is an immediate consequence of the first two. Observe from the definition of admissible
gadgets as in (2.1), we require that the Uy, there always has a k-rational point. It follows that the finite
degree approximations BB8™™ and BH&™™ also have k-rational points. The statements in (iv) are immediate

consequences of this. O

Moreover, one may observe that the cycle map Hyy (BH®™, Z/m) — HS, (BH®™, 11,,,(0)) = Z/m is also an

isomorphism. In view of these observations, one may define the torsion index ¢(H) as the class in Z/m so
that if @ = cycl(a), with the class a as in (7.2)

(7.7) F.(@) = 1(H) € HY,(BHE™ p1,,) = Z/m,

Proposition 7.4. (See [Tot05, section 1].) (i) The kernel of the cycle map
cycl - Hy;* (BH®™, Z/m) — HZ (BH®™, ),
as well as the kernel of the restriction map
£* 0 HLS(BHE™ Z/m) — H* (BBE™ Z/m)

are killed by t(H).

(ii) ., Br(BH&™)/(,,,Br(Speck)) = HZ (BH&™, 11,,(1))/(Im(cycl) + HZ (Speck, ji,,(1))) is killed by t(H),
where Im(cycl) denotes the image of the cycle map cycl : H12v’[1 (BH&™, Z/m) — H2, (BH&™, p1,,(1)).

Proof. Define a map o : CH' (BB2™,Z/m) = H3/'(BB&™, Z/m) — CH!(BHE™, Z/m) = Hi'(BHE™, Z/m) by
a(z) = fi(a.x). Then, a(f*(z)) = fi(a.f*(z)) = fi(a).x = t(H).z. As BT®™ identifies with BB&™, the
map f* identifies with the restriction homomorphism res : Hy;* (BH&™, Z/m) — Hy;*(BT®™,Z/m), thereby
proving that its kernel is killed by the class ¢(H). In view of the fact that cycle map forming the left vertical

map in (7.4) is injective, it follows that the kernel of the cycle map
(7.8) cycl : Hy;* (BH®™, Z/m) — H (BHE™, 11, (o))

is contained in the kernel of f*  and hence is killed by the class ¢(H). This completes the proof of (i).

We next consider the statement in (ii). Therefore, let € H2 (BH&™, p1,,, (1) denote a class. Then
(7.9) t(H).z = f.(cycl(a).f*(z)).
In view of statements (ii) and (iv) in Lemma 7.3, one may write
(7.10) F*(®) = eyl(y) + 2 = eyel(y) + f*(2), y € Hy; (BBE™, Z/m), z € He, (Spec k, i (1))
Therefore,
(T.11)  #(H).7 = Fo(eycl(ay) + eyel(a)F*(2)) = eyel i (a.)) + Foleyel(a).F*2) = cyel (h(ag)) + t(H)z.

This proves the statement in (ii), thereby completing the proof of the Proposition. O
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7.1. Information on the torsion index. Using the fact that connected reductive groups over any alge-
braically closed field of positive characteristic admit liftings to characteristic 0, one may make use of the
determination of the torsion index for compact Lie groups. The following are known:
(i) The only primes that divide the torsion index of simply-connected groups are 2,3 and 5.
(ii) The torsion index for GL,,, SL,, and Sp(2n), for any n is 1.
(iii) The torsion index for SO(2n) and SO(2n + 1), for any n, are powers of 2.
(iv) The torsion index of Spin(n) is a power of 2: see [Tot05] for more details.
(v) The torsion index of E6 is 6 and of ES is 26325: see [Tot05.2].

Corollary 7.5. (i) ,,Br(BG) = ,,Br(Spec k) for any positive integer m invertible in k if G = GL,,, G = SL,
or G = Sp(2n), for any n.

(i) 4 Br(BG) = ,uBr(Speck) for any prime ¢ different from the characteristic of k and 2 if G = SO(2n),
SO(2n + 1), or Spin(n), for any n and n'.

