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Day 1
Wed. Sept. 25
Chap. 1
Groups: examples & basic definitions

Handout:
“symmetries of a square” (unstapled)

Materials:
small squares

large numbered square

Things I assume you know:

“0.1 BASICS” — including matrices, determinants, equivalence relations

“0.2 PROPERTIES OF THE INTEGERS” — except the Euler -function

Symmetries of a square

I use virtually the same handout “symmetries of a square” in Math 116. Let’s take a few minutes to fill out the table. Feel free to consult your neighbors.

The symmetries of a square comprise our first example of a group. We haven’t yet said what a group is. Before we do, I want to look at several more examples.

GL2R

I assume you know how to multiply matrices. Please observe that multiplication is not commutative.

In a linear algebra course, you have learned  about the determinant of a 2  2 matrix. You have learned that  det(AB) = det(A) . det(B), and that there is a special identity matrix


I =  EQ \B\BC\[(\A\CO2( 1 , 0 , 0 , 1 )) 
for which IA = AI = A for any matrix A.

Also you learned that if A is nonsingular, i.e. if det(A) ≠ 0, then the matrix A has a unique inverse matrix A–1 satisfying


AA–1 = A–1A = I.

The nonsingular 2  2 matrices comprise a group called the general linear group, denoted GL2R.

SL2R
The special linear group

If det(A) = det(B) = 1, then det(AB) = 1 and det(A–1) = 1. All such matrices comprise the special linear group, denoted SL2R.
Z/7Z
The group of integers modulo 7

Define two integers a and b to be congruent modulo 7 if a – b is divisible by 7.

Notation:  a  b

This is an equivalence relation on the integers, with 7 equivalence classes, denoted  EQ \x\to(0) , …,  EQ \x\to(6) . To add two such classes, pick representatives and add them. If you’ve never thought about this before, then convince yourself that the result is independent of the choices. (We say that the operation is well-defined.)

The set of these seven classes, together with this addition operation, is called the group of integers modulo 7, and is denoted Z/7Z.

It gets to be a nuisance to write the bars, so if it’s clear that we’re working modulo 7 we omit them.

Note that the class 0 plays a special role (explain), and that each class has an inverse (explain).

Definition.  A group is a set  G  together with a binary operation  *  (which associates to each ordered pair  (a,b)  of elements of  G  an element  a*b  of  G)  satisfying these properties:

1)
For all  a, b, c  in  G,   (a*b)*c = a*(b*c).  [We say that  *  is associative.]

2)
There is a unique element  e  in  G  for which  e*a = a*e = a  for each  a  in  G.  [This element is called the identity element.]


3)
For each element  a  in  G, there is an element  a-1  in  G  such that  


a*a–1 = a–1*a = e.  [We say that each element has an inverse.]

If the intended operation is clear, we will often abuse notation by speaking of “the group  G.” We often call a*b the product of  a  and  b. We often suppress the symbol for the operation, and write  ab  instead of  a*b. Since the operation is associative the notation  abc  is unambiguous.

Notice that we do not assume that  a*b = b*a. A group in which this equation is true (for all pairs of elements) is called abelian. (named for Neils Henrik Abel, whose 200th birthday was celebrated in Oslo this past summer)

Exponential notation can be used in the usual way: if  n  is a positive integer then  an  means  aaa...a  (n  occurrences)  and  a–n  means  (a–1)n. A warning: do not assume that  (ab)n=anbn.

What should a0 mean?

For an abelian group, we often prefer to denote the operation by +, to denote the identity by 0, to denote the inverse of a by –a, and to use the notations na and –na in the obvious way.

Definition.  The number of elements in a finite group is called its order.


Notation: G
Definition.  The order of an element  a  of the group  G  is the smallest positive integer  n  for which  an=e. If there is no such integer, we say that the element has infinite order.


Notation: a
Definition.  The trivial group  is the singleton {e}, together with the only possible operation.

Section 1.1 states and proves various immediate general properties of groups. For example, there is a cancellation laws which we used in filling out the table for the symmetries of a square:


If ab = ac, then b = c.  (Contrapositively: if b≠ c, then ab ≠ ac.)

This is easy to prove: just multiply both sides on the left by a–1.

Day 2
Fri. Sept. 27
Chap. 1
More examples of groups

Handouts:
“Euclidean algorithm example”

“Fundamental groups”

Other examples of groups
(Explain as much as seems needed.)

Z
Q
R
C

Q
R
C
— called groups of units — Note that 0 is excluded.

Q+
R+
(under multiplication, of course)


(The notation on the last two lines isn't consistent, is it?)

Z/nZ

(Note these are all abelian.)

(Z/10Z)
The group of units modulo 10

We have already defined addition of congruence classes. In a similar way, we can multiply them. Note that 1 (the equivalence class) serves as identity. But, for example, there is no inverse for 2. In fact there are only four classes which have an inverse: 1, 3, 7, 9.

Here’s the multiplication table. (Show it.) Let’s confirm that we have a group.

(Z/nZ)
As a set, define (Z/nZ) to be those congruence classes whose representatives are relatively prime to n. Here’s why we do this:
Prop. An integer k has an inverse mod n  k and n are relatively prime.

Proof. One direction is easy. In the other direction, suppose that k and n are relatively prime. Multiply each element of (Z/nZ) by the class of k; argue that the resulting elements are all distinct. Thus one of them is the element 1.

Another proof of the hard direction. (This proof provides a practical recipe for computing the inverse.) The Euclidean algorithm, applied to k and n, produces integers x and y for which kx + ny = 1. In (Z/nZ) the class of x is the inverse of the class of k.

Example: See handout.

What is the order of (Z/nZ) ? It is 


(n) = the number of pos. integers ≤ n which are relatively prime to n.

The function is called Euler’s phi-function. For a prime number p,


(pa) = pa – pa–1 = pa–1(p – 1).

Toward the end of the course we will prove that  is multiplicative, i.e., that


(ab) = (a) (b)
if a and b are relatively prime.

Example: The order of (Z/60Z)  is 16.

The Klein 4-group (Viergruppe)

This is the set  {e, a, b, c}, together with the operation defined by the following table:


e
a
b
c

e
e
a
b
c

a
a
e
c
b

b
b
c
e
a

c
c
b
a
e

It is tedious to check that the operation is associative—and unenlightening. What we need is a better explanation of why this is a group.

Our text denotes this group by V4 (an amusingly redundant notation).

The free group on two generators

The elements of this group are “words” in the four symbols a, b, a–1, and b–1, subject to the requirement that a and a–1 may not be adjacent, nor may b and   b–1. The identity element is the empty word, which (to make it visible) we denote by the special symbol 1. To multiply words, concatenate them, then cancel pairs as necessary. (Do an example.) What is the inverse of a word?

Mention the obvious way to use exponential notation here.

The direct product of two groups

If  G  and  H  are groups, then  G  H  is naturally a group, with group operation defined by the formula  


(g1,h1)*(g2,h2) = (g1g2,h1h2).

Generalize this to a product of a finite number of groups.

Insert this example here: Zn.
Fundamental groups

Use the handout. The concept of fundamental groups is, well, fundamental in topology. For example, one of the most important ways of studying a knot in R3 is to study the fundamental group of its complement. (Draw a picture.) 
Example. I won’t prove these claims, but I hope they appear plausible. A torus (draw one) can be obtained by identifying the four sides of a square in pairs as indicated. (Show them, using arrows and labels “a” and “b.”) Note that all four corners are identified to one point; let’s use it as the basepoint.Then any loop is homotopic to a product of the two loops a & b. Furthermore the loop a#b is homotopic to the loop to b#a. (Explain.) Thus the group is abelian. The homotopy classes are all of the form ambn, where m and n are integers.

Day 3
Mon. Sept. 30
Chap. 1
More examples, including symmetry groups and symmetric groups

Handouts:
isometries of a tetrahedron

Materials:
tetrahedron

colored chalk

Symmetry groups

There are two different notions of “symmetry” in use. Here is the broader notion:

Suppose that X is a subset of a Euclidean space Rn. An isometry of X is a function s: X  X which preserves distances, i.e.,


dist(s(x1),s(x2)) = dist(x1,x2)
for all x1, x2 in X. 

One can prove that s can be written in the following way:


 s(x) = Lx + T,

where x is written as a column vector, L is an orthogonal matrix, and T is a fixed column vector. If X spans Rn (i.e., is not contained in any subspace), then L is uniquely determined.

Example. (Use a geometric model.)

An isometry of a regular tetrahedron is determined by its effect on the four vertices. There is an isometry fixing two vertices A & B and interchanging the other two C & D, namely reflection through the perpendicular bisecting plane (which contains A & B). 

[image: image1.wmf]
In appropriate coordinates the matrix of L is just  EQ \B\BC\[(\A\CO3( 1 , 0 , 0 , 0 , 1 , 0 , 0 , 0 , –1 )) .

Using our textbook’s more restrictive definition, however, this is not to be counted as a symmetry. The text only counts those isometries which can be achieved by moving the solid in the ambient space:

A motion of X is an isometry which is homotopic to the identity via isometries, i.e., an isometry s for which there exists a continuous function H: X  I  Rn with the following properties:

1)
H(x,0) = x

2)
H(x,1) = s(x)

3)
For each t, the function h(x) = H(x,t) is an isometry (from X to its image).

For the tetrahedron, the rotation which fixes vertex A and cyclically permutes the other three vertices is a motion.

But the reflection described earlier is not a motion. Here’s a sketch of a proof: the determinant of the orthogonal matrix L is continuous, but its only possible values are ±1. The determinant of the identity is 1, but the determinant of the reflection is –1.

On a handout I have tabulated information about the isometries of a regular tetrahedron. Let’s look at it. The last two columns may make more sense after we look at symmetric groups.

The symmetry group of a regular n-gon is called a dihedral group, denoted D2n. Read about it in section 1.2 of our text.

I skipped this topic:

[The group of points on a cubic curve]

(Colored chalk would probably be good for explaining this.)
You may find this example weird. It comes from algebraic geometry, my research specialty. The group is abelian, and I will employ additive notation.

In R2, consider the cubic curve C defined by  y2 = x(x–1)(x+1).

[image: image2.wmf]
We want to consider the intersections of C with a line L, employing the following conventions:

 •
If L is tangent to C at p, then we count p twice as an intersection point.

 •
But if L is tangent to C at an inflection point p, then we count p three times as an intersection point.

 •
If L is vertical, we say that it intersects C at “its point at infinity.” (If you’ve studied projective geometry, you can see why we do this.)

Then every line intersects C in either one or three points.

To define a group, suppose that p and q are two points on C. Let L be the line they determine. (If p = q, then L is the tangent line.) Let r be the third intersection point; let s be the point obtained from r by reflecting across the x-axis. Define


p + q = s.

It is easy to check that the identity element 0 is the point at infinity, that the inverse of a is its reflection across the x-axis, and that the operation is commutative. It is far from obvious that the operation is associative, but it is!

(If you’re wondering how to use the definition to compute 0 + 0, you should know that 0 is an inflection point, and that there is a “line at infinity” which is tangent to C at 0.)

Symmetric groups

A permutation of the set A is a bijection from A to A. Note that permutations can be composed. A reminder of the conventional notation for the composite of two functions:  f ° g  means “first g, then f.”

The permutations of a set A, together with the operation of composition, constitute a group. (Make sure this is clear to everyone.) This group is called the symmetric group on A and denoted SA.

If A = {1, 2, …, n}, then we also use the notation Sn. This group has n! elements.

Suppose that k is an integer between 2 and n, inclusive. An element  of Sn is called a k‑cycle if there are k distinct numbers i1, i2, ..., ik such that (i1) = i2, (i2) = i3, ..., (ik-1) = ik, (ik) = i1, and  fixes the other n – k numbers. Our notation for the cycle just described is this:



 = ( i1 i2 ... ik ) .

The textbook allows 1-cycles, but this makes for awkward statements, so we insist that a cycle has length ≥ 2.

A 2-cycle is also called a transposition.

Example. In S6, compute  = (1 4 5 6)(2 1 3 6). Write the answer in two ways: first by explicitly saying (1) = 3, etc., second by writing it as a product of disjoint cycles.

Cycles are said to be disjoint if they have no numbers in common. 

[Here’s an awkward aspect of our convention that  mean “first , then ”: we work through the cycles from right to left, but within each cycle we move toward the right!]

Example. In S6, compute (2 1 3 6)(1 4 5 6).

Day 4
Wed. Oct. 2
Chap. 1
Symmetric groups (continued); isomorphism

Handouts:
“cycle types in S6”
Proposition. Disjoint cycles commute.

Proposition. Each element of Sn can be written in a unique way as a product of disjoint cycles.

Note the conventions: 

• 
“Unique” means “ignoring shuffling of the factors.”

•
A cycle is a product of cycles with just one factor, namely the cycle itself.

•
The identity is a product of cycles with no factors.

The cycle type of an element of Sn is the partition of n which describes its structure as a product of disjoint cycles. (We include 1’s if necessary.) For example, an element of S10 with cycle type 1, 1, 2, 3, 3 is one which can be written as





(a b c) (d e f) (g h)

where a, b, etc., are distinct numbers between 1 and 10.

Handout: “cycle types in S6”  — Make a few brief remarks, and justify at least one of the counts.

Isomorphism

We know what groups are, but we don’t yet know when two groups should be considered to be “the same.”

Suppose that in the group operation table for (Z/10Z) we replace each occurrence of 1 by 0, each occurrence of 3 by 1, each occurrence of 7 by 3, and each occurrence of 9 by 2. Then a remarkable thing happens: the new table gives correct answers for calculations in Z/4Z.

Definition. Suppose that G and H are groups. Let us denote the group operation of  G  by *, and the group operation of H by #. A function : G —› H is called a homomorphism if


(a*b) = (a) # (b)

for all a and b in G.

Definition. If a homomorphism is bijective, it is called an isomorphism.

Definition. If there is an isomorphism from G to H, we say that the groups are isomorphic, and write G H.

Some important facts:

• For any group G, the identity function is an isomorphism.

• If   : G —› H  is an isomorphism then  : H —› G  is an isomorphism.

• The composite of two isomorphisms is an isomorphism.

