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ABSTRACT. We consider Riemann data for the nonlinear wave system which
result in a regular reflection with a subsonic state behind the reflected shock.
The problem in self-similar coordinates leads to a system of mixed type and
a free boundary value problem for the reflected shock and the solution in the
subsonic region. We show existence of a solution in a neighborhood of the
reflection point.

1. INTRODUCTION

In this paper we continue the program initiated by Cani¢, Keyfitz, Kim and
Lieberman on solving Riemann problems for two-dimensional systems of hyperbolic
conservation laws modeling shock reflection. The first step in our approach is to
write the system in self-similar coordinates and obtain a system which changes
type. One finds a solution in the hyperbolic part of the domain using the standard
theory of one-dimensional hyperbolic conservation laws and the notion of quasi-
one-dimensional Riemann problems developed by Canié, Keyfitz and Kim (see [2]
for the unsteady small disturbance equation, [5] for the nonlinear wave system and
[3] for a general discussion). The position of the reflected shock is formulated as
a free boundary problem coupled to the subsonic state behind the shock through
the Rankine-Hugoniot conditions. To solve the free boundary problem behind the
reflected shock, one proceeds as follows: (1) fix a curve within a certain bounded set
of admissible curves approximating the free boundary, (2) solve the fixed boundary
problem, and (3) update the position of the reflected shock. This gives a mapping
on the set of admissible curves, and one proves there is a fixed point in a weighted
Hoélder space.

The idea was first implemented on a shock perturbation problem for the steady
transonic small disturbance equation by Canié¢, Keyfitz and Lieberman [8]. It was
extended to two types of regular reflection for the unsteady transonic small dis-
turbance equation in Cani¢, Keyfitz and Kim [4] (transonic regular reflection) and
Cani¢, Keyfitz and Kim [6] (supersonic regular reflection). The principal features
of this method for a class of two-dimensional conservation laws (including the un-
steady transonic small disturbance equation, the nonlinear wave system, and the
isentropic gas dynamics equations) are presented in the survey paper by Keyfitz
[16]. A detailed study of the subsonic solution to the fixed boundary problem for a
class of operators satisfying certain structural conditions is given in [15] by Jegdié,
Keyfitz and Canié.

In this paper we consider the two-dimensional nonlinear wave system (NLWS).
A partial solution to a Riemann problem for the NLWS leading to Mach reflection
is given in [7] by Canié¢, Keyfitz and Kim. Solving a regular reflection problem for
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this system extends the results of Cani¢, Keyfitz and Kim [4, 6] to a more compli-
cated equation and boundary condition, and sets the stage for a further task (not
attempted in this paper), obtaining a global solution to a Riemann problem. We
also present an improved way of handling the artificial far-field Dirichlet boundary
condition. We take advantage of the simplified form of the NLWS in polar coordi-
nates. Change of variables to self-similar and polar coordinates is given in [5], as
well as the explicit solutions to quasi-one-dimensional Riemann problems that we
use here.

1.1. Related Work. An overview of oblique shock wave reflection in steady, pseudo-
steady and unsteady flows from a phenomenological point of view is given in [1]
by Ben-Dor. Existence and stability of steady multidimensional transonic shocks
was studied by Chen and Feldman in [10]-[13]. Zheng [26] proved existence of
a global solution to a weak regular reflection for the pressure gradient system.
Two-dimensional Riemann problems for isentropic and polytropic gas dynamics
equations were studied by Zhang and Zheng in [23]. They give conjectures on the
structure of the solutions when initial data is posed in four quadrants and each
jump results in exactly one planar shock, rarefaction wave or slip plane far from
origin. General mathematical theory of two-dimensional Riemann problem for both
scalar equations and systems is presented by Zheng in [24]. An approach for prov-
ing existence of a global solution to a weak regular reflection for polytropic gas
dynamics equations with large gas constant gamma is given in [25] by Zheng. Serre
derives maximum principle for the pressure and other a priori estimates in [22].
We also mention an earlier work of Chang and Chen [9] on a formulation of a free
boundary problem resulting from a weak regular reflection for the polytropic gas
dynamics equations.

1.2. Summary of the Results. In Section 2 we state a Riemann problem for the
NLWS resulting in a regular reflection with a subsonic state behind the reflected
shock. The discussion on how the initial data is chosen so that the configuration
leads to this type of reflection is given in Appendix A. We write the problem in
self-similar coordinates. Along the lines of the study in [7], we find a solution in the
hyperbolic part of the domain, derive the equation of the reflected shock and give
a formulation of the free boundary problem behind the reflected shock. Our main
result, Theorem 2.3, is local existence of a solution to this free boundary problem,
and the rest of the paper is devoted to its proof.

In Section 3 we reformulate the problem using a second order elliptic equation
and from the Rankine-Hugoniot conditions along the free boundary we obtain an
oblique derivative boundary condition and an equation describing the position of
the reflected shock. To ensure that the problem is well-defined we introduce several
cut-off functions. This gives the modified free boundary problem stated in Theorem
3.1.

The first step in proving Theorem 3.1 is, as outlined above, to fix the position
of the free boundary within a bounded set of admissible curves and to solve the
modified fixed boundary problem. This task is completed in Section 4. We use the
study in [15] of fixed boundary value problems for a class of operators which satisfy
certain structural assumptions. For convenience we list those structural conditions
in the notation of this paper in Appendix B.
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In Section 5 we use the Schauder fixed point theorem to show existence of a
solution to the modified free boundary problem.

Finally, the conditions under which a solution of the modified free boundary
problem solves the original free boundary problem are discussed in Section 6, com-
pleting the proof of Theorem 2.3.
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Lieberman for useful advice, and Allen Tesdall for contributing the numerical simu-
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DMS-0245513. We also thank the Focused Research Grant on Multi-dimensional
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2. THE STATEMENT OF THE FREE BOUNDARY PROBLEM

In this section we formulate a Riemann problem leading to transonic regular
reflection for the two-dimensional NLWS. The problem is considered in self-similar
coordinates, yielding a system which changes type. We find a solution in the hyper-
bolic part of the domain and formulate the problem for the position of the reflected
shock. The main result of the paper is local existence of a solution in the subsonic
part of the domain and is stated in Theorem 2.3.

The two-dimensional NLWS is a hyperbolic system of three conservation laws:

pttmg +ny = 0,
(2.1) my+p;, = 0, (t,z,y) € [0,00) x R x R.
Ty +py = 07

Here, p : [0,00) x R x R — (0, 00) stands for the density; m,n : [0,00) x RxR — R
are “momenta” in the = and y directions, respectively; and p = p(p) is the pressure.
We denote c?(p) := p'(p), and we require that c¢?(p) be a positive and increasing
function for all p > 0.

We consider symmetric Riemann initial data (Figure 1) consisting of two sectors
separated by the half lines * = ky and © = —ky, y > 0, with k£ > 0. The data are

. UO = (p070,n0), —ky <z < ky7 y > 07
(2.2) U(0,z,y) = { U = (p1,0,0), otherwise,

with the assumption py > p; > 0. The constants k£ and ng are specified in Section
2.1 (as described in Appendix A) in terms of pg and p; so that the Riemann problem
(2.1), (2.2) results in a regular reflection and we choose a solution (when there is
more than one) with a subsonic state behind the reflected shock.

