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Abstract

We define the class of high dimensional graph manifolds. These are compact
smooth manifolds supporting a decomposition into finitely many pieces, each of
which is diffeomorphic to the product of a torus with a finite volume hyperbolic
manifold with toric cusps. The various pieces are attached together via affine maps
of the boundary tori. We require all the hyperbolic factors in the pieces to have
dimension > 3 (though several of our results can be extended to allow pieces with
hyperbolic surface factors). Our main goal is to study this class of graph manifolds
from the viewpoint of rigidity theory.

We show that, in high dimensions, the Borel conjecture holds for our graph
manifolds. We also show that smooth rigidity holds within the class: two graph
manifolds are homotopy equivalent if and only if they are diffeomorphic. We in-
troduce the notion of irreducible graph manifolds. These form a subclass which
has better coarse geometric properties, in that various subgroups can be shown to
be quasi-isometrically embedded inside the fundamental group. We establish some
structure theory for finitely generated groups which are quasi-isometric to the fun-
damental group of an irreducible graph manifold: any such group has a graph of
groups splitting with strong constraints on the edge and vertex groups. Along the
way, we classify groups which are quasi-isometric to the product of a free abelian
group and a non-uniform lattice in SO(n, 1) (including the n = 2 case, which cor-
responds to groups of the form Fj x Z9). We provide various examples of graph
manifolds which do not support any locally CAT(0) metric. Finally, we discuss
how to adapt our arguments to the situation where some pieces are products of
hyperbolic surfaces with codimension two tori.

We emphasize that, in dimension = 3, our notion of graph manifold does not
coincide with the classical graph manifolds. Rather, it is a class of 3-manifolds
that contains some (but not all) classical graph 3-manifolds (we don’t allow gen-
eral Seifert fibered pieces), as well as some non-graph 3-manifolds (we do allow
hyperbolic pieces). Some of our results appear new even in the 3-dimensional case.

2000 Mathematics Subject Classification. Primary: 53C24, 20F65; Secondary: 53C23, 20E08,
20F67, 20F69, 19D35.

Key words and phrases. Quasi-isometry, quasi-action, graph of groups, CAT(0) space, Borel
conjecture, Baum-Connes conjecture, asymptotic cone, mapping class group, Kazhdan’s property
(T), Tits’ alternative, co-Hopf property, C*-simplicity, SQ-universality.
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Introduction

In recent years, there has been an extensive amount of work done on proving
rigidity results for various classes of non-positively curved spaces. In this mono-
graph, we are interested in establishing similar rigidity theorems in the context of
spaces which may not support any non-positively curved metrics.

To motivate our class of manifolds, we briefly recall some basic notions from
3-manifold topology. In the theory of 3-manifolds, a central role is played by
Thurston’s geometrization conjecture, recently established by Perelman. Loosely
speaking, this asserts that a closed 3-manifold can be decomposed into pieces, each
of which supports a geometric structure, i.e. a complete metric locally modelled
on one of the eight 3-dimensional geometries. When restricted to the class of
3-manifolds which support a non-positively curved metric, the geometrization con-
jecture states that such a 3-manifold contains a finite collection of pairwise disjoint,
embedded 2-tori, and each component of the complement is either hyperbolic (sup-
ports a metric modeled on H?) or is non-positively curved Seifert fibered (supports
a metric modeled on H? x R). In the case where there are no hyperbolic compo-
nents, the 3-manifold is an example of a graph manifold. The class of manifolds we
consider are inspired by these notions.

DEFINITION 0.1. We will say that a compact smooth n-manifold M, n > 3, is
a graph manifold provided that it can be constructed in the following way:

(1) For every i =1,...,r, take a complete finite-volume non-compact hyper-
bolic n;-manifold N; with toric cusps, where 3 < n; < n.

(2) Denote by N; the manifold obtained by “truncating the cusps” of N,
i.e. by removing from N; a horospherical neighbourhood of each cusp.

(3) Take the product V; = N; x T~ " where T* = (S1)* is the k-dimensional
torus.

(4) Fix a pairing of some boundary components of the V;’s and glue the paired
boundary components using affine diffeomorphisms of the boundary tori,
so as to obtain a connected manifold of dimension n (see Section 2 for the
precise definition of affine gluing in this context).

Observe that OM is either empty or consists of tori. The submanifolds Vi,...,V,
will be called the pieces of M. The manifold N; is the base of V;, while every
subset of the form {x} x T~ ™ CV; is a fiber of V;. The boundary tori which are
identified together will be called the internal walls of M (so any two distinct pieces
in M will be separated by a collection of walls), while the components of dM will
be called the boundary walls of M.

Informally, our manifolds can be decomposed into pieces, each of which supports
a finite-volume product metric locally modeled on some H¥ x R*=* (k > 3). We

ix



x INTRODUCTION

point out that our class of manifolds has some differences with the corresponding
classical 3-dimensional graph manifolds. For instance:

e we do not allow pieces to be products of hyperbolic surfaces with codi-
mension two tori (though see Chapter 13),

e we do not allow general finite volume quotients of H¥ x R*~*, but

e we allow purely hyperbolic pieces in our decompositions (i.e. the case
where k = n).

Our notion of generalized graph manifolds includes both the classical “double”
of a finite volume hyperbolic manifold with toric cusps, as well as twisted doubles of
such manifolds (see [ArFa]). We emphasize that, restricting down to 3-dimensions,
our notion of graph manifold (and subsequent notion of extended graph manifold)
do not coincide with the classical 3-dimensional graph manifolds.

Now our graph manifolds are “built up”, in a relatively simple manner, from
non-positively curved manifolds. If we know some property holds for non-positively
curved manifolds, and hence for all the pieces in our decomposition, we could expect
it to hold for the graph manifold. This monograph pursues this general philosophy,
with a view towards establishing analogues of various rigidity theorems for the
class of graph manifolds. Chapter 1 starts out with a review of some basic notions:
quasi-isometries, quasi-actions, and the Milnor-Svarc Lemma.

In Chapter 2, we introduce our graph manifolds, and establish some basic
general results. In Section 2.5, we provide a first family of examples of graph
manifolds which cannot support any locally CAT(0)-metric. More precisely, we
construct examples of graph manifolds M™ (n > 5) where the fundamental group
of the walls is not quasi-isometrically embedded in 71 (M). Such an M cannot
support a locally CAT(0)-metric, by the Flat Torus theorem.

In Chapter 3, we study the topology of our graph manifolds. Recall that the
Borel Conjecture states that if M, M’ are aspherical manifolds with isomorphic fun-
damental group, then they are in fact homeomorphic. If the manifold M is assumed
to support a Riemannian metric of non-positive curvature and has dimension > 5,
then the validity of the Borel Conjecture is a celebrated result of Farrell-Jones. Our
next result establishes (Section 3.3):

THEOREM 0.2 (Topological rigidity). Let M be a graph manifold (possibly with
boundary), of dimension n > 6. Assume M’ is an arbitrary manifold and p : M’ —
M is a homotopy equivalence which restricts to a homeomorphism ployr : OM' —
OM between the boundaries of the manifolds. Then p is homotopic, el 0, to a
homeomorphism p: M' — M.

Along the way, we show that our graph manifolds are always aspherical (Section
3.1) and show vanishing of the lower algebraic K-groups of the fundamental groups
(Section 3.2). We also point out that the Baum-Connes conjecture holds (Section
3.4) and mention some well-known consequences. It is worth noting that, by work
of Ontaneda [On, Theorem 1], there are examples of doubles of finite volume hy-
perbolic manifolds which support exotic PL-structures. As such, in Theorem 0.2,
there are examples where no PL-homeomorphism (and hence, no diffeomorphism)
exists between M and M’.

From the generalized Seifert-Van Kampen theorem, the fundamental group I'
of one of our graph manifolds M™ can be expressed as the fundamental group of a
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graph of groups, with vertex groups given by the fundamental groups of the pieces,
and edge groups isomorphic to Z"~!. To further develop our analysis of graph
manifolds, we would like to ensure that reasonable maps between graph manifolds
have to (essentially) preserve the pieces. The following result, which is the main
goal of Chapter 4, is crucial:

THEOREM 0.3 (Isomorphisms preserve pieces). Let My, My be a pair of graph
manifolds and let T'; = w1 (M;) be their respective fundamental groups. Let A; <T'q
be a subgroup conjugate to the fundamental group of piece V in My, and ¢ : T'1 — T’y
be an isomorphism. Then p(A1) is conjugate to the fundamental group As < Ta of
a piece in M.

A fairly straightforward consequence of this result is a necessary condition for
two graph manifolds to have isomorphic fundamental groups (see also Theorem 4.4):

COROLLARY 0.4. Let M, M’ be a pair of graph manifolds. If ¢ : m (M) —
m1(M') is an isomorphism, then it induces a graph isomorphism between the as-
sociated graph of groups. Moreover, vertices identified via this graph isomorphism
must have associated vertex groups which are isomorphic.

This result will be somewhat refined in Section 8.5.
In Chapter 5, we return to studying the topology of graph manifolds. Building
on Theorem 0.3, we prove the following:

THEOREM 0.5 (Smooth rigidity). Let M, M’ be arbitrary graph manifolds, and
let p: m (M) — m (M) be a group isomorphism. Then ¢ is induced by a diffeo-
morphism : M — M.

Ontaneda [On] had previously shown smooth rigidity within the class of doubles
of finite volume hyperbolic manifolds. Next, for M a smooth manifold, we denote
by MCG(M) the mapping class group of M, i.e. the group of homotopy classes of
diffeomorphisms of M into itself. Theorem 0.5 easily implies the following corollary
(see Section 5.4):

COROLLARY 0.6. Let M be a graph manifold. Then, the group MCG(M) is
isomorphic to the group Out(m (M)) of the outer automorphisms of m (M).

Using Corollary 0.6, it is easy to see that MCG(M) is often infinite. For ex-
ample, this is always the case when considering doubles or twisted doubles (in
the sense of [ArFa]) of one-cusped hyperbolic manifolds with toric cusp (see Re-
marks 5.2 and 5.6).

In Chapter 6, we shift perspective from topology to algebra, and describe some
group theoretic properties of fundamental groups of graph manifolds. In order to
properly state our results, we need to define the notion of transverse gluings.

DEFINITION 0.7. Let V3, V5 be a pair of adjacent pieces of the graph manifold
M, and let T+ C 9Vy, T~ C dV5 be two boundary tori identified by the pairing
defining M. If T' C M is the torus corresponding to 7' and 7~ , we say that V; and
V5 have transverse fibers along T provided that, under the gluing diffeomorphism
t: Tt — T, the image of the fiber subgroup of 71(7") under %, intersects the
fiber subgroup of 7 (7~) only in {0}. This is equivalent to asking that the sum of
the dimensions of the fibers of T+ ond T~ is strictly less than the dimension of M,
and that the image of every fiber of T under ) is transverse to every fiber of T~.
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Now putting together Propositions 6.1, 6.3, 6.9 and Theorem 6.5, we obtain
the following:

THEOREM 0.8. Let M be an arbitrary graph manifold.

(1) If an arbitrary subgroup H < m (M) has Kazhdan’s property (T), then H
18 the trivial subgroup.

(2) (Tits Alternative): If H < w1 (M) is a finitely generated subgroup, then
either H is solvable, or H contains a non-abelian free group.

(3) Suppose that OM = (), and that M contains a pair of adjacent pieces with
transverse fibers. Then w1 (M) is co-Hopfian.

(4) m (M) has uniformly exponential growth.

Starting from Chapter 7, we shift our focus to coarse geometric properties
of our graph manifolds. As we mentioned earlier, there exist examples of graph
manifolds M™ with the property that certain walls 77 C M have fundamental
groups 71 (T) = Z" ! < 7 (M™) which are not quasi-isometrically embedded. As
one might expect, the presence of such walls causes serious difficulties when trying
to study the coarse geometry of M. In order to proceed further, we restrict the
class of graph manifolds under consideration.

DEFINITION 0.9. A graph manifold is irreducible if every pair of adjacent pieces
has transverse fibers along every common torus.

In the case of 1-dimensional fibers, a graph manifold is irreducible if and only if
the S'-bundle structure on each piece cannot be extended to the union of adjacent
pieces. Therefore, in the context of higher-dimensional graph manifolds, the irre-
ducible ones probably provide the closest analogue of the classical 3-dimensional
graph manifolds.

The key property of irreducible graph manifolds is that they have much better
coarse geometric properties, as evidenced by our:

THEOREM 0.10. Let M be an irreducible graph manifold. Then the fundamental
group of every fiber, wall, and piece, is quasi-isometrically embedded in 71 (M).

The proof of this result occupies the bulk of Chapter 7 (see in particular The-
orem 7.11 and Corollary 7.13).

In Chapter 8, we establish some group theoretic properties of the fundamental
groups of irreducible graph manifolds. A very useful feature of irreducible graph
manifolds is that the action of the fundamental group on the associated Bass-Serre
tree is acylindrical (see Section 8.1). Putting together Corollary 8.3, Proposition 8.4
and Corollary 8.7, we establish the following:

THEOREM 0.11. Let M be an irreducible graph manifold. Then

(1) if M does not consist of a single piece with non-trivial fiber and no internal
walls, then the group m (M) is C*-simple,

(2) the group w1 (M) has solvable word problem, and

(3) if M has at least two internal walls, then w1 (M) is SQ-universal.

It is maybe worth mentioning that, in proving points (1) and (2) of the above
Theorem, we establish some more general results about the C*-simplicity and the
solvability of the word problem for fundamental groups of graphs of groups (see
Propositions 8.2 and 8.6).
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Now recall that, by Corollary 0.4, to have any chance of having isomorphic
fundamental groups, two graph manifolds would have to be built up using the
exact same pieces, and the gluings would have to identify the same collection of
boundary tori together. As such, the only possible variation lies in the choice of
gluing maps used to identify the boundary tori together. In Section 8.5, we show
how, in some cases, fixing the collection of pieces, we can still produce infinitely
many non-isomorphic fundamental groups simply by varying the gluings between
the common tori. The construction is flexible enough that we can even ensure that
all the resulting graph manifolds are irreducible.

In Chapter 9, we start analyzing quasi-isometries between fundamental groups
of irreducible graph manifolds. By studying the asymptotic cone of the universal
cover of M, we are able to show:

THEOREM 0.12 (QI’s preserve pieces of irreducible graph manifolds). Let M,
My be a pair of irreducible graph manifolds, and T; = m (M;) their respective
fundamental groups. Let Ay < I'y be a subgroup conjugate to the fundamental
group of a piece in My, and ¢ : T'y — DIy be a quasi-isometry. Then, the set (A1)
is within finite Hausdorff distance from a conjugate of Ao < T'y, where As is the
fundamental group of a piece in Ms.

Since pieces are essentially mapped to pieces under quasi-isometries, our next
goal is to understand the behavior of groups quasi-isometric to the fundamental
group of a piece. This is the subject of Chapter 10, where we establish:

THEOREM 0.13 (QL-rigidity of pieces). Let N be a complete finite-volume hy-
perbolic m-manifold, m > 3, and let I' be a finitely generated group quasi-isometric
to T (N) x Z, d > 0. Then there exists a finite-index subgroup I of T, a finite-
sheeted covering N' of N, a group A and a finite group F such that the following
short exact sequences hold:

I A 1,

1 F A T (N') —— 1.

Moreover, j(Z%) is contained in the center of I'. In other words, I' is a central
extension by Z¢ of a finite extension of mi (N').

Note that the analogous result in the setting where IV is compact has been
established by Kleiner and Leeb [KlLe]. A consequence of this result is that we
can determine when two pieces have quasi-isometric fundamental group: their fibers
must be of the same dimension, while their bases must be commensurable.

In Chapter 11, we study groups quasi-isometric to an irreducible graph man-
ifold, and show that they must exhibit a graph of groups structure which closely
resembles that of a graph manifold (compare with [MSW1], [MSWZ2], [Pa]).

THEOREM 0.14. Let M be an irreducible graph n-manifold obtained by gluing
the pieces Vi = Ny x T% i =1,...,k. Let T be a group quasi-isometric to w1 (M).
Then either I itself or a subgroup of I' of index two is isomorphic to the fundamental
group of a graph of groups satisfying the following conditions:

o cvery edge group contains Z" ' as a subgroup of finite index;
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o for every vertex group T, there existi € {1,...,k}, a finite-sheeted cover-
ing N' of N; and a finite-index subgroup T, of T, that fits into the exact
sequences

J

1 Z4i I A 1,

1 F A Fl(N/)*)l,

where F is a finite group, and j(Z%) is contained in the center of T'.