• Hence    is an equivalence relation.

• An isomorphism takes the identity to the identity.

• (a–1) = ((a))–1
Examples
•
The function  exp: R —› R+  is an isomorphism. What is the name of the inverse?

•
Label the corners of a regular tetrahedron. Any isometry of the tetrahedron permutes the corners. Thus there is a function from the symmetries of the triangle to S4. Show that this is an isomorphism.

•
The symmetry group of a rectangle is isomorphic to the Klein 4-group. (This, by the way, shows a better way to prove the associativity in V4.)

• Any two groups of order 3 are isomorphic. One way to see this is to try to write out the group table.

• Let X be R2 with two points removed. Let p be a point of X. Then 1(X,p) is isomorphic to the free group on two generators. [To prove this requires more ideas from topology, but I hope it seems plausible.]

How do you recognize when two groups are isomorphic? One way, of course, is to exhibit an isomorphism.

Suppose, for example, you suspect that Z/10Z is isomorphic to Z/2Z    Z/5Z. There are 10! bijections between these sets—you can’t examine them one at a time to find if one is an isomorphism! We know that in Z/10Z the element 1 has order 10. If  is an isomorphism, then (1) must also be an element of order 10. Here are the orders of the elements of Z/2Z    Z/5Z:

element
order

(0,0)
1

(0,1)
5

(0,2)
5

(0,3)
5

(0,4)
5

(1,0)
2

(1,1)
10

(1,2)
10

(1,3)
10

(1,4)
10

Let’s try (1) = (1,2). Then we must have (2) = (0,4), (3) = (1,1), etc.; all the other values of  are forced on us. One can check that in fact this function is an isomorphism.

How do you show that two groups are not isomorphic? Typically, you show that G has a property not possessed by H; of course it must be a property preserved by isomorphism.

Examples of such properties:

G is abelian.


All elements of G have finite order.

Another way to show that two groups are isomorphic (or not isomorphic) is to use some sort of “classification theorem.” Here are some examples of such theorems, without proof:

Suppose that p is prime. Then every group of order p2 is isomorphic to Z/p2Z or  Z/pZ  Z/pZ.

Up to isomorphism, there is just one abelian group of order 6, and one nonabelian group.

Day 5
Fri. Oct. 4
Chap. 2
Subgroups; cyclic groups & subgroups

Handout:
“some matrix groups”
A subgroup of a group is a subset which is closed under the group operation, which contains the identity element, and which is closed under taking inverses. I.e., a subgroup of G is a subset H with the following properties:

1)
If  a  and  b  are elements of  H, then ab  is an element of  H.

2)
The identity element  is an element of  H.


3)
For each element  a  in  H, the element  a–1  is in  H.

The smallest and largest subgroups of a group are {e} and G, sometimes called the trivial subgroups.

Example:  Determine all the nontrivial subgroups of the Klein 4-group.

Note that if a subgroup contains two of the three elements a, b, c, then it must contain the third; hence there is no subgroup consisting of three elements. Every 2-element subset containing e is, however, a subgroup.

Example:  Determine all the nontrivial subgroups of Z.

Suppose that H is a subgroup of Z. If H is not the trivial subgroup {0} then it must contain a smallest positive element n. If m is any other element of H then so is the remainder of m when divided by n; this remainder must be zero. Hence H is the set of integer multiples of n, denoted nZ.

Note that, except for the trivial subgroup, all subgroups of Z are isomorphic to Z.

There’s a handout listing some interesting subgroups of the general linear group GLnR. It just begins to scratch the surface of possibilities.

Explain the notation for transpose, and explain what upper triangular means.

To verify these are subgroups you need to check some things. E.g., check that the product of two upper triangular matrices is again upper triangular, and that the inverse of an upper triangular matrix is again upper triangular.

Note that GLnZ is not a group, but SLnZ is.

An element of GLn/2C can be written as X + Yi, which we identify with the real matrix  EQ \B\BC\[(\A\CO2( X , –Y , Y , X )) . In this way we identify GLn/2C with a subgroup of GLnR.

Proposition. The intersection of any collection of subgroups of G is again a subgroup of G.

This is easy to prove.

In particular, given any subset S of G, there is a smallest subgroup of G containing S — “smallest” meaning “contained in any other such subgroup.” It is called the subgroup generated by S, and denoted S
Usually when we talk about this concept we have a finite set S — possibly even a single element.

Example. What is the subgroup of Z generated by 14 and 18 ?

Example. What is the subgroup of the group of isometries of the square generated by the reflections h and v?

It is {e, h, v, r2}.  I claim it’s isomorphic to the Klein 4-group. To verify this, it suffices to show that each element of the subgroup has order 2, and that the product of two distinct non-identity elements is the third non-identity element.

Incidentally, the isomorphism suggests a better way to show that the Klein 4-group is indeed a group (remember that directly checking the associativity is tedious and unilluminating), viz.: show that {e, h, v, r2} and the Klein 4-group are isomorphic as sets-with-operation. Since  {e, h, v, r2}  is known to be a group, the 4-group must likewise be a group.

Example. What is the subgroup of SL2R generated by  EQ \B\BC\[(\A\CO2( 0 , –1 , 1 , 0 ))  ? Note it’s isomorphic to Z/4Z.

Example. What is the subgroup of SL2R generated by  EQ \B\BC\[(\A\CO2( 1 , 1 , 0 , 1 ))  ? Note it’s isomorphic to Z.

A group generated by a single element is called a cyclic group. A subgroup of any group generated by a single element is called a cyclic subgroup.

Example. Which of these groups are cyclic?


Z
Z/14Z
(Z/10Z)



Q
Z/2Z ​   Z/3Z


Klein 4-group
isometries of the square
SL2R

(Some ways to argue that SL2R is not cyclic: it’s not abelian; it’s not countable; it has elements of order 2.) 
Suppose that g is an element of a group G. If g has infinite order, define a function  from Z to the subgroup g generated by g as follows:


(k) = gk.

This is a homomorphism. Since g has infinite order, it is easy to see that  is injective. Thus  gives an isomorphism between Z and g

If g has finite order n, define a similar function  from  Z/nZ  to g.


(k) = gk.

Here we need to remark that the function is well-defined, i.e., if k  l  (mod n) then gk = gl in G. Again  is an injective homomorphism, and thus again it gives an isomorphism between Z/nZ and g
These arguments show that every cyclic group is isomorphic to Z or Z/nZ.

Proposition. A subgroup of a cyclic group is cyclic.

Proof. It suffices to show this for Z and Z/nZ. We have already determined the subgroups of Z.

A similar argument works for Z/nZ. Given a subgroup H, let m be the smallest positive number in it. Then argue that m generates H.
Let’s look at an example:  Z/60Z. We know that each subgroup is cyclic. But different elements may generate the same subgroup. In particular there are 16 different elements which generate the entire group:


1, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 49, 53, 59.

How do I know this? It’s a special case of the following proposition.

Day 6
Mon. Oct. 7
Chap. 2
More on subgroups; centers

Proposition. An element  EQ \x\to(r)  of Z/nZ generates the entire group  r and n are relatively prime.

Proof. The subgroup generated by  EQ \x\to(r)  consists of  EQ \x\to(r) , 2 EQ \x\to(r) , 3 EQ \x\to(r) , … The element k EQ \x\to(r)  equals 0 in Z/nZ   kr is divisible by n (in Z). Hence the order of r is  EQ \f(lcm(r,n),r)  . This equals n  lcm(r,n) = rn  r and n are relatively prime.

Corollary. In any group, suppose the element a has finite order n. Then the element ar is a generator of a iff r and n are relatively prime.

Note that the proof of the proposition gives us this general formula: If the order of a is n, then


order of ar  =   EQ \f(lcm(r,n),r)    =   EQ \f(n,gcd(r,n))  .

In an arbitrary group, let’s consider two elements a and b of finite order. If we know the order of a and the order of b, what can we say about the order of ab? The following example basically shows that without further information we can’t draw any conclusion.

Example. Consider the isometry group of the a circle. There are two type of isometries:

•
Rotation through some angle.

•
Reflection across some diameter.


(Draw pictures.)

Each reflection has order 2. If a and b are two such reflections, then ab is rotation by twice the angle between their axes. (Again draw a picture.)

If the angle between the axes is   EQ \f(2pm,n)  (where m/n is a reduced fraction) , then the order of ab is n. If the angle between the axes is not a rational multiple of 2, then the order of ab is infinite.

Remark. The group of isometries of the circle is O(1).

•
Rotation through an angle  is represented by the matrix  EQ \B\BC\[(\A\CO2( cos q , –sin q , sin q , cos q )) .

•
If the diameter makes angle  with the positive x-axis, then reflection across it is represented by   EQ \B\BC\[(\A\CO2( cos(2q) , sin(2q) , sin(2q) , –cos(2q) )) .

Proposition. If a and b are any two elements of a group, ab = ba.

To see this, let’s introduce a new notion. If g and h are elements of G, the element hgh–1 is called the conjugate of g by h. We also say that g and hgh–1 are conjugate. Note that this is an equivalence relation on the elements of G; the equivalence classes are called conjugacy classes.

Example. Suppose   Sn. Suppose  = ( i1  i2  …  ik ). Then show that


–1 = ( (i1)  (i2)  …  (ik) ).

This shows that two elements of Sn are conjugate  they have the same cycle type.
Proposition. Conjugate elements have the same order.

Proof. If gn equals the identity, then so does (hgh–1)n.

To prove the previous proposition, just note that ab and ba are conjugate.

Proposition.
(a) Suppose a and b commute. Suppose that a = m and b = n. Then ab divides lcm(m,n).

(b) Suppose furthermore that m and n are relatively prime. Then ab = mn.

 Proof.
(a) Let r = lcm(m,n). Then (ab)r = ar br = 1 . 1 = 1. Hence the order of ab divides r.

(b) Suppose that (ab)k = 1. Then ank bnk = 1; hence ank = 1; hence m divides nk. Since m and n are relatively prime, m must divide k. Similarly, n must divide k. Hence k is a multiple of mn.

Corollary.  Z/mZ    Z/nZ   Z/mnZ   m and n are relatively prime.

Proof. Suppose m and n are relatively prime. Then (1,1) = (1,0) + (0,1), so its order is mn.


Suppose m and n are not relatively prime. The order of every element of Z/mZ divides m. The order of every element of Z/nZ divides n. Hence the order of every element of Z/mZ    Z/nZ divides lcm(m,n). If m and n are relatively prime, lcm(m,n) ≠ mn. Hence Z/mZ    Z/nZ is not cyclic. Hence Z/mZ    Z/nZ is not isomorphic to Z/mnZ.
Having looked at subgroups generated by one or two elements, let’s return to our general study of subgroups. We’ll look at some standard constructions of subgroups.

Suppose that : G  H is a homomorphism. Define image of  and kernel of .

Example. For the canonical map Z  Z/nZ, identify image and kernel. I should define the canonical map here, not having done so earlier.
Example. Define : R3  R3  by  (x,y,z) = (x–y,x–z,y–z). Then


ker() = { (x,x,x) : x  R}


im() = { (a,b,c) : a – b + c = 0}

Proposition. The image is a subgroup of H. The kernel is a subgroup of G.

This raises interesting questions: Can any subgroup be the image of a homomorphism? Can any subgroup be the kernel of a homormorphism? The answer to the first question is obviously “yes”: each subgroup is its own image under inclusion. The answer to the 2nd question is “no,” for reasons we will see in section 3.1.

Proposition. A homomorphism is injective  its kernel is the identity subgroup.

Proof. One direction is obvious. Conversely, suppose ker() = {1}. If (a) = (b), then (ab-1) = 1; thus ab–1 = 1, and a = b.

The center of a group G is the set


Z(G) = { x  G  xg = gx  for all g  G}.

Here is an equivalent characterization:


Z(G) = { x  G  xgx–1 = g  for all g  G}.

Proposition. Z(G) is a subgroup of G.

Proof of one part. Suppose x  Z(G), Then for all g


x–1g = x–1gxx–1 = x–1xgx–1 = gx–1.

Thus x–1  Z(G).

Example. Find the center of the Klein 4-group.

Example. Find the center of the group of isometries of the square.
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Example. Find the center of GLnR. 

Suppose that A is in the center. Consider a diagonal matrix Dk with 1’s everywhere except the kth slot, where there is a 2. Then ADk is A with the kth column multipled by 2, whereas DkA is A with the kth row multiplied by 2. Since these are the same matrix, A’s off-diagonal entries in the kth row and column must all be zero. Thus A is a diagonal matrix.

Now consider the matrix Ejk which is the same as the identity matrix except in row j and column k, where the entry is 1. Then AEjk is A except that it has the kth diagonal entry repeated in position (j,k), and EjkA similarly has the jth diagonal entry repeated. Thus these two diagonal entries of A must be equal.

Conclusion: the center of A consists just of the diagonal matrices r . Id.

Example. Find the center of the free group on two generators.

Suppose w is in the center. Then some initial segment of w (possibly empty, possibly the entire word) consists of occurences of a and a–1. In aw this initial segment is either one symbol longer or shorter. In wa this segment is the same length, unless it’s the entire word. This shows that a and w commute  w is a power of a. Thus an element in the center must be a power of a. By a similar argument, it must also be a power of b. Thus the center is the trivial subgroup.

Suppose that A is a subset of the group G. Its centralizer is


CG(A) = { x  G  xa = ax  for all a  A}.

Equivalently


CG(A) = { x  G  xax–1 = a  for all a  A}.

Again one immediately confirms that this is a subgroup of G.

Note in particular that CG(G) is the center, and that CG() = CG(1) = G. Also note that if A is a subset of B then CG(B) is a subset of CG(A).

Example. Consider the quaternion group Q8 = {1, –1, i, –i, j, –j, k, –k}. (See page 36 of our text.) In this group, you work with the ± signs just as you would expect; also ±1 behave just as one would guess. You need to remember these rules:



ii = jj = kk = –1


ij = k,

jk = i,
ki = j

ji = –k,
kj = –i,
ik = –j

A brief inspection shows that CQ8(i) = {1, –1, i, –i}.