(iii) ¢mBr(BG) = mBr(Speck) for any prime £ different from the characteristic of k for any simply-
connected group G, if £ is also different from 2,3, or 5.

Proof of Theorem 1.10. Clearly the above discussion completes the proof of the theorem. |

8. PROOF OF PROPOSITION 1.11.

We first observe that BG&™ = lim P". Since each P™ is a linear scheme which is projective and smooth,
n—oo

it follows from [JO1, Theorem 4.5, Corollary 4.6] that one obtains isomorphisms for any smooth scheme Y:
(8.1) O Ha (BGE™ x Y, Z/m) = (@;Hay' (BGy, Z/m)) @ (&iHay (Y, Z/m)) and

SiHG(BGE" X Y, pm (1)) 2 (8:HE (BGm, 1 (1)) @ (SHE (Y, 1 (1))
Since the cycle map cycl : @iHﬁ’i(BGﬁlm, Z/m) — @;H2 (BGE™, 1, (1)) is an isomorphism, the Brauer group
mBr(Bung 4(X)), which is the cokernel of cycle map, identifies with mBr(Picd (X)). Finally the isomorphism
mBr(Pic!(X)) 2, Br(Sym“(X)) is proven in [[J20, Theorem 1.2].

Recall that Br(Y) = 0 if Y is a connected projective smooth variety that is rational: this follows from
the well-known fact that the Brauer group is a stable birational invariant for connected projective smooth

varieties. The last statement follows from this observation. O
9. APPENDIX A: MOTIVIC COHOMOLOGY OVER REGULAR NOETHERIAN BASE SCHEMES

First one may observe that the higher cycle complex may be defined over any base scheme B: if X is a
scheme of finite type over B, and ¢ > 0 is a fixed integer, one defines Z¢(X,.) to be the chain complex defined

in degree n, by
(9.1 {Z = a pure codim ¢ cycle on X xp Ag[n]|Z intersects the faces of X x Ag[n] properly}.

Definition 9.1. We let Z(c) denote the co-chain complex Z°(X,.)[—2c] in cohomological degree m, that is,
Z(c) = Z°(X,2c—m). (Observe that Z(c) is contravariantly functorial for flat maps.) If X denotes a smooth
scheme of finite type over B, we will let ZX(c) denote the restriction of the complex Z(c) to the small Zariski

or Nisnevich site of X. We call the complex Z(c) the motivic complex of weight c. If ¢ < 0 is an integer, we
define Z(c) to be {0}.
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Next we will assume that B = SpecR, where R is a Dedekind domain.

Proposition 9.2. Assume in addition that X denotes a smooth scheme of finite type over B. Then ZX(1)[1]
identifies with GX , which denotes the restriction of the sheaf G,, to the small Nisnevich site of X.

m’

Proof. This is discussed in [BI, section 6], where the discussion does not assume the base scheme is a field. O

Definition 9.3. (Motivic cohomology) Let X denote a scheme of finite type over B. We let HM(X) =
Hi

Zar

(X,Z(j)), where Hy,, denotes the hypercohomology on the Zariski site.

It is observed in [Geis, Corollary 3.3], that one obtains the identification Hy, (X, Z(j)) = Hzar (B, m.(Z(j))),

where 7 : X — B denotes the structure map.

Let X denote a scheme of finite type over B and let Z denote a closed subscheme of X of pure codimension
c with open complement U. Let i : Z — X and j : U — X denote the corresponding immersions. Then it is

shown in [Geis, Corollary 3.3] that one obtains the distinguished triangle
(9.2) 0 — i.Z%(n — ¢)[-2c] — Z%(n) — j.Z"(n)

in the derived category of Zariski sheaves on X. In particular, this provides the identification of the terms

in the long-exact sequence forming the top row in the diagram:

(9.3) H (X, Z(n)) H!(X,Z(n)) H'(U,Z(n))

l” lu lu

H o (X025 (0 — o) [=2¢]) T 7 Hyo (X, 2% () 7 Hy,o (X, Z% (n))

Zar

Proposition 9.4. Assume the above situation. If n < ¢ = codimx(Z), where codimx(Z) denotes the
codimension of Z in X, then H,(X,Z(n)) = 0. A corresponding result also holds when Z(n) is replaced by

Z/m(n), when m is invertible in R.