As we mentioned at the beginning of this introduction, many of our rigidity
results are inspired by corresponding results in the theory of non-positively curved
spaces. In order to emphasize that our class of manifolds is genuinely different, we
show in Chapter 12:

THEOREM 0.15. In each dimension n > 4, there are infinitely many examples of
n-dimensional irreducible graph manifolds which do not support any locally CAT(0)-
metric.

In Chapter 13, we introduce the notion of an eztended graph manifold. These
are similar to our generalized graph manifolds, except that we now allow pieces of
the form ¥ x T2, where ¥ is a finite volume hyperbolic surface. We also require
the technical condition that in adjacent surface pieces, fibers are never identified
together. In Thoerem 13.3, we provide a characterization of the wall subgroups in
extended graph n-manifolds. Using this, we can establish analogues of our main
theorems for the class of extended graph n-manifolds: smooth rigidity (see Theorem
13.5) and the structure theorem for groups quasi-isometric to the fundamental group
of such manifolds (see Theorem 13.8). Along the way, we consider groups quasi-
isometric to the direct product Fj, x Z¢ of a free group F}, with a free abelian group
Z%. We show that any such group must contain a finite index subgroup which is
isomorphic to some Fjs x Z.

Finally, in Chapter 14, we provide some concluding remarks, and propose var-
ious open problems suggested by our work.
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CHAPTER 1

Quasi-isometries and quasi-actions

In this chapter we fix some notations we will extensively use in the rest of this
monograph. We also list some well-known results about quasi-isometries and quasi-
actions, providing a proof for the strengthened version of Milnor-Svarc’s Lemma
described in Lemma 1.4. Such a result is probably well-known to experts, but we
did not find an appropriate reference for it in the literature.

Let (X,d), (Y,d") be metric spaces and k > 1, ¢ > 0 be real numbers. A (not
necessarily continuous) map f: X — Y is a (k, ¢)-quasi-isometric embedding if for
every p,q € X the following inequalities hold:

@ —c<d(f(p), f(@) <k-d(p.q) +c

Moreover, a (k,c)-quasi-isometric embedding f is a (k, ¢)-quasi-isometry if there
exists a (k, c)-quasi-isometric embedding ¢g: Y — X such that d'(f(g(y)),y) < ¢,
d(g(f(z)),z) < cforevery z € X, y € Y. Such a map g is called a quasi-inverse of
f. Tt is easily seen that a (k, ¢)-quasi-isometric embedding f: X — Y is a (K, ¢/)-
quasi-isometry for some k'’ > 1, ¢/ > 0 if and only if its image is r-dense for some
r > 0, d.e. if every point in YV is at distance at most r from some point in f(X)
(and in this case k', ¢’ only depend on k, ¢, 7).

1.1. The quasi-isometry type of a group

If I' is a group endowed with a finite system of generators S such that S = §~1,
the Cayley graph Cg(T') of T is the geodesic graph defined as follows: Cg(I") has T’
as set of vertices, two vertices g, g’ € Cs(T") are joined by an edge if and only if g~1¢’
lies in S, and every edge has unitary length. It is very easy to show that different
finite sets of generators for the same group define quasi-isometric Cayley graphs,
so every finitely generated group is endowed with a metric which is well-defined up
to quasi-isometry.

REMARK 1.1. Suppose i: I'y — 'y, j: I's — I's are injective group homomor-
phisms between finitely generated groups, and let .S; be a finite system of genera-
tors for Ty, i = 1,2,3. We may enlarge So and S3 in such a way that i(S1) C Sa,
j(S2) C S3. Under this assumption, both ¢ and j are 1-Lipschitz embeddings with
respect to the word metrics defined via the S;’s. Using this fact, it is not hard to
show that the composition j o7 is a quasi-isometric embedding if and only if both
1 and j are quasi-isometric embeddings.

1.2. The Milnor-Svarc Lemma

The following fundamental result shows how the quasi-isometry type of a group
is related to the quasi-isometry type of a metric space on which the group acts
geometrically. A geodesic metric space X is proper if every closed ball in X is

3



4 1. QUASI-ISOMETRIES AND QUASI-ACTIONS

compact. An isometric action I' x X — X of a group I' on a metric space X is
proper if for every compact subset K C X the set {g € I'|g- K N K # 0} is finite,
and cocompact if X/T' is compact.

THEOREM 1.2 (Milnor-Svarc Lemma). Suppose I' acts by isometries, properly
and cocompactly on a proper geodesic space X. Then ' is finitely generated and
quasi-isometric to X, a quasi-isometry being given by the map

P:T= X, 9(y) =(z0),

where o € X is any basepoint.

As a corollary, if M is a compact Riemannian manifold with Riemannian uni-
versal covering M, then the fundamental group of M is quasi-isometric to M. A
proof of this result can be found in [BrHa, Chapter 1.8.19], and we will prove a
slightly more general version of the Lemma in the next section.

1.3. From quasi-isometries to quasi-actions

Suppose (X,d) is a geodesic metric space, let QI(X) be the set of quasi-
isometries of X into itself, and let I" be a group. For k > 1, a k-quasi-action
of T'on X is a map h: I' — QI(X) such that the following conditions hold:

(1) h(v) is a (k, k)-quasi-isometry with k-dense image for every v € T';

(2) d(h(1)(z),z) <k for every z € X

(3) the composition h(7;) o h(v2) is at distance bounded by k from the quasi-
isometry h(y172), i-e.

d(h(v172)(2), k(1) (h(y2)(x))) <k for every z € X, 71,72 € I.

A k-quasi-action h as above is k'-cobounded if every orbit of I" in X is k’-dense.
A (cobounded) quasi-action is a map which is a (k’-cobounded) k-quasi-action for
some k, k" > 1. Throughout the whole paper, by an abuse of notation, when A is a
quasi-action as above we do not distinguish between v and h(7).

REMARK 1.3. If h is a k-quasi-action as above, then for every v € I, zg, z1,p €
X we have

d(y(z1),p) < d(v(21),7(20)) + d(v(20), p) < kd(z0,21) + k + d(7(z0), p)-

Using this inequality, it is not difficult to show that if there exists a k’-dense orbit
of T in X, then h is k”-cobounded for some k" (possibly larger than k’).

Suppose M is a geodesic metric space with metric universal covering M ,let T
be a finitely generated group and suppose we are given a quasi-isometry ¢: I' —
m1(M). We now briefly recall the well-known fact that ¢ naturally induces a
cobounded quasi-action of I on M.

Let p: ' — M be a fixed quasi-isometry provided by Milnor-Svarc’s Lemma,
and let ¥: M — T be a quasi-inverse of ¢. For each v € I' we define a map
h(~): M — M by setting

h(y)(z) = (v - ¥(x)) for every x € M.

Since h(1) = ¢ o1, the map h(1) is at finite distance from the identity of M. The
left multiplication by a fixed element of " defines an isometry of any Cayley graph of
T, so each h(7) is the composition of three quasi-isometries with fixed constants. In
particular, it is a quasi-isometry and its quasi-isometry constants can be bounded by
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a universal constant which only depends on ¢ and v, and is therefore independent
of 7. As such, we have that for every v € T the map h(7) is a (k, k)-quasi-isometry
with k-dense image, where k is some fixed uniform constant. Moreover, it is easily
seen that for each 71,72, h(7172) is at a finite distance (bounded independently of
71,7%2) from h(y1) o h(72), that is, h defines a quasi-action. Since every T'-orbit in
I" is 1-dense, the quasi-action h is clearly cobounded.

In Chapters 10 and 11 we need the following strengthened version of Milnor-
Svarc’s Lemma.

LEMMA 1.4. Let X be a geodesic space with basepoint xg, and let T be a group.
Let h: T — QI(X) be a cobounded quasi-action of ' on X, and suppose that for
each r > 0, the set {y € T |v(B(xo,r)) N B(zo,r) # 0} is finite. Then T is finitely
generated and the map ¢: T' — X defined by ¢(v) = v(xo) is a quasi-isometry.

PrOOF. The usual proof of Milnor-Svarc’s Lemma works in this case too, up
to minor changes. We will closely follow [BrHa, Chapter 1.8.19]. Suppose that h
is a k-cobounded k-quasi-action, and let us first prove that the finite set

A = {y € T'|y(B(z0, 2k* + 5k) N B(xo, 2k? + 5k) # 0}

generates I'. Fix v € T' and consider a geodesic « : [0,1] — X joining zy with
v(zo). If n € N is such that d(zo,v(z0)) < n < d(xo,v(x0)) + 1, we can choose
0=ty < -+ <t, =11in such a way d(a(t;),a(t;+1)) < 1 for each i. For each
t; pick 7; so that d(a(t;),vi(ze)) < k, with 79 = 1 and ~,, = 7, and observe that
d(vi(zo),vi+1(z0)) <2k +1fori=0,...,n— 1. Since

d(zo, (i yir1)(20)) < d(v; ' (vi(20)), 77 (i1 (20))) + 3k
< kd(vi(wo), vit1(wo)) + 4k
< k(2k + 1) + 4k
we see that ’yi_l’yi_;,_l € A. This tells us that
¥ =70 ")+ (i 21¥n)
is a product of at most d(xg,v(zo))+1 elements of A. But v was chosen arbitrarily,
so A is indeed a generating set for I'.

Moreover, if d4 is the word metric with respect to A, we have d4(1,7y) <
d(xg,v(x0)) + 1, and for every +v,~7" € I' we have

da(v,7") = da(l,771) < d(zo, (v 19 )(x0)) + 1
< d(y " (y(0)), 7 (Y (w0))) 4+ 3k + 1
< kd(y(z0),7' (x0)) + 4k + 1

which is one of the two inequalities needed to prove that ¢ is a quasi-isometric
embedding. For the reverse inequality, we first establish a useful inequality. For an
arbitrary pair of elements 1,72 in I', we have the estimate:

d(m(20),72(x0)) = d(71(20), (1 ) (2(20))) + K
< d(’Yl(ﬂﬁo)”Yl (7?1(72(330>))) + 2k
< kd (0,71 ' (72(20))) + 3k
< kd(wo, (7 '72) (x0)) + K + 3k
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Choose p so that d(zg,a(xg)) < p for each a € A. Given any two elements v, €
T, let n = da(vy,7) and write v~ !4 = a;...a,, where a; € A. Set gy = 1,
¢;i=ai...a;, i =1,...,n, so that g, = v~ '4’. From the above inequality, we see
that d(gi(2o), gir1(z0)) < ku + k? + 3k for every i = 0,...,n — 1. Combining this
estimate with the above inequality, we finally obtain

d(y(0),7' (w0)) < kd(x0, gn(w0)) + k* + 3k

< k(kp + k2 + 3k)da(y,7) + k* + 3k.

We have thus proved that ¢ is a quasi-isometric embedding, and the fact that h is
cobounded now implies that it is in fact a quasi-isometry. O



CHAPTER 2

Generalized graph manifolds

Let us introduce the precise definition of high dimensional graph manifold. Fix
n >3, k€ Nandn; € Nwith 3 <n; <n, and for every i = 1,...,k let N; be a
complete finite-volume non-compact hyperbolic n;-manifold with toric cusps. It is
well-known that each cusp of N; supports a canonical smooth foliation by closed
tori, which defines in turn a diffeomorphism between the cusp and 7"~ x [0, o),
where T"i—1 = R™~! /7"~ is the standard torus. Moreover, the restriction of the
hyperbolic metric to each leaf of the foliation induces a flat metric on each torus,
and there is a canonical affine diffeomorphism between any such two leaves.

We now “truncate” the cusps of N; by setting N; = N; \ U;;lT;”_l x (4, 00),
where Tj”"*1 x [0,00), 5 = 1,...,a; are the cusps of V;. If V; = N; x T" ",
then Vj; is a well-defined smooth manifold with boundary, and as mentioned above
the boundary of V; is endowed with a well-defined affine structure. Moreover, the
boundary of V; admits a collar which is canonically foliated by affine tori.

Let now B be a subset of the set of boundary components of the V;’s, and
suppose that a pairing of the boundary components in B is fixed. We can construct
a smooth manifold M by gluing the V;’s along affine diffeomorphisms between the
paired tori in B: the smooth manifold M obtained in this way is what we call
a graph n-manifold. The manifolds Vi,..., V) (which will be often considered as
subsets of M itself) are called the pieces of M. For every i, we say that N; (or N;)
is the base of V;, while if p € N;, then the set {p} x T"~" C V; is a fiber of V;.
Abusing terminology, we will sometimes also refer to 7"~ " as the fiber of V;.

Observe that M is closed (i.e. 9M = @) if and only if B coincides with the
whole set of boundary components of the V;’s.

REMARK 2.1. The product of an affine torus with a truncated hyperbolic man-
ifold with toric cusps provides the simplest example of graph manifold with non-
empty boundary. The quasi-isometry type of the fundamental group of such a
manifold will be studied in detail in Chapter 10.

REMARK 2.2. The simplest examples of closed graph manifolds are obtained
just by gluing (truncated) hyperbolic manifolds with toric cusps along affine diffeo-
morphisms of their horospherical boundaries. Therefore, it makes sense to compare
our rigidity results with the analogous results described in [On] (for doubles of
cusped hyperbolic manifolds), in [ArFa] (for twisted doubles of cusped hyperbolic
manifolds), and in [Ng] (for manifolds obtained by gluing locally symmetric nega-
tively curved manifolds with deleted cusps).

REMARK 2.3. Suppose N and N’ are obtained as above by deleting from a
hyperbolic N horospherical cusp neighbourhoods of possibly different “heights”.
Then, there exists a diffeomorphism between N and N which is coherent with the

7
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identification of 9N and ON induced by the canonical foliations of the cusps of
N. In particular, the diffeomorphism type of a graph manifold M does not depend
on the choice of the height of the cusps removed from the hyperbolic factors of the
pieces into which M decomposes.

REMARK 2.4. Tt is proved in [HsWa] that, if n > 5, then any diffeomorphism
between affine n-dimensional tori is C-isotopic to an affine diffeomorphism. As
a consequence, for n > 6, if we allow also non-affine gluings, then we do not
obtain new homeomorphism types of graph manifolds. On the other hand, as
showed in [ArFa], requiring the gluings to be affine is necessary for getting smooth
rigidity results as in our Theorem 0.5 (i.e. non-affine gluings can give rise to new
diffeomorphism types of manifolds).

2.1. Putting a metric on a high dimensional graph manifold

By construction, each hypersurface in M corresponding to a boundary torus of
some V; is either a boundary component of M, or admits a canonical smooth bicollar
in M diffeomorphic to T"~! x [-3,3], which is obtained by gluing, according to
the pairing of the boundary components in B, some subsets of the form 9V; x [1,4],
where 9V; is canonically identified with 9V; x {4}.

In what follows, we will say that a point p € T~ x {3} is tied to q €
Tt x {3} if p= (z,-3), ¢ = (x,3) for some x € T"~!, i.e. if p,q have the same
“toric” component in the product space T"~1 x [-3,3] C M.

The following lemma shows how one can put on M a Riemannian metric which
somewhat extends the product metrics defined on the V;’s.

LEMMA 2.5. Consider Ay = T* x [-3,0] and Ay = T* x [0,3], each equipped
with a Riemmanian metric g;, and let By = T* x [-3, 2], Bo = T* x [2,3]. Then
there exists a Riemmanian metric on A = T* x [~3,3] such that g|, = g;
i=1,2.

B

PRrROOF. Let p:[—3,3] — [—3,3] be an odd C* function such that:

(1) pli,3 = id,
(2) p([1,2]) = [0,2],
(3) plp,y =0.

Also, let ¢ : [-1/2,1/2] — [0,1] be an increasing C'*° function which is con-
stantly 0 (resp. 1) in a neighborhood of -1/2 (resp. 1/2) and is strictly positive in
[0,1/2]. We can define g as follows:

g1(p; p(z)) for z € [-3,-1/2]
g(p,x) = 0(=2)g1(p,0) + d(2)g2(p,0) for x € [~1/2,1/2]
g2(p, p(z)) for x € [1/2, 3]
for all p € T*, x € [-3, 3]. O

DEFINITION 2.6. We recall that a metric space X is geodesic if for every z,y €
X there exists a rectifiable curve «: [0,1] — X joining = to y whose length is equal
to d(z,y) (the constant speed parameterization of such a curve is called geodesic).
Suppose S is a submanifold of the (possibly bounded) simply connected Riemannian
manifold X, and let d be the Riemannian metric of X. We say that S is totally
geodesic in (X, d) (in the metric sense) if for every p,q € S there exists a geodesic
of X which joins p to ¢ and whose support is contained in S. In this case, the path
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metric associated to the restriction of d to S coincides with the restriction of d to
S.