Again let A be a subset of the group G. Let g  G. Define gAg–1 to be the set of all elements gag–1, where a is any element of A. Again we may call this a conjugate.

Proposition. If A is a subgroup, so is gAg–1.

The normalizer of A in G is


NG(A) = { x  G  xAx–1 = A}.

Note the following properties:


NG(A) is a subgroup of G


CG(A) is a subgroup of NG(A)


NG(G) = G


NG() = NG(1) = G


If A is a subgroup of G, then it’s contained in NG(A).



(I’ll put the proof of the last statement on your assignment.)

Example. Let A be the set of transpositions in Sn. What is the normalizer? Recall we have already seen that the conjugate of a transposition is another transposition. Thus NSn(A) = Sn.
Here’s a basic definition from section 1.7.

An action of a group G on a set A is a map from G  A  A — sending the pair (g,a) to an element denoted g . a — with these properties:


g1 . (g2 . a) = (g1g2) . a
for all …


1 . a = a


for all …

If we fix g, then the map g  g . a is a permutation of A. Thus the action determines a function from G to SA, and it is easy to check that it’s a homomorphism. Conversely, a homomorphism : G  SA determines an action:


g . a = (g)(a).

Thus we have two equivalent ways of talking about group actions.

Example. Obviously Sn acts on the set {1, 2, …, n}. What is the corresponding homomorphism? It’s the identity.

Example. GLnR acts on Rn. (Explain.)

Example. G acts on itself by left multiplication. (Explain.)

Example. But right multiplication (g . h = hg) isn’t an action, unless G is abelian.

Example. But we can define an action as follows:  g . h = hg–1.

Example. G acts on itself by conjugation:  g . h = ghg-1.

Example. Let P(S) be the set of all subsets of S (called the power set of S). If a group G acts on S then it naturally acts on P(S).

Subexample. G acts on P(G) by conjugation: g . A = gAg–1.

Suppose G acts on S, and s is an element of S. Its stabilizer is Gs = {g  G: gs = s}. 

The kernel of the action is {g  G: gs = s for all s  S}.

Several obvious remarks:

Gs is a subgroup of G.

The kernel is the intersection of all the stabilizers.

For left multiplication, all stabilizers are trivial.

For action by conjugation, the kernel is the center Z(G).

For the conjugation action of G on P(G), the stabilizer GA is the normalizer.

Example. In a square draw a rectangle with sides parallel to the square’s diagonals, with center coinciding with the center of the square. In the group of isometries, find the stabilizer of this rectangle.

Exercise 2.2 #12(e)  Let R = Z[x1,x2,x3,x4] = set of polynomials in four indeterminates with integer coefficients. The symmetric group S4 acts on R by permuting the subscripts:


 . p(x1,x2,x3,x4) = p(x(1),x(2),x(3),x(4)).

Show that the stabilizer of x1x2 + x3x4 is isomorphic to the dihedral group D8.

To see this, label the corners of a square as follows: [image: image3.wmf]
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Handout:  subgroups of Z/5Z  Z/5Z
Suppose G is a group, H is a subgroup of G, and a is an element of G. Denote by aH the set of all products ah, as h ranges through all elements of H. This subset of G is called a left coset of H.

Also define right coset Ha.

Example.  G = S3 and H =  (1 2). Display two rows and two columns of the group operation table. Find the left cosets. Find the right cosets. Note that they aren’t the same (except that obviously 1H = H1 = H). Also note that there are three cosets, each of which is a two-element subset of G.

Example.  G = Z and H = nZ. Identify the left and right cosets. Note that there are finitely many cosets, and that each coset is an infinite set.

Example.  G = SL2(Z) and H = subgroup generated by  EQ \B\BC\[(\A\CO2( –1 , 0 , 0 , –1 )) . Each left coset has two elements, consisting of … There are infinitely many cosets.

(Put this on the left board, of course!)

Proposition. Consider two elements a and b in G. The following statements are equivalent:


(1)
aH = bH


(2)
a  bH


(3)
b  aH


(4)
b–1a  H


(5)
a–1b  H


(6)
aH  bH ≠ 
All the implications are easy to prove. Note that the relation between a and b specified by statement #1 (and hence by any one of the statements) is an equivalence relation.
There’s a similar proposition for right cosets, of course. (State it on the right board.)

Perhaps this picture of left and right cosets will be helpful.

[image: image4.wmf]
Example.  G = SL2(Z) and H = subgroup generated by  EQ \B\BC\[(\A\CO2( 1 , 1 , 0 , 1 )) .

Claim: Two elements of SL2(Z) belong to the same left coset  they agree in the first column.

Proof. Recall that H consists of all  EQ \B\BC\[(\A\CO2( 1 , n , 0 , 1 )) .

The forward implication is easy. For the backward implication, suppose that  EQ \B\BC\[(\A\CO2( a , b , c , d ))  and  EQ \B\BC\[(\A\CO2( a , e , c , f ))  are two matrices with the same first column. Then multiply the inverse of one by the other one; the lower left entry will be zero, and the diagonal entries will be 1’s.

Note that there are infinitely many cosets, each of which is an infinite subset of SL2(Z).

Note that right multiplication by a defines a bijection from H to aH. (Its inverse is right multiplication by a–1). Hence H and aHa have the same number of elements. (Interpret this appropriately when both are infinite.) Hence all left cosets have the same number of elements.

The number of cosets of H in G is called the index, and denoted G:H.

The following theorem should now be obvious.

Theorem.  H . G:H = G.


[Again interpret this appropriately when not all numbers involved are finite.]

Corollary (Lagrange’s theorem). For a subgroup H of a finite groups G, the order of H divides the order of G.

Corollary. In a finite group G, the order of any element divides the order of G.

Proof. Apply Lagrange’s theorem to the cyclic subgroup generated by the element.

Proposition. Suppose the order of G is p, a prime number. Then G is isomorphic to Z/pZ.

Proof. G must have an element of order p. 

Proposition. Every subgroup of order 4 is isomorphic to Z/4Z or to the Klein 4-group.

Proof. If G has an element of order 4, then it’s iso. to Z/4Z. If not, then every element except the identity has order 2, and the group operation table is forced to be identical to that of the Klein 4-group.

Example. Suppose that p is a prime number. Determine all the subgroups of  G = Z/pZ  Z/pZ. Give a formula for the number of subgroups.

There are of course the trivial subgroups. Each other subgroup must be of order p; hence it must be isomorphic to Z/pZ. Each element of G except the identity has order p; hence each element except the identity generates a subgroup of order p. Each one of these subgroups has p – 1 different generators.

The number of subgroups is 2 +  EQ \f(p2 – 1,p – 1)   = p + 3.

Handout: “Subgroups of Z/5Z  Z/5Z”

Returning to our study of cosets…

Recall that one way to get a subgroup of G is to specify a homomorphism


: G   H;

the kernel K is a subgroup. We sometimes call the set of elements of G mapping to h  H the fiber over h. The kernel is a special fiber, namely the fiber over the identity.

Recall our list of 6 equivalent statements about cosets:


(1)
aK = bK


(2)
a  bK


(3)
b  aK


(4)
b–1a  K


(5)
a–1b  K


(6)
aK  bK ≠ 
In this case there’s one more equivalent statement:


(7)
(a) = (b).

Proof.  (a) = (b)    (b)–1 . (a) = 1    (b–1a) = 1    b–1a  K.

This says that the (nonempty) fibers of  are the left cosets of K in G.

Specifically, the fiber containing a is aK.

Example. The determinant is a homomorphism from GL2(R) to R. The kernel is SL2(R). A fiber consist of all matrices with the same determinant. Equivalently, a fiber can be obtained by starting with a single matrix A and multiplying on the right by all elements of SL2(R).
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Handouts:
“normal subgroups”

We have seen that the (nonempty) fibers of a homomorphism  are the left cosets of its kernel K. Here’s the argument again:


(a) = (b)    (b)–1 . (a) = 1    (b–1a) = 1    b–1a  K

A similar argument —


(a) = (b)    (a) . (b)–1 .  = 1    (ab–1) = 1    ab–1  K

— shows that the (nonempty) fibers of  are also its right cosets.

Conclusion: If the subgroup K is the kernel of a homomorphism, then its left cosets are the same as its right cosets.

This tells us that kernels of homomorphisms are subgroups of a special type.

A subgroup K of G is called normal if, for all a  G, the left coset aK equals the right coset Ka.

Equivalently, K is normal if, for all a  G, the conjugate aKa–1 equals K.

To see that these definitions are equivalent, let’s look at the handout “normal subgroups,” which in fact gives 5 equivalent characterizations of the concept. (Talk about the proofs briefly.)

Give standard notation involving a triangle. [I don’t have this symbol available in my word processor.]
Example. In an abelian group all subgroups are normal.

Example. The center of a group is a normal subgroup.

Example. G = S3 and H = {id, (1 3 2), (1 2 3)}

We know that every conjugate of a 3-cycle is again a 3-cycle. Hence H is a normal subgroup of G.

Proposition. A subgroup of index 2 is normal.

Proof. Let H be a subgroup of index 2 in G. If a  H, then aH = H = Ha. If a  H then, since there are only two left cosets, aH must be G – H, the complement of H in G. Similarly, the right coset Ha must be G – H. Hence aH = Ha.
Let’s state what we’ve learned about kernels as a proposition.

Proposition. The kernel of a homomorphism from G to H is a normal subgroup of G.

We’ve already seen a proof, but it’s worth examining another proof.

Another proof. Call the homomorphism . Show that if x is in the kernel, then so is every axa–1.

Example. A function F: R  R is called linear if it is of the form F(x) = ax + b, with a ≠ 0. If a = 1, the function is also called a translation.

The linear functions are a group G under composition of functions.


The inverse of F(x) = ax + b is F–1(x) = (x–b)/a.

Claim: The set of translations is a normal subgroup.

One can see this directly, but to illustrate the proposition, let’s note that there is a homomorphism


slope: G  R
with kernel the translations.

In a similar way, one can verify that SL2(R)  is a normal subgroup of  GL2(R); recall that it’s the kernel of the determinant homomorphism to R
Proposition. If H is a normal subgroup of G, then there is a homomorphism from G with kernel H.

Proof. Let G/H be the set of cosets of H in G. (Since H is normal, this is both the set of left and the set of right cosets.) One of our characterizations of normality said this:


aH . bH = abH  for all a and b in G.

This is a remarkable statement; it says that there is a natural way to multiply cosets: the product of aH and bH is abH. Note that the choice of representative elements a and b doesn’t matter: if c  aH and d  bH, then cd must be an element of abH, hence cdH = abH.

I now make these claims:

(a)
G/H, together with the operation just defined, is a group.

(b)
The function G  G/H sending an element a to its coset aH is a homomorphism. It is surjective, and its kernel is H.

Proof. 

(a)
The operation is associative because … The identity element is … The inverse of Ha is …

(b)
Almost obvious!

G/H is called the quotient group or factor group of G by H; we often say “G mod H.” The homomorphism from G to G/H is called the natural or canonical homomorphism.

Example. In the group Z, consider the subgroup nZ. We already know the quotient group Z/nZ, and we have already seen this canonical homomorphism. Fortunately our previous notation and terminology are consistent.

Example.  Suppose that G = S3 and H = {id, (1 3 2), (1 2 3)}.

Then the elements of G/H are the two cosets H and (1 2)H = {(1 2), (2 3), (1 3)}. 

Here’s the group table for G/H:


H
(1 2)H

H
H
(1 2)H

(1 2)H
(1 2)H
H

The quotient is isomorphic to Z/2Z, which I hope is not a surprise.

Example.  Suppose that G =  D8 and H = {e,r2}. Then the elements of G/H are the four cosets H = {e,r2}, rH = {r,r3}, hH = {h,v}, and d1H = {d1,d2}. The group table of G/H is


H
rH
Hh
Hd1

H
H
rH
hH
d1H

rH
rH
H
d1H
hH

hH
hH
d1H
H
rH

d1H
d1H
hH
rH
H

What group is it?
Example:  R/Z

Describe the equivalence classes. Add a couple of elements.

The notion of a quotient group is abstract; often it’s nice to find some other description of a particular quotient group. In this example, let’s consider the unit circle x2 + y2 = 1. We know that each point can be written as (cos t, sin t) for some real number t (in fact for many different t). To make the circle into a group, we define addition as follows:


(cos t, sin t) + (cos u, sin u) = (cos(t+u), sin(t+u)).

We should be careful to check that this operation is well-defined; just as with the addition of cosets, we need to check that the definition of the operation is independent of representatives. What is the identity?

An alternative way to define the group operation:


(w, x) + (y, z) = (wy – xz, wz + xy).

Of course with this definition, the associativity, existence of identity, and existence of inverse needs to be checked. To see that this definition agrees with the other one, remember the addition laws for cosine and sine.

We call this group S1.

Proposition.  R/Z  S1
Proof. Define : R  S1  by (t) = (cos(2t), sin(2t)). Note this is a homomorphism.

Now draw a diagram of the situation. We have the natural homomorphism to the quotient group (draw the arrow vertically) and the homomorphism  (draw the arrow horizontally). We want to find a (diagonal) homomorphism  such that  =  ° natural. [Introduce the notion of a commutative diagram here.] There’s no choice in defining …

We must check that it’s well-defined…

And what is the kernel?
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I didn’t cover much this day!
Handouts:
“two geometric examples”

The fundamental theorem of homomorphisms

(Our text also calls this the First Isomorphism Theorem, but I don’t think this is standard terminology.)
Theorem. Suppose that : G  H is a homomorphism. Then there is a unique isomorphism from G/ker()  im() for which the composite homomorphim


G  G/ker()  im()  H

(canonical map followed by isomorphism followed by inclusion) is the same as .


[Draw the commutative diagram.]

Proof. Say it. 

On a handout (“two geometric examples”) there are two more examples of quotient groups, illustrating the Fundamental Theorem. 

In the first one, draw a picture at the board with colored chalk.

Also talk about the second example.

Using the idea of quotient groups, we prove two interesting propositions.

Proposition. If every element of G/H has finite order, and every element of H has finite order, then every element of G has finite order.