Note that we can eliminate m and n in (2.1) and obtain a second order equation
for p alone:

(23) Pttt = — My — nty = Pax +pyy = dlv(pl‘apy) = le(CQ(p)vp)7

where “div” stands for the divergence and V for the gradient in spatial variables.
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Uo

FIGURE 1. The Riemann Initial Data

We introduce self-similar coordinates £ = z/t and 1 = y/t, and obtain

—&pe = npy + Mg + 1y =0,
(2.4) —&me —nmy +pe =0,
—&ne —nny +py =0,
from (2.1), and the second order equation

(25)  ((P(p) = E)pe — Enpn)e + (P (p) — 1% py — Enpe)y + Epe + oy = 0,

from equation (2.3). It is clear that when the equation (2.5) is linearized about a
constant state p > 0, the equation changes type across the sonic circle

C,: & +n* =c2(p).
More precisely, (2.5) is hyperbolic outside of the circle C, and is elliptic inside.

2.1. Solution in the Hyperbolic Part of the Domain. Suppose that the den-
sities pg > p1 > 0 are given. In this section we specify k£ and ng, in terms of pg
and p1, so that a transonic regular reflection occurs, and we find a solution to the
Riemann problem (2.1), (2.2) in the hyperbolic region.

The parameter ng = no(po, p1, k) is chosen so that each of the two discontinuities
x = tky, y > 0, is resolved as a shock and a linear wave far from the origin (Figure
2). From the calculation in [5, Appendix A] this means that given po > p; > 0 and
k > 0, we take

(2.6 no = YL oo — plo oo — ).

Using the Rankine-Hugoniot relations, the one-dimensional Riemann solution with
states Uy on the left and U; on the right consists of a linear wave I, : £ = kn, an
intermediate state U, = (po, Ma,nq) and a shock S, : &€ = kn + x4, with

N
(2.7 \/1—|—k\/; =\ 1 ng = —kmg,

where [-] denotes the jump between the states Uy and U;. By symmetry, the one-
dimensional solution in the left half-plane consists of a shock Sp : & = —kn — x4, an
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Uo

FIGURE 2. Interactions in the hyperbolic region

intermediate state U, = (po, —ma,nq) and a linear wave I, : £ = —kn. Note that
the sonic circles for the states U, and U, coincide with the sonic circle for Uy

Co: €2 +n*=c2(po)-

The first restriction on the choice of k = k(po, p1) is that the point =g = (0,75)
where the shocks S, and Sy meet should lie above the circle Cy. We find

(2.8) _l¢ﬂ+k%@@ﬂ—MmD

=7 P

Since the point =, is hyperbolic with respect to U, and U, we solve a quasi-one-
dimensional Riemann problem at =; with states U, and Up, on the left and on
the right, respectively (with respect to an observer facing the origin) along a line
segment through =, which is parallel to the &-axis. A further restriction on the
value of k = k(pg, p1) is that this quasi-one-dimensional Riemann problem have a
solution (for details see Appendix A). In short, given py > p; > 0, there exists a
value kc(po, p1) with the property that if k is chosen so that

(2.9) 0 <k <kc,

—_

then the point Z, is above the sonic circle Cy and, moreover, the quasi-one-
dimensional Riemann problem at =, with states U, and Uy, on the left and on
the right, respectively, has a solution. From now on, we assume that the densities
po > p1 > 0 are fixed, that the parameter k is such that (2.9) holds and that the
momentum ng is chosen as in (2.6).

Further, a calculation in Appendix A shows that if a solution to the above quasi-
one-dimensional Riemann problem at the reflection point =, exists, there usually
are two such solutions. Both consist of a shock connecting the state U, to an
intermediate state and a shock connecting this intermediate state to U,. Let us
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denote the intermediate states for these two solutions by
Ur = (pr,mr,ng) and Ur = (pr,mr,np).

More precisely (see Appendix A), we have

(210) PR, PF > Po, MR =Mp = Oa

and we choose pr < pp. We find that c(pp) > ns for all k& € (0,kc), and that
¢(pr) > ns only when k is large enough, say k € (k., kc), for some value k. (po, p1).
Therefore, the reflection point = is subsonic with respect to the state Up for all
k € (0,kc), and Z; is subsonic with respect to the state Ug if k € (k., kc). We

denote the value of our solution at the reflection point =4 by Us = (ps, ms, ns), and
we choose

L -\ _ UR or []}:‘7 ke (k*,kc),
(2.11) U, = U(E,) = { o ke Okl

This implies that the point =4 is inside the sonic circle
Cs: 2+ 0% = A(ps).

As a consequence, the reflected shocks we study here are transonic throughout their
length. By causality, they cannot exit the sonic circle Cs and, by the Lax admis-
sibility condition (see [2] for the equivalent discussion on the unsteady transonic
small disturbance equation), they also do not cross the sonic circle Cy (Figure 3).

Remark 2.1. If the two reflected shocks at the point =4 were rectilinear, by the
Rankine-Hugoniot relations, their equations would be

_ A _
N ’5\/ B0 — 200D (s —p0)

2.2. Position of the Reflected Shock. Since the Riemann problem presented
above is symmetric with respect to the n-axis, from now till the end of the paper
we restrict our attention to the right half plane {(£,n) : £ > 0}. Writing (2.4) in
polar coordinates

r= \/m and 6 = arctan(n/¢),

we obtain
-7 cosf sinf 1 0 —sinf cosd
A(p)cos —r 0 |U-+=|—-c*(p)sinb 0 0 |Up=0,
A2(p)sinf 0 —r "\ 2(p)cost 0 0

or, in conservation form,

—rp+mcosh + nsinf 1(—msin6 + ncosf)
Oy p(p) cosf —rm + g —20) ging
p(p)sinf —rn P(p) cos b
—p—% mcosf + nsinf)
= —-m — p(Tp) cos 6
—n — (Tsm9



TRANSONIC REGULAR REFLECTION

Density (v), contour spacing = 0.15
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Let S : r = r(0),0 € [—n/2,7/2], denote the reflected transonic shock in the
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FIGURE 3. Transonic regular reflection for the NLWS: definition of
the states (top) and numerical simulation showing the contour plot
of p (bottom left) and the contour plot of n (bottom right). The
inner circle on the bottom figures corresponds to the sonic circle
Cy, and the curve following the reflected wave corresponds to the
numerically calculated transition between supersonic and subsonic
flow.

right-half plane. The Rankine-Hugoniot relations along S are

(2.12)

—r[p] + [m]cosf + [n]sinf = %% (=[m]sin @ + [n] cos 0)
dr sind
[plcosf —r[m] = [p] - —5—
dr cos 0

[p]sin® —r[n] = [p]@ .
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where U = (p,m,n) stands for the unknown solution behind the reflected shock
and [-] now denotes the jump between the states Uy and U. We express [m] and
[n] from the second and the third equations in (2.12), respectively, and substitute
into the first equation to obtain

dr r2

with
po—p

Notice that this shock evolution equation is independent of m and n.
We recall the properties of s, from [7]

Lemma 2.2. Define the function

p(a)—p(b)
(215) S(a,b) = { \/Ta a/;b > 07 b 7é a

c(a), b=a

Then
(a) for fized b > 0, the s(-,b) is increasing on (0, 0),
(b) limp—q s(a,b) = c(a), for a >0, and
(c) if a >b >0, then s(a,b) < c(a).