Suppose N is obtained by deleting some horospherical cusp neighbourhoods

from a complete finite-volume hyperbolic manifold N, and let N be the universal
convering of N, endowed with the metric induced by the covering map. Then, it is

well-known (see e.g. [BrHa, pgs. 362-366]) that every component of ON is totally

geodesic in N, even if its extrinsic curvature in N does not vanish. Putting together
this observation with Lemma 2.5 we get the following:

COROLLARY 2.7. Suppose M is a graph manifold, and let U C M be the union
of the bicollars of the toric hypersurfaces of M\ OM corresponding to the boundary
components of the pieces of M. Then M admits a Riemannian metric g which
extends the restriction to M \ U of the product metrics originally defined on the
pieces of M.

2.2. 7;(M) as the fundamental group of a graph of groups

The decomposition of a graph n-manifold M into pieces Vi, ..., V) induces on
71 (M) the structure of the fundamental group of a graph of groups G, (see [Se] for
the definition and some basic results on the fundamental group of a graph of groups).
More precisely, let Gy; be the graph of groups that describes the decomposition
of M into the V;’s, in such a way that every vertex group is the fundamental
group of the corresponding piece, every edge group is isomorphic to Z»~!, and the
homomorphism of every edge group into the group of an adjacent vertex is induced
by the inclusion of the corresponding boundary component of V; into V;. Then we
have an isomorphism 71 (M) 2 w1 (Gpr).

Recall that cusps of hyperbolic manifolds are mi-injective, so every boundary
component of V; is mi-injective in V;. This implies that every piece (hence every
boundary component of a piece) is m-injective in M.

For later reference, we point out the following lemma, which can be easily
deduced from [BePe, Lemma D.2.3]:

LEMMA 2.8. Let N be a complete finite-volume hyperbolic n-manifold, n > 3.

(1) Suppose that the cusps of N are toric, and that v is a non-trivial element
of m1(N). Then, the centralizer of v in w1 (N) is free abelian.
(2) The center of m1(N) is trivial.

The following remark is an immediate consequence of Lemma 2.8-(2).

REMARK 2.9. If N is a complete finite-volume hyperbolic n-manifold and d is
a natural number, then the center of 71(N) x Z¢ is given by {1} x Z. Therefore,
ifV,; 2N, xT%is a piece of M and p;: V; — N; is the natural projection, then the
center of 71(V;) coincides with ker(p;)..

DEFINITION 2.10. Let V; be a piece of M. Then the center of m(V;) is called
the fiber subgroup of m1(V;). If T is a component of 9V;, we call fiber subgroup of
m1(T) the intersection of w1 (7T") with the fiber subgroup of m (V).
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2.3. The universal cover of M as a tree of spaces

In this subsection we begin our analysis of the metric structure of the universal
covering M of M. We will be mainly interested in the study of the quasi-isometric
properties of M.

DEFINITION 2.11. A tree of spaces (X,p,T) is a topological space X equipped
with a map p on a (simplicial, but possibly not locally finite) tree T with the
following property: for any edge e in T and ¢ in the internal part e° of e, if X, =
p~1(t) then p~1(e°) is homeomorphic to X, x (0, 1).

DEFINITION 2.12. Suppose (X, p,T) is a tree of spaces where X is a Riemannian
manifold. An internal wall of X is the closure of the preimage under p of the interior
of an edge of T'; a boundary wall of X is simply a connected component of 9X. If
W is a (boundary or internal) wall of X, we will denote by dy, the path metric
induced on W by the restriction to W of the Riemannian structure of X. A chamber
C C X is the preimage under p of a vertex of T'; we will denote by d¢c the path
metric induced on C' by the restriction to C' of the Riemannian structure of X. Two
distinct chambers of X are adjacent if the corresponding vertices of T are joined
by an edge, while a wall W is adjacent to the chamber C if W N C # ( (if W is
internal, then W is adjacent to C' if and only if the vertex corresponding to C' is an
endpoint of the edge corresponding to W, while if W is a boundary wall, then W
is adjacent to C' if and only if W C C).

Let us now come back to our graph n-manifold M. If dim N; = n;, the universal
covering of N; is isometric (as a Riemannian manifold) to the complement B; in
H"¢ of an equivariant family of open disjoint horoballs. Following Schwartz, we say
that B; is a neutered space. In the rest of this monograph, we will extensively use
several features of neutered spaces (see for example Proposition 7.4 or Section 9.3,
where we will deduce asymptotic properties of such spaces from the well-know fact
that they are relatively hyperbolic in the metric sense).

Since the fundamental group of each N; and each V; injects in the fundamental
group of 71 (M), the universal coverings \N/Z = B; x R"™ ™ embed into M. Putting
together this observation and Corollary 2.7 we get the following:

COROLLARY 2.13. M admits a Riemmanian metric such that M can be turned
into a tree of spaces such that:

(1) If C is a chamber of M, then (C,dc) is isometric (as a Riemannian
manifold) to B x R¥, where B is a neutered space in H"F.

(2) If W is an internal wall of M, then W is diffeomorphic to R"—1 x [-1,1].

(8) If W is a boundary wall of ]T/f, then W is isometric (as a Riemannian
manifold) to R"~1.

We will call B the base of C, and F = R* the fiber of C. If np: C — B,
7nr: C — R* are the natural projections, we will abuse the terminology, and also
refer to a subset F' C C of the form F = ng(xo), where xg is a point in B, as a
fiber of C. A fiber of M is a fiber of some chamber of M.

If z,y € C, we denote by dg(x,y) the distance (with respect to the path metric
of B) between wg(x) and wg(y), and by dp(z,y) the distance between 7p(z) and
7r(y) (so by construction d% = d% + d2%).
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If (]\7,1), T) is the tree of spaces described in Corollary 2.13, we refer to T as to
the Bass-Serre tree of mi (M) (with respect to the isomorphism 71 (M) = m1(Gar),
or to the decomposition of M into the V;’s). The action of 7y (M) on M induces an
action of r1 (M) on T. By the very definitions, (every conjugate of) the fundamental
group of a piece (resp. of a paired boundary component of a piece) coincides with
the stabilizer of a vertex (resp. of an edge) of T, and vice versa.

LEMMA 2.14. Set G = m(M). Let V1, Vs be pieces of M and T; a component
of OVi, i = 1,2. Let G; < mi (M) (resp. H; < m(M)) be (any conjugate of) the
fundamental group of V; (resp. of T;). Then:

(1) The normalizer of Hy in G is equal to Hy.

(2) If Hs is conjugate to Hy in G, then Ty = Tb.

(8) The normalizer of G1 in G is equal to Gy.

(4) If Gy is conjugate to Go in G, then Vi = V.

(5) If g € G is such that Gy NgG1g~' D Hy, then either g € Gy or V; is glued
to itself along Ty in M.

PROOF. Let us consider the action of G on the Bass-Serre tree T' corresponding
to the decomposition of M into pieces.

(1): The subgroup H; coincides with the stabilizer of an edge e; C T. We
first show that e; is the unique edge fixed by the whole H;. In fact, suppose that
H, fixes the edge €] # e; of T. Then H; acts trivially on the path joining e; to
). In particular, there exists an edge ] C T adjacent to e; which is fixed by Hj.
Let now V = N x T be the piece of M corresponding to the vertex v = e; Nef,
and let B be the neutered space covering N. Up to replacing H; with a conjugate
subgroup, we may suppose that H; C stab(v) = 71(V). Moreover, if an element
(g,w) € m (V) = m1(N) x 71 (T?) fixes both e; and €/, then the action of g on B
has to leave invariant two horospherical components of dB. This implies that g
has to fix the geodesic connecting such components, and since non-trivial covering
automorphisms cannot have fixed points this gives in turn ¢ = 1. We have thus
proved that an element of G which stabilizes both e; and e} has to belong to the
fiber subgroup of the stabilizer of v = e; Ne}. The fact that the rank of this fiber
subgroup is strictly less than the rank of H; implies that H; cannot fix both e;
and €Y, so it cannot fix €.

Suppose now that g € G is such that gH,;g~' = H;. Then H; is contained in
the stabilizer of g(e;), so g(e1) = e1, and g € Hy, as claimed in (1).

(2): As just shown in the proof of (1), the subgroups Hy, Hs uniquely determine
edges e1, es of T such that e; is fixed by H;, i = 1,2. Suppose now that there exists
g € G such that gH1g~' = H,. Then H, fixes both e; and g(e1), so ez = g(e1). By
the very construction of T, this implies that the covering automorphism g: M — M
sends a wall covering T7 onto a wall covering T5, so T} = Tb.

(3): Let v1 be a vertex fixed by Gy. As in the proof of (1), it is sufficient to
show that v; is the only vertex fixed by GG;. However, if (G; fixes another vertex
v} # vy, then it fixes an edge e exiting from v;. This implies that G, is contained
in the stabilizer of an edge, which is clearly impossible since edge stabilizers are
abelian.

(4): Let v1,vs be the vertices of T fixed respectively by Gi,Gs (v,v' are
uniquely determined - see the proof of (3)), and suppose that there exists g € G
such that gG1g7! = Ga. Then G; fixes both vs and g(v1), so va = g(vy) by the
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proof of (3). Therefore, the covering automorphism g: M — M sends a chamber
covering V; onto a chamber covering V5, so V; = V5.

(5): Let vy, v} be the vertices of T associated to Gy, gG1g~ " respectively, and
let e; be the edge fixed by Hi, so that vf = g(vy). If v] = vy, then g belongs
to the stabilizer of vy, which is G1, and we are done. Otherwise, the assumption
G1NgGi1g~' O H; implies that every element of H; fixes vy, v} and e. Therefore,
H; fixes the path in T joining v; with v]. As showed in the proof of (1), however,
H; fixes exactly one edge of T, and this implies that e; joins v to v = g(v1),
whence the conclusion. O

1

2.4. Basic metric properties of M

In this subsection we collect several metric properties of M that we will exten-
sively use in the following chapters in order to study the quasi-isometry type of the
fundamental group of a graph manifold. -

Recall from Corollary 2.13 that, if C' is a chamber of M, then (C,d¢) is iso-
metric to the product of a neutered space with a Euclidean space. An elementary
application of Milnor-Svarc Lemma (see Theorem 1.2) implies the following:

LEMMA 2.15. If W is a wall of M, then (W, dw) is quasi-isometric to R"~1.

_Also recall that d denotes the distance associated to the Riemannian structure
of M. For every r > 0 and X C M, we denote by N,.(X) C M the r-neighbourhood

of X in M, with respect to the metric d.

LEMMA 2.16. IfC is a chamber of M, then there exists a function g : R* — R+
such that g(t) tends to +0o as t tends to +oo and d(z,y) > g(dc(z,y)) for each
z,y € C.

PRrROOF. By quasi-homogeneity of C' it is enough to prove the statement for a
fixed z. Let us observe that d and d¢ induce the same topology on C. Take any
sequence {y;} of points such that de(z,y;) tends to +o0o. Since M is proper, if
the d(x,y;)’s are bounded, then up to passing to a subsequence we can suppose
lim; o y; = y for some y € M. But C is closed in M7 so we have y € C. It is
easily seen that this contradicts de(x,y;) = +00. O

LEMMA 2.17. Let Wy, Wy be walls of M, and suppose that there exists r € Rt
such that Wy C N,.(W3). Then Wi = Wa. In particular, distinct walls of M lie at
infinite Hausdorff distance from each other.

PRrROOF. Considering the realization of M as a tree of spaces, one can easily
reduce to the case that W; and W, are adjacent to the same chamber C. By
Lemma 2.16, up to increasing r we may assume that W; is contained in the r-
neighbourhood of W5 with respect to the path distance d¢o of C.

Let C = B xR* be the decomposition of C' into the product of a neutered space
and a Euclidean space. Then, W7 and W5 project onto two horospheres O1, Oy of
B C H"*, and O; is contained in the r-neighbourhood of O, with respect to
the distance dg. Now, the distance dp is bounded below by the restriction of the
hyperbolic distance dy of H" %, so O; is contained in the r-neighbourhood of O,
with respect to the distance dy. This forces O; = Oo, whence Wy = W, O
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COROLLARY 2.18. Let W (resp. Cy,Cs) be a wall (resp. two chambers) of M.
Then:

(1) if W C N,.(C1) for some r >0, then W is adjacent to Cy;
(2) if C1 C N, (Cs) for somer > 0, then Cy = Cy; in particular, the Hausdorff

distance between distinct chambers of M is infinite.

PRrOOF. (1) By considering the realization of M as a tree of spaces, it is im-
mediate to realize that W is contained in the r-neighbourhood of a wall adjacent
to Cq, so W is adjacent to C7 by Lemma 2.17.

(2) Suppose W, W' are distinct walls both adjacent to Cy. Then, by point (1)
they are adjacent also to C5, and this forces C; = Cs. O

In order to study the quasi-isometry type of M , it would be very useful to
know that the inclusions of walls and chambers are quasi-isometric embeddings.
However, this is not true in general, as it is shown in the proof of Proposition 2.19
below, where we exploit this fact for constructing graph manifolds which do not
support any CAT(0) metric.

In Chapter 7 we will define the class of irreducible graph manifolds, and we will
prove that walls and chambers are quasi-isometrically embedded in the universal
covering of an irreducible graph manifold.

2.5. Examples not supporting any locally CAT(0) metric

In this section we construct graph manifolds which do not support any lo-
cally CAT(0) metric. The construction described here is easy, and it is based on
a straightforward application of the Flat Torus Theorem (see e.g. [BrHa, Chapter
I1.7]). As mentioned in the Introduction, however, there are reasons for being in-
terested in irreducible graph manifolds (see Chapter 7). It turns out that providing
examples of irreducible graph manifolds which do not support any locally CAT(0)
metric is much harder. We will discuss this issue in detail in Chapter 12.

ProOPOSITION 2.19. Let n > 3, and take a hyperbolic n-manifold N with at
least two cusps. We suppose as usual that every cusp of N is toric. For i = 1,2,
let Ny =N and V; = N; x T?. Then, we can glue the pieces Vi and Va in such a
way that the resulting graph manifold M does not support any CAT(0) metric.

PROOF. Let A, A’ be two distinct boundary tori of N, and let A; x T?, A} x T?
be the corresponding boundary tori of V;. We now glue V; to V5 as follows: A x T2
is glued to Ay x T2 with the identity, where A1, A, are indentified with A; A} x T2
is glued to A% x T? by an affine map ¢ such that ¢, : 71 (A} x T?) — m (AL x T?) is
given by p.(a,c,d) = (a,c,c+ d), where @ € Z"~! and we are identifying A} with
A’ and w1 (AL x T?) = 71 (A") x 71 (T?) with Z"~1 @ 72 = 7"+,

Let M be the graph manifold obtained by the gluings just described. It is
readily seen that the natural projections V; — N; define a projection ¢g: M — DN,
where DN is the double of the natural compactification of N. The map ¢ is a
locally trivial fiber-bundle with fibers homeomorphic to T2. If v is the support of
any simple curve joining the two boundary components of N, then the double « of
7 defines a simple loop in DN. Let L = ¢~ !(a). It is easily seen that

71 (L) =2 (x,y, 2| yz = 2y, vy = yzx, 02 = 2x) = 72 Xy Z,
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where if x generates Z we have ¢(z)(y, z) = (y,y-+=z). Moreover, if L' is the intersec-
tion of L with one component Y of 9V, = 0V, € M, then L' 2 T? andi: L' — L
induces an injective homomorphism i, : m (L) — 71 (L) with i.(m (L)) = (y, 2).
It is well-known (see e.g. [BrHa, II1.T".4.17]) that i, is not a quasi-isometric em-
bedding, so the inclusion of 1 (L') into 71 (M) is not a quasi-isometric embedding
(see Remark 1.1).

On the other hand, since the inclusion 71 (L") < 71(Y) is a quasi-isometric
embedding, if the inclusion 71(Y) < w1 (M) were a quasi-isometric embedding,
then by Remark 1.1 the inclusion m1(L’) < 71 (M) would also be quasi-isometric,
while we have just proved that this is not the case. Therefore, the inclusion 71 (Y) —
m1(M) is also not a quasi-isometric embedding, and by the Milnor-Svarc Lemma,
this implies that there exist walls of M which are not quasi-isometrically embedded
in M.