Proof.  Let x be an arbitary element of G. There is a positive integer n for which (xH)n = H; hence xn  H. Thus there is also a positive integer m for which (xn)m = 1.

Proposition.  Suppose G is a finite group. If G has a normal subgroup of index p, where p is a prime, then G has at least one element of order p.

Before proving this, some remarks:

•
This is a special case of Cauchy’s theorem, which says that if p divides the order of G then G has an element of order p. We’ll prove Cauchy’s theorem later in the course.

•
I found this stated in another textbook as an exercise, without the hypothesis “G is a finite group.” But without the hypothesis the proposition is false. For example, Z has the normal subgroup pZ, but it has no elements of finite order other than 0.

Proof.  Let H be the normal subgroup of index p. Then G/H is a group of order p, hence cyclic. Let xH be a generator of G/H. Note that x must be an element of finite order. (This is where we use the extra hypothesis.) Let n be the order of x. Then (xH)n = H. Therefore n is a multiple of p, say n = mp. The order of xm is p.

Next we’re going to define the alternating groups. Here’s the basic idea. We will define a homomorphism


: Sn  Z/2Z
and the alternating group An will be the kernel.

It’s convenient to work with Z/2Z as {±1} with multiplication. We call () the sign of the permutation . If () = 1 we say  is even; if () = –1 we say  is odd; we call this value (odd or even) the parity of .

Suppose that 1 ≤ j < k ≤ n. We say that    reverses the unordered pair {j,k} if  (j) > (k). Let  R()  be the number of pairs reversed by  . For example,  R(id) = 0,  R(( 1 2 3 ... n )) = n–1, and  R(( 1 n )( 2 n–1) ... ) =  EQ \B\BC\((\A( n , 2 )) .

Define


 () = (–1)R().

In other words, we call  even if R() is even, and we call  odd if R() is odd.

Proposition.    is a homomorphism.

Proof. Suppose that  and  are two permutations. 

The pairs {(j),(k)} (for 1 ≤ j < k ≤ n) are the same as the pairs {j,k}, so


R() = number of pairs {(j),(k)} reversed by .

Note that if  reverses the pair {j,k} and  reverses the pair {(j),(k)} then  ​°  does not reverse {j,k}. Let U = the number of pairs reversed by both  and .

Then
R( ​° R() + R() – 2U.

Thus
( ​° ) = () . ().

Example. Illustrate the proof in S4 using  = (1 2 3) and  = (1 2)(3 4). Write three columns, beginning with the column of six possible unordered pairs.

There are other interesting ways to define the parity of a permutation, and to prove that  is a homomorphism. One example is on my handout “parity(after Lang).” Another way is to define  as the composite of two homomorphisms


Sn  SLn(R)  {±1}.

The first homomorphism takes a permutation  to the permutation matrix M() which has 1 in row i and column j if (j) = i, and otherwise is filled with zeros. (I.e., it represents the unique linear transformation which uses  to permute the standard basis of Rn.) The second homomorphism is the determinant.

Some informal remarks on the geometric significance of the notions of parity of a permutation and of the alternating group:

Suppose that you label your right thumb “1”, your right index finger “2”, and your right middle finger “3”.  You can form a “right-handed frame” by making this three fingers mutually perpendicular.  Keeping this frame rigid, which permutations of  {1,2,3} can you realize?

A 3  3 matrix  M  defines a linear map    of  R3  to itself. The determinant of  M  measures two things:

1.
Suppose that S is a solid in R3. Then 



volume of (S) = det M (volume of S). 

2.
Again suppose that S is a solid in R3. Then S is “turned inside-out” by    det M < 0.
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Recall two propositions:

 • The symmetric group is generated by its transpositions.


 • A transposition is odd.

Thus a permutation is even if it can be expressed as a product of an even number of transpositions, etc.

Proposition. A k-cycle is even  k is odd.

Proof. As shown above, a k-cycle can be expressed as a product of k–1 transpositions.

Proposition. Writing  as a product of (not necessarily) disjoint cycles,  is even    the number of cycles of even length is even.

In section 2.5 the book presents the notion of the lattice of subgroups of a group. We’ll treat this idea informally, without invoking the mathematical notion of a “partially ordered set.”

Example. The lattice of subgroups of Z
Show only part of it, obviously! Make a big picture. Indicate each subgroup by <n>, where n is the least generator. Put <1> at the top and <0> way at the bottom. Put <n> in the kth row if n is the product of k prime factors. From <n> show edges to all appropriate subgroups in the previous row. This lattice is the same as the lattice of nonnegative integers under divisibility.

Example. The lattice of subgroups of Z/18Z
Again indicate each subgroup by its least generator. This is a lattice of six subgroups. Note that it’s the sublattice of the previous one obtained by taking <18> and all subgroups lying above it.

Suppose you have the lattice of subgroups of G, and that H is a subgroup. What is the lattice of subgroups of H? This is pretty obvious. You just retain the sublattice containing H and all subgroups at the end of a downward path from H.

Now what if N is a normal subgroup? Can you infer the lattice of G/N from the lattice of G? (We’ve already seen an example in going from Z’s lattice to the lattice for Z/18Z.)

Lattice Isomorphism Theorem. There is a bijection between the set of subgroups of G containing N and the set of all subgroups of  EQ \x\to(G)  = G/N.

Suppose A (subgroup of G containing N) corresponds to  EQ \x\to(A) . The isomorphism has these properties:

(1)
A is contained in B  …

(2)
If A is contained in B, then B:A = …

(3)
The group generated by A and B corresponds to …

(4)
The group A  B corresponds to …

(5)
A is normal in G  …

(6)
If A is normal in G, then G/A  …

The text also calls this the Fourth Isomorphism Theorem. In (6) I have incorporated the Third Isomorphism Theorem. Writing (6) in alternative notation, we have G/A  (G/N)/(A/N), a nice statement about “cancellation.”

The isomorphism is very simple. Let : G   EQ \x\to(G)  be the canonical map. Then A corresponds to (A), Conversely, a subgroup C of  EQ \x\to(G)  corresponds to its complete inverse image.

What does this say about lattices of quotient groups?

Suppose H and K are two subgroups of G. Their join is the smallest subgroup containing both, i.e., <H,K>. This probably is not the same as the union. Indeed, one of your assignments is to show that if H  K is a subgroup then either H contains K or vice versa.

Proposition. If H and K are normal subgroups, so is their join.

Proof. Suppose a  G. Then  a–1<H,K>a  is a group containing both  a–1Ha  and a–1Ka, i.e.. containing both H and K.  Thus  a–1<H,K>a  contains  <H,K>, and thus  <H,K>  contains  a<H,K>a–1. Since this is true for all a  G, the join is normal.

The product set HK is the set of all products hk, where h  H and k  K. Note that it’s contained in the join. If it’s a subgroup, then it’s the same as the join, but in general one doesn’t expect it to be a subgroup.

We can think of HK as a union of cosets hK, where h  H, and two such cosets h1K and h2K are the same  h1(H  K) = h2(H  K). Thus we have a natural bijection

(*)
{cosets hK in G}    {cosets of H  K in H}

Note that the set on the left is not necessarily all the cosets of K in G.

Corollary. If H and K are finite, then HK =  EQ \f(ΩHΩΩKΩ,ΩH « KΩ)  .

Proof. From (*) we immediately see that   EQ \f(ΩHKΩ,ΩKΩ)   =  EQ \f(ΩHΩ,ΩH « KΩ)  .

In certain circumstance the bijection (*) becomes an isomorphism of groups, as we see below.

Proposition.  HK is a subgroup      HK = KH.

Proof. See page 95 of our text. (Proposition 14)
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Handout: proof of Jordan-Hölder
Recall the bijection

(*)
{cosets hK in G}    {cosets of H  K in H}



hK

  

h(H  K)

Also recall Proposition 14 from our text:

Proposition.  HK is a subgroup      HK = KH.

If H is contained in NG(K), we say that H normalizes K. Note in particular this happens if K is normal in G.
Proposition.  If H normalizes K, then

(a)
HK is a subgroup of G.

(b)
K is a normal subgroup of HK

(c)
H  K is a normal subgroup of H

(d)
HK/K  H/(H  K)

Part (d) is called the Diamond Isomorphism Theorem. Our book also calls it the Second Isomorphism Theorem. It’s Theorem 18 on page 98 of our text. See the drawing on page 99 for an explanation of the name. (Also draw it on the board.)

Proof.
(a)
See page 95 of our text. (Proposition 15).

(b)
hkKk–1h–1 = hKh–1 = K

(c)
h(H  K)h–1  H  K  for all h  H

(d)
The bijection (*) sends hK to h(H  K). This is compatible with the group operations, i.e., it’s a homomorphism.

Compare understanding a complicated group with understanding an integer. Certain integers are called prime; every integer is built out of them.

Another analogy: understanding molecules. You need to understand the nature of the possible atoms; then you need to understand how atoms may combine. This is probably a better analogy, since just knowing how many constituent atoms a molecule has doesn’t necessarily tell you its structure.

Example. Butane and isobutane are both C4H10. 

[image: image5.wmf]
We have seen that if a group G has a normal subgroup K, then we can form a quotient group G/K. Thus in some rough sense we can think of G as built out of two smaller pieces: the subgroup K and the quotient group G/K.

In group theory, the “atomic” notion is that of a simple group: a (nontrivial) group with no nontrivial normal subgroups. For example, every Z/pZ (for p prime) is simple. Another example, as we shall see later, is the alternating group An for n≠4.

A composition series (or normal series) for G is a sequence of subgroups


{1} = G0 G1 G2 … Gn = G

for which each Gi is normal in Gi+1 and the quotients Gi+1/Gi are simple. These quotients are called composition factors.

I also made this theorem and proof into a handout.
Jordan-Hölder Theorem. Let G be a nontrivial finite group.

(1)
G has a composition series.

(2)
The composition factors (together with their multiplicities) are the same for any two composition series.

The analogy to the Fundamental Theorem of Arithmetic is clear.

Proof.
(1)
Use induction on G. If G is simple, we are done. Otherwise it has a nontrivial normal subgroup K. If


{1} = K0 K1 K2 … K


is a composition series for K, and


{1} = K/K G1/K G2/K … G/K


is a composition series for G/K, then


{1} = K0 K1 K2 … K G1 G2 … G


is a composition series for G.

(2)
Suppose that we have two composition series


(a)
{1} = M0 M1 M2 … Mr–1 Mr = G


(b)
{1} = N0 N1 N2 … Ns–1 Ns = G


[Draw a diagram with G at the top and the series angling down to left and right.]


We prove that they have the same composition factors by induction on min{r,s}. If this equals 1 then G is simple and the result is clear.


In the inductive step, there are two possibilities. If Mr–1 = Ns–1 then by the inductive hypothesis we are done.


Otherwise consider H = Mr–1  Ns–1, and let


{1} = H0 H1 H2 … H


be a composition series. [Continue the picture, with a diamond at the top and H’s composition series going directly downward.] We will show that the following are composition series for G:


(c)
{1} = H0 H1 H2 … H Mr–1 G


(d)
{1} = H0 H1 H2 … H Ns–1 G


Note that Mr​–1Ns–1 is a normal subgroup properly containing Mr–1; thus Mr​–1Ns–1 = G. By the Diamond Isomorphism Theorem,




G/Mr–1 = Mr–1Ns–1/Mr–1  Ns–1/(Mr–1  Ns–1) = Ns–1/H.


Similarly  G/Ns–1  Mr–1/H. Thus (c) and (d) are composition series for G, with the same composition factors. By the inductive hypothesis (a) and (c) have the same composition factors, as do (b) and (d). Thus (a) and (b) have the same composition factors.

But even if you know the composition factors of a group, you don’t know the group.

Indeed, here’s an example of two different groups having isomorphic normal subgroups with isomorphic quotients.
Example 1.  In G1 = Z/168Z, let K1 = <12>  Z/14Z. Then G1/K1  Z/12Z.

Example 2.  In G2 = Z/14Z  Z/12Z, let K2 = Z/14Z  {0}   Z/14Z.  Again G2/K2  Z/12Z.

The two groups are not isomorphic, since no element of Z/14Z  Z/12Z has order 168.

Thus there is an interesting extension problem: given two finite groups K and H, find all groups containing a normal subgroup  K and with quotient  H. There’s always at least one such group, namely the direct product, but there may be many others.

Here’s a common notation for this situation:


1  K  G  H  1

This is called a short exact sequence. What exact means is that at each of the middle spots the image of the incoming homomorphism is the same as the kernel of the outgoing homomorphism.

Example. The group of isometries of the unit circle x2 + y2 = 1 is denoted by O(2) and called the orthogonal group. Every isometry is either a rotation or a reflection across an axis. The subgroup of rotations is denoted SO(2) and called the special orthogonal group. This is a subgroup of index 2; hence it is normal, and O(2)/SO(2)  Z/2Z. Furthermore SO(2) is isomorphic to the circle group.

You can get a rather good understanding of O(2) by drawing it as two disjoint circles, one of which is O(2) and the other of which is the coset O(2) – SO(2) consisting of all reflections. You multiply points in SO(2) just as you do in S1. Also the structure of Z/2Z tells you that if you have a point in O(2) and a point in  O(2) – SO(2), then their product is again in  O(2) – SO(2), etc. But don’t be misled into thinking that O(2) is—as a group—the product of SO(2) and Z/2Z. Indeed, every element in  O(2) – SO(2) has order 2.

Returning to finite groups, let’s think briefly about the Hölder program:

•
Classify the finite simple groups.

•
Find all ways of “assembling” a collection of finite simple groups to obtain form other finite groups.

The classification of simple groups, which occupied mathematicians for about 50 years, was completed about 1982. The classification theorem can be stated in a couple of pages. It says that a finite simple group must belong to one of several infinite families or be one of 26 “sporadic” groups. The largest sporadic group, called the “Monster” or the “Friendly Giant,” has order between 1053 and 1054. The basic idea in its construction involves defining an action on a vector space of dimension 196,884. Here’s a rough estimate of the number of pages in math journals devoted to proving this theorem: 10,000.
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Handouts:
“Platonic solids”

Examples of group actions

Materials:
Platonic solids models

As we continue in this group theory part of the course, we’ll increasingly be looking at finite groups. This is a traditional part of an introductory course in group theory, but you don’t want to get the misimpression that finite groups are the most important ones in mathematics. Finite groups are important, and many people do make a living studying them, including Professors Harada and Solomon here at Ohio State, but, for example, matrix groups are also very important and appear in many different areas.