2.3. The Statement of the Main Result. In this section we formulate the free
boundary problem behind the reflected shock.

For the reasons explained in Section 3.2, we must exclude from our analysis the
point r(—%) where the reflected shock intersects the n—axis (2o in Figure 4). For
this reason, throughout the paper we fix an angle 0* € (—m/2,7/2). We denote the
intersection of the reflected shock S and the line {(r,6*) : » > 0} by V, and define
the closed line segment o = [O, V], where O is the origin; the vertical open line

segment Y9 = (O, Z;); and the open curve
Y ={(r9),0):0<c (0",7/2)}.
The domain whose boundary is 2, UX U o U X is denoted by €.

We will impose a Dirichlet boundary condition for p along o.

First, we define the set K of admissible shock curves. Suppose that py > p1 >0
and k € (0, kc(po, p1)) are fixed. Let the parameter 8* € (—7/2,7/2) be arbitrary.
We define the set K of candidate functions (), 6 € [6*,7/2], describing the free
boundary 3, by the following four properties.

e smoothness:
T(G) € HlJrOc)ca
where ax € (0,1) will be chosen later and Hiia, is the Holder space
defined in Appendix C,

e conditions at the end point =Zg:

n?

s2(pss po)

(the second condition comes from Remark 2.1)
e boundedness:

r(r/2) =ns and 1 (7/2) =mn;s -1,

L<r@) <ns,, 6€(0",7/2),
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Po

FIGURE 4. The domain 2 and its boundary.

e monotonicity:

2
(2.16) LG, <1 (0) <oy s — 1, 6€(67,7/2),
c*(po)
where d, > 0 will be specified later in terms of the fixed parameters pg, p1
and k.
A value of L we can use in this paper is

s
o(7/2=0%)\/n2/c*(po) -1

We show this is an appropriate value in the proof of Lemma 5.1.

Although it is convenient to define the free boundary ¥ by a curve r = r(6)
in polar coordinates, we sometimes write X as & = £(n) in self-similar Cartesian
coordinates.

On o we impose an artificial Dirichlet condition, p(r,6*) = f(r), chosen so that
p is larger than its value pg outside X, and so that U is subsonic along o. (These
are the properties that the global solution is expected to have along such a curve.)
Let €. € (0,ps — po) be fixed throughout the paper and let f : [0,ns] — R be a
function in the Holder space H,(,y.), for a parameter v € (0, 1) to be determined
later, such that

(2.17) pote < F)<ps A > 0<r<n.

L=

With this notation we can now state the main result.

Theorem 2.3. (Free boundary problem )
Let the parameters pg > p1 > 0 and k € (0,kc(po, p1)) be fized. For every
0* € (—7/2,7/2) and €. € (0, ps — po), there exists yo > 0, depending on pg, p1, 6*
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and €., such that for any v € (0,min{l,v}), axc = 7/2 and any function f € H,
satisfying (2.17), the free boundary problem for p, m, n and r given by

—8pg —npy +metny = 0
—Emg —nmy +pe = 0 in L,
—&ng —mny +py = 0
—r[p] 4+ [m] cosO + [n]sing = 9L (—[m]sin6 + [n]cosb)
[p]cosf —r[m] = —[p|dsint on %,
Psind —rfn] — [l sl

r(m/2) = s,
p= f on o, p¢ = 0 on Z07 p(ES) = Ps

has a solution p,m,n € Hl(;zgc and v € Hiya, ™ a finite neighborhood of the
reflection point Z.

3. DERIVATION OF THE MODIFIED FREE BOUNDARY PROBLEM

Our main tool in proving Theorem 2.3 is the Holder theory of second order el-
liptic equations, developed and expounded by Gilbarg, Trudinger and Lieberman.
As noted, we can reformulate the first order system in p, m and n (the subject of
Theorem 2.3) as a second order equation in p, (2.5), and in Section 3.1 we intro-
duce a cut-off function to keep the second-order equation strictly elliptic. Further,
instead of posing the Rankine-Hugoniot conditions (2.12) along the reflected shock,
we derive an oblique derivative boundary condition for p on ¥ in Section 3.2. We
introduce a further cut-off function to ensure that the derivative boundary operator
on ¥ is oblique. In Section 3.3 we modify the shock evolution equation (2.13) for
the reflected shock S, to ensure that it is well-defined. Thus, we obtain a problem
that does not involve m or n. (Towards the end of the paper, in Section 5, we show
how to recover m and n from the second and third equations in (2.4) by integrating
along the radial direction.) Finally, the modified free boundary problem is stated
in Section 3.4.

3.1. The Second Order Operator for p. We recall the second order equation
(2.5) for p, and we define the nonlinear operator

Q(p) := (((p) — E)pe — Enpy)e + (((p) — 0*)py — Enpe)n + Epe + np-

We rewrite (2.5) in polar coordinates and obtain

(p) *(p)
(@) -0, + St (Sp) o
r r 0
To ensure strict ellipticity of this equation, we introduce two cut-off functions

T, x>0

(3.1) ¢i(x) := { 5;, z < 5: ie{1,2},

for 41,02 > 0 to be determined in terms of the fixed parameters k, pg, p1 and e,.
The constant §; will be chosen in Section 6 and the constant do will be specified in
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(4.5). We modify each function ¢; so that it is smooth in a neighborhood of x = ¢;
and that ¢} € [0, 1] and ¢4 > 0. We consider the modified equation

B2 (@) - o), + S (2 ,) o

We rewrite equation (3.2) in self-similar Cartesian coordinates to get Q(p) = 0 with

~ $1E% + danp? o1— @ P10+ P2 &2
(3.3) Q(p) 5:1§T772277P55+2§77€;+n2295n+122f7722p7m
2 _
+ {22+:§ _2¢/1}{§P5+77P77}
2¢cc’

+ @ 19 (Epemon)” + 65 (npe = Epu)’}

where the functions ¢; and ¢} are evaluated at c?(p) — (€2 + n?), the functions ¢o
and ¢} are evaluated at c?(p), while ¢ and ¢’ are evaluated at p. The eigenvalues
of the operator ) are

M(p) = o1 ((p) — (€ +77))  and  Xa(p) = ¢2 (*(p)) ,
and Q is strictly elliptic since

(3.4) A(p) := min{Ai(p), A2(p)} > min{dy,d2} > 0.