As a consequence, M cannot support any locally CAT(0) metric: in fact, due
to Milnor-Svarc Lemma and the Flat Torus Theorem (see e.g. [BrHa, pg. 475]),
if a compact manifold M supports a locally CAT(0) metric and H < m (M) is
isomorphic to Z" for some r > 1, then H is necessarily quasi-isometrically embedded
in 7 (M). O

We can exploit Proposition 2.19 to prove a portion of Theorem 0.15 in any
dimension n > 5 (the case n = 4 will be dealt with in Chapter 12). Indeed, it
is a well-known folk result that for every n > 3, there exists a cusped hyperbolic
n-manifold with at least two cusps, and whose cusps are all toric. By taking fi-
nite covers, we can then obtain infinitely many such manifolds. McReynolds has
informed the authors that a detailed proof of this folk result will be included in his
forthcoming paper with Reid and Stover [MRS], where they will moreover show
that in each dimension, such manifolds fall into infinitely many distinct commen-
surability classes. Applying Proposition 2.19, we immediately deduce:

COROLLARY 2.20. For every n > 5, there exist infinitely many n-dimensional
graph manifolds which do not support any locally CAT(0) metric.



CHAPTER 3
Topological rigidity

In this chapter, we will establish various topological results for graph manifolds.
The main goal will be to establish Theorem 0.2, which we restate here for the
reader’s convenience.

THEOREM (Borel Conjecture). Let M be a graph manifold (possibly with bound-
ary), of dimension n > 6. Assume M' is an arbitrary manifold and p : M’ — M
is a homotopy equivalence which restricts to a homeomorphism plonyr : OM' — OM
between the boundaries of the manifolds. Then p is homotopic, rel 9, to a homeo-
morphism p: M’ — M.

In many of the arguments in this chapter, we will proceed by repeatedly cut-
ting open a graph manifold along internal walls. Whenever we do such a cut, we
effectively trade an internal wall in the original manifold for two boundary walls
in the new manifold. Using the total number of internal walls as a measure of
complexity, we see that this process decreases the overall complexity, allowing us
to use inductive arguments in our proofs.

3.1. Contractible universal cover

A basic result in metric geometry implies that the universal cover of a closed
CAT(0) manifold is contractible, and hence that any such manifold is aspherical.
We establish the analogue:

LEmMMA 3.1. If M is a graph manifold (possibly with boundary), then M s
aspherical.

PROOF. We argue by induction on the number k of internal walls in M. If
k =0, then M is homeomorphic to the product N x T* where N is a finite volume
hyperbolic manifolds with cusps cut off, and T% is a torus. Since both factors are
aspherical, and a product of aspherical manifolds is aspherical, the base case for
our induction is established.

Now assume M has k > 0 internal walls, and that the result holds for all graph
manifolds with < k internal walls. Let W be an arbitrary internal wall in M, and
cut M open along W. There are two cases to consider, according to whether W
separates M into two components or not. We deal with the case where W separates
M into My and M (the other case uses a similar reasoning). Since each of the M;
are graph manifolds, and have < k internal walls, the inductive hypothesis ensures
they are aspherical. So M is obtained by gluing together the two aspherical spaces
M, M5 along a common aspherical subspace W. A result of Whitehead [Wh] now
asserts that M is also aspherical, provided that each of the inclusions W — M;
is mi-injective. But this is an easy consequence of the description of 71 (M) as

15
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the fundamental group of a graph of groups (see Section 2.2). This completes the
inductive step, and establishes the Lemma. ([

Since the higher homotopy groups of our graph manifolds vanish, one would
expect the topology of our manifolds to be determined by the fundamental group.

3.2. Lower algebraic K-theory

In the field of high-dimensional topology, some of the most important invariants
of a manifold M are the (lower) algebraic K-groups of the integral group ring of
the fundamental group. Obstructions to various natural problems often reside in
these groups, and in some cases, all elements in the group can be realized as such
obstructions. As a result, it is of some interest to obtain vanishing results for the
lower K-groups. We will focus on the following covariant functors:

e the Whitehead group of M, Wh(m (M )), which is a quotient of the group
K (Z[m (M),
e the reduced Ky-group, Ky (Z[m(M)D, and
e the lower K-groups, K;(Z[m(M)]) with i < —1.
To simplify notation, we define the functors Wh; (for ¢ < 1) from the category of
groups to the category of abelian groups as follows:

WhI) i=1
Whi(T) := ¢ Ko(Z[T]) i=0
Ki(z[r]) i<-1

When M is a closed manifold of non-positive sectional curvature of dimension
n > 5, it follows from work of Farrell and Jones [FaJol] that Wh;(m (M)) =0
for all i+ < 1. As a special case, Whi(Zk) vanishes for ¢ < 1, k > 5 (in fact, using
work of Bass, Heller, and Swan [BHS] one can establish this for all k). We now
generalize this vanishing result to graph manifolds.

PROPOSITION 3.2 (Lower K-groups vanish). Let M be a graph manifold (pos-
sibly with boundary) of dimension n > 6 and T' = m(M). Then we have that
Wh;(T') =0 for alli <1.

PrROOF. We proceed by induction on the number k of internal walls in the
graph manifold M. If kK = 0, then M is a manifold with boundary, whose interior
is homeomorphic to the product of a finite volume hyperbolic manifold with a
torus. For such a manifold, Farrell and Jones [FaJo2] have already established the
vanishing of Wh, Ko, and K; (i < —1).

So we may now assume that k > 0, and that the functors vanish for all graph
manifolds with < k internal walls. Pick an arbitrary internal wall in M, and
consider the induced splitting of the group I'. There are two cases to consider:

(1) if the wall separates M into two components, then I' = Gy xg G2 is an
amalgamation of two groups G, G2 over a subgroup H.
(2) if the wall does not separate, then I' = Gxy is isomorphic to an HNN
extension of G over a subgroup H.
Moreover, H = Z"~!, and G, G1, G5 are fundamental groups of graph manifolds
with < k internal walls. We explain Case (1) in detail, as the argument for Case
(2) is completely analogous.
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Waldhausen has established [Wa3|, [Wa4] (see also Bartels and Liick [BaLul]
and Connolly and Prassidis [CoPr|) a Mayer-Vietoris type sequence for the func-
tors Wh; of an amalgamation I' = G1 *g G2 (or of an amalgamation I' = g G).
Waldhausen’s sequence requires an “adjustment term” to Wh;(I'), and takes the
form:

— th_l(H) — Whi_l(Gl) (S5) Whi_l(Gg) — ...
In the above sequence, the adjustment terms Nil; are called the Waldhausen Nil-
groups associated to the amalgamation Gy xg G.

For our specific amalgamation, the inductive hypothesis ensures that the terms
involving the G; all vanish. Since H is free abelian, the terms involving H also
all vanish. Hence the Waldhausen long exact sequence gives us an isomorphism
Wh;(T') = Nil; for i < —1. Now the Waldhausen Nil-groups for a general amal-
gamation are extremely difficult to compute. However, when the amalgamating
subgroup H has the property that its integral group ring Z[H] is regular coherent,
Waldhausen has shown that the Nil-groups all vanish (see [Wa3, Theorem 4]). Re-
call that a ring R is said to be regular coherent provided every finitely generated
R-module has a finite-length resolution by finitely generated projective R-modules.
But it is an old result of Hall [Ha] that the integral group ring of finitely generated
free abelian groups are regular coherent. This gives us Wh;(T") = Nil; = 0 for
i < 1, concluding the inductive step in Case (1). In Case (2), we can apply an
identical argument to the analogous long exact sequence for I' = Gxpy:

This completes the proof of the proposition. O

3.3. Borel Conjecture

Having established these preliminary results, we now turn to showing our main
result for this section, Theorem 0.2. We are given a graph manifold M, of dimension
> 6, and a homotopy equivalence p : M’ — M where M’ is an arbitrary manifold.
Our goal is to find a homeomorphism p : M’ — M homotopic to p.

The proof of the theorem will again proceed by induction on k, the number
of internal walls in the manifold M. The base case for our induction, k£ = 0,
corresponds to a manifold with boundary, whose interior is homeomorphic to the
product of a finite volume hyperbolic manifold with a torus. The Borel Conjecture
for such manifolds follows from work of Farrell and Jones (see [FaJo2]). So we may
now assume that k > 0, and choose an arbitrary internal wall inside M. Recall that
this wall is a smoothly embedded codimension zero submanifold, homeomorphic to
Tn=1 x [0,1]. Let N C M denote the smooth submanifold corresponding to the
middle of the wall 7"~ ! x {1/2}.

As a first step, we want to homotope the homotopy equivalence p to a smooth
map f : M’ — M having the property that (i) f is transverse to N, (ii) f restricts to
a homotopy equivalence f| -1y : f~YN) — N, and (iii) f restricts to a homotopy
equivalence from M’ \ f~1(N) to M \ N. This question was studied by Cappell
[Ca], who showed that there are two obstructions to being able to do this:

e an element in a suitable quotient group of Wh (7r1(M )), and
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e an element in a group UNil defined by Cappell, which depends on the
decomposition of 71 (M) as an amalgamation over 71(N) (or on the ex-
pression of 71 (M) as an HNN-extension over 71 (IV)).

Applying Proposition 3.2, we see that the first obstruction automatically vanishes
in our situation. To deal with the second obstruction, we use a result of Cappell
[Ca] showing that the U Nil group vanishes provided the subgroup 71 (N) is square-
root closed in the group m (M). Recall that a subgroup H < G is square-root closed
provided that for g € G, g € H forces g € H. So our next goal is to show that
the fundamental group 71 (IV) of an internal wall is always square-root closed in the
fundamental group (M) of the ambient graph manifold. This will follow from
the:

Assertion: Let G be the fundamental group of a graph of groups. Assume that, in
the graph of groups, each edge group is square-root closed in each adjacent vertex
group. Then each edge group is square-root closed in G.

Assuming this Assertion, it is sufficient to show that the fundamental group
of an internal wall 7 (W) is square-root closed in the fundamental group of an
adjacent chamber 7 (C). From the product structure C' = N x T* on the chambers,
we have that 71 (C) splits as a product 71(N) x ZF, where N is a suitable finite
volume hyperbolic manifold with cusps cut off, and the Z* comes from the torus
factor. W is a boundary component of C, hence splits as w1 (Y) x Z¥, where Y ¢ N
is a boundary component of N. It is immediate from the definition that m (W) is
square-root closed in 71(C) if and only if 71(Y") is square-root closed in 71 (N).

Using the induced action of 1 (N) on the neutered space B (see Section 2.3),
we can identify 71 (Y") with the stabilizer of a boundary horosphere component Y
1n B. Now assume that g € 7r1(N) satisfies g% € m(Y), but g ¢ m1(Y). Then
¢ maps Y to itself, but g maps Y to some other boundary component Y’ #* Y,
i.e. g interchanges the two horospheres Y’ and Y. Since these two horospheres are
centered at different points at infinity, there is a unique minimal length geodesic
segment 7 joining Y’ to Y. But ¢ acts isometrically, and interchanges the two
horospheres, hence must leave n invariant. This forces g to fix the midpoint of 7,
contradicting the fact that the w1 (N) action on B is free. We conclude that every
w1 (W) is square-root closed in each adjacent 71 (C).

So to obtain the vanishing of UNil, we are left with showing the Assertion.
To this end, let T' be the Bass-Serre tree corresponding to the graph of group, and
consider the G-action on T'. Choose an edge group H C G, which we can identify
with the stabilizer of an edge e C T in the tree T. Assume that g € G satisfies
¢> € H but g ¢ H. This implies that g-e = €’ # e, but g% - e = e. Again, we can
let 7 be a minimal geodesic in the tree T joining the distinct edges e,e’. Since g
interchanges the edges e, ¢/, it must leave invariant the geodesic 7, hence fixes the
midpoint of 7. The action of G on the tree T is without inversions, so the midpoint
of 7 must be a vertex v (i.e. n must be a path of even length). Let eq,es be the
two edges in the path n adjacent to v (if the path is degenerate, take e; = e and
es = €'). Since 7 is a geodesic, we have e; # es. But now we see that g € Stab(v)
satisfies g2 € Stab(e;), but g & Stab(e;). This contradicts the assumption that
each edge group is square-root closed in each adjacent vertex group, completing
the proof of the Assertion.
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From Cappell’s work, we have now succeeded in homotoping the homotopy
equivalence p to a map f with the property that f is transverse to the middle
T"=1 % {1/2} of the thick wall T"~! x [0, 1]. Moreover, the homotopy can be chosen
to have support away from the boundary OM’. Let N’ = f~}(T""! x {1/2}),
and note that by transversality N’ is an (n — 1)-dimensional submanifold of M’.
Denote by F : N’ — T™! the restriction of f to N’. Since transversality is an open
condition, we can assume (by a further perturbation if necessary) that f satisfies:

e f is transverse to every T"~! x {t} for t € [0, 1],

e each f~1(T"~! x {t}) is also homeomorphic to N,

e at the cost of reparametrizing, the restriction of f to the codimension zero
submanifolds N’ x [0,1] — 7™~ x [0, 1] takes the form F x Id.

The map F : N’ — T™ ! is a homotopy equivalence, and as such, the manifold N’
must be closed and connected (as these properties are detected by the homotopy
invariant functors H,_1(—;Z2) and mo(—) respectively). The map F is a local
diffeomorphism (by transversality of f) between a pair of closed smooth manifolds,
hence is in fact a covering map. Finally, the degree of F must be = 1, since F
induces an isomorphism on 7y, so we conclude that F' is a diffeomorphism between
N’ and T~ 1.

Now consider cutting M open along the submanifold 77! x {1/2}. There
are two possibilities, according to whether the complement of the wall has one
or two connected components. We focus on the first case, since the second case is
completely analogous. We now have a new manifold My := M\ (T"! x {1/2}) with
two open ends, and we denote by M the obvious compactification of M, obtained
by closing off each end by attaching a copy of T"~!. The compact manifold M is
a graph manifold, with one fewer internal wall than M, but with two additional
boundary components. Likewise, we can cut M’ open along the submanifold N’ x
{1/2}, resulting in a manifold Mj = M’ \ (N’ x {1/2}) with two open ends, and
corresponding manifold with boundary M’ obtained from M} by compactifying
both ends with a copy of N’. Now the map f induces a map, which we denote
9o, from M/ to My. From the specific form of f in the vicinity of the submanifold
N’ C M’', we see that gy obviously extends to a map g : M’ — M between
the compactifications, which induces a homeomorphism (in fact a diffeomorphism)
between the compactifying set M’\ M{ (two copies of N*~1) and the compactifying
set M \ My (two copies of T"~1). By Cappell’s property (iii), go is a homotopy
equivalence, and since we have obvious homotopy equivalences M’ ~ M} and M =~
My, we conclude that g is also a homotopy equivalence.

We now have that M is a graph manifold, with < k internal walls, and a
homotopy equivalence g : M’ — M which restricts to a homeomorphism from M’
to OM. From the inductive hypothesis, we see that the map g is homotopic, rel
0, to a homeomorphism. Since the homotopy leaves the boundaries unchanged, we
can lift the homotopy, via the obvious “re-gluing” of boundary components, to a
homotopy from f: M’ — M to anew map p: M’ — M. Moreover, it is immediate
that the map p is a homeomorphism, completing the inductive step, and concluding
the proof of our Theorem 0.2.

REMARK 3.3. The attentive reader will notice that the argument presented for
Theorem 0.2 actually holds in considerably greater generality. The key steps of the
proof are:
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e establishing that the manifolds are aspherical, which only required the
inclusion of each internal wall into each chamber to be mi-injective (in
order to apply Whitehead’s work),

e establishing the vanishing of the Whitehead group of the manifold, which
required vanishing of the Whitehead group of the chambers, vanishing of
the K, of the walls, and regular coherence of the fundamental group of
the wall,

e vanishing of Cappell’s UNil obstruction, which follows from the square-
root closed condition,

e knowledge of the Borel conjecture for each of the chambers.

All of these conditions can be locally verified, in that they are purely conditions
on the individual chambers (and walls). By varying the chambers allowed, one
can easily construct other types of manifolds for which the exact same argument
establishes topological rigidity.

For a concrete example, Nguyen Phan [Ng] introduced the class of cusp de-
composable manifolds. These manifolds are defined in a manner similar to our
graph manifolds, but have pieces which are homeomorphic to finite volume neg-
atively curved locally symmetric spaces with the cusps truncated. The walls are
homeomorphic to infra-nil manifolds. It is easy to see that each of the above four
conditions are satisfied for these pieces and walls, and hence the same argument
establishes the Borel conjecture for the class of cusp decomposable manifolds.

As another example, one can extend the class of graph manifolds, by also
allowing the presence of pieces which are of the form ¥ x T"~2 (with ¥ a non-
compact, finite volume, hyperbolic surface). It is straightforward to check that each
of the four conditions above also apply when we allow these new types of pieces, so
again, the same argument establishes the Borel conjecture for this somewhat larger
class of manifolds. Some further discussion of this broader class of manifolds can
be found in the concluding Chapter 13.