Proof. The first statement is clear from the identification of the first terms in the commutative diagram (9.3),

since when n < ¢, the complex ZZ%(n — ¢) is trivial. This proves the first statement.

To obtain the second statement, one first tensors the localization sequence in (9.2) with Z/m (i.e., the ring
of integers modulo m) to obtain the corresponding localization sequence involving the motivic complexes
Z/m(n). This then provides the commutative diagram corresponding to the one in (9.3) where the integral

motivic complex Z(n) is replaced by Z/m(n). O

10. APPENDIX B: BRAUER GROUPS OF SMOOTH SPLIT TORIC SCHEMES

We would like to point out that most of the current paper is self-contained and the only place we invoke
results of [JL] are in Theorems 1.9 and 5.8 as well as Corollary 5.9. For the convenience of the reader, here
we will provide a quick review of some of the key results and techniques of [JL] on the Brauer groups of toric
schemes. One of the main results in [JL] is the following theorem, describing the Brauer group of a split

torus. Throughout B = Spec R, for an excellent Dedekind domain R.

Theorem 10.1. (See [JL, Theorem 2, Corollary 2.3(iv) and (iii)].) Let T = G}, denote a split torus defined
over the base B and let X denote a smooth scheme of finite type over B. Then:
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(1)

(10.1) mBr(X x G") 2 ,Br(X) @ (&"Hey (X, 1 (0))) & (69(2) HE (X, i (—1))),
with the understanding that (;) =0 for r = 1, where ,, A denotes the m-torsion part of the abelian

group A. Here p,,(0) is identified with the constant sheaf Z/m.
(2) One also obtains the following isomorphisms for étale cohomology with respect to pm (i), where piy,(0)

is identified with the constant sheaf Z/m:

Hey (X % Gy i (1)) 2 Heg (X, 1 (1)) @ (971 H (X, 16 (0)))-

The proof makes intrinsic use of the results of Appendix A, on the motivic cohomology of schemes over
Dedekind domains. We also provide an interpretation of the summands on the right in Theorem 10.1 in
terms of cyclic algebras. We will assume that X and Z are smooth schemes over B; in addition to assuming
the integer m is invertible in O, we will further assume Op has a primitive m-th root of unity. We first

consider the following external product pairing, where (., (0) is identified with the constant sheaf Z/m:
(10.2) x : Hoy (Z, pin (1)) © Hey (X, pn (0)) — HZ(Z % X, g (1))

One can also interpret the above pairing in terms of the following well-known construction of cyclic algebras.

Observe that the boundary map
§ : cokernel(T(Z, Gy ) 3T(Z, Gy)) — HL(Z, pm (1))

(obtained from the Kummer sequence) is always injective. (In case Pic(Z) = 0, for example, if Z is the
spectrum of a local ring or a Noetherian unique factorization domain, then the above map is an isomorphism,

but we do not need to assume this.)

Let a € I'(Z,Gy,) and let Y — X denote a Z/m-torsor corresponding to a class in HL, (X, 11,,,(0)). Let o
denote the generator of Autx(Y)) = Z/m. Associated to Y and the class a (identified with a®1 € Oz® Oy =

m

Ozxv), one defines the cyclic algebra Ozyv[z], /(™ — a), where z.y' = o(y’).x, for all ¥’ € Oyxz. This
defines a class in ,, Br(Z x X) and identifies with the class defined as the image of §(a) € HL (Z, i (1)) and

Y under the external product pairing in (10.2).