3.2. Oblique Derivative Boundary Condition. As in [7], we write system (2.4)
in conservation form

m—&p n—np p
e lp—Em|+0, —mm | =-2|m
=&n p—nn n
The Rankine-Hugoniot relations along the reflected shock
(3.5) S &(m)s m < ns,
separating states U = (p, m,n) and Uy = (pog, 0,n9), are
(3:6) [m] =€l = G5 (nl=nloD). (ol =€lm] = = Fonfml, —€ln] = 55l =nfn).
As in [7], we derive the condition
(3.7) B-Vp=0 on 3.

Here, Vp := (p¢, py) and B := (B1, B2) is given by
B = (€ +n)(c(p) + 5°)(€ —ng') — 26€"s°((p) + n°)
s Z252n(c2(p) — £2)(1 — (€)°) + 2E2(E — 2(p)),
' B2 (c*(p) + s*) (6% 4+ 1°) (€ — n&’) + 25%n(c* (p) — n?)
—25°¢(c*(p) = n?)(1 = (§)%) + 280> (c*(p) + €2),
where s is defined by (2.14). We define the operator
(3.9) N(p) = - Vp.

The operations by which the equations (2.13) and (3.7) are derived from the
Rankine-Hugoniot relations (2.12) and (3.6), respectively, can be reversed up to a
constant.
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Let )
= ——0(-1,¢
denote the inward unit normal to the curve (3.5) describing the reflected shock,
and let us assume £(n) = r(f) € K. We compute

25%(€'€ + n)
1+(¢)?
We remark that £’¢ +n = 0 if and only if the curve £(n) is tangent to a circle
centered at the origin, which is ruled out by the monotonicity property (2.16) of
the curves in the set . (Note that by symmetry, the reflected shock S is tangent
to a circle at the point =g, Figure 4, and this is why we have to exclude Z( from
the domain €2.) Moreover, since the expression £'¢ 4 n is positive at the reflection
point =, the uniform monotonicity property of the curves in K implies that there

exists a constant C' such that

(3.10) gE+n>C>0

Bov= {(*(p) = *)(€)* + 26n€ + *(p) — €2}

holds uniformly in K. Further, we introduce the polynomial
(3.11) P(Y) = (c*(p) = n*)Y? +26nY +¢*(p) - €7,
and remark that if P(£’) > 0, then §-v > 0 and the operator N is oblique on . Note
that P(¢'(ns)) > 0 and that the discriminant of P is negative if £2+n? < ¢%(p(&, n)).
Thus, P(¢') > 0 holds at all points of the curve £(n) where p is strictly subsonic.
For the purpose of setting up an iteration, in which p may not always be subsonic
at every point on the curve £(n), we modify 8 by introducing a cut-off as follows.
We define a polynomial

Gry = { PO = () =)y 2+ 260Y 4 c2p) =€, € +0° < (p) = 0,

Tl Y )2 oY+, & +n° > c*(p) — o,
where d; is a positive parameter as in (3.1). We introduce a modification of § in
(3.8)

. (61762)7 52 + 772 < C2(P) - 617
(312) X = { (X17X2)7 52 + 772 2 02(p) - 617

in which ¢? is replaced by £2 + 72 + §; when ¢2(p) < €2 +n? + §1, so

xi = E@+n)(E+n +6+s%)(E—ng) — 262 + 202 + 61)
—252n(n* + 61)(1 — (£')?) — 28'€s*(n* + 1),
x2 = (E+n?+01+ ) +n?)(E —nt) + 252 (6> + 61)

—25%(6% +01)(1 — (§)?) + 28'ns?(262 +n” + 01)
there. We define the operator

(3.13) N(p) = x-Vp.
Note that if £€2 +n? > ¢%(p) — 01, then
2(¢t
V= %w {€&+n)?+0((€) +1)}
(3.14) - w(;@) L 2 s

1+ (¢)? 1+ (¢)?
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Hence, if the boundary ¥ is described by a curve £(n) = r(0) € K, then the operator
N is uniformly oblique on X.

3.3. Shock Evolution Equation. In order for the equation of the reflected shock
(2.13) to be well-defined we replace it by

dr r2
Here
, > 0y
(3.16) () = { f;*, i s

where J, is the same positive parameter as in (2.16) which will be specified in
Section 6 in terms of the a priori fixed parameters pg, p1 and k. Since we will need
¥’ to be continuous, we modify v so that it is smooth in a neighborhood of z = ¢.,.

3.4. The Statement of the Modified Free Boundary Problem. Our objec-
tive is to prove existence of a solution to the following modified problem.

Theorem 3.1. (Modified free boundary problem )

Let pg > p1 > 0, k € (0,kc(po,p1)), 0° € (—7/2,7/2), ex € (0,ps — po) and
01 > 0 be given. There exist positive parameters 0., 62 and o such that for any
v € (0,min{1,7v0}), ax = 7v/2 and any function f € H, satisfying (2.17), the free
boundary problem for p and r given by

Qp)=0 in Q,
N(pp)=0 on X,
(@) =r 1/)(%—1) on X, r(7/2)

S

(3.17)

s
s) =

[I]

p=1Ff on o, pe =0 on X, o(

has a solution p € H1(+ inQandr € Hitor-

We break the proof of Theorem 3.1 into two steps.

Step 1 is to solve the fixed boundary value problem obtained by replacing the
free boundary in Theorem 3.1 by a curve r chosen from the set K. Again, assume
we are given pg > p1 > 0, ke (07kc(p07p1))3 ZAS (—71'/277'('/2), €x € (Oaps - pO)
and the positive parameters §; and d,. We show that there exist do > 0 and vy > 0,
depending only on pg, p1, k, 0%, €, 41 and d,, such that for any v € (0, min{~o, 1}),
ax € (0,min{l,2v}), a fixed curve r € K defining ¥ and a function f € H,
satisfying (2.17), the nonlinear fixed boundary problem

Qlp)=0 in Q,
(3.18) N(p)=0 on X,

p=[f on o, pe =0 on 3, P(Es) = ps,
has a solution p € Hflll in the domain Q.

Step 2 is to define a mapping using the shock evolution equation. We update
the position of the reflected shock using the initial value problem

(3.19) { () = (0 \/¢ (=5 T<(3>29)p0> 1), 0€(0",7/2),
(m/2) =
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This defines a map J : r — 7 on the set . We show that we can choose J, in
terms of po, p1 and k, so that there exists 79 > 0 (possibly smaller than ~y found
in the previous step), also depending on the a priori fixed parameters pg, p1, k, 6%,
e« and 01, such that for any v € (0, min{1,v}) and ax = 7/2, the map J has a
fixed point r € K. With this fixed point (), 6 € (6*,7/2), defining the boundary

Y ={(r(0),0): 0 € (6*,7/2)}, the corresponding solution p € Hl(;lgc to the fixed
boundary problem (3.18) solves the modified free boundary problem (3.17).

The first step is completed in Section 4 and the second in Section 5.