3.4. Baum-Connes Conjecture and consequences

As our final result, we discuss the Baum-Connes conjecture for fundamental
groups of graph manifolds. Recall that to any group G, one can associate it’s
reduced group C*-algebra C}(G) (see Section 8.2 for the definition). For a torsion-
free group, the Baum-Connes Conjecture predicts that the complex K-homology
of the classifying space BG coincides with the topological K-theory of C}(G).
We will actually establish a somewhat stronger result known as the Baum-Connes
conjecture with coefficients (the latter has certain useful inheritance properties).
For a thorough discussion of this subject, we refer the reader to the book [M'V] or
the survey article [LuR].

PROPOSITION 3.4 (Baum-Connes conjecture). For M a graph manifold (possi-
bly with boundary), w1 (M) satisfies the Baum-Connes conjecture (with coefficients).

PROOF. The fundamental group of a finite volume hyperbolic manifold is a-T-
menable (see [CCJJV] for an extensive discussion of this notion), and an extension
of an a-T-menable group by an amenable group remains a-T-menable (see [CCJJV,
Ex. 6.1.6]). This tells us that the fundamental groups of pieces are always a-T-
menable. But groups which are a-T-menable satisfy the Baum-Connes conjecture
with coefficients (see Higson and Kasparov [HK, Thm. 1.1]). So m;(M) is the
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fundamental group of a graph of groups, where all the vertex groups in the graph
of groups satisfy the Baum-Connes conjecture with coefficients. This implies that
w1 (M) itself satisfies the Baum-Connes conjecture with coefficients (by work of
Oyono-Oyono [0-O, Thm. 1.1]). Finally, the conjecture with coefficients implies
the original Baum-Connes conjecture, completing the proof. O

A nice feature of the Baum-Connes conjecture is that it is known to imply
several other well-known conjectures. We explicitly mention three of these conse-
quences which may be of general interest. Throughout the rest of this section, we
let G denote the fundamental group of an arbitrary graph manifold.

COROLLARY 3.5 (Idempotent conjectures). The Kadison Conjecture holds: the
reduced C*-algebra C¥(G) has no idempotents. As a consequence, the Kaplansky
Conjecture also holds: the group algebra QG has no idempotents.

COROLLARY 3.6 (Gromov-Lawson-Rosenberg conjecture). Let W be a closed,
connected, smooth, Spin manifold with 7i(W) = G. If W supports a Riemannian
metric of positive scalar curvature, then the higher A-genera of W all vanish.

COROLLARY 3.7 (Zero-in-the-Spectrum conjecture). Let M be a graph mani-
fold, equipped with an arbitrary Riemannian metric. Then there exists some p > 0
s0 that zero lies in the spectrum of the Laplace-Beltrami operator A, acting on
square-integrable complex valued p-forms on M (the universal cover of M ).






CHAPTER 4

Isomorphisms preserve pieces

This chapter is devoted to the proof of Theorem 0.3. We recall the statement
here for convenience.

THEOREM. Let My, My be a pair of graph manifolds and let T'; = m1(M;) be
their respective fundamental groups. Let Ay < T'y be a subgroup conjugate to the
fundamental group of piece V in My, and ¢ : T'y — I's be an isomorphism. Then
©(Ay) is conjugate to the fundamental group As < T's of a piece in Ms.

Roughly speaking, the strategy is as follows. First, via the study of the action
of I'; on its Bass-Serre tree, we show that ¢ has to take the fundamental group of
a boundary component of a piece of M; onto (the conjugate of) the fundamental
group of a boundary component of a piece of M,. This step requires that ¢ is an
isomorphism, rather than simply a quasi-isometry.

We then use this result to show that the fundamental group A; of a piece of
M is taken by ¢ onto a subset of I's which lies at finite Hausdorff distance from
(the conjugate of) the fundamental group A of a piece of Ms. Finally, a standard
trick (using again the fact that ¢ is an isomorphism) allows us to conclude that
this subset indeed coincides with a conjugate of As.

4.1. Edge stabilizers are preserved by isomorphisms

Let M be a n-dimensional graph manifold with fundamefnjal group I', and let
T be the Bass-Serre tree of I" associated to the realization of M as a tree of spaces.
The following lemma provides an intrinsic group-theoretic characterization of the
stabilizers of the edges of T

LEMMA 4.1. Let H be a subgroup of I isomorphic to Z"~'. Then H is contained
in the stabilizer of an edge of T'.

Proor. We first show that it is sufficient to prove that H is contained in
the stabilizer of a vertex. In fact, if this is the case, let us denote by N and T*
respectively the hyperbolic and the toric factor of the piece of M corresponding
to the vertex fixed by H. Notice that k¥ < n — 3. We have that H is contained
in a conjugate of 71 (N x T*) < m;(M). For our purposes, we can safely assume
H < 7(N x T*). The projection of H on m;(N) is an abelian group of rank at
least n — k — 1 > 2, and it is therefore contained in a cusp subgroup. This implies
the conclusion.

Therefore, we only need to prove that H is contained in the stabilizer of a vertex.
As H is a finitely generated nilpotent group, a standard result about groups acting
on a tree (see [Se, Proposition 6.5.27]), guarantees that if H does not stabilize a
vertex, then there exists a geodesic v in 7' that is invariant under the action of H.
So we only need to prove that there is no such geodesic.

23
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If there was such a geodesic, we could find a subgroup K < H of rank n—2 which
fixes « pointwise. Let v be any vertex of v and let N and T* be the hyperbolic
and toric factor of the corresponding piece. As before, let us just assume K <
71 (N x T*). Let j: m (N x T*¥) — Z* be the projection on the fiber subgroup. As
the rank of K is n — 2 and n — 2 > k, the restriction j|x cannot be injective. That
is to say, the group K Nkerj contains a non-trivial element g. The element g acts
as a deck transformation on the universal covering B x R¥ of N x T*, where B is
the neutered space covering N. Since g belongs to ker j, the action of g is trivial
on the Euclidean factor of B x RF. Moreover, since g belongs to K the action of g
on B fixes two boundary components of B. As a consequence, g must fix a point
in B x R* (see the proof of the Assertion in Section 3.3). This is a contradiction,
as non-trivial deck transformations do not have fixed points. (|

Let us come back to the notation of the statement of Theorem 0.3. As a
consequence of the previous lemma we readily get the following:

COROLLARY 4.2. The isomorphism ¢ has to take the fundamental group Hy of
a boundary component of a piece of My onto (the conjugate of) the fundamental
group of a boundary component of a piece of Ms.

PROOF. Since H; is isomorphic to Z"~!, the previous lemma implies that
©(H) is contained in the stabilizer of an edge of the Bass-Serre tree of 'y, i.e. it is
contained in gH>g !, where H> is the fundamental group of a boundary component
of a piece of Ms and g is an element of I's. In order to conclude we have to show
that ¢(H;) actually coincides with gHyg~!. However, the subgroup ¢~ 1(gH2g~!)
of I'y obviously contains Hi, and is contained in the stabilizer of an edge of the
Bass-Serre tree of I'; by Lemma 4.1 again. This forces ¢~ !(gH2g~ ') = H;, whence
the conclusion. |

4.2. Isomorphisms quasi-preserve pieces

Let us consider the universal coverings Ml, Mg of My, M>. By Milnor-Svarc’s
Lemma, ¢ induces a (k, ¢)-quasi-isometry f: Ml — Mg. By Corollary 4.2, together
with the fact that the m (M;)-orbits of the walls of ]\Z are in finite number, there
exists a constant A > 0 such that for every wall W; C Ml the set f(W1) is at
Hausdorff distance bounded by A from a wall Wy C ]Tjg (the wall W5 is unique in
view of Lemma 2.17).

The following result plays an important role in the proof both of Theorem 0.3
and of Theorem 0.12.

PROPOSITION 4.3. Let f : Ml — MQ be a (k,c)—quasi-isometry. Suppose there
exists A with the property that, for each wall Wy of Ml, there exists a wall Wy of
M, with the Hausdorff distance between F(W7) and Wy bounded by A.

Then there exists a universal constant H with the property that, for every cham-
ber C1 C Ml, there exists a unique chamber Cy C Mg with the Hausdorff distance
between f(C1) and Cy bounded by H. Moreover, if Wi is a wall adjacent to Cy then
f(W1) lies at finite Hausdor(f distance from a wall Wy adjacent to Cs.

PROOF. Let us fix a chamber C; of ]Tl/l, and let W1, W] be walls adjacent to

(. Our hypothesis implies that there exist walls Wa, W} of My such that f(W7)
and f(W]) lie within finite Hausdorff distance respectively from W5 and W3 (such
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walls are uniquely determined — see Lemma 2.17). We first prove that a chamber
(5 exists such that Wo and W3 are both adjacent to Cs.

Suppose by contradiction that there exists a wall P, C ]\A/fg such that P #
Wo, W}, and every continuous path connecting Wy, W4 intersects P,. Since f is a
quasi-isometry, there exists a wall P; C M 1 such that f(Py) is at Hausdorff distance
at most A from P, (just take P; to be the wall at bounded distance from g(Ps),
where g is a quasi-inverse to f).

We claim that for every x > 0, there exist points wy € Wy, w} € W{ which
are joined by a path v : [0,]] — ]T/fl, parametrized by arc length, such that
d(y(t), P1) > x for every t € [0,I]. First, observe that P; # Wy, W{. The re-
alization of M as a tree of spaces makes it clear that we might as well assume that
P, is adjacent to Cy. In this case, if 7: C7 — Bj is the projection of C on its base,
then m(W1) = O, n(W{) = O’ and w(P;) = O” for distinct horospheres O, 0’, 0" of
the neutered space B; C HF. Let us fix an identification of H* with the half-space
model, in such a way that O” corresponds to a horosphere centered at the point at
infinity. Since k > 3, it is now easy to show that for every sufficiently small € > 0
it is possible to join a point in O with a point in O’ by a rectifiable path supported
on the intersection of By with the Euclidean horizontal hyperplane at height €. In
fact, this intersection is (homeomorphic to) R¥~! with a countable family of open
disjoint balls removed (recall that &k — 1 > 2). Let ~1: [0,{] — C; C ]\71 be the
parameterization by arc length (with respect to the global distance on M ) of a lift
to Cy of such a path. It is clear that dg, (v1(t), P1) > x(e) for every t € [0, 1], where
x(g) tends to +oo as € tends to 0. Using Lemma 2.16 we obtain that the same
holds for d(v1(t), P1), up to changing the function z(e).

Let 2 be the continuous path obtained by concatenating the geodesic segments
joining f(v1(n)) to f(v1(n+ 1)), 0 < n < I. The starting point of the obtained
path is at a distance at most A from W5 and its final point is at a distance at most
A+ k + ¢ from WJ. Moreover, for every ¢t we have the estimate:

(), Pr) > T2

—k—2c
If x(e) is chosen big enough, we obtain d(y2(t), P2) > A+ k + ¢+ 1 for every t.
By concatenating «5 with two geodesics joining its initial point with W5 and its
endpoint with W, we obtain a continuous path connecting W, W3 which does not
intersect P5: a contradiction. We have thus proved that every wall adjacent to C
is taken by f onto a subset which lies at Hausdorff distance bounded by A from a
wall adjacent to Cs.

Let us now prove that Cs lies at a universally bounded Hausdorff distance from
f(Cy). Since walls are h-dense in M for some h > 0, for every p; € C there exists
py € Wy with d(p1,p}) < h, where W is a wall adjacent to Cy. Then

d(f(p1), C2) < d(f(p1), f(Ph)) + d(f(ph), C2) < kh +c+ A

This tells us that f(Cy) is contained in the (kh + ¢ + A)-neighbourhood of Cy. Let
g be the quasi-inverse of f. The same argument shows that g(Cs) is contained in
the (kh + ¢+ A)-neighbourhood of some chamber C}, and Lemma 2.18 implies that
C1 = C1. Now, if g3 € Co we have d(q2, f(9(g2))) < ¢, and there exists g1 € C4
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with d(g(g2),q1) < kh + ¢+ X. We now can estimate the distance

d(qz, f(q1)) < d(q2, f(9(q2))) + d(f(9(q2)), f(aq1))
<c+kd(g(qe), 1) +c
< 2c+ k(kh +c+ A).

So we can set H = k?h + (k + 2)c + k), and we are done. Finally, the uniqueness
of (5 is a consequence of Lemma 2.18. O

4.3. Isomorphisms preserve pieces
We are ready to establish Theorem 0.3.

ProoOF. By Proposition 4.3 and the Milnor-Svarc Lemma, if Ay < I’y is the
fundamental group of a piece, then the Hausdorfl distance between ¢(A;) and
gA2g~ 1 is bounded by H for some fundamental group of a piece Ay < I'; and some
g € T's. Up to conjugation, and increasing H by d(g, id), we may assume g = id.

A standard argument now allows us to prove that ¢(A1) = As. In fact, if
h € A1 we have that

p(h) - p(Ar1) = @(h - A1) = (A1)
Since ¢(A1) is at bounded Hausdorff distance from A, this implies that ¢(h) - Ay
is at bounded Hausdorfl distance from As. By Milnor-Svarc’s Lemma, if Cy is
the chamber of M that is fixed by Aa, then the chamber ¢(h)(Cs) is at finite
Hausdorft distance from Cy. By Lemma 2.18 this implies in turn that ¢(h)(Cs) =
Cs, 0 p(h) € Ay, and p(A1) C As. Finally, since ¢! is a quasi-inverse of ¢, we
have that ¢~ 1(As) stays at finite distance from A;. The above argument again
shows that ¢~1(As) € A;. We conclude that ¢(A;) = Ay, completing the proof of
Theorem 0.3. (]

Putting together Theorem 0.3 and Lemma 2.14 one can easily refine the state-
ment of Theorem 0.3 as follows:

THEOREM 4.4. Let M, M’ be a pair of graph manifolds which decompose into
pieces Vi,..., Vi, and V{, ..., V] respectively. Suppose that ¢: m (M) — m(M')
is an isomorphism. Then h = k and, up to reordering the indices, for every
i = 1,...,h the image of (Vi) under ¢ coincides with a conjugate of w1 (V).
Moreover, with this choice of indices V; is adjacent to V; if and only if V; is adja-
cent to V.

As this will be useful in some later chapters, we point out the following easy
generalization of Theorem 0.3:

THEOREM 4.5. Let My, My be a pair of graph manifolds and let T'; = 71 (M;)
be their respective fundamental groups. Let A1 < T'y be a subgroup conjugate to the
fundamental group of piece V in My, and ¢ : 'y — T's be an injective homomor-
phism whose image has finite index in T'y. Then (A1) is contained in the conjugate
of the fundamental group of a piece in Ms.

PROOF. Being injective and having image of finite index, the homomorphism
 defines a quasi-isometry between I'; and I's. Applying the Milnor-Svarc Lemma,
¢ induces a quasi-isometry f between M; and Ms.
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Lemma 4.1 implies that ¢ takes the fundamental group H; of any boundary
component of a piece of M; into the conjugate Hs of the fundamental group of
a boundary component of a piece of Ms. Also observe that the rank of the free
abelian group H; coincides with the rank of Ha, so the subgroup ¢(H;) has finite
index in Hy. This implies that f satisfies the hypotheses of Proposition 4.3, which
in turn implies that f quasi-preserves walls and chambers. Finally, the argument
in the proof of Theorem 0.3 implies that ¢ takes the stabilizer of a chamber of M;
into the stabilizer of a chamber of M,, as desired. O






CHAPTER 5
Smooth rigidity

This chapter is devoted to the proof of Theorem 0.5, which we recall here for
the convenience of the reader:

THEOREM. Let M, M’ be graph manifolds and let ¢: 71 (M) — 7 (M’) be a
group isomorphism. Then ¢ is induced by a diffeomorphism : M — M’'.

It will be clear from our construction that the diffeomorphism v of the above
theorem can be chosen in such a way that ¥|ap: OM — OM’ is an affine diffeo-
morphism.

Since we will need to be careful about some well-known, but somewhat subtle,
details of the theory of fundamental groups, we recall here some basic facts. If
f: M — N is a continuous map between path connected spaces, then f induces
a homomorphism f,: m1 (M) — 71 (N) which is well-defined up to conjugacy (in
7m1(N)). This is due to the fact that, for xzo,z1 € M, xg # x1, the identification of
m1 (M, xg) with 7 (M, x1) is canonical up to conjugacy, and the same holds when
choosing different basepoints in N. If ¢: 71 (M) — 1 (N) is a homomorphism, we
will say that ¢ is induced by f if for some (and hence every) choice of basepoints
2o € M, yo € N the homomorphism f,: w1 (M, z9) — 71 (N, yo) is equal to ¢, up to
conjugacy by an element of 71(N) (by the discussion above, this notion is indeed
well-defined). Also observe that if V' is a path connected subset of M and i: V —
M is the inclusion, then we can define i, (w1 (V)) as a subgroup of m (M), well-
defined up to conjugacy. When saying that 71 (V') is a subgroup of 71 (M), we will
be implicitly choosing a preferred representative among the conjugate subgroups
representing the conjugacy class of 71 (V'): this amounts to choosing a basepoint in
V', a basepoint in M and a path joining these basepoints.