Next we take Z = G,,, the multiplicative group scheme defined over B. Now Og, = Oglt,t71]. Let
Y — X denote a Z/m-torsor corresponding to a class in HL (X, 1, (0)) as in the last paragraph. Then, one
may verify that the mapping Y — Oyxg,, [7]o/(z™ — t), is an injection HY, (X, Z/m) — ,,,Br(X x G,,), with
inverse defined by the residue map associated to the divisor obtained by setting ¢ = 1 in G,,: see [CTS,
p. 32]. (To be able to invoke [CTS, p. 32|, one needs to first pull back classes in H. (G, ptn (1)) and in
HL (X, p1n (0)) to classes in HL (K(Gp, x X), gt (1)) and HE, (K(Gp, x X)), t1,(0)). Observe that the composite
map pj : HY (X, 1m (0)) = HL (G x X, 1 (0)) — HY (K(Gyy x X), g4, (0)) is an injection.)

Next one may take X = Gy, to obtain the external product pairing:
(10.3) X Hét(vaﬂm(l)) ® Hét(Gma i (0)) — Hgt(Gm X G, pm (1))

We proceed to interpret this pairing also in terms of cyclic algebras, under the assumption the base scheme B
has the property that m is invertible in Og = R and that it has a primitive m-th root of unity {. Therefore,
the sheaf p,, (1) identifies the with the constant sheaf Z/m. Given a unit b € I'(G,,,, Gy, ), let Y — Gy, denote
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the Z/m-torsor given by Spec (Og,, [z]/(z™ — b)) = G,,: we equip this torsor with the automorphism o
given by sending x — (. Therefore, given two units a,b € I'(G,,, G,,), one may define a cyclic algebra
(a,b)¢, by applying the construction in the last paragraph with X = Gy, and the torsor Y — X given by
the torsor Spec (Ox[z]/(z™ — b)) = X = Gp.

At this point if X is any smooth scheme of finite type over B, pre-composing the external product pairing
in (10.3) with the cup-product with H% (X, Z/m) defines classes in H2 (X x G2 ; t., (1)), and hence classes
in ,Br(X x G2)). In terms of cyclic algebras this corresponds to letting a = t; and b = ¢ in the discussion
in the last paragraph, and where Ogz = R[t1, t2,t7 ", t5']. This defines the summand (&?HL (X, p (0))) @
HY, (X, i (—1)) in ,,,Br(X x G2) appearing on the right-hand-side of Theorem 10.1 with r = 2.

Now we take Z = GX", where G = SpecR[ti,t; ', - ,t,,t71]. We may take t; € I'(Z,Gy) =
Hom(Z, Gy,): observe that the latter identifies with the ring of characters of Z. We will also take X = SpecR.
If b € T'(SpecK, G,,) = R*, b corresponds to a Z/m-torsor Y = Spec (R[x]/(x™ — b)) over SpecR. Thus
b corresponds to a class in HE (SpecK, 1,,(0)). Now we may form the cyclic algebra (b,t)¢. These cyclic
algebras as b varies over the units in R and ¢ varies among the characters ¢;, ¢ = 1,--- 7 of the split torus

T = G, correspond to the sum &"HL (Spec R, t,,(0)) in the right hand side of (10.1).

Next we take Z = G, and X = Gy, so that we may take a = t1, and b = 9, where
G2, = SpecR|ts,tg,t;*,t;']. We will view b as corresponding to the Z/m-torsor Spec (Og,, [x]/(x™ — b))
over G,,. Now, corresponding to the pair of coordinates ti,ts, we form the cyclic algebra (t1,%2)¢. One may

now repeat this construction taking two factors of G, corresponding to the coordinates t;,¢;, i < j and

form the cyclic algebras (t;,t;)¢c. As we vary t;,t; over all ordered pairs of coordinates, we obtain ; such

cyclic algebras. These will account for each of the r) summands HY (Spec R, 1, (—1))). Consequently, we

2
obtain the following Corollary to Theorem 10.1:

Corollary 10.2.