4. SOLUTION TO THE MODIFIED FIXED BOUNDARY PROBLEM

In this section we find positive parameters d2 and g, depending only on pg, p1,
k, 6%, €., 61 and ., such that for any v € (0, min{vo,1}), ax € (0, min{1,2v}), a
fixed r € K describing the boundary ¥ and a function f € H, satisfying (2.17),
the fixed boundary problem (3.18) has a solution p € Hl(llzc in 2. We use the
result in Section 4 of [15] which applies to fixed nonlinear boundary problems of
the second order where the operators in the domain and on the boundary satisfy
certain structural conditions. These conditions are stated in Section 4.3 in [15]
and, for convenience, we give them in Appendix B using the notation of this paper.
We confirm in Proposition 4.1 that they hold for the problem (3.18), arising from
transonic regular reflection for the NLWS, and the result follows from Theorem 4.7
in [15].

Proposition 4.1. For any curve r € K fized, the boundary value problem (3.18)
satisfies the structural conditions (6.15)-(6.20). Moreover, for

(4.1) K> max{w,éﬂc/(ps)ﬁ}

the inequality (6.21) holds.

Proof. First, we write the operator Q7 given by (3.3), as in (6.14). We note that for
a fixed curve r € K, the coeflicients a;;, b; and ¢;; are in C 1 and that the coefficients
xi of the vector y, given by (3.12) and defining the operator N in (3.13) are such
that y; € C2.

Recall that the operators Q and N, given by (3.3) and (3.13), are strictly elliptic
in  and oblique on X, respectively, by (3.4) and (3.14). Clearly, the operator
pe = (1,0) - Vp is both strictly and uniformly oblique on Xy. Hence, the conditions
of Lemma 4.8 in [15] are satisfied. By this lemma, given r € K, describing the
boundary ¥, and a solution p € C*(Q2) to the fixed problem (3.18) we have uniform
L bounds

(4.2) po+ex < p§m) < ps,  (§m) €

Next, we show that the uniform bounds (4.2) imply uniform ellipticity of the
operator () and both strict and uniform obliqueness of the operator N. The operator
Q is uniformly elliptic in €2 since

(4.3) Ap) . max{h(p) a(p)} . c*(ps)

Ap) ~ min{Ai(p), \2(p)} ~ min{dy,da}
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Further, recall the definition (3.12) of the vector x and note that from (3.14), the
uniform bounds (4.2) on p and the uniform bounds on r € K we have

x-v>C>0, forall pandrelk,

for some constant C. Therefore, the operator N is strictly oblique on ¥. Moreover,

we have a uniform bound
IXI =1/x1 +x3 <C,

again using the uniform bounds on the curve &(n) = r(0) € K describing the
boundary ¥ and the uniform bound (4.2) on the solution p. Therefore

x-v_ 2828+ GE) _ 2¢%(pot+e.)cdn
x| x| - C

where ¢ is the constant in (3.10). Hence, the operator N is also uniformly oblique
on X. This confirms that conditions (6.15)-(6.18) hold.

Note that by choosing d2, in the definition (3.1) of the cut-off function ¢9, such
that

(4.5) 0 < dy < A(po + ),

the function ¢2 is equal to the identity function. We assume the choice (4.5) for d.
Therefore, the operator @ in (3.3) becomes

(4.4) > 0,

~ 1 €2 + 2 n? ¢1 — 2 o1 n? + €2
= T e 42 +
Q(p) 52 + 772 peg 57752 + 772p577 52 + 772 Pmn
2¢cc’
(4.6) — 267 {€pe +npn} + Zioe {&1 (€pe +npy)? + 2¢c (npe — Epy)?}
—Z% p7§nD”p+Zb (p,&m)D p+zcu p.&,n)D'pD?p.
,J i,

Here, the functions ¢ and ¢’ are evaluated at p, and ¢; and ¢] are evaluated at
(p) = (€2 +n?). i

Clearly, the condition (6.19) holds for the operator @ given by (4.6) and next
we check that (6.20) is also satisfied. We have

13" aii (0, €D p| < (n + 26 +43())(pe? + pl?) + 20

%]
. ns + 2cc + 4c%( P2y 215
< D '
= minion oo} ( min{dy, 52 Z ID'el™+ mln{51 o2}

Hence, (6.20) holds with
_nst 2¢(ps)c’ (ps) + 4¢%(ps)(<' (ps))? _
min{é;, 62} min{dy,dz}
Finally, we check that (6.21) holds for the parameter K as in (4.1). Let r € K
be arbitrary and let p be a solution to the equation Q(p) = 0. It is easy to show

K aij(p.&m)D'pD'p =Y " cij(p, & m)D'pD7p =
i i
1
Zr {(K¢1 — 2¢c'¢)(Epe +1py)” + (Kc* = 4c*(d)?) (npe — Epn)? ) -
Hence, (6.21) holds. O

(4.7)
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Therefore, the structural conditions of Theorem 4.7 in [15] are satisfied. By this
theorem, there exists 79 > 0, depending on the sizes of the opening angles of the
domain §2 at the set of corners V and on the bounds on the ellipticity ratio of the
operator @, such that for every v € (0,min{yg,1}), axc € (0,min{1,2y}), r € K
and any function f € H, satisfying (2.17), there exists a solution p to the fixed

boundary problem (3.18). Also, we have p € Hl(lli, for all a. € (0, ak].

Remark 4.2. We note that by the definition of the set K of admissible curves, the
sizes of the opening angles of the domain 2 at the set of corners V satisfy bounds
depending only on the parameters pg, p1, k and 6*, which are fixed throughout the
paper, and on the parameter d, which will be chosen in Section 5 also in terms of
po, p1, k and 0*. Therefore, the parameter -y, given by Theorem 4.7 in [15], can be
taken independent of the choice of the curve r € K. Moreover, using the uniform
bounds (4.3) on the ellipticity ratio of the operator Q and the choice of &, in (4.5),
we have that vy depends only on the fixed parameters pg, p1, k, 8* and €., and the
parameters d; and d, which will be chosen in Section 5 and Section 6, respectively,
also in terms of pg, p1, k and e,.

5. SOLUTION TO THE MODIFIED FREE BOUNDARY PROBLEM

In this section we complete the second step of the proof of Theorem 3.1.

Let 79 > 0 be the parameter found in Section 4. Let v € (0, min{vo,1}) and
let ax € (0,min{l,2v}) be arbitrary. For any r € K, describing the boundary
Y, and any function f € H, satisfying (2.17), we find a solution p(&,n) to the
nonlinear fixed boundary problem (3.18). We define the curve 7#(0), 6 € (8*,7/2),
as a solution to (3.19). This gives a map J : p — p on the set . We show that J
has a fixed point using the following

Theorem. (Corollary 11.2 in [14]) Let K be a closed and convex subset of a
Banach space B and let J : K — K be a continuous mapping so that J(K) is
precompact. Then J has a fixed point.

We take B to be the space Hiyq,, and we take K as in Section 2.3. In this
section we specify the parameter §, in the definition of the set K and the cut-off
function ¢ (see (3.16)), and we further specify v and o so that the hypotheses of
the previous fixed point theorem are satisfied.

Lemma 5.1. Let the parameters po > p1 > 0, k € (0, kc(po, p1)), 0* € (—7/2,7/2)
and e, € (0,ps — po) be given. Let §, be such that

U
52(p57 Po)
There exists vo > 0 such that for any v € (0,min{l,7o}) and ax = /2, we have

(a) J(K) C K, and

(b) the set J(K) is precompact in Hitqy -

(5.1) 0<ds < —1.