5.1. Defining ¢ on the pieces

Let M, M’ be a pair of graph manifolds, and suppose that ¢: 71 (M) — 71 (M)
is an isomorphism. By Theorem 4.4, the isomorphism ¢ establishes a bijection
between the (conjugacy classes of the) fundamental groups of the pieces of M
and M'. Let Ni,..., N, (resp. Ni,...,N;) be the (truncated) cusped hyperbolic
manifolds such that V; = N; xT% (resp. V/ = N/ xT") are the pieces of M (resp. of
M'),i=1,...,h. From now on, for every i = 1,...,h, we fix an identification of
m1(Vi) (vesp. of m1(V})) with a distinguished subgroup of 71 (M) (resp. of 71 (M')).
As mentioned above, such an identification depends on the choice of one basepoint
for M, M’ and for each piece, and suitable paths connecting the basepoint of the
whole manifolds with the basepoints of their pieces. We also fix g; € w1 (M’) such
that o(m1 (Vi) = gimi(V/)g; " for every i =1,...,h.

29
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LEMMA 5.1. Fori=1,...,h there exists a diffeomorphism 1;: V; — V! which
induces the isomorphism g v g; "¢(g)gi between 71 (Vi) and 71(VY), and restricts
to an affine diffeomorphism of OV; onto OV .

PROOF. Set V = V;, V! = V/, N = N;, N' = N/. The center of m1(V) is
equal to the fundamental group of its toric factor (see Remark 2.9), so w1 (V) is
just the quotient of 71 (V) by its center, and the same holds true for w1 (N’). We
have in particular V.= N x T%, V' = N’ x T* for the same a € N, so 71 (V)
(resp. m1 (V")) is canonically isomorphic to 71 (N) x Z* (resp. w1 (N') x Z%), and the
isomorphism ¢; : 71 (V) — (V") defined by ¢;(g) = g; *¢(g)gi for every g € w1 (V)
induces an isomorphism 0: 7 (N) — 1 (N'). Henceforth, we identify T with the
quotient of R® by the standard action of Z%, i.e. we fix an identification of m; (7%)
with Z* C R® (since 7 (T*) is abelian, we do not need to worry about choice
of basepoints). Then the isomorphism ¢;: m(N) x Z* — 71(N) x Z* has the
form ;(g,v) = (0(g), f(g,v)), where f: m(N) x Z* — Z* is a homomorphism. If
B:Z% — Z%, a: m(N) — Z% are defined by S(v) = f(1,v) and a(g) = f(g,0), we
have that

vi(g,v) = (0(9),a(g) + B(v)) for every g € m(N), v € Z°.

Morever, since ¢; is an isomorphism, we have that a is a homomorphism and S
is an automorphism. Any automorphism of 71(7%) is induced by an affine diffeo-
morphism of T onto itself, so in order to construct the required diffeomorphism
¥: V. — V' inducing ¢; it is not restrictive to assume that S(v) = v for every
v e L.

Let us now fix identifications my (N) = T’ < Isom(H'), 71 (N') 2 I < Isom(H'),
N = B/T, N' = B'/T', where B, B’ C H' are the neutered spaces providing the
universal coverings of N, N'. For later purposes, we will denote by p1: B — N the
covering map just introduced. Mostow rigidity provides an isometry %: H! — H!
such that k(g - x) = 6(g) - kK(z) for every g € I, x € H". Up to changing the choice
of the horospherical sections defining N as the truncation of a cusped hyperbolic
manifold, we may also suppose that k(B) = B’ (see Remark 2.3). We now establish
the following:

Claim: There exists a smooth function 77: B — R® such that 77(g-z) = 7j(z) + a(g)
for every z € B, g € I

In fact, let T' act on B x R* by setting g - (z,v) = (g - z,v + a(g)), denote by
Y the quotient space and let po: B x R* — Y be the natural projection. Since
N is canonically identified with the quotient of B by the action of I', we have
a canonical projection p3: Y — N, which defines a natural structure of flat affine
fiber bundle. More precisely, Y is the total space of a flat fiber bundle with fiber R®
and structural group given by the group of integer translations of R®. In particular,
every fiber of p3 inherits a well-defined affine structure, so it is possible to define
affine combinations of points in a fiber. Exploiting this fact, we can use a suitable
partition of unity to glue local sections of p3 into a global smooth section s: N — Y.

BxR 2,y
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We now define 7 as follows. Let us take x € B. For every v € R* we have
p3(p2(z,v)) = p1(x). Moreover, by construction ps(z,v) = po(z,w) if and only if
v = w. As a consequence, there exists a unique 77(z) € R® such that ps(x,7(z)) =
s(p1(x)). Since pi1,pe,s are smooth, 7 is also smooth. Moreover, for z € B and
g € T’ we have:

p2(g - 2,1(x) + a(g)) = p2(g - (2,7(x))) = p2(z,7(x))
= s(p1(x)) = s(p1(g - 2))-

The first equality is due to the definition of the I'-action on B x R*. The second
and fourth equality are immediate from the definition of the quotient maps ps
and p; respectively. The third equality follows from the choice of 7 (see previous
paragraph). Finally, comparing the first and last term, we see that 7(x) + a(g)
satisfies the defining property for the point 7(g - ), so by uniqueness we obtain
(g - z) =1(z) + a(g), and the Claim is proved.

We now return to the proof of the Lemma. Define the map zZ: BxR* — B'xR?*

via ¢(z,v) = (R(x),v+7j(x)). Of course ¢ is a diffeomorphism. Moreover, for every
(x,v) € BxR* and (g,w) € I' x Z* = 71(V'), we have

D((g,w) - (2,0)) = Plg - 2,0+ w)
= (Klg-z),v+w+1(g-x))

(
= (0(g) - &(z),v + w +7(2) + a(g))
= (0(9), w + alg)) - ((x),v + ()
= (0(9),w + a(g)) - ¥ (w,0)

SO {[; induces a diffeomorphism 1: V' — V"’ inducing the isomorphism ¢ at the level
of fundamental groups. Now let x: N — N’ be the isometry induced by &, H be a
component of ON, and set H' = x(H) C ON’. By construction, the restriction of
2 to the component H x T of OV has the form

HxT*— H xT% (2,v) = (k(z),v +7(x))

for some smooth 77: H — T®. Recall that H is affinely diffeomorphic to a torus
T®, and that every map between affine tori is homotopic to an affine map, so 7 is
homotopic to an affine map n: H — T®. Using this homotopy, we modify 1 in a
collar of H x T* in order to get a diffeomorphism ¢: V — V' whose restriction to
H x T has the form (z,v) — (k(z),v + n(x)). After repeating this procedure for
every component of 0V we are left with the desired diffeomorphism ). O

5.2. Dehn twists

We now would like to glue the diffeomorphisms 1;: V; — V/ provided by
Lemma 5.1 into a diffeomorphism ¢: M — M’. In order to make this strategy
work, we have to take care of two issues. First, to define ¥ we have to check that
if V; and V; share a boundary component H, then 1; and ; coincide on H. Once
this has been established, we have to ensure that the obtained 1) induces the iso-
morphism ¢: w1 (M) — 7 (M') fixed at the beginning of the section. The following
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remark, which is essentially due - in a different context - to Nguyen Phan [Ng],
shows that the issues just discussed may really hide some subtleties.

REMARK 5.2. Suppose M = M’ is a graph manifold obtained by gluing two
pieces Vi, V5 along their unique boundary component H = Vi NV, C M. Fix
a basepoint g € H, and set G; = m1(Vi,20), Go = m(Va,x0), K = 71 (H, o).
The group 71 (M, ) is canonically identified with the amalgamated product G =
G1 xi Go, where we are considering K as a subgroup of G; and G via the natural
(injective) maps induced by the inclusions H — Vi, H < V5. Let us take gg €
K \ {1}. Since K is abelian, there exists a unique isomorphism ¢: G — G such

that " G
9 irgeGy
ela) = { 9099 if g € G
It is easy to see that, in this special case, the construction described in Lemma 5.1
leads to diffeomorphisms 7 : Vi — Vi, ¥9: Vo — V5 which can be chosen to equal
the identity on Vi, V5 respectively. In particular, since M and M’ are obtained by
gluing V7 and V5 exactly in the same way, no issue about the possibility of defining
1 arises. However, if we chose naively to glue 11 and 1, simply by requiring that
Y]y, = i, we would obtain ¢ = Ids. But this contradicts the fact that, when the
element gy is chosen appropriately, ¢ may define a non-trivial outer automorphism
of G (of infinite order), see Lemma 5.4 below.

The previous remark motivates the following:

DEFINITION 5.3. Suppose M is a graph manifold, and let Vi, V5 be pieces of M
glued to each other along a common toric component H of 0V; and dV5. Let h be a
fixed element of 7 (H) (since 71 (H) is abelian, this is independent of basepoints).
The Dehn twist t, along h is the diffeomorphism tp: M — M which is defined as
follows.

By construction, H admits a collar U in M which is canonically foliated by tori
(see Chapter 2). In particular, U is affinely diffeomorphic to 7"~! x [~1, 1], where
Tn=1 = R"=1/Z"~1 is the standard affine (n — 1)-torus, and 71 (H) is canonically
identified with the group Z"~! of the automorphisms of the covering 7: R*~! —
T™=*. Let now I: [-1,1] — [0,1] be a smooth function such that I|_y,_14.) = 0,
ll(1—c,1] = 1 and set

B R x [<1,1) 5 R x [<1,1], d(v,8) = (04 1(s) - hy 5).
The map tj, is Z" -equivariant, so defines a diffeomorphism 7, : 77! x -1,1] —
Tm~1 x [—~1,1] which is the identity in a neighbourhood of T~ x {—1,1}. We
now define t,: M — M as the diffeomorphism of M such that t,|v = tp, thlanu =
Next we show how Dehn twists can be used to give elements of infinite order
in the outer automorphism group of graph manifolds.

LEMMA 5.4. Let M be a graph manifold, with G = 71 (M). Assume V1, Vs
are adjacent pieces of M glued together along a common toric component H, with
G; == m((V;) and K := m(H). Let F; < G; be the subgroups corresponding to
the fibers in Vi, and set F' = Fy - F5 < K to be the subgroup generated by the two
fiber subgroups. If h € K is chosen so that (h) N F = {e}, then we have that the
associated Dehn twist ¢ := tp, has infinite order in Out(G).
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PROOF. Suppose by way of contradiction that for some k£ > 1 the automor-
phism ¢* is equal to an internal automorphism of G, i.e. that there exists § € G
such that ©*(g) = ggg—* for every g € G. We have in particular ggg—* = g for
every g € G;. By Lemma 2.14-(3), this implies that g belongs to G, whence to the
center of G, which coincides with the fiber subgroup Fj of G; (see Remark 2.9).
We conclude the conjugating element g satisfies g € F3.

Similarly, for every g € G2 we have ggg—* = hFgh™F. Rewriting, we obtain
(h=*g)g(h=*g)~! = g, forcing h=*3 to lie in the fiber subgroup I, of G, and hence

h*eg ' - F,cF  -F,=F

But this contradicts the fact that (h)NF = {e}. We conclude that (¥ is not internal
for every k > 1, as desired. O

It is clear that the group automorphism described in Remark 5.2 is induced by
a Dehn twist. As a result, Dehn twists arise naturally as basic ingredients when
trying to “patch together” diffeomorphisms v; : V; — V; between individual pieces
into a globally defined diffeomorphism v : M — M’.

5.3. Concluding the proof of smooth rigidity

Coming back to the construction of ¢p: M — M’, let us consider a piece V; of
M, a component H; of 9V;, and let V; be the piece of M adjacent to V; along H;
(we allow the case ¢ = j). Denote by H; the component of V; which is identified
to H; in M, and by H C M the image of H; and H; in M. We fix identifications
of m(H;) with a subgroup K; of m1(V;) and of m1(H;) with a subgroup K, of
m1(V;) (this amounts to choosing a basepoint in H and paths joining this basepoint
with the fixed basepoints of V; and V;). Via the fixed identifications of m1(V})
and m(V;) with subgroups of 7 (M), the groups K; and K are identified with
conjugated subgroups of 71 (M), and this implies that the subgroups p(K;), ¢(K;)
are conjugated in 71 (M’). By Lemma 2.14-(2), this implies that ¢;(H;) = H/ is
glued in M’ to v;(H;) = Hj.

Denote by a: H; — Hj and o/: H; — H the gluing maps which enter into the
definition of M and M’. We now show that the diagram

(5.1) H; —— H]

kb

H; — H!

commutes, up to homotopy. In fact, recall that there exist g;, g; € m1(M’) such that
(0:)+(9) = g; "¢(9)g: for every g € Hi, (1;).(9) = g; '¢(g)g; for every g € H;.

Moreover, we can choose identifications m (H!) = K! < gim(V/)g; ", mi(H}) =
K} < gjm(Vj’)g;l in such a way that the isomorphisms o, : K; — K, of,: K] —
K are induced by conjugations by an element of 71 (M), m1(M’) respectively.

It follows that there exists h € 1 (M) such that o, ((¢;)+(9)) = h(¢j)«(a(g))h ™"
for every g € K;. By Lemma 2.14-(1), this implies that h € K7, and this implies
in turn that the diagram above commutes, up to homotopy. In order to properly
define v, we now need to modify v; and ¢; in a neighbourhood of H; and Hj,
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also taking care of the fact that ¢ has eventually to induce the fixed isomorphism
p: (M) = w1 (M).

Being homotopic affine diffeomorphisms of 777!, the diffeomorphisms o’ o 1;
and 1); o o are in fact isotopic, and this implies that 1; can be modified in a collar
of H; in order to make diagram (5.1) commute. This ensures that the maps 1);,
1; can be glued into a diffeomorphism 15: ViUa V; = V/ Uy Vj’. As pointed out
above, we are now granted that an element h € K’} exists such that o ((1:)+(g)) =
h(vj)«(cx(g))h™" for every g € K;. Observe that h uniquely identifies an element
of m(H'). It is now easily seen that if ¢o: V; Uq V; — V/ Uy Vj/ is obtained by
composing 1 with a Dehn twist along H' relative to h (or to —h), then 1y induces
on 71 (V; U V) the restriction of .

We can apply the procedure just described along any boundary component
of any piece of M, eventually obtaining the desired diffeomorphism v: M — M’
inducing . (]

5.4. Mapping class group

Let M be a graph manifold. We recall that MCG(M) is the mapping class
group of M, i.e. the group of homotopy classes of diffeomorphisms of M onto itself.
We also denote by Out(m1(M)) the group of outer automorphisms of 71 (M). Every
diffeomorphism of M induces an isomorphism of 71 (M), which is well-defined up to
conjugacy. Since homotopic diffeomorphisms induce conjugate isomorphisms, there
exists a well-defined map

n: MCG(M) — Out(m(M)),
which is clearly a group homomorphism.
THEOREM 5.5. The map n: MCG(M) — Out(m(M)) is a group isomorphism.

PROOF. The fact that M is aspherical (see Lemma 3.1) easily implies that 7
is injective, while surjectivity of n is just a restatement of Theorem 0.5. O

REMARK 5.6. Remark 5.2 provides some evidence that the mapping class group
of M should always be infinite: in fact, Dehn twists generate an abelian subgroup
of MCG(M), and with some effort one could probably show that such a subgroup
is never finite.

REMARK 5.7. A celebrated result due to Waldhausen [Wal] shows that The-
orem 5.5 also holds in the case of classical closed 3-dimensional graph manifolds
which either decompose into the union of at least two Seifert pieces, or do not
consist of a single “small” Seifert manifold (for example, if M = S3 then of course
Out(m(M)) = {1}, while MCG(M) has two elements). Observe however that
Seifert pieces that are homeomorphic to the product ¥ x S!, where ¥ is a hyper-
bolic punctured surface, are never small.

In the case of classical graph manifolds with boundary, Theorem 5.5 still holds,
provided that we replace the group Out(w;(M)) with the group of the conjugacy
classes of isomorphisms which preserve the peripheral structure of (M) (one
says that an isomorphism of 71 (M) preserves its peripheral structure if it sends
the subgroup corresponding to a boundary component of M into the subgroup
corresponding to a maybe different boundary component of M, up to conjugacy).
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It is not difficult to show that Lemma 5.4 may be adapted to construct big
abelian subgroups of Out(w;(M)) also in the case of classical graph manifolds,
so one expects that MCG(M) should be infinite for generic 3-dimensional graph
manifolds.