The main reason we pay so much attention to finite groups is that, at least at this stage, it’s basically a self-contained theory. We can put together what we’ve already learned with the basic ideas of counting and arithmetic, sometimes in clever ways, to learn a great deal about the structure of a finite group. Infinite groups, on the other hand, are usually of interest because they carry some additional structure. For example, matrix groups naturally act on vector spaces, so to study matrix groups one probably wants to employ techniques from linear algebra. Also in such groups there is an obvious way in which two elements are “close” to each other, or we can even talk about continuous families of elements; thus we can employ ideas from topology. In fact in a matrix group it even makes sense to carry out the operations of calculus, such as differentiation; a group with this sort of additional structure (the technical term is “manifold”) is called a Lie group. If we have a homomorphism G  H between two Lie groups then it has a derivative (at the identity element); this will be a certain sort of function between two objects called Lie algebras.

We’re going to be using group actions to learn more about finite groups.

Here’s some basic terminology and ideas. (Some of this is review.)

Recall that an action of a group G on a set A determines a homomorphism from G to SA and vice versa. The homomorphism is sometimes called a permutation representation of G. Similarly, a homomorphism from G to GLn(R) is often called a linear representation of G, and the corresponding action on the vector space Rn is also called linear. If you hear mathematicians talking about “representation theory,” this is what they mean. (We also allow other ground fields.)

We say that g  G fixes a  A if g . a = a; otherwise we say that g moves a.

Recall the stabilizer Ga; recall the kernel of the action.

An action is called faithful if its kernel is trivial. Note that an action of G determines a faithful action of G/kernel. (I.e., the permutation representation factors through this quotient group.)

Let  a ~ b  if  b = g . a  for some g  G. Note that this is an equivalence relation. The equivalence classes are called orbits. The action is called transitive if there’s only one orbit, i.e., …

Proposition. Elements in the same orbit have conjugate stabilizers.

Proof.   h . a = a    ghg–1 . ga = ga

Thus Gga = gGag–1.

Proposition.  There is a bijection between the left cosets of Ga in G and the orbit of a.

Proof.  Define it by  gGa  goes to  g . a.

We need to check this is well-defined. If h  gGa, then  h = gx  for some x  Ga. Then  h . a = gx . a = g . a. Conversely if  h . a = g . a  then  g-1h  Ga; thus…

[Optional example: Let R act on the torus R/Z  R/Z by t . (x,y) = ( x + t , y + t). Draw a picture showing one orbit, dense in the torus.]

Corollary. The number of elements in the orbit of a (if finite) is G:Ga.

Ask them to work on the handout “Examples of group actions.”

They may want to refer to the handout on Platonic solids.
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Handouts:
Answers to questions on “Examples of group actions”

Klein’s Erlanger Programm (used in next class)

Fundamental domains for SL2Z action on upper half-plane (used in next class)

Materials:
Platonic solids models

To begin, we’ll continue working, individually or in small groups, on the examples on the handout.

Afterwards, look at my answers.

This was the entire class!
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Look at the handout on Klein’s Erlanger Programm.

In particular, point to the last example on the handout “examples of group actions.” The upper half-plane defined there is often taken as a model of the hyperbolic plane. In this model, a semicircle orthogonal to the real line is called a hyperbolic line, as is any vertical ray. One can show that the action of SL2R takes hyperbolic lines to hyperbolic lines. The resulting geometry is non-Euclidean, i.e., it satisfies all of Euclid’s axioms except the axiom on parallel lines.

Extending this example, look at the action of  SL2Z on H. (another handout)
A subgroup of a symmetric group SA is called a permutation group.
Every group acts on itself by left multiplication. Clearly this action is faithful and transitive. Thus we have the following theorem.

Cayley’s theorem. Every group is isomorphic to a permutation group. More precisely, every G is isomorphic to a subgroup of SG.

This seems trivial, but historically it’s important, since permutation groups were studied before the more abstract notion of “group” was developed.

We can generalize this action as follows. Suppose H is a subgroup of G. Then G acts on the left cosets of H by left multiplication: g . aH = gaH. This action is transitive; the stabilizer of H; the stabilizer of aH is aHa–1; thus the kernel K of the action is the intersection of all conjugates of H.

Note that any normal subgroup of G contained in H must be contained in K; thus K is the largest such normal subgroup.

Exercise. Let G be a group which has a subgroup of index 6. Prove that G has a normal subgroup whose index is a divisor of 720. 

Solution: Suppose that H is a subgroup with index 6. Letting G act by multiplication on the left cosets of H produces a homomorphism from G into S6. The order of the image must be a divisor of |S6| = 720, and so the index of the kernel is a divisor of 720.

Proposition. If G is a finite group of order n and p is the smallest prime dividing n, then any subgroup of index p is normal.

Proof. Suppose H has index p. Consider the action above, with kernel K. Let k be the index of K in H. Then G/K is isomorphic to a subgroup of the symmetric group on p elements. Thus its order pk divides p! This forces k = 1. Hence K = H, and H is normal.

Recall that a group may also act on itself by conjugation: g . h = ghg-1. If two elements of the group belong to the same orbit, we say they are conjugate; the equivalence classes are called conjugacy classes.

Example. Recall that in Sn we have seen that two elements are conjugate  they have the same cycle type.

Example. The permutations (1 2 3) and (1 3 2) are conjugate in S3, but not in A3 (which is of course abelian).

Proposition. The kernel of a homomorphism G  H is a union of conjugacy classes of G.

Proof. The kernel is a normal subgroup.

We want to derive the class equation. To do so, let’s return to the general situation of a group G acting on a set A.

Obviously A is the union of its orbits, and we have seen that for each orbit there is a bijection between it and the left cosets of Ga.

If A is finite, then we deduce the equation


A =  EQ \I\SU(orbits,, ) G:Ga
in which the sum is over all orbits, and Ga indicates the stabilizer of any point in the orbit.

Now let’s specialize this equation to the case of a finite group acting on itself by conjugation. Then the orbits are the conjugacy classes, and the stabilizer of g  G is the centralizer CG(g). Thus we obtain this class equation:


G =  EQ \I\SU(conj. classes,, )     G:CG(g)

Usually this is written in a slightly different way. Note that g  Z(G)  its orbit is trivial  CG(g) = G. Treating these orbits specially, we can say


G = Z(G) +   EQ \I\SU(\s(conj. classes,not in center),, )      G:CG(g).
Example. Consider the dihedral group D8. The center is {1, r2}. Here are the other conjugacy classes:

conjugacy class
centralizer of first element

{r,r3}
{1, r, r2,r3}

{s,sr2}
{1,r2,s,sr2}

{sr,sr3}
{1,r2,sr,sr3}

Thus the class equation says  8 = 2 + 2 + 2 + 2
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Handout:
“Conjugacy classes in An”

Example. Consider the symmetric group S5. The center is {1}. Here are the other conjugacy classes:

cycle type
representative
its centralizer
order of centralizer

5
(1 2 3 4 5)
<(1 2 3 4 5)>
5

1, 4
(1 2 3 4)
<(1 2 3 4)>
4

2, 3
(1 2 3)(4 5)
<(1 2 3), (4 5)>
6

1, 1, 3
(1 2 3)
<(1 2 3), (4 5)>
6

1, 2, 2
(1 2)(3 4)
 D8
8

1, 1, 1, 2
(1 2)
 S2  S3
12

Thus the class equation says  120 = 1 + 24 + 30 + 20 + 20 + 15 + 10.

(In this example, it’s probably easier to compute the number of permutations of a given cycle type than to figure out the centralizer of a representative. Then one can use this knowledge to deduce the nature of the centralizer, as illustrated on page 129 of the text.)

Theorem. If the order of G is a power of a prime, then its center is nontrivial.

Proof. In the second sum of the class equation, every term is divisible by p. Thus…

Theorem. If the order of G is p2 (where p is prime), then P is isomorphic to either Zp2 or Zp  Zp.

Proof. By the previous theorem, G/Z(G) is cyclic. In your assignment you were asked to do Exercise 3.1 #36, which says that if G/Z(G) is cyclic then G is abelian. If G has an element of order p2, then it’s isomorphic to Zp2. Otherwise every nonidentity element has order p. Choose x and y, two such elements, with y not in <x>. Since they commute the map Zp  Zp  G sending (1,0) to x and (0,1) to y is an isomorphism.

Alternating groups

I’m sure you all know the binomial coefficients  EQ \B\bc\((\S( n, k))  = number of ways of choosing k objects from a set of n objects. Similarly, the multinomial coefficient  EQ \B\bc\((\S(         n, n1  n2 … ns))  = number of ways of choosing a first subset wth n1 elements, a second subset with n2 elements, etc., where n = n1 + … + ns. (Notice this specializes to the binomial coefficient when s = 2.)

Give an argument for this formula:


 EQ \B\bc\((\S(         n, n1  n2 … ns))   =    EQ \f(n!,n1! n2! … ns!) 
Proposition. Suppose that n1, n2, …, ns is a cycle type for Sn (i.e., a partition of n) in which all the ni are different. Then the number of elements of this cycle type is


 EQ \B\bc\((\S(         n, n1  n2 … ns))  . (n1 – 1)!(n2 – 1)! … (ns – 1)! =    EQ \f(n!,n1 . n2 .  … . ns) 
 Give a little argument.

Point out the more general formula in Exercise 4.3 #33.

Corollary. For a permutation  with such a cycle type,


CSn()n1 . n2 .  … . ns.

Explicitly, if  = 1 2 … s as a product of disjoint cycles, then


CSn() = <1, 2, …, s>,

isomorphic to a product of cyclic groups.

Now use the handout “Conjugacy classes in An”.
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Continue with the old handout “Conjugacy classes in An”, explaining the simplicity of An.

Returning now to general theory, let g  G. Note that conjugation by g is an automorphism. (Confirm this.) We also know that the Aut(G) is a group. Thus we have a homomorphism G  Aut(G).

The kernel of this homomorphism is Z(G), and the image is called the group of inner automorphisms, denoted Inn(G).

Generalizing this, suppose that H is a normal subgroup of G. Then G acts by conjugation on H. Now we have a homomorphism G  Aut(H), with kernel CG(H). Note that the composite


H  G  Aut(H)

(beginning with inclusion) is the map previously considered, which makes it clear that the image of G in Aut(H) contains Inn(H).

Example. The image of S5 in Aut(A5) is larger than Inn(A5). For example, conjugation by (4 5) sends (1 2 3 4 5) to (1 2 3 5 4), and these two 5-cycles are not conjugate in A5.

If H isn’t normal in G, then we can’t act on H by conjugation, at least not by all of G. But we can act by the largest possible subgroup, namely NG(H). Thus in this situation we have a homomorphism NG(H)  Aut(H), with kernel CG(H).

This shows: NG(H)/CG(H)  subgroup of Aut(H).

Proposition.
Inn(Z/nZ)  {1}

Aut(Z/nZ)  (Z/nZ)
Proof. Since the group is abelian, all inner automorphisms are the identity.

A self-homomorphism  of Z/nZ is determined by (1) = a.


 is an automorphism   is injective  rep.’s of a are rel. prime to n

Incidentally, a homomorphism G  G is sometimes called an endomorphism (but our book never uses this terminology).

Proposition. Suppose that p and q are primes, that p ≤ q, and that p does not divide q–1. Then a group of order pq is abelian.

Proof. To begin, suppose Z(G) = {1}. Then every nonidentity element of G has order p or q. For an element x of order p the centralizer must be the cyclic group <x>. Looking at the class equation, we see that not all nonidentity elements can have order p. Thus G contains an element y of order q.

Let H = <y>, which is a subgroup of index p, the smallest prime dividing pq. By Corollary 5, the subgroup H is normal. Its centralizer CG(H) can’t be all of G, so it must be H itself. Thus G/H is a subgroup of Aut(H). But this says that a group of order p is a subgroup of a group of order q–1, contradicting the divisibility assumption. Thus our supposition Z(G) = {1} must be incorrect.

Since Z(G) ≠ {1} we know that G/Z(G) is cyclic, and thus G is abelian.

A subgroup H of G is called characteristic if (H) = H for every automorphism  of G.

Proposition.

(1)
A characteristic subgroup is normal.

(2)
If H is the unique subgroup of G of a given order, then H is characteristic in G.

(3)
If K is characteristic in H and H is normal in G, then K is normal in G.

The first two parts seem obvious, I hope. For (3), let g denote conjugating by g  G. We know that g(H) = H. Thus the restriction to H is an automorphism of H, and preserves K.

Example. By (2), all subgroups of (Z/nZ) are characteristic.
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A little bit more about automorphisms:

Recall that a subgroup H of G is called characteristic if (H) = H for every automorphism  of G.

Example. We know Aut(V4) is the symmetric group on the nonidentity elements {a,b,c}. Thus the two-element subgroups are not characteristic. The only characteristic subgroups are the trivial ones.

Suppose H and K are two subgroups of G.

Four notions of “being the same”:

(1)
H = K

(2)
H is conjugate to K

(3)
There is some automorphism  for which (H) = K

(4)
H  K

Clearly (1)  (2)  (3)  (4).

All the notions are different. Ask them to give examples of

(2) but not (1)

(3) but not (2)

(4) but not (3)

Cauchy’s theorem: If the prime p divides G, then G has an element of order p. 
Earlier I proved this under the extra hypothesis “G has a normal subgroup of index p.” Also note that there is a proof in the special case “G abelian” in section 3.4 of the book, but I didn’t discuss this proof in class.

Proof. (cf. Exercise 3.2 #9) 

Let S = { (g1, g2, …, gp) : each gi  G  and  g1g2…gp = 1}. Act by Z/pZ in the obvious way: acting by 1 sends (g1, g2, …, gp) to (gp, g1, g2, …, gp–1).


[Maybe I should pause here, and ask them to figure out the rest!]