Remark 5.2. Recall from (2.10) that we have ps, > po, implying, by the mono-
tonicity of the function s2(-, po), that s%(ps, po) > c*(po). Note that the choice of
Jds in (5.1) gives that

2
5, < e(m=207)y/n2/c*(po)~1 <_2775 — 1) ,
c*(po)

and, in particular, the monotonicity condition (2.16) in the definition of the set K
makes sense.
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Proof. (of Lemma 5.1) This proof follows ideas from Section 4.2.1 in [4] and some
of its parts are identical to the proof of Lemma 5.3 in [15].

Let vo be the parameter found in Section 4. Let v € (0, min{~vo, 1}) be arbitrary
and let ax € (0,min{1,2v}). Let r € K and f € H, satisfying (2.17) be given, and
let p(&,m) € Hl(frl?c be a solution to the fixed boundary problem (3.18) found in
Section 4. Further, suppose that 7(6), 8 € (6*,7/2), is a solution to the problem
(3.19).

To show (a) we need to show that p € K. Clearly, 7#(7/2) = n,, and

19y MmN, M
T(W/2)_775\/¢( (pSaPO) 1) T 52(/’57/’0) b

by the choice of d.. Next, note 7 () > 7(6)\/d., implying % > /0, After
integrating from 6 to 7/2, we get

(5.2) 7(0) <ns, 6€(0°,7/2).
On the other hand,

- n .
<70 5 —1, by the choice of J,,
©) c*(po)
implying %= ar < ./ = (: 5~ 1, and after integrating from 6 to w/2 we obtain
7(6) > o s

> .
e(m/2=0)\/n3/c(po)—1 — (w/2=0%)y/n3/c?(po)—1

Together with (5.2), this implies the desired boundedness of the curve 7(6). Once
this boundedness is established, the required monotonicity is clear.
It is left to show that we can find v and ax so that

(5.3) 7€ Hipayx

and that (b) holds. This part of the proof is identical to the proof of Lemma 5.3
n [15]. In short, Theorem 2.3 in [21] gives that there exist ag and C such that a
solution p to the fixed boundary problem (3.18) satisfies

[p]ao <C

in a neighborhood of ¥. Here, g depends on the bounds for the ellipticity ratio of
the operator Q and on the obliqueness constant of the operator N, and on tolplo,
where p1 is the constant in (4.7). The constant C' also depends on Q. Using the
bound (4.3) for the ellipticity ratio of @ and the choice (4.5) for dz, the bound
(4.4) for the obliqueness constant of the operator N, uniform bounds (4.2) on the
solution p, the definition of the set I and the choice (5.1) for d,, we have that ayg
and C depend only on the fixed parameters pg, p1, k, 0* and €,, and the parameter
01 which will be chosen in Section 6 also in terms of pg, p1, k and e.. We replace
~o by min{vy, &} and we take v € (0, min{1, vo}). This implies |#'|, < C and

(5.4) |7[14y < C(m/2 = 67).
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Therefore, 7 € Hi4~. We choose ax € (0,7] to ensure (5.3). Since (5.4) holds
independently of 7, we have that the set J(K) is contained in a bounded set in
Hi 4. and to show (b) we take o = /2. O

We also note that the map J : K — K is continuous. Therefore, the hypothesis
of the fixed point theorem from the beginning of this section (Corollary 11.2 in
[14]) are satisfied and the map J has a fixed point r € . We use this curve r(6),
0 € (6*,7/2), to specify the boundary 3, and using Section 4 we find a solution

pE Hl(;l), for all a.. € (0, ax], of the modified free boundary problem (3.17).

Remark 5.3. Once the density component p is determined in the domain €2, we
find the momenta m and n in Q from the second and the third equations in (2.4).
These two equations are the transport equations for m and n:

aom on

(5.5) s ¢ and s Pmw

where s = (£2 +7?)/2 stands for the radial variable. Note that m and n are known
in the hyperbolic part of the domain and along the boundary ¥ using the Rankine-
Hugoniot relations (3.6). We find m and n in the domain Q by integrating the
equations (5.5) from ¥ towards the origin. We note that Vp € H,, and, hence, Vp
is absolutely integrable on 3.

6. PROOF OF THEOREM 2.3

In this section we discuss the conditions under which p, a solution to the modified
free boundary problem in Theorem 3.1, together with m and n as in Remark 5.3,
solves the free boundary problem in Theorem 2.3. More precisely, we investigate
when the cut-off functions ¢1, ¢2, x and ¥ can be removed. Recall that the functions
¢1 and ¢ are introduced in (3.1) so that the operator Q given by (3.3) is strictly
elliptic, the function y is given by (3.12) and ensures that the operator N defined
in (3.13) is oblique and v, given by (3.16), is introduced so that the equation (3.15)
of the evolution of the reflected shock is well-defined.

Recall that we choose the parameter d5 in the definition of ¢ so that the bounds
(4.5) hold. This implies that the cut-off function ¢2 is identity.

Next we show that in a neighborhood of the reflection point Z5 = (0,7) the
cut-off functions ¢; and 1 can be replaced by identity and the cut-off function x
can be replaced by 3. Note that at =Z; we have

A(p) = (€ +n°) = (ps) — 2 >0,

because of our assumption that the point = is subsonic with respect to the state
Us = (ps, ms,ns) (see (2.11)). Further, note that at =5 we have

(6.1) - 1 s 1>0
. L = 9>
s%(p, po) 5%(ps» Po)
by Remark 2.1. Since the functions
2 2
+1
o)~ (@ +7) and ST 1 (epeq
() = ) s%(p, po) &)

are positive at the reflection point =, by continuity we have that these two functions
are positive in a closed neighborhood N of Z,. We take the parameters §; and §,
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such that

. & +n?
(51,6*6(07 mln{c2p — &+, >——-1; ).
(EmEN () = ) s2(p, po)
Hence, we can remove the cut-off functions ¢1, 1 and x in the neighborhood N
of the reflection point =4. Therefore, a solution p of the modified free boundary
problem in Theorem 3.1, with m and n found as in Remark 5.3, solves the free
boundary problem in Theorem 2.3 in the neighborhood N.

APPENDIX A: PARAMETER VALUES FOR REGULAR REFLECTION

Consider the Riemann initial data (2.2) consisting of two sectors with states
Uy = (po,0,n0) and Uy = (p1,0,0), separated by half-lines z = +ky, y > 0, with k
positive, as in Figure 1. We choose pg > p1 > 0 arbitrary and we take

LR o0~ plo o — o)

This implies that each of the two initial discontinuities z = +ky, y > 0, results in
a one-dimensional solution consisting of a shock and a linear wave (Figure 2). In
this part of the paper we describe how to choose the parameter k, depending on the
densities pp and p;, so that the above Riemann data leads to a transonic regular
reflection.

nog =

Remark 6.1. Most of our discussion will be for a general function of pressure p(p),
p > 0, with property that
(6.2) (p):==p'(p), p>0, isa positive and increasing function.