CHAPTER 6

Algebraic properties: general graph manifolds

The aim of this chapter is the study fundamental groups of graph manifolds
(and of their subgroups) with respect to some classical properties of abstract groups.
We show that graph manifolds contain no non-trivial Kazhdan groups, establish the
Tits alternative, show that these groups are co-Hopfian, and have universal expo-
nential growth. The proofs of these results exploit the action of the fundamental
group on the associated Bass-Serre tree. We refer the reader to [Se, Chapter I] for
background on Bass-Serre theory.

Some further algebraic properties will be established later in Chapter 8, under
the additional hypothesis that the graph manifold be irreducible (see Chapter 7).

6.1. Kazhdan subgroups

For M a graph manifold, the relatively simple graph of group structure of
71 (M) can be used to extract information about the fundamental group. As a basic
example, let us show how we can completely classify the subgroups of 71 (M) which
are Kazhdan (we refer the reader to [BAIHV] for a comprehensive introduction to
Kazhdan groups). At the other extreme, one has amenable subgroups, which will
be analyzed in the next section.

PROPOSITION 6.1. Let M be an arbitrary graph manifold, and H < m (M) an
arbitrary subgroup. If H has Kazhdan’s property (T), then H has to be the trivial

group.

PRrROOF. From Bass-Serre theory, we have that w1 (M) acts on its Bass-Serre
tree T', and hence we have an induced action of H on T'. Kazhdan groups are known
to have Serre’s property (FA), i.e. any action on a tree has a globally fixed point
(see [BAIHV, Section 2.3]). We conclude that H must fix a vertex in 7', and hence
can be viewed as a subgroup of a vertex stabilizer, which we can identify with the
fundamental group of a piece V. Now the piece V splits topologically as a product,
giving a splitting 71 (V) = 7;(N) x Z*, where N is a non-compact, finite volume
hyperbolic manifold. Looking at the image of H inside the first factor, we get an
induced action of H on hyperbolic space. But any action of a Kazhdan group on
hyperbolic space must have a global fixed point (see [BAIHV, Section 2.6]). Since
m1(N) acts freely on hyperbolic space, we conclude that H must lie in the kernel
of the natural projection 71 (V) — m1(N), i.e. must be entirely contained in the
7ZF factor. Finally, the only subgroup of Z* that has Kazhdan’s property (T) is the
trivial group, concluding the proof. [
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By [BDS], there are finitely many conjugacy classes of homomorphisms from
a Kazhdan group into a mapping class group. With respect to this issue, the be-
haviour of 71 (M) is similar. In fact, as the homomorphic image of a Kazhdan group
is Kazhdan, an immediate consequence of the previous Lemma is the following:

COROLLARY 6.2. Let M be an arbitrary graph manifold. Then, there are no
non-trivial homomorphisms from a Kazhdan group to m (M).

6.2. The Tits Alternative

We now show that the fundamental group of an arbitrary graph manifold sat-
isfies the Tits Alternative.

PROPOSITION 6.3. Let M be an arbitrary graph manifold, and H < w1 (M) an
arbitrary finitely generated subgroup. Then either:

e H is solvable, or
e H contains a non-abelian free group.

PrOOF. We start by considering the induced H-action on the Bass-Serre tree
T associated to the splitting of 71(M). A ping-pong type argument shows that
“most” groups that act on trees must contain a non-abelian free subgroup. More
precisely (see e.g. Pays and Vallette [PaVa, Section 2]), if the group contains an
element acting hyperbolically (i.e. leaving invariant a geodesic, on which it acts by
a non-zero translation) and does not contain a non-abelian free subgroup, then it
must either (i) preserve an axis, or (ii) fix an end of the tree. If we assume that our
group H does not contain a non-abelian free group, we thus have three possibilities:

(1) H consists solely of elliptic elements,
(2) H is a subgroup of Stab(v), where v C T is a geodesic, or
(3) H is a subgroup of Stab(€), where £ is an end of T'.

In each of these three cases, we need to show that H is solvable.

Let us consider the case (1). By induction on the number of generators, we
first show that a finitely generated group consisting solely of elliptic elements must
fix a vertex in the tree. If the group is generated by a single element, this follows
immediately from the hypothesis. If the group is generated by k elements, consider
the subgroup K generated by the first k—1 elements. By induction, K fixes a vertex
v, and by hypothesis, the remaining generator g fixes some vertex w. If g(v) = v,
then (K, g) fixes v and we are done. Similarly, if every element k € K satisfies
k(w) = w, then (K, g) fixes w and we are done. So we may assume that g(v) # v,
and that there exists an element k¥ € K with k(w) # w. But this implies that
the product gk is a hyperbolic element in the group, contradicting our assumption
that all elements are elliptic. Finally, applying this result to the subgroup H, we
see that H fixes a vertex in 7T, so can be viewed as a subgroup of the fundamental
group of a piece. But the fundamental group of each piece is a linear group, so
by work of Tits (the original Tits alternative), the fact that H does not contain a
non-abelian free group forces H to be solvable.

Now consider case (2). The stabilizer of any geodesic naturally fits into a short
exact sequence:

0 — Fix(y) — Stab(y) — Isom(y) — 0

where Fix(7) is the subgroup which pointwise fixes ~, while Isom(y) is the induced
action on 7 (which we can identify with R). The group Fix(y) fixes any given
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edge on v, hence can be identified with a subgroup of an edge stabilizer. But edge
stabilizers are free abelian, so Fix(7y) is also free abelian. On the other hand, the
group Isom(7) is a subgroup of the group of simplicial automorphisms of R (with
the standard simplicial structure), hence is either 1,Zs,Z, or the infinite dihedral
group D.. In all cases, we see that Isom(y) is (virtually) abelian. From the short
exact sequence, we deduce that Stab(y) is solvable. Since H is a subgroup of the
solvable group Stab(v), it is itself solvable.

Lastly, we consider case (3). To analyze this case, we consider the relative
translation length map. Given an end & of a tree T, and any pair of vertices
v,w € T, there are unique unit speed geodesic rays v,,vw» C T originating at v, w,
and exiting into the end £. One then defines the distance of the points relative to £
to be the integer dg (v, w) := limy o d(74(t), Y (t)). The relative translation length
of an element g € Stab(€) is defined to be the integer 7(g) := inf, dg (v, g(v)). A
basic property of the relative translation length is that it defines a homomorphism
7 : Stab(€£) — Z (see e.g. [PaVa, Lemme 4]). So our finitely generated group H
fits into a short exact sequence

0—-Hy—H—~7Z—0

where Hy = H Nker(7). Since the quotient group H/Hj is abelian, we also have
the inclusion H) = [H, H] < Hy, and hence H® = [HM HM] < [Hy, Ho).

So to conclude the argument for case (3), it is enough to show that the group
Hpy must be abelian, as the inclusion H®) < [Hy, Ho] = 0 will then yield that H is
solvable. To analyze the (possibly not finitely generated) group Hj, observe that
every element in Hy has to be elliptic. Given any two elements g, h in Hp, they
generate a finitely generated subgroup (g, h) of Hy, which does not contain a free
subgroup, and counsists solely of elliptic elements. From case (1), we conclude that
(g, h) must be abelian, and hence that g, h commute. Since this holds for arbitrary
pairs of elements in Hy, the latter is an abelian group, completing case (3) and the
proof of the Proposition. O

Since a group which contains a non-abelian free subgroup is automatically non-
amenable, we have the immediate:

COROLLARY 6.4. Let M be a graph manifold. If H < w1(M) is a finitely
generated amenable subgroup, then H is solvable.

6.3. Co-Hopf property

For our next result, we will need the notion of transverse fibers. Let M be a
graph manifold, and V7, V5 a pair of adjacent pieces. We say that the two pieces
have transverse fibers along a common torus 7T provided that, under the gluing
diffeomorphism 1) : TT — T~ of the boundary tori, the image of the fiber subgroup
of m(T) under v, intersects the fiber subgroup of 71 (7'~) only in {0}.

THEOREM 6.5. Let M be a graph manifold, with OM = 0, and assume that
M contains a pair of adjacent pieces with transverse fibers. Then the fundamental
group w1 (M) is co-Hopfian, i.e. every injective homomorphism ¢ : m (M) — 71 (M)
is automatically an isomorphism.

PrROOF. Let ' := 71 (M). Using ¢, we can identify ¢(I') with a subgroup of
I, and our goal is to show the index [I" : ¢(I')] must be equal to one. A standard
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argument shows that [I": ¢(I")] must be finite, for if it wasn’t, then we would have

two manifold models for a K (T, 1): the compact manifold M, and its non-compact

cover M corresponding to the infinite index subgroup ¢(I') < I'. Using these models

to compute the top dimensional group cohomology of T" with Z/2-coefficients gives:
7)2 = H"(M™;7,/2) = H"(T) = H"(M;Z/2) = 0,

a contradiction.

Now assume the index is some finite number [I' : ¢(I")] = k, which we would
like to show is equal to 1. From Theorem 4.5, we know that the image through ¢
of the subgroup of a piece is contained in (a conjugate of) a subgroup of a piece.
This allows us to define a directed graph structure on the set of pieces of M, where
we impose a directed edge from a piece V; to a piece V; if, under the map ¢, the
subgroup of the piece V; maps into (a conjugate of) the subgroup of the piece
V; (recall from Lemma 2.14 that distinct pieces have non-conjugate fundamental
groups). Note that in the resulting directed graph, each vertex has both indegree
and outdegree equal to one, so the graph is just a union of finitely many directed
cycles. Letting s denote the least common multiple of the lengths of all cycles, we
can now consider a new map ¥ := ¢° to be the s-fold composition of ¢. We clearly
have [I" : ¥(T")] = k*, and by the choice of s, for each piece V in M, we have the
property that @Zj(m(V)) C m1 (V) (up to conjugation).

Let us consider the degree k° cover M— M corresponding to the subgroup
¥(T'). The manifold M naturally inherits the structure of a graph manifold, by
simply looking at all lifts of the pieces of M. Since 1) gives us an isomorphism of
fundamental groups m (M) =T = ¢(T) = 771(]\/4\), this implies that M has the
same number of pieces as M (see Theorem 4.4). This can only happen if, under
our covering map, each piece of M lifts to a single piece in M. We conclude that
for each piece V, we must have [m1(V) : ¢ (m1(V))] = k. Let us now fix an
arbitrary piece V in M, and let V' be homeomorphic to N x T, where as usual N
is a non-compact finite volume hyperbolic manifold of dimension > 3 and 7% is a
d-dimensional torus. The group A := (V) is isomorphic to m1(N) x Z¢, and 9
restricts to give us an injective map from this group to itself.

We now analyze the possible injective maps from A = m1(N) x Z% into itself
(this is similar to the analysis in Lemma 5.1). Let p : A — 71(N) be the natural
projection onto the 71 (N) factor. As a first step, we consider the effect of ¢ on the
Z? factor in A, and show that its image must be contained in the Z? factor. Look
at the image of ¢(Z?) < A under the p map. The group p(z/J(Zd)) is a free abelian
subgroup of 71 (N), and our goal is to show it is trivial. Since the Z? factor is the
center of the group A (see Remark 2.9), we see that all of p(1/(A)) is contained
in the centralizer of p(w(Zd)). But inside the group m1(V), the centralizer of any
non-trivial free abelian subgroup is itself free abelian (see Lemma 2.8). This implies
that p(w(Zd)) is indeed trivial, because otherwise the preimage of its centralizer
under p should also be free abelian, but should contain an embedded copy ©¥(A)
of the non-abelian group A. Since p(w(Zd)) is indeed trivial, we conclude that
P(Z) < ker(p) = Z?. In other words, we have just established that the map 1
embeds the Z? factor into itself.

Next, let us see how the map v behaves on the 1 (V) factor, by again consider-

ing the composition with p. From the discussion in the previous paragraph, we have
that p(¢(A)) = p(¢(71(N))). Since ¥(A) has finite index in A, the same holds for
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any homomorphic image, giving us that p(¢ (71 (NV))) has finite index in 71 (N). But
the group 71 () is known to be cofinitely Hopfian (see [ BGHM, Prop. 4.2]), i.e.
any homomorphism 71 (N) — 71 (N) whose image has finite index is automatically
an isomorphism. We conclude that the composite p o) maps m (IN) isomorphically
onto 71 (V). Summarizing our discussion so far, in terms of the two factors in the
group A, we can decompose the morphism 9 as ¥(g,v) = (¢(g),v(g) + Lv), where
¢ € Aut(m(N)), v € Hom(m1(N),Z?), and L € GL4(Z).

To calculate the index of ¥(A) in A, consider the automorphism Ve Aut(A)
defined via J(g,v) = (9,—v(¢7"(g9)) + v). An easy computation shows that (120
¥)(g,v) = (¢(g), Lv), allowing us to see that the index is

k= [A:o(0)] = [A: ()] = [2¢: L(2ZY)] = | det(L)].

This formalizes the statement that the degree k° cover M — M comes from un-
folding the torus factors in each piece of M (along with sliding the base over the
fiber, which has no affect on the degree).

Finally, let us return to our manifold M, and exploit the hypothesis on trans-
verse fibers. Let Vi, V5 be the pair of adjacent pieces with transverse fibers along
the common torus 7. The torus T corresponds to a Z"~! subgroup of I', and the
two pieces give splittings of this group into direct sums F} & B?*PS =zr1 =
Fio Bgil*t, where F; are the fiber subgroups and B; are the base subgroups. The
homomorphism 1) takes Z"~! into itself, and by the analysis above, we can compute
the index in two possible ways:

det(Ly)| = [Fy s w(F)] = 2070 (20 1)] = [Fy : ()] = |det(Ls)
where L; is a matrix representing the v action on F;. Therefore, we get k° =
|det(Ly)| = | det(Ly)| = | det(L)|, where L is a matrix representing the 1 action on
Z"~1. We will now show that this forces k* = 1, whence the conclusion.

Since we have transverse fibers, we have Fy N Fy = {0}. Let us denote by K the
subgroup Fy @ Fy C Z"~ !, and let us set J = {v € Z"~! |mv € K for some m € Z}.
Of course, K is a finite index subgroup of J, and the -invariance of K implies
that also J is ¢-invariant. Our choices also ensure that the quotient group Z"~1/J
is free abelian. Since v is injective, the following equalities hold:

[J: K] [K:(K)] = [J:p(K)] = [T ()] [0() : p(K)] = [T ()] [J: K].
This tells us that
[7: ()] = [K: 9(K)] = [ det(Ly) - det(Lg)| = k**.

Moreover, ¢ induces a homomorphism ¢: Z"~1/J — Z"~1/J and we have of
course det(L) = det(Ly) - det(L), where L; and L are matrices representing 1|

and v respectively. Since det(L) > 1, we finally get
k¥ = [J:4(J)] = |det(Ly)| < |det(L)| = [Z" 1 p(z" Y] = k°.

We conclude from this inequality that k& = 1, giving us that [[': ¢(T')] = k =1, as
desired. 0

REMARK 6.6. In Theorem 6.5, the assumption that M contains a pair of ad-
jacent pieces with transverse fibers is obviously necessary. In fact, if N is any
hyperbolic manifold with toric cusps and d > 1, then the fundamental groups of
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the graph manifolds N x 7% and DN x T%, where DN is the double of N, are not
co-Hopfian.

REMARK 6.7. Most arguments proving that the fundamental group of a closed
manifold is co-Hopfian usually involve invariants which are multiplicative under
coverings. Two such invariants which are commonly used are the Euler charac-
teristic x, and the simplicial volume. But in the case where every piece in our
graph manifold has non-trivial fiber (i.e. of dimension greater than 0), both these
invariants vanish. In fact, if V = N x T4, d > 0, is a piece with non-trivial fiber,
then x(V) = x(N) x x(T?) = 0. Moreover, the pair (V,0V) admits a self-map of
degree greater than one, and this easily implies that the (relative) simplicial volume
of V vanishes. Suppose now that a compact manifold M is obtained by gluing a
(maybe disconnected) M’ along a pair of 7j-injective toric boundary components.
Since the Euler characteristic of the torus is zero we have x(M) = x(M’), while the
amenability of Z? and the additivity results proved in [Ku] imply that the (rela-
tive) simplicial volumes of M and M’ coincide. Together with an obvious inductive
argument, this implies that x(M) = ||[M]| = 0 for a graph manifold, provided all
its pieces have non-trivial fibers.