Then S has Gp–1 elements. Except for fixed elements, the size of each orbit is divisible by p. Thus the number of fixed elements is divisible by p. Now (1, 1, …, 1) is fixed by the action. Thus there is some other fixed element (a, a, …, a). Then a is an element of order p.

A group of order pk (where p is a prime) is called a p-group.

If G is agroup of order pkm, where m is not divisible by p, a subgroup of order pk is called a Sylow p-subgroup. Denote the set of such subgroups Sylp(G), and denote the number of such subgroups by np.

(You can do this even if k = 0. In this case the unique Sylow p-subgroup is … and np = …)

Sylow’s theorem. In this situation

(1)
For every i ≤ k, G contains a subgroup of order pi. (In particular G has a Sylow p-subgroups.) If i < k then every subgroup of order pi is normal in some subgroup of order pi+1.

(2)
All Sylow p-subgroups are conjugate.

(3)
np divides m  and  np  1 (mod p).

Parts (1) and (2) are stated slightly differently than in our text. I am following the treatment in the textbook by Fraleigh, including his proof.

Lemma. For every p-subgroup H,


G: HNG(H): H  (mod p).

Proof. Consider the left-multiplication action of H on its cosets. Except for fixed cosets, the size of each orbit is divisible by p. Note that


xH is fixed by all h  H    H = x–1hxH for all h  H    x  NG(H).

Thus
NG(H): Hnumber of fixed cosets  total number of cosets = G: H.
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Proof of Sylow (1):

By Cauchy’s theorem, G contains a subgroup of order p. Now we employ an inductive argument. Suppose G contains a subgroup H of order pi where i < k. Then, by the lemma, p divides the index of H in NG(H). By Cauchy’s theorem the quotient NG(H)/H contains a subgroup of order p; its inverse image in NG(H) is a subgroup of order pi+1 in which H is normal.

Proof of Sylow (2):

Suppose that P and Q are two Sylow p-subgroups. Act by Q on the cosets of P, using left multiplication. Except for fixed cosets, the size of each orbit is divisible by p. But the total number of cosets is not divisible by p. Thus there is a fixed coset xP. This tells us that qxP = xP for all q  Q, i.e., that x–1Qx  P. But the two sets have the same number of elements; hence they are equal.

Proof of Sylow (3):

Act by one Sylow p-subgroup P on the set S of all Sylow p-subgroups, by conjugation. Suppose that Q is fixed by this action, i.e., that pQp–1 = Q for all p  P. Then P is contained in the normalizer NG(Q). Applying Sylow (2) to NG(Q), we find that P and Q are conjugate in NG(Q). But of course Q is normal in its normalizer. Thus P = Q, i.e., the only fixed element of S is P itself. The order of every other orbit is divisible by p. Thus np  1 (mod p).

Now let G act on S by conjugation; the action is transitive. Thus the number of elements in S divides the order of the group.

Example. According to Sylow’s theorem, for a group of order 255, what are the orders of the Sylow p-subgroups and how many are there of each?

There are 1 or 85 Sylow 3-subgroups; there are 1 or 51 Sylow 5‑subgroups; there is only one Sylow 17-subgroup.

Example. Directly verify Sylow’s theorem for S4 and the primes 3 and 2.

There are four Sylow 3-subgroups, each generated by a 3-cycle; we know all 3-cycles are conjugate.

There are three Sylow 2-subgroups, each of which has the following description. Label the four corners of a square with the numbers 1 through 4; this gives an injective homomorphism from D8 into S4; take the image.

Example. (adapted from a recent qualifying exam) Show that a group of order 45 is abelian

There is only one subgroup H of order 9, and it’s normal. Recall we have seen that a group of order p2 is either Z/p2Z or  Z/pZ  Z/pZ, both of which are abelian.

There is only one subgroup K of order 5, and it’s normal and abelian. The intersection H  K is the trivial subgroup. If h  H and k  K then their commutator is in H  K; thus the elements commute. Thus the group HK is abelian. But HK is the whole group.

Recently we’ve been studying finite groups. Now we turn to a different class of groups, namely finitely generated abelian groups. The overlap of the two classes is, of course, finite abelian groups.

For finitely generated abelian groups, there is a thorough, and basically simple, classification. Every such group is a direct product of cyclic groups. In more detail:

 •
Each such group G has a unique finite subgroup Gtor (called its torsion subgroup) so that G  Gtor  Zr for some nonnegative integer r.

 •
Each finite abelian group can be expressed as a product of finite cyclic subgroups. There are two important ways to do this: (1) using invariant factors; (2) using elementary divisors.

We’re going to study some of this theory, but we won’t prove the main theorems. This is because, as you will learn later in this year-long course, abelian groups are also called Z-modules. This is a concept from ring theory. The integers, which have two operations + and , are a familiar example of a ring; they are in fact an example of a particular kind of ring called a principal ideal domain. Chapter 12 of the book is devoted to the theory of modules over a PID, including Z-modules as a special case.

I began talking about free abelian groups, but I will repeat the remarks at the next class.
Day 21
Wed. Nov. 13
Chap. 5
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I did this page in the previous class, but we’ve had a long break, so I will repeat some of it.

Since we’re working with abelian groups, I’m going to start using + for the group operation; similarly, I will write ma rather than am.

A group isomorphic to Zr for some r is called a free abelian group. Equivalently, a group is free abelian if it contains a finite subset {x1, …, xr} such that each element of the group can be written in a unique way as an integral linear combination


n1x1 + n2x2 + … + nrxr.

Such a subset is called a basis of the free abelian group.

Don’t repeat these examples:
Example. For Z2 a subset {(a,b),(c,d)} is a basis  ad – bc = ±1.

Example. The three elements (1,0), (0,2), and (1,3) generate Z2. To see this, note that (1,3) – (0,2) – (1,0) = (0,1). But no pair of them forms a basis. Contrast this with the situation in linear algebra over a field: if a set of elements spans a vector space then there is a subset forming a basis.

Someone asked, “Why are they called free abelian? Do they have anything to do with free groups?”

Proposition. Suppose {x1, …, xr} is a basis for the free abelian group G. Let f:{ x1, …, xr}  H be any function to an abelian group H. Then there is a unique homomorphism from G to H extending f.

Proof. Define the homomorphism by


n1x1 + n2x2 + … + nrxr  n1f(x1) + n2f(x2) + … + nr(xr).

For a free group on a finite set of generators {x1, …, xr}, there is a similar proposition, dropping the assumption that H is abelian.

(We only defined a free group on a set of two generators, but I think it’s clear how the general definition goes. We will study free groups a bit more soon.)

Proposition. All bases of a free abelian group have the same number of elements.

Proof. For such a group G let 2G = { 2g : g  G }. Clearly n1x1 + n2x2 + … + nrxr belongs to 2G  all ni are even. Thus the quotient group G/2G is isomorphic to (Z/2Z)r, a finite group with 2r elements.

This number is called the free rank or the Betti number. (The latter terminology comes from topology; it was first applied to the so-called homology groups.)

Proposition. Suppose H is a subgroup of a free abelian group G. Then H is also free abelian, and free rank(H) ≤ free rank(G).

Proof. Use induction on r = free rank(G). If r = 0 then G is the trivial group, and the claims are obvious. Otherwise we can define a homomorphism


: H  Z
by  (n1x1 + n2x2 + … + nrxr)  = nr. The kernel K is a subgroup of a free abelian group with basis {x1, …, xr–1}. By the inductive hypothesis K is free abelian, of rank ≤ r – 1. Let {y1, …, ys} be a basis for K.

Now K is also a subgroup of H, and the quotient H/K is isomorphic to a subgroup of Z; thus H/K is either trivial or isomorphic to Z. If H/K is trivial then H = K is free abelian with basis {y1, …, ys}. If H/K  Z, let z be an element of H mapping to a generator of H/K. I claim that {y1, …, ys,z} is a basis for H. Indeed, each element of H can be written as


n1y1 + n2y2 + … + nsys + nz

for some integer n. If it also equals


n1´y1 + n2´y2 + … + ns´ys + n´z,

then mapping to H/K shows that n = n´. Then the difference is in K; hence ni = ni´ for all i.

An abelian group is called torsion-free if every element ≠ 1 has infinite order.

Proposition. A finitely generated group is torsion-free  it is a free abelian group.

Proof. Clearly a free abelian group is torsion-free.

Suppose that G is torsion-free. Let S be a finite generating set. Let {x1, …, xr} be a maximal subset with the following property:


n1x1 + n2x2 + … + nrxr = 0

all ni = 0.

Let H be the subgroup generated by {x1, …, xr}, which is free abelian.

Each element s of S satisfies an equation


ns + n1x1 + n2x2 + … + nrxr = 0

with n ≠ 0. Since S is finite there is a single n which works for all elements of S. Thus nG is contained in H. By the previous proposition nG is free abelian. Let {y1, …, ys} be a basis for nG. Then {y1/n, …, y1/n} is a basis for G.

Let G be a finitely generated abelian group. The torsion subgroup Gtor is the subgroup consisting of all elements of finite order. Of course you need to check that this really is a subgroup. We did so earlier in the course; in fact we showed the following:

Suppose a and b commute. Suppose that a = m and b = n. Then ab divides lcm(m,n).

The quotient group G/Gtor is torsion-free. Thus it’s a free abelian group of some free rank r. We also apply the terminology to G, calling r the free rank of G.

Proposition.  G  Gtor  G/Gtor  Gtor  Zr
Proof. Let : G  G/Gtor be the canonical map. Choose a homomorphism : G/Gtor  G for which  °  is the identity. There are many such choices: letting {x1, …, xr} be a basis, for each basis element xi choose an element gi of G mapping to xi. Then there is a unique homomorphism sending xi to gi.

Now define homomorphisms


Gtor  G/Gtor  G
G  Gtor  G/Gtor


(g,h)  g + (h)
g  (g –  ° (g),(g))


and check that the composite maps G  G and Gtor  G/Gtor  Gtor  G/Gtor are the identity maps. In the latter check, use the fact that  (g) = 0 for g  Gtor.

Diagrammatic interpretation: There is a short exact sequence


0  Gtor  G  G/Gtor  0.

(I use 0 because we are working with abelian groups.) The homomorphism  is represented by an arrow the opposite direction; we say that it splits the exact sequence.

Note that the splitting homomorphism is not unique. Given G as an abstract group, there are plenty of copies of G/Gtor inside it.

Example. Suppose G = Z  Z/2Z. The copy Z  {0} is obvious, but the subgroup <(1,1)> is also infinite cyclic, and there is an automorphism of G taking (1,0) to (1,1).
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Handouts:
“group of units mod 100”

“mod 17 slide rule (inner)”

“mod 17 slide rule (outer)”
Materials:
scissors

Hand around the scissors. Instruct them to cut out the inner wheel.
Now we’ll concentrate on finite abelian groups. We’d like to understand how each such group is a product of finite cyclic groups. (But we’re saving the proofs for another course in this series.) Recall the following proposition from early in the course.

Proposition. If m and n are relatively prime, then Z/mZ    Z/nZ   Z/mnZ.


[We proved the opposite implication, too.]

This suggests that if we want to express a finite abelian group  as a product of finite cyclic groups, we can try two strategies: 1) Use factors as big as possible, and thus have only a few factors. 2) Use factors as small as possible, and thus have many factors.

The first strategy leads to invariant factors; the second leads to elementary divisors.

How to find the invariant factors of a finite abelian group G
Find an element in G of largest order, say n1. Then G has a subgroup G1  Z/n1Z. Then G  G1  G/G1. (This needs to be proved, of course.) Now, if G/G1 isn’t trivial (i.e. if G isn’t cyclic) apply the same procedure to G/G1: find an element of largest order n2. Now obviously n2 ≤ n1, but in fact one can show that n2 divides n1, and again one can show that G/G1  G2  (G/G1)/G2, where G2  Z/n1Z. If (G/G1)/G2 isn’t trivial, continue on, finding n3 dividing n2, etc. Eventually one gets


G    Z/n1Z    Z/n2Z    Z/n3Z   …   Z/nsZ
where ns divides ns–1, etc. Clearly we must also have n1n2…ns = G.

Now is it possible to express G in a different way, satisfying the same conditions? Suppose


G    Z/m1Z    Z/m2Z    Z/m3Z   …   Z/mtZ,

where mt divides mt–1, etc. Then clearly the largest order of a group element is m1, and one such element is (1,0,0,…,1). Thus m1 = n1, and


Z/n2Z   …   Z/nsZ  G/(Z/n1Z)  G/(Z/m1Z)  Z/m2Z   …   Z/mtZ.

Thus an easy induction shows that s = t and that the two sequences (m1,…) and (n1,…) are the same.

The numbers ni are called the invariant factors of G. (You should report them with repetitions if necessary.)

Example. Find (up to isomorphism) all abelian groups of order 1008.

Here is a list of all possible sequences of invariant factors:

1008
168, 6

504, 2
126, 2, 2, 2

336, 3
84, 12

252, 4
84, 6, 2

252, 2, 2
42, 6, 2, 2

Use the handout “group of units mod 100.” (There is a small error in this handout; fix it before using it again.)
Elementary divisors
Let p be a prime dividing the order of G. Since G is abelian there is just one Sylow p-subgroup Gp. (The text doesn’t use this notation.) One can show that G is the direct product of its Sylow p-subgroups:


G =  EQ \I\PR(,, ) Gp
(product over all primes dividing the order of G).

Now we can apply the idea of invariant factors to each Gp. The invariant factors are powers of p whose product is p = largest power of p dividing G In other words, the sum of the exponents must be . The possibilities are in one-to-one correspondence with partitions of  into positive integers. The extreme possibilities are the cyclic group Z/pZ and (Z/pZ), which is called the elementary abelian group of order p. (E.g., the Klein 4-group is the elementary abelian group of order 4.)

Example. There are seven partitions of the number 5. Thus there are seven abelian groups of order p5.

Example. What is the isomorphism type of the group of units modulo 17? My toy can be used to do calculations in this group. (Explain — or have them explain — how to multiply, how to take inverses, how to compute powers.) This is a “mod 17 slide rule.” From the way it works, you can see that (Z/17Z) is a cyclic group; it’s isomorphic to Z/16Z. This is a special case of Corollary 19 of section 9.5, which says that (Z/pZ) is cyclic for each prime p.