We will give more details for the example of the «-law pressure with v = 2. We
recall that a v-law pressure relation is given by
pp)=p"/7, p>0,

for some v > 1. We have ¢?(p) = p7"~1, p > 0, and we note that the system (2.1)
admits a scaling

(z,y) = p V(@ y),

Hence, in this case, the flow behavior depends only on the density ratio po/p1, or,
equivalently, on the velocity ratio or Mach number

_ c(po) _ [ Po (=172
(63) w=gtm=(2)

Therefore, the Riemann data (2.2) can be parameterized in terms of pg/p; and k.

ppip and  (m,n) e o0 ).

Following the notation in Section 2.1, the one-dimensional Riemann solution
with states Uy and Uj, on the left and on the right, respectively, consists of the
linear wave [, : £ = kn connecting Uy to the intermediate state U, = (po, ma, na)
and the shock S, : & = kn + x, connecting U, to U;. Further, the one-dimensional
solution with states U; and Uy, on the left and on the right, respectively consists
of the linear wave I, : £ = —kn), the intermediate state Uy = (po, —mq, na) and the
shock Sy : € = —kn — x4 (see Figure 2). Here, x4, m, and n, are found using the
Rankine-Hugoniot relations and are given by (2.7).
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Let Z5 = (0,7ns) denote the position of the projected intersection point of the
shocks S, and Sy. Recall, that 7, is given by (2.8). We distinguish the following
three regions according to the position of the point Z:

(6.4)

(6.5)

e Region A: This region corresponds to those values of k, depending on pg

and pi, for which we have

ns < c(po)-

Hence, the point Z is inside the sonic circle Cy : €2 +n? = ¢%(po). The two
shocks S, and .S, interact with Cy and a regular reflection cannot happen.
Region B: In this region the parameter k(pg, p1) is specified so that we have

c(po) < ns < ns,

where 7, is the value below which the quasi-one-dimensional problem at
= with states U, and U, on the left and on the right, respectively, does
not have a solution. Therefore, in this case, the shocks S, and S could
intersect at the point =g, which is hyperbolic with respect to both states
U, and U,. However, a regular reflection cannot occur because the quasi-
one-dimensional problem at =5 does not have a solution. We do not have
scenario for the solution in this region.

Region C: The value of the parameter k(pg, p1) is such that

Ns > Nx-

In other words, the shocks S, and S, intersect at the n-axis at the point
=s and moreover, the quasi-one-dimensional Riemann problem at =; has a
solution. Hence, a regular reflection occurs. We show in this section that
there are, in general, two solutions to this quasi-one-dimensional Riemann
problem, each consisting of two shocks. As in Section 2.1, we denote the
two intermediate states for these two solutions by

Ur = (pr,mgr,ng) and Ur = (pr,mp,nr),

where we assume that pr < pr. We will further discuss for which values of
k satisfying (6.5) we have a transonic regular reflection and we will explain
the definition (2.11) of the state U, := U(Zy).

The main goal of this section is to find the boundaries between the regions A, B
and C. Following Remark 6.1, in the case of a -law pressure, these boundaries can
be described by the curves in the (pg/p1, k)-plane. For v = 2 they are numerically
computed in Figure 5 (the region A being above the curve k4, the region B is
between k4 and k¢, and the region C is below the curve k¢).

Let us first consider the region A. Using the expression (2.8) for 7, we get that
the condition (6.4) is equivalent to

s(po, p1)
V(po) — s%(po, p1)

=:ka(po,p1),

where s(,-) is defined in Lemma 2.2. Note that for a fixed p; > 0 we have

and

lim ka(po,p1) =0
PO P1

. . p(po)
hm k s — hm 957 N 7 _\°
i kalpo, pr) = lim \/p002(p0) = p(po)
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FIGURE 5. The curves k4 and k¢ in the (po/p1, k)-plane for the
~-law pressure, v = 2.

For a y-law pressure we can write

o _ [ FO) where = 7M%_1
() =\ s py e P00 <i )

and M is given by (6.3), and also

In the case v = 2, we have (see Figure 5)

I (Po) _ [po/p1+1
Al — | = _
p1 po/p1—1

Next we investigate the regions B and C, i.e., we suppose 75 > ¢(po). Therefore,
the projections of the shocks S, and .S, intersect at the point =4, hyperbolic with
respect to the states U, = (po,Ma,nq) and Uy = (po, —Ma,ng), with values of
me and n, given in (2.7). We want to solve the quasi-one-dimensional Riemann
problem at =g, along a line segment parallel to the &-axis, with states U, and

21

U, on the left and on the right, respectively. (A general discussion on quasi-one-

dimensional Riemann problems is given in [3] and formulas for a solution in the
case of the NLWS are given in [5].) The condition for a solution to this quasi-one-

dimensional Riemann problem to exist is that the shock loci ST (U,) and S~ (Uy)

intersect. The formulas for m(p) along the shock loci ST (U), for a given state U,

are obtained in [5] (Appendix 6B). We have that if U = (p,m,n) € S*(U,), then

(6.7) m(p) = ma +

p(p) = plpo) \/ Bo—po) _,

s p(p) — p(po)
and if U = (p,m,n) € S~ (Up), then

p(p) = p(po) \/ Ble—p)

m{p) = ~ma - s p(p) — p(po)
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Moreover, along both shock polars S*(U,) and S~ (U,) we have

(6.8) n(p) =ng, + M.

Ns
Note that (6.8) implies that the intersections of the projected shock loci S*(U,) and
S~(Uyp) in the (p, m)-plane correspond to intersections of the loci in the (p, m,n)-
space.

In Figures 6 and 7, we consider the 7-law pressure with v = 2 and, for an
example, we take pg = 64 and p; = 1. For the case of £k = 0.5, we plot the
projected shock loci S*(U,) and S*(Uy) in the (p, m)-plane in Figure 6. In Figure
7, we vary the parameter k£ and depict the projections of the corresponding shock
loci ST(U,) and S~ (Uy).

1000 mmme e S~(Up)
soof //,// ’ SH(U)
50 60 “4g0_ 200 259 °
500 -« s TITTT Si(Ua)
~. Y
-1000 T—-— e - S+(Ub)

FIGURE 6. The projected shock loci for the states U, and U, in
the (p, m)-plane.
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500

400 \\ k=04
... y
~ 200 S
-s00 /N TRz - - == k=05
25 50 75 ZL_QQ__—_—?.:ZB' 150“\1\75 o
-1000 '2"01/ e L k = 0.6053705
-400p L
se00k=TT —mme k=07

FIGURE 7. The projected shock loci ST (U,) and S~ (Up) in the
(p, m)-plane for different values of k.

Note that because of the symmetry of the states U, and Uj, the boundary be-
tween the regions B and C occurs at those values of the parameter k = ko (po, p1)
for which

max m =0.
(p,m,n)€ST(Ua) (o)
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To find the values of kc(po, p1) at which the maximum of the function m(p) given
by (6.7) is zero, we solve the system of equations m/(p) = 0 and m(p) =0, i.e.,

©9) ¢(p)(p = po) + plp) — plpo) — 2LLLLN) — g,
| m2 = (p(p) = p(po))(p — po) — le2ee))

We express p from the first equation in (6.9) and substitute into the second equation
to find kc(po, p1). Even in the case of the y-law pressure with v = 2, we obtain
only an implicit relation between ko and po/p1, and we depict k = kc(po/p1)
numerically in Figure 5.