A B

w0 @) =D (D 2z tn)) D (D X zme- tut)

i<i<j<r i=1 b;ck*

In order to proceed with the computation of the Brauer group of a toric variety or toric scheme, we also

need localization sequences.

Proposition 10.3. (See [JL, Corollary 2.8 and Proposition 2.9].) Assume X is a smooth scheme of pure
dimension over B, with Z a closed subscheme of pure codimension in X with open complement U.

(i) Then, we obtain the exact sequence:
0 = mBr(X) = ,Br(U)—H} (X, pm (1)),
and in case Z has pure codimension 1 in X and is also reqular, one has the identification H?Z’m(X, tm (1)) =

Hét(za ,Um(o))'

(ii) In case Z is of pure codimension 1, but only generically smooth, we obtain the exact sequence:

0 = pBr(X) = ,,Br(U)—HL (Z — Zs, ptm (0)),
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(iii)
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where Zs denotes the singular locus of Z.

In case the Z has pure codimension > 1 in X, we obtain:

The above localization sequence is functorial in X, U and Z in the following sense: if X' — X is a
map of smooth schemes and U = U xx X', Z/ =7 xx X/, then one obtains a commutative diagram of

localization sequences:

0 mBr(X) mBr(U) Hét(Z, Hm (0))

L |

0 mBr(X') mBr(U’) HE (2", 1 (0)) :

Assume that X is a smooth scheme of finite type over the given base scheme B provided with the action
of a smooth affine group scheme G with finitely many orbits. Let U denote the open G stable subscheme
which is the (disjoint) union of the open orbits and let {O;|i = 1,--- ,n} denote the codimension 1-orbits.

Let Z = Uinzl(’_)i. Then there exists a localization sequence:
0 — Br(X) = ,,Br(U) — @ HL (O, 11 (0)).

Moreover, the last map may then be identified with the residue map.

In view of Proposition 10.3(v), taking X to be the given toric scheme, and U = T = G, it suffices to
determine the kernel of the map ,,Br(U) — @ HL (O, pm (0)).

We will make the following simplifying assumption to deal with toric schemes over Dedekind domains R:

(10.5)
the toric scheme X is smooth, contains as an open dense subscheme the split torus T = G" (defined over

SpecR), and that all the orbits of T on X are schemes that are smooth and faithfully flat over SpecR.

Making use of the localization sequence above, we then obtain the following key result.

Theorem 10.4. (See [JL, Theorem 4.1].) Let R denote a Dedekind domain, which we assume is an excellent

ring. We will also assume that the positive integer m is a unit in R and that R contains a primitive m-th

root of unity (. Then, under the assumption (10.5) the following hold:

(i)

(iii)

mBr(X) N A = the subgroup generated by {A = IL;;(%;, tj)?”|m > e;; > 0} satisfying the following
conditions: for each s = 1,...,min{u,r — 1}, if mg = hcef{m,e1s,€26,"* ;€5-1,5,Cs,5415" " Cs.r}
then (mﬂs)|as, In view of the assumption the toric scheme X is smooth, all as =1, and hence hence the
last condition translates to ms = m for all s.

mBr(X) N B is the subgroup generated by {A = II7_;(bi, t;)¢'| m > e; > 0}, as b; € R* varies among
the corresponding classes in HL, (Spec R, . (0)) so that the following conditions are satisfied: for each
s =1,---,u, if mg = hcf{m,es,ord,,(bs)}, then (%{bdﬂas. In view of the assumption the toric
scheme X is smooth, all as = 1, and hence hence the last condition translates to ord,,(bs) = ms, for all
s.

Moreover, ,,Br(X) = ,,Br(SpecR) @ (,,Br(X) N A) @ (,Br(X) N B).
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