Example. What is the isomorphism type of (Z/2nZ)?

The cases n = 1 or 2 you can work out separately. Let’s assume n ≥ 3. We’ll use exercises #22 and #23 back in section 2.3. You’ve already done #23, in which you showed that the group has at least two elements of order 2. Therefore it’s not cyclic.

In #22 you’re asked to show that the element 5 has order 2n–2, using the binomial theorem. To do this, examine the binomial coefficient


 EQ \B\bc\((\S( 2n–3,  m))  =  EQ \f(2n–3 . (2n–3 – 1)(2n–3 – 2) º (2n–3 – m + 1) ,1 . 2 . 3 .  º  . m)   .

By appropriately pairing factors in numerator and denominator, we see that it is divisible by 2n–3–m (obviously a crude bound, but it’s enough for us). Thus in the binomial expansion


(1 + 22)2n–3 = 1 + 2n–3 . 22 +  EQ \B\bc\((\S( 2n–3,  2)) . 24 +  EQ \B\bc\((\S( 2n–3,  3)) . 26 + …

each term except the first three is divisible by 2n. In fact the third term is also divisible by 2n. Thus


(1 + 22)2n–3  1 + 2n–1 (mod 2n).

This shows that 5 can’t have order < 2n–2; we already know the order is ≤ 2n–2.

Thus (Z/2nZ)  Z/2n–2Z  Z/2Z.
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Finishing up material on finite abelian groups…
Returning to the general theory, we are able to write each G as a product of its Sylow p-subgroups, and then to write each Sylow p-subgroup as a product of cyclic groups of prime power order. The orders of cyclic groups which appear are called the elementary divisors of G. (Again we should report these numbers with repetitions if necessary.)

Example.
(Z/100Z)    Z/20Z  Z/2Z    Z/5Z  Z/4Z  Z/2Z
Thus the elementary divisors are 2, 4, and 5.

This example illustrates how easy it is to go from invariant factors to elementary divisors: just replace each invariant factor by its prime powers.

Conversely, given the elementary divisors, how does one obtain the invariant factors?

Example. Suppose G   (Z/8Z)2  Z/4Z  (Z/5Z)4  Z/19Z. Then the largest possible order of an element is… Thus…

We’re going to look briefly at a situation that often comes up naturally. I’ll begin with an example.

Example.  Let G be the group of isometries of the plane. There are three types: translation, rotation about a point, reflection across a line. Those of the first two types form the subgroup H of orientation-preserving isometries. (Intuitively, those are the isometries which can be achieved without moving the plane out into 3-space and “turning it upside down.”) This subgroup has index 2, and thus it’s normal. We have a short exact sequence


1  H  G  Z/2Z  1

where it may help to think of Z/2Z as {reflect, don’t reflect}.

Now let’s fix a line anywhere in the plane, and let r be the reflection across this line. If g is any reflection, then gr  H, and thus we can write g = hr for some h. If we let K = {1,r}, then we can write every element of G in a unique way


g = hk

where h  H and k  K. Thus we have a bijection between G and H  K, and we can think of an element of G as an ordered pair: momentarily and perversely, let’s write g = (h,k).

Could this actually be an isomorphism between G and the direct product? If g1 = (h1,k1) and g2 = (h2,k2), we’re asking 


Does  (h1,k1) . (h2,k2) = (h1h2,k1k2)   in G?

This isn’t correct, of course, but let’s see that it’s partly correct; specfically, it’s correct if both elements come from H; it’s even correct as long as the first element comes from H. (This is because H is normal.) It’s also correct in the second slot, in all instances.

The correct way to multiply is this:


(h1,k1) . (h2,k2) = (h1k1h2k1–1,k1k2)

i.e.,
(h1,k1) . (h2,k2) = (h1 . k1(h2),k1k2)

where k1 means conjugation by k1.

We say that G is the semidirect product of the normal subgroup H and the subgroup K, and we denote it this way: (write it).

Note the following features of this situation:

As a set G is H  K.

H is a normal subgroup

K is a subgroup

H  K = {1}

Diagrammatic interpretation: We found a splitting homomorphism Z/2Z  G. (Draw the diagram.)

Unlike in the situation of abelian groups, however, this doesn’t tell us that G has to be a product.

To see just how ubiquitous this situation is, let’s continue the example.

Inside H, the group of orientation-preserving isometries, is the subgroup T of translations. (Explain.) This is a normal subgroup, with quotient the circle group. Thus we have a short exact sequence


1  T  H  S1  1.

You can think of the homomorphism H  S1 as “remember the angle of rotation but forget where the center is located.”

Picking an arbitrary point x of the plane, consider the subgroup P of rotations centered at P (including the identity). Then P is a subgroup of H isomorphic to S1, and every element of H can be written in a unique way


h = tp

where t is a translation (possibly the identity) and p is a rotation with center x. Thus there is a bijection between H and T  S1, but to make this an isomorphism we need to define the operation on the Cartesian product this way:


(t1,p1) . (t2,p2) = (t1p1t2p1–1,p1p2)

i.e.,
(t1,p1) . (t2,p2) = (t1 . p1(t2),p1p2).

Again we say that H is a semidirect product.

We could easily proliferate examples.

In these examples, we have recognized a semidirect product “internally,” i.e., we have found subgroups H and K with certain properties and observed how the entire group is built from them.

Now suppose we’re just handed two groups H and K. Can we build a group G out of them, so that we find isomorphic copies of H and K inside? Of course we can: the direct product H  K is such a group.

Let’s try to construct other groups, trying to imitate what we saw in the two examples. We’ll use H  K as a set, and the group operation in the second factor will just be that of K. To imitate what we saw in the first factor, we can’t use conjugation; that would require us to use a pre-existing group structure. But note that conjugation is a special type of automorphism. This leads us to the following construction.

Let  be a homomorphism from K to Aut(H). Then define an operation on the set H  K by


(h1,k1) . (h2,k2) = (h1 . (k1)(h2),k1k2).

A straightforward computation shows that this is an associative operation, with identity (1,1); the inverse of (h,k) is ((k–1)(h-1),k–1). Thus we have a group, denoted… (We may choose to subscript the semidirect product symbol by , if we want our notation to be explicit about the choice of homomorphism.)

Inside this group is a normal subgroup isomorphic to H and another subgroup isomorphic to K, with trivial intersection.

If you choose  to be the identity, then you get the direct product.
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Handouts:
free group Cayley graph

two Cayley graphs (dihedral and free abelian)

Early in the course we introduced the free group on two generators. The same idea can be applied to any set S. A symbol is either an element of S or an element of S with a superscript –1. A word is a finite sequence of symbols. (Note that the empty word is allowed.) A word is reduced if it contains no two adjacent symbols of the form ss–1 or s–1s. Let F(S) be the set of all reduced words.

We’ll employ the following notation for a word:


s11 s22 s33 … snn
in which each exponent is ±1. (We’ll denote the empty word by 1.)

We define an operation on F(S) as follows: concatenate the two words, then remove pairs of symbols ss–1 or s–1s until the remaining word is reduced. Then one can check that, with this operation, F(S) is a group. We call it the free group generated by S. Note that we can think of S as a subset of F(S) in an obvious way.

This definition depends on both the group and its subset. Here’s a broader definition: a group G is called a free group if there is an isomorphism  from F(S) to G; the set {(s)} is called a free basis or a set of free generators.

Proposition. Suppose S is a free basis for the free group F(S). Let f:S   H be any function to a group H. Then there is a unique homomorphism from F(S) to H extending f.

Proof. Define the homomorphism by


s11 s22 s33 … snn  f(s1)1 f(s2)2 f(s3)3 … f(sn)n.

Example. Let S = {a,b} and T = {c,d}. Define a map  f: F(S)  F(T)  by


f(a) = c
f(b) = d–1c

This is actually an isomorphism, as one sees by defining g: F(T)  F(S)  by


g(c) = a
g(d) = ab–1
and checking that both composite homomorphisms are the identity. (Note that in doing so we rely on the word “unique” in the proposition.)

Thus {c,d–1c} is a free basis for F(T). This shows that free bases are not unique.

Earlier in the course we proved Cayley’s theorem: every group is isomorphic to a subgroup of a symmetric group. The following proposition has a similar flavor.

Proposition. Every group is isomorphic to a quotient of a free group.

Proof. Every group has a set S of generators, e.g., the entire group. The identity map S  S extends to a group homomorphism from F(S) to G, which is clearly surjective.

You may perhaps get more feeling for free groups by looking at a Cayley graph. Actually this is a notion we could have introduced much earlier in the course.

I suspect you’ve all already encountered a bit of graph theory. You know, then, that a directed graph has set of vertices and a set of directed edges, that each edge has an initial vertex and a terminal vertex.

We usually make rudimentary pictures when working with graphs. You may never have thought about graphs with infinitely many vertices, which may present some artistic challenges; even worse are graphs in which the valences (define informally) are infinite.

Suppose that G is a group and that S is a subset. The Cayley graph of G and S is a graph whose


vertices are the elements of G

and whose
directed edges are the ordered pairs (g,s)

The initial vertex of (g,s) is g; the terminal vertex is gs.

Examples on handout:

In the dihedral group D6, let a be one of the nontrivial rotations and let b be a reflection. (We’ve usually been calling these elements r and s.) I’ve drawn the Cayley graph, labeling the edges but not the vertices. You can pick any vertex and label it as the identity; then put labels on the other vertices. Note that you can put different labels on the same vertex, since an element of the group can be written in more than one way as a word in these generators.

The handout also shows (part of) the Cayley graph of the free abelian group Z2, again without labels on the vertices.

When is the Cayley graph of G and S connected?

In both of these examples we can find nontrivial circuits. (Define informally.) What does this mean?

Example on another handout:

Let G be the free group on S = {a,b}. The Cayley graph is a tree, i.e., a graph without circuits. An element of the group can be thought of either as a vertex or as the sole path from the identity vertex.

To make a reasonable drawing you need to start drawing a fractal! Note how different this appears from the Cayley graph of the free abelian group.

Let F(S)  G be the surjection obtained from a set of generators for G. The kernel is a normal subgroup.

Suppose that R is a subset of the kernel. If the normal subgroup generated by R (i.e., the smallest normal subgroup containing R, equivalently the subgroup generated by the elements of R and all their conjugates) is the entire kernel, then we call R a set of relations. The group G is (up to isomorphism) completely determined by S and R. The pair (S,R) is called a presentation of G. We say that G is finitely presented if both S and R are finite sets.

Example. Suppose S = {r,s} and R = {r6,s2,rsrs–1}. This is a presentation of the dihedral group D12. The last relation tells us that in this group rs = sr–1. (And we often find it more natural to present relations as equations this way.)

Example. Suppose S is any set and R is the empty set. This is a presentation of the free group F(S).
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Free groups; generators & relations (both topics continued)
Handouts:
(2,3,7) tessellation & (2,3,6) tessellation & (2,3,5) tessellation — stapled as one handout

“subgroups of free groups”

Materials:
dodecahedra (including a soft dodecahedron if possible)

Example. Suppose S is any set and R is the set of commutators of elements of S. (Recall what this means.) Then S and R is a presentation of the free abelian group with basis S; call it Ab(S). There is a natural homomorphism F(S)  Ab(S).

Note that if S has r elements then Ab(S) has free rank r.

This construction, and this homomorphism, are independent of the choice of generating set S. Indeed, the natural homomorphism F(S)  Ab(S) has the following remarkable property: Suppose that F(S)  H is any homomorphism to an abelian group H. Then there is a unique homomorphism Ab(S)  H so that the following diagram commutes: (draw it).

In particular this implies that if F(S)  F(T) then Ab(S)  Ab(T). This shows that the number of elements in a free basis is an invariant of the free group, i.e., it’s the same number for all free bases. This number is called the rank of the free group.

Working with groups in terms of generators and relations has an obvious hands-on appeal, but there are drawbacks.

The word problem. Given a finite presentation for a group G, and given a word in the generators, determine whether it represents the identity element of G.

This can be fiendishly difficult! In fact, in the technical sense of mathematical logic, this problem is unsolvable. (Don’t ask me questions about this, unless you want to expose my ignorance.)

Here’s an example to show how an apparently minor change in a presentation may have a dramatic effect. (There’s a 3-page handout to illustrate this example.)

Example. Let n be a positive integer. Let G be the group generated by a,b,c subject to the following relations:


a2 = 1
b2 = 1
c2 = 1


(ab)2 = 1
(ac)3 = 1
(bc)n = 1

If n = 6, then here’s how to understand G. Draw a triangle with angles /2, /3, and /6. Let a = reflection across short leg, b = reflection across long leg, c = reflection across diagonal. Then ab, ac, bc are rotations, and all the relations are readily verified. This shows that the group generated by reflections is a quotient of G. To see that it is precisely G (i.e., to see that there are “no other relations”), observe that on the picture you can draw the Cayley graph of G, with one vertex in each triangle.

This trick worked because  (/2) + (/3) + (/6) = . But what if n ≠ 6? Suppose n = 5. Try this: take triangles with angles /2, 3/10, and /5, and assemble them into a pentagon. (Draw this at the board.) You can make five more pentagons, and attach it them to the first one along its edge. But we’d really like to have just three of these pentagons meeting at the pentagon’s corners. Aha! — Bend them to form a corner of a polyhedron. In fact this begins the construction of a dodecahedron, and you can see reflections whose products have the appropriate orders 2, 3, 5. In this case the group is finite, of order 120. You may like the construction better if we use spherical triangles with exactly the desired angles /2, /3, and /5. (Illustrate this using a soft dodecahedron if possible.)

And what if n = 7? Now the sum of the angles (/2) + (/3) + (/7) is too small to create a Euclidean or spherical triangle, but if you know hyperbolic geometry you can start with a triangle in the hyperbolic plane. The handout shows the picture in the “Poincaré model.”

To end our course in group theory, we will look at Schreier’s Theorem.

Use the handout.
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Introduction to rings; examples

This time let’s plunge straight into the definition. A ring R is a set with two operations, satisfying a list of properties. The two operations are typically called addition and multiplication; the first is denoted by + and we usually don’t explicitly denote the second one at all; we just concatenate the two operands.