When k = kc(po, p1), the two loci ST(U,) and S~(U,) are tangent, and they
intersect at a single point. This implies that there exists a unique solution to
the above quasi-one-dimensional Riemann problem at =;. When k is such that
0 < k < kc(po, p1), there are two points of intersection,

Ur = (pr,mr,nr) and Up = (pr,mp,nr),

corresponding to different intermediate states in the two solutions of the quasi-
one-dimensional Riemann problem at the reflection point =;. Note that, by the
geometry of the shock loci ST(U,) and S~ (Up) (see Figure 6) and by symmetry,
we have

prR,pF >po and mr=mp =0.

We assume prp > pr. Each of the two solutions of the quasi-one-dimensional
Riemann problem consists of a shock connecting the state U, to an intermediate
state (either Ug or Up) and a shock connecting this intermediate state to U,.

For the case of the v-law pressure with v = 2, we find numerically that c(pr) =
VPF > ns for any 0 < k < k¢, and that c(pr) = \/pr > s, for sufficiently large
values of k. More precisely, the point Z is within the sonic circle

Cr:&+1*=c*(pr)

only if k. < k < k¢, for some value k. (po/p1). The curve k = k.(po/p1) is depicted
in Figure 8. Hence, the reflection point Z4 is subsonic for the state Up for any
0 < k < k¢ and is subsonic for the state Ug if k. < k < k¢, explaining our
definition of Us := U(E) in (2.11). Even though we show this numerically for the
~-law pressure with v = 2 (we checked it also for v = 3), we believe that it is true
for any function p(p) satisfying (6.2).

By analogy with the gas dynamics equations or the unsteady transonic small
disturbance equation, we can think of Ugr and Up as “weak” and “strong” regular
reflection, respectively.

APPENDIX B: STRUCTURAL CONDITIONS FOR THE FIXED BOUNDARY PROBLEM

We state the structural conditions of Section 4.3 [15] in the notation of this

paper.
First, we define
£ Py— f(§7 /)7)7 (57 ’rl) E U?
(010 Fem={ 187 EnEE,

By (2.17) we have
pO + 6* S fS ps;
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FI1GURE 8. The curves k4, k¢ and k, for the y-law pressure, v = 2.

which implies bounds on f independent of r € IC and of p. (This is the first condition
in (4.8) [15].) Note that, in the context of the NLWS, the second condition in (4.8)
[15] on the function f is replaced by

cz(f(r))>r2 on o={(r6"):0<r<r6}

ensuring that the solution is subsonic (as we have stated in (2.17)).
Next, we introduce the boundary operator N on ¥ U ¥ as

(6.11) N(p) :==X-Vp,
where the vector x is defined by

- | x on X,
(612) ”‘{Uﬁx on %,

with y given by (3.12).
Then the fixed boundary value problem (3.18) can be written as

Q(p)=0 in
(6.13) N(p)=0 on X:=XUDX,,
p=1F on IN\X=0UE,,

where Q is the operator given in (3.3), N is given by (6.11) and f is given by (6.10).
Moreover, we write the operator @ as

(6.14)  Qp) => aij(p.&mD7p+ Y bi(p.&,m)D'p+ Y _cij(p,&,m) D pDp.
i i i
The structural conditions imposed on the problem (6.13) in [15] are as follows.

e The coefficients a;j, b; and c¢;; are in C", and for a fixed curve r € K we
have x; € Hay,.
e The operator @ is strictly elliptic, meaning

(6.15) A>Cy >0, forall pandreK,
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where )\ denotes the smallest eigenvalue of the operator Q. We also assume
a bound on the ellipticity ratio of the form
A
(6.16) 3 < Cy(|plo), for all pand r e K,
where Cs(|plo) is a continuous function on R*. Here, A denotes the maxi-
mum eigenvalue of Q.
e The operator N is strictly oblique, i.e.,

(6.17) X-v>Cs>0, forallpandrelk,
where v stands for the unit inward normal to the boundary ¥. Also,
(6.18) [X| < Ca(lplo), forall pandr ek,

holds, where C4(|p|o) is a continuous function on R*.
e For any solution p to the equation Q(p) = 0 in Q we have

(6.19) 0<> cij(p,&,mD'pD’p,

2%

and there exist pg, ® € R, independent of p, such that

(6.20) 1> aii(p,&,m)DYp| < A (uo Z |D*pl* + <I>> :

2]

It is noted in Remark 4.7 of [15] that, under the above conditions, a uniform
bound on the supremum norm |p|y, where p is any solution to the equation Q = 0
in , implies the following:

e the norms |a;;lo, |b:lo, |¢ijlo and |x;|o are uniformly bounded in p and r € IC,
and a uniform bound on the a-Holder seminorm [p], implies that [a;j]a,
[bi]as [cij]a and [xi]a are uniformly bounded in p and r € K (here, a € (0,1)
is arbitrary),

e the operator Q is uniformly elliptic,

e the boundary operator N is uniformly oblique, and

e since the matrix [a;;(p, &, n)] is uniformly positive definite and the coeffi-
cients ¢;;(p,&,n) are uniformly bounded, there exists K > 0, independent
of p and r € IC, such that

(6.21) > eij(p.&m)DpDIp < K aij(p,&,m)D'pDp.

2% 4,J

(This constant K plays role in the construction of a subsolution to the non-
linear fixed boundary problem (6.13) which is used to show that a solution
to (6.13) exists. For more details, see Lemma 4.14 in [15]).

In [15] the additional condition ¥ C Hayq, where a € (0, 1), was imposed. However
in steps 3 and 4 of the proof of Theorem 4.11 we showed how to eliminate this
condition. This, we require only the weaker hypothesis ¥ € Hj,,.,; leading to
X € Hay.
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APPENDIX C: DEFINITIONS OF WEIGHTED HOLDER SPACES

For a set S C R? and a function v : S — R, we recall the definitions of the

following seminorms and norms (for more details see [14]):

lulo;s := supyeg [u(X)] supremum norm,
[U]a;s = SUpxy % a-Holder seminorm,
[tu]a;s = |ulo;s + [t]a;s a-Holder norm,

[ulbtass = Zf:o |Diulo.s + [D*ula;s  (k + a)-Holder norm.

Here, o € (0,1), k is a nonnegative integer and D®u denotes the collection of the
i—th order derivatives of u.

In the definition of the set K and in Theorem 2.3, Hi4, denotes the space of all

curves r(6), 6 € (0*,7/2), such that

|r|1+0(;(9*,71'/2) < 00,

and Hl(;l) denotes the space of functions u(¢,n), (§,7) € Q, such that

ey 1= 00" sty < o
>

with Qs,v :={X € Q: dist(X,V) >} and V := {0, V,E}.
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12.
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