Here are the required properties:

Using + we have an abelian group. 

Multiplication is associative.

Addition distributes over multiplication:

a(b + c) = ab + ac for all triples of elements.

(b + c)a = ba + bc for all triples of elements.

The additive identity is denoted 0; the additive inverse of a is denoted –a.

If multiplication is commutative, we have a commutative ring.

If there is an element 1 serving as an identity for multiplication, we say R is a ring with identity. We can allow 0 = 1, but then the ring will have just one element; we’ll call it the zero ring.

Examples:

Z
Q
R
C

Z/nZ
All of these are commutative rings with identity.

In a nonzero commutative ring with identity, we call an element a unit if it has a multiplicative inverse. In Z, only ±1 are units. In Q, R, and C every nonzero element is a unit.

A nonzero commutative ring with identity, in which every nonzero element is a unit, is called a field. In many parts of mathematics an arbitrary field is denoted by the letter k (the notation coming from German).

In general, the set of units in a commutative ring forms a group under the multiplication operation. If the ring is R, we’ll denote this group by R. (We already have examples.)

The ring Z/nZ is a field  n is prime. If n is not prime, then there are even two nonzero elements a & b for which ab = 0. We say that a and b are zero divisors. In the ring Z/81Z the element 3 has this property: 34 = 0. A nonzero element for which a power is zero is called nilpotent.

A commutative ring with identity is called an integral domain if it has no zero divisors.

Consider again the inclusions  Z  Q  R  C. The first is an example of the inclusion of an integral domain in its field of fractions. This is a process studied in section 7.5 of the text. Building R from Q is studied in courses in analysis. Building C from R is another sort of algebraic construction, called adjoining the root of a polynomial, in this case x2 + 1. You will study this process more extensively in field theory and Galois theory.

To create the field of complex numbers, you can follow alternative pathways. For example, you could immediately adjoin a root of x2 + 1 to the ring of integers, obtaining the Gaussian integers. I’ll say more about them in a moment.

A subset S of a ring R is called a subring if it is an additive subgroup closed under multiplication.

(If you work exclusively with commutative rings with identity, then you may also demand that a subring contain the identity.)

Example. The smallest subring of C containing the number i is called the Gaussian integers, denoted Z[i]. It consists of all complex numbers of the form a + bi, where a and b are integers. What are its units?

Define the norm of a Gaussian integer by N(a + bi) = a2 + b2. The norm is multiplicative, meaning N(w . z) = N(w) . N(z).

The Gaussian integers are useful in number theory, when you study sums of two squares. Note that an integer is a sum of two squares  it is the norm of a Gaussian integer. For example,


61 = 36 + 25 = N(6 + 5i)


10 = 1 + 9 = N(1 + 3i).

Thus 610 is also a sum of two squares, as this calculation shows:


610 = N(6 + 5i) . N(1 + 3i) = N(–9 + 23i) = 81 + 529

The Gaussian integers are one example of quadratic integer rings, discussed on pages 230 & 231 of our text. Quadratic integer rings are, in turn, special cases of rings of algebraic integers, discussed in Chapter 15.

Example: The quaternions (denoted H)

A quaternion is a formal sum a + bi + cj + dk, where a, b, c, d are real numbers. The rule for addition is obvious. To multiply, allow yourself to expand by the distributive law, but don’t commute; use these rules: i2 = j2 = k2 = –1, ij = k, ki = j, jk = i, ji = –k, ik = –j, kj = –i. There’s an identity element. You can check that


(a + bi + cj + dk)(a – bi – cj – dk) = a2 + b2 + c2 + d2
and then deduce that every nonzero quaternion has a (two-sided) multiplicative inverse.

Note that C is naturally a subring of H. (Do I want to mention the octonions?)
A nonzero ring with identity, in which every nonzero element is a unit, is called a division ring or skew field.

(In this example, do I want to assume R is algebraically closed? Give this some thought.)
Example. If R is a ring, then so is Mn(R), the set of all n  n matrices with entries from R. I’m sure you already know the operations. Even if R is commutative, Mn(R) is not commutative for n ≥ 2. There are plenty of zero divisors, and even nilpotent elements, e.g., any matrix whose nonzero entries are entirely above the main diagonal.

In fact there is a subring composed entirely of nilpotent elements, the ring of upper triangular matrices. A nilpotent element can’t be a unit, so this ring has no units.

If k is a field then in Mn(k) there are, however, plenty of units. The ring of units is the familiar GLn(R) — well, familiar at least when k is a familiar field. The condition for being a unit is mild: det ≠ 0. For a nilpotent there’s a more stringent condition: all eigenvalues must be zero. (Has everyone encountered this notion?) Every element is either a unit or a zero divisor. Indeed, if det(A) = 0 then A has 0 as an eigenvalue; let x be an eigenvector. Let B be the matrix in which all columns are x; then AB = 0; similarly, you can find a left inverse for A.

Example. If R is a ring, then a polynomial in the variable x is a formal sum


f(x) = anxn + an–1xn–1 + a1x + a0.

with coefficients an, an–1, …, a0 from R. You already know the rules for adding and multiplying polynomials, and you know that if an ≠ 0 then n is called the degree. The ring is denoted R[x].

This definition makes sense for any ring, but it’s generally used for a commutative ring with identity.

One can also define polynomials in a finite set of variables x1, x2, …, xk.

If R is ring and X is a set, then the set of functions from X to R is a ring. We add and multiply by adding and multiplying the values of the functions. (Explain)

One can obtain interesting and important subrings by restricting the type of function. For example, if X is a subset of a Euclidean space (more generally if X is a topological space) then the continuous real-valued functions on X is a ring. If X is an open subset of a Euclidean space then the differentiable real-valued functions are a ring. You can get subrings by imposing conditions such as vanishing at a point, having the same value at two specified points, etc.

For a field, a polynomial in k[x] determines a function from k to k: to evaluate the function at a  k, just replace the variable by a.

Over the finite field Z/pZ, two different polynomials may determine the same function.

Example. Let f(x) = x and let g(x) = xp. We have learned that they always have the same values, but they are visibly different polynomials; they aren’t of the same degree.

Here’s an example from my research area algebraic geometry. The set C of points (x,y)  C2 satisfying the equation y2 = x3 is called an algebraic curve (specifically a cuspidal cubic). By an abuse typical in my area, I’ll talk about this curve while just drawing the real points.

A function from C to C is called regular if it’s the restriction of a polynomial function in x and y. Thus, e.g., the function f(x,y) = x2 – y is regular. Note that the functions g(x,y) = y2 and h(x,y) = x3 are the same. These functions constitute the ring of regular functions on the curve.

Consider the function


j(x,y) =  EQ \B\LC\{( \s(0  if  (x,y) = (0,0),y/x  otherwise)) 
This function is continuous, since y/x approaches zero as a point on C approaches the origin, but one can show it’s not regular, i.e., there’s no way to write it as the restricton of a polynomial function on the plane. But j . j is a regular function, since  j . j(x,y) = x  for all points on the curve.

The most natural way to view this ring of regular functions is as a quotient of k[x,y]. We’ll study this notion soon.
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Homomorphisms; quotient rings; ideals

Suppose that G is a group and R is a commutative ring with identity. (Maybe one can relax these requirements on R.) The group ring RG consists of formal sums


 EQ \I\SU(g Œ G, , )   ag g

in which the ag’s are elements of R, and all but finitely many of them equal 0. In other words, an element of RG is a formal linear combination of elements of G, with coefficients in R (all but finitely many being zero). Add by adding coefficients. Here’s how to mulltiply  EQ \I\SU(,, ) ag g  and   EQ \I\SU(,, ) bg g : the coefficient on g is


 EQ \I\SU(g1g2 = g, , )   ag1 bg2
— an actual sum in G, not just a formal sum.

Some people use the notation R[G].

Inside RG are copies of both R and G. (Explain.)

Give an example: add and multiply two elements of ZS3.

Just as in group theory, we want a notion of “structure-preserving function.” Again we’ll employ the word “homomorphism.” There are two definitions in widespread use.

Definition 1. A ring homomorphism from ring R to ring S is a function : R  S with these properties: …

People who work with rings with identity usually employ a more restrictive definition. (These are the same people who insist that a subring contain the identity.)

Definition 2. A ring homomorphism from ring R to ring S is a function : R  S with these properties: …(same first two)…, also (1) = 1.

Usually there’s not much confusion. In most areas of math, people consistently employ just one of the definitions. (In my world rings have identities, and we always use definition 2. But the definition in our textbook is #1.) One can call the second sort unital if you like. 

Example. By the first definition the inclusion of the zero ring into a ring R is a homomorphism. By the second definition it’s a homomorphism   R is the zero ring.

Example. Define : Z  M2(Z) by  (n) =  EQ \B\BC\[(\A\CO2( n , 0 , 0 , 0 )) . By definition #1 this is a homomorphism; by #2 it’s not. 

Exercise 7.3 #6

Determine which of the following are ring homomorphisms from M2(Z) to Z.

(a)
 EQ \B\BC\[(\A\CO2( a , b , c , d ))     a

(projection onto 1,1 entry)

(b)
 EQ \B\BC\[(\A\CO2( a , b , c , d ))     a + d
(trace)

(c)
 EQ \B\BC\[(\A\CO2( a , b , c , d ))     ad – bc
(determinant)

Answer. None of them are homomorphisms.

Example. For the ring Z/pZ[x], the map f  fp is a ring homomorphism. To see this, first note that in this ring pf = 0 for all f. (We say that the ring has characteristic p.) Then the binomial theorem may be applied.

As in group theory, we call a bijective homomorphism an isomorphism.

Example. Let R be the ring of regular functions on the complex algebraic curve y2 = x3. Let S be the subring of C[t] consisting of polynomials with no linear term. There is a (unital) isomorphism sending x to t2 and y to t3.

To prove this completely one needs to know that every polynomial function which vanishes on the curve is divisible by y2 = x3.
Proposition. The image of a homomorphism : R  S is a subring of S.

This is true under either convention! The proof is trivial.
As in group theory, we define the kernel  of a homomorphism to be the subset of elements mapped to 0.
Example. Let : k[x]  k be evaluation at a specified element a. The kernel consists of all polynomials with value 0 at a.
Also as in group theory, we ask what sorts of subsets can be kernels of homomorphisms.

Let : R  S be a homomorphism. Suppose r  R and a  ker(). Then ra and ar must also be in the kernel of .

This motivates the following definitions.

A subset I of R is called a left ideal if it is a subgroup under addition and if


r  R and a  ker()    ra  ker().

It’s called a right ideal if…

It’s called an ideal if it’s both a left ideal and a right ideal. (Sometimes we say two-sided ideal for clarification.)

Example. The ideals of Z are all of the form nZ.

Example. In Mn(R) let Lj consist of matrices with zeros outside column j. This is a left ideal but not a right ideal.
Proposition. If : R  S is a homomorphism and I   S is an ideal, then –1(I) is an ideal in R.

Proof. This is easily checked.

Given an ideal I in a ring R, can we find a homomorphism from R with kernel I?

Ignoring the multiplication, we know we can form a quotient group R/I and that we have a canonical group homomorphism R  R/I. The elements of R/I are cosets, which we now write additively: r + I.  The addition, as we know, is well‑defined:


(r + I) + (s + I) = r + s + I

Now define a multiplication by using representatives:


(r + I) . (s + I) = rs + I.

Since I is an ideal, one sees this is independent of the choice of representatives.

Example. The subset nZ is an ideal of Z; its quotient is the familiar ring Z/nZ.

Example. The ring of regular functions on y2 = x3 is the quotient of C[x,y] by the ideal of polynomials divisible by y2 = x3.
Lattice Isomorphism Theorem. The ideals of R/I are in one-to-one correspondence with ideals of R containing I.

Note that any intersection of left ideals is a left ideal, etc.

Thus given a subset S of R, there is a smallest left ideal containing S, called the ideal generated by S. (Similarly for other two notions)

Notation (in two-sided case): (a1,a2,…)

An ideal generated by a single element is called a principal ideal. An integral domain in which all ideals are principal is called a principal ideal domain. This is an important class of rings which includes Z.

Example. In the ring C[x,y] the ideal (x,y) is not principal. Indeed, the ideal consists of all polynomials whose value at the origin is 0. Suppose this ideal were (f) for some polynomial f. Let f = f1 + …, where f1 is the “linear part.” Then for any other element of the ideal its linear part is a constant multiple of f1. But x and y are linearly independent over C.

What are the ideals of a field? Just (0) and the entire field.

Conversely, if in a commutative ring R with identity the only ideals are 0 and R, then R is a field. Indeed, suppose x ≠ 0. Then (x) = R, which contains 1, etc.

An ideal is proper if it’s not the entire ring.

A proper ideal  maximal if it isn’t contained in any larger proper ideal.

Maybe this doesn’t need to be mentioned:
Proposition. In a ring with identity, every ideal is contained in a maximal ideal.

The proof requires Zorn’s lemma. This seems to be the first point in the course where we have encountered this need. If you’ve never heard about Zorn’s lemma or the Axiom of Choice, you may want to read the short Appendix in our textbook. But we won’t use this Proposition elsewhere.

Proposition. An ideal I of a commutative ring R with 1 is maximal  R/I is a field.

Proof. Apply the Lattice Isomorphism Theorem

A proper ideal I in a commutative ring R with 1 is called a prime ideal if it has the following property:


ab  I   a  I  or  b  I.

Example. In Z the prime ideals are those of the form pZ, where p is a prime, and also the zero ideal.
Proposition. An ideal I of a commutative ring R with 1 is prime  R/I is an integral domain.

Proof. For an element a  R, denote its image in R/I by  EQ \o(_,a) . Suppose I is a prime ideal. Etc.

Corollary. A commutative ring R with 1 is an integral domain  the zero ideal is prime.

Corollary. In a commutative ring with 1, every maximal ideal is prime.

Proof. A field is an integral domain.
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Handouts:
Revised version of “subgroups of a free group”

Solution of Exercise 6.3 #6

Solution of Supplementary Exercise T
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