Conversely, the (relative) simplicial volume is additive with respect to gluings
along mi-injective tori, and it never vanishes on a cusped hyperbolic manifold. So
if there is a single piece in M which is purely hyperbolic (i.e. has trivial fiber),
then [|[M|| > 0. Similarly, the Euler characteristic of an even dimensional cusped
hyperbolic manifold is never zero, so a similar conclusion holds. We summarize this
discussion in the following:

PROPOSITION 6.8. Let M be a graph manifold. Then

(1) ||M]| =0 if and only if every piece in M has non-trivial fibers, and
(2) if M is even dimensional, then x(M) =0 if and only if every piece of M
has non-trivial fibers.

6.4. Uniformly exponential growth

We now consider the notion of growth of a group G. Fixing a finite, symmetric
generating set X, one considers the Cayley graph Cx(G) of G with respect to the
generating set ¥.. The graph Cx(G) is viewed as a metric space by setting every
edge to have length = 1. For any positive real number r, we can look at the ball of
radius r in Cx(G) centered at the identity element, and let Nx(r) count the number
of vertices lying within that ball. The group has exponential growth provided there
exists a real number Ay > 1 with the property Nx(r) > AL. The property of
having exponential growth is a quasi-isometry invariant, hence does not depend
on the choice of generating set 3, though the specific constant Ay does depend on
the choice of generating set. It is easy to see that any group which contains a free
subgroup (such as the fundamental groups of our graph manifolds) automatically
has exponential growth. The more sophisticated notion of uniform exponential
growth has been the subject of recent work. A group G has uniform exponential
growth if there exists a A > 1 with the property that, for every finite symmetric
generating set ¥, we have Nx(r) > A". The point here is that the constant \ is
independent of the generating set 3. Non-elementary Gromov hyperbolic groups
are known to have uniform exponential growth (see Koubi [Ko]), while CAT(0)
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groups might not even have exponential growth (as the example of Z™ shows). In
our situation, an easy argument shows:

PROPOSITION 6.9. If M is an arbitrary graph manifold, then w1 (M) has uni-
form exponential growth.

ProoOF. Bucher and de la Harpe [Bu-d1H| have analyzed uniform exponential
growth for groups which split as an amalgam (or as an HNN extension). It follows
immediately from their work that if the graph of group description of 7 (M) does
not reduce to a single vertex, then 71(M) has uniform exponential growth. So
we merely need to consider the remaining case, where M has a single piece. In
this case, 7 (M) splits as a product 71 (V) x ZF, where V is a non-compact, finite
volume hyperbolic manifold. But projecting onto the first factor, we see that 71 (M)
surjects onto a group of uniform exponential growth (by work of Eskin, Mozes, and
Oh [EMOJ). It follows that 71 (M) also has uniform exponential growth, concluding
the proof of the Lemma. O

Recall that given a Riemannian metric g on a compact manifold M, the volume
growth entropy of the metric is defined to be the limit

.1
hyot(M, g) == Tlgglo - log (Volg(B(r)))

where B(r) is the ball of radius r centered at a fixed point in the universal cover
(M, §) with the pull-back metric from (M, g). Work of Manning [Ma] shows that
the topological entropy hiop(M, g) of the geodesic flow on the unit tangent bundle
of M satisfies the inequality hiop(M,g) > hyot(M,g). An immediate consequence
of uniform exponential growth is the:

COROLLARY 6.10. For M a graph manifold, there exists a real number dp; > 0
with the property that for any Riemannian metric g on M, normalized to have
diameter = 1, we have the inequality hiop(M, g) > hyor(M, g) > drr > 0.
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CHAPTER 7

Irreducible graph manifolds

In order to study in detail the quasi-isometric properties of the fundamental
groups of graph manifolds, we would like to find conditions which ensure that walls
and chambers are quasi-isometrically embedded in the universal covering. In order
to do this, we introduce below the notion of irreducible graph manifolds. As usual,
we denote by M a n-dimensional graph manifold with universal covering M.

Recall that if C C M is a chamber, then there exists an isometry ¢: C —
B x R¥, where B C H"* is a neutered space (such an isometry is unique up to
postcomposition with the product of isometries of B and RF). Also recall that B
is the base of C, and F = RF the fiber of C. If 1g: C — B, mp: C — RF are the
natural projections, for every x,y € C, we denote by dp(x,y) the distance (with
respect to the path metric of B) between mp(x) and 7p(y), and by dp(z,y) the
distance between mp(z) and mp(y) (so by construction d = d% + d%).

Let M be a graph manifold which decomposes into the pieces V1, ..., Vi, and let
T be a boundary torus of some V; of M. Recall that, if p;: V; — N is the natural
projection, then the fiber subgroup of T is the kernel of the map 7 (T') — m1(N;).
Let us denote by Tﬁ', T, ,1=1,...,r the paired boundary tori of the pieces V;’s, in
such a way that M is obtained by gluing the V;’s along the affine diffeomorphisms
Uy TlJr — T, ,1=1,...,r. Recall that the gluing diffeomorphism 1/;: TlJr — T
is transverse if the image of the fiber subgroup of 71 (7;") via (¢;). intersects the
fiber subgroup of 71 (7}") in the identity.

DEFINITION 7.1. The graph manifold M is irreducible if every gluing diffeo-
morphism ; : Tﬁ — 1} is transverse.

Since all the groups involved in the definition of transversality are abelian,
we can forget about basepoints, so transverse gluings and irreducibility are indeed
well-defined. Simple examples of irreducible graph manifolds include the doubles
of truncated finite volume hyperbolic manifolds with toric cusps, as well as twisted
doubles of such manifolds (in the sense of [ArFa]).

The boundary of each internal wall W of M decomposes into the union of
two connected components W,., W_, while if W is a boundary wall, we simply set
Wi =W_ =W. We call W, W_ the thin walls associated to W, and we denote
by dw, the path metric on W4 induced by the restriction of the Riemannian
structure of M. If W is an internal wall, then the canonical product structure on
the image of W in M induces a canonical product structure W = R"~1 x [-3, 3]
with Wy = R" ! x {£3}. If p = (2,3) € W4, ¢ = (y,—3) € W_, we say that p,q
are tied to each other if and only if x = y. If W is a boundary wall, we say that
pe W, =W istied to g € W_ =W if and only if p = ¢. Finally, for every wall W
we denote by sy : Wi — W_ the map that associates to each p € W, the point

47
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sw(p) € W_ tied to p. Note that, by the restriction on our gluing maps, the map
sw is an affine diffeomorphism.

LEMMA 7.2. For W an arbitrary wall, we have:

(1) if C is the chamber containing Wi, then the inclusion (Wi, dw,) —
(C,dc) is isometric;
(2) the inclusion (Wy,dw,) — (W,dw) is a biLipschitz embedding and a
quasi-isometry;
(3) the map sw: (Wy,dw,) — (W_,dw_) is a biLipschitz homeomorphism.
(Of course, points (2) and (3) are trivial if W is a boundary wall).

PrROOF. By construction, if W is a thin wall and C' is the chamber containing
Wy, then W is a totally geodesic (in the metric sense) hypersurface of C. In
particular, the path metric induced on W, by the Riemannian structure on M is
isometric to the restriction of d¢, whence (1).

Concerning (2), first observe that, by definition of induced path metric, the
inclusion i: Wy — W is 1-Lipschitz. The map ¢ is the lift of an embedding which
induces an isomorphism on fundamental groups, so by the Milnor-Svarc Lemma, ¢
is a quasi-isometry. This guarantees that ¢ is biLipschitz at large scales, i.e. that
there exist constants C’ > 1, R > 0 such that

dw, (z,y) < C'dw(x,y) whenever dw, (z,y) > R.

We need to control distances within the range 0 < dy, (z,y) < R. Observe that
this inequality describes a region K C Wi x W4 which is invariant under the
obvious diagonal Z"~!-action. Moreover, the quotient space K/Z"! is easily seen
to be compact. If K/ = K \ {(z,z), x € W4}, then the ratio dw, /dw defines a
positive continuous function on K’. It is not difficult to see that such a function
extends to a continuous f: K — R such that f(z,2) = 1 for every x € Wy.
Moreover, f is obviously Z"~!-equivariant, so compactness of K/Z"~! implies that
f is bounded above by some constant C”'. This implies that i is max{C’,C"}-
biLipschitz, giving (2).

Similarly, sy is obtained by lifting to the universal coverings a diffeomorphism
between compact manifolds, and is therefore biLipschitz. [

The following lemma shows how irreducibility is related to the behaviour of the
metric of M near the internal walls. Informally, it shows that points which almost
lie on the same fiber of a thin wall are tied to points that are forced to lie on distant
fibers of the adjacent chamber.

LEMMA 7.3. Suppose ¥ : Tﬁ — 1" is transverse. Let W C M be a (necessarily
internal) wall projecting to a reqular neighbourhood of Tl+ =17 in M, and let

Cy,C_ C M be the chambers adjacent to W with bases By, B_. Then there exists
k > 1 such that the following holds: let x4, yr € WNCL = Wy (resp. x_,y_ €
W NC_ =W_) be such that x4 is tied to x_ and y4 is tied to y_; then

dC+ ($+ay+> 2 kdB+(x+7y+) = dc_ (.’I,‘,,y,) < kdp_ (x,,y,).

PROOF. Suppose by contradiction that there exist sequences {z7}, {y}} of
points in W, such that

(71) dC+ (ﬂfﬁ,yi) > ndB+ (xiayi), dc_ (xﬁ,yﬁ) > ndB— (xr—bvyT—L)
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Recall that W, and W_ are endowed with a canonical affine structure, and the
map sy : Wi — W_ defined before Lemma 7.2 is an affine diffeomorphism. Let
Z+, Z_ be the vector spaces underlying the affine spaces W, W_, and denote by
Sw: Zy — Z_ the linear map associated to sy .

The product decompositions of C = By x Fy and C_ = B_ x F_ induce
direct sum decompositions

Z.,=B,®F, Z.=B_aF._,

and transversality of ¢; implies that Sw(F+) NFE_ = {0}

For every n € N, we denote by v} € F+, wl € B+ (resp. v™ € F wh e B_ )
the vectors uniquely determined by the conditions y —z7} = v} +w, y” —a” =
vt 4w,

By Lemma 7.2-(1), the restrictions of the distances dc, and do_ to W, and
W_ are induced by Euclidean norms || - ||+, || |- on Z4, Z_. The inequalities (7.1)
may now be rewritten in the following way:

[o} + w4+
n

lo +w™ || -
(7.2) > whll-, > W]
Up to rescaling, we may suppose that v} + w’ |4 = 1 for every n. Since sy is
biLipschitz, there exists o > 1 such that a=! < [[v™ + w™ ||~ < « for every n. In
particular, up to passing to subsequences we may suppose that the sequences {v +},
{wh}, {v}, {w™} converge to vy € F.,wy € B,v_ € F_, w_ € B_. Moreover,
we have Sy (vy + w4) = v— +w_. As n tends to infinity, inequalities (7 2) imply

wy =0, w_ =0, so sy (vy) = v_. Since ||vy||+ = |Jv+ + wi||+ = 1, we have that
Sw(v4) = v_ is a non-trivial element in Sy (F4) N F_ = {0}, and this provides the
desired contradiction. (]

We now come to the proof of the main result of this section, which states that if
M is irreducible then the inclusion of walls and chambers in M are quasi-isometric.
The following Proposition is inspired by [Os, Lemma 3.2]:

PROPOSITION 7.4. Let B be a neutered space. Then there exists a constant
Q only depending on B such that the following result holds. Let v C B be a loop
obtained by concatenating a finite number of paths aq,¥1,. .., 0n, Y, where

e cach «; is a geodesic on a horosphere O; C 0B, and
e cach y; is any path in B connecting the endpoint of o; with the starting
point of cjyq.
Let D C{1,...,n} be a distinguished subset of indices such that Oy, # O; for every
heD,ie{l,...,n}, i # h. Then

ZLah <QZL'YZ

heD

PROOF. Let B be a neutered space, and recall that by the very definitions,
the group of isometries of B contains a discrete torsion-free cocompact subgroup I'.
The quotient N = B/T is obtained by removing horospherical neighbourhoods of
the cusps from a finite-volume hyperbolic manifold. As a consequence, there exists
R > 0 such that the distance between every pair of distinct connected components
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&

FIGURE 1. Proposition 7.4 provides a bound on the lengths of the
«;’s in terms of the lengths of the ~;’s.

of OB is at least R, so that

Z]‘ L(v5)
(7.3) n < 7
Let {Hy,..., H;} be the collection of subgroups of I' obtained by choosing a
representative in each conjugacy class of cusp subgroups of N. Recall that T" is
relatively hyperbolic with respect to the H;’s (see Section 9.6 for a definition of
relative hyperbolicity, and e.g. [Fa2] for a proof that I is relatively hyperbolic with
respect to the H;’s). Choose X to be a symmetric set of generators for I' satisfying
the assumptions of [Os, Lemma 3.2], and let us denote by Cr the corresponding
Cayley graph of I with distance dr.
We denote by Cr the Cayley graph of I' with respect to the (infinite) set of
generators (X U (H; U...U H;))\{1}, and by dr the path distance on Cr (see [Os]).

More precisely, if Xisa copy of X, Hyisa copy of Hy and H = [_|l/\:1 (f[,\ \ {1})

then Cr is the graph having I' as set of vertices and I' x ()A(: UH) as set of edges,
where if ¥ € T" is the element corresponding to y € XU H, then the edge (g,v)
has ¢g and ¢ - ¥ as endpoints. We label the edge (g,y) by the symbol y. Note that
different labels may represent the same right multiplication in I': for instance, this
is the case if there exist letters € X and Yy € H representing the same element
F=giT, ie if XN (Ug:1 HA> £0.

Notice that by the very definitions we have a natural inclusion Cr < Cr. Let ¢
be a (non-based) loop in Cr labelled by the (cyclic) word w with letters in X U .
Recall from [Os] that a subpath of a loop ¢ in Cr is a Hy-subpath if it is labelled by
a subword of w with letters in I:B\. A Hy-component of ¢ is a maximal H-subpath
of q. A Hy-component ¢’ of ¢ is not isolated if there exists a Hy-component ¢” # ¢
of g such that a vertex in ¢’ and a vertex of ¢” are joined by an edge labelled by a
letter in Hy (in algebraic terms this means that such vertices belong to the same
left coset of Hy in I').

Starting from -y, we wish to construct a loop 7 in Cr. Milnor-Svarc’s Lemma
provides a (u, €)-quasi-isometry ¢: B — Cr. Up to increasing €, we can require that
» maps every point of B onto a vertex of Cr, i.e. onto an element of I'; and that
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every horosphere O C 9B is taken by ¢ onto a lateral class of some H). It is easy
to see that if ¢ maps the horospheres 0,0’ C 9B onto the same lateral class of
the same H), then O = O’. Fix i € {1,...,n}, suppose that ~; is parametrized by
arc length, denote by m; the least integer number such that L(y;) < m;, and set
p! = o(3i(jL(v;)/m;)) € Tfor j = 0,...,m;. Due to our choices we have p? € ©(O;)
and p;"t € <p(OZ+1) Now let 4; be the path in Cr obtained by concatenating the
geodesics joining p! and pJH, j =0,...,m; — 1, and let ¥, be the path in Cr
obtained by taking the image of 4; under the inclusion Cr — Cr. Observe that by
construction every edge of 7, is labelled by a symbol in X , SO0 no 7, contains any
H -subpath.
As m; < L(v;) + 1 by our choice of m;, we have the estimate:

m;—1

L, = Z dr pll, Pl ) < uL(v;) + mie < (w4 €)L(v;) +e.

le

Next, observe that p; ;" and p? both lie on »(O;), and hence belong to the
same left coset of some Hy, ,), Y(i) e {1,...,1}. Thus we can connect p; ;' and p?
in Cr by a path @; which is either constant (if p;""[* = p?), or consists of a single
edge labelled by a symbol in PNL/,@-). Now define the loop ¥ =@y *7; * ... xQp 7,
in Cr. Using (7.3), we obtain

Moreover, due to our assumption on D, for every h € D the subpath @ is
(either constant or) an isolated component of 7, so by [Os, Lemma 3.2] there exists
Q' only depending on (the Cayley graphs Cr and Cr of) I' such that for every
A=1,...,1

S a0 < QL)
heDNY—1(A)

whence

(74) > de(pp™tph,) <IQLA) <1Q' <u +et+ 1) Z L(vi)-

R
heD

On the other hand we have

Mp— 1
(7.5) > dr(py" it p0,) = = Y Lian) —en

heD K heD

\Y
\
&=
9
Z
|
]
=
2
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Putting together inequalities (7.4) and (7.5) we finally get that the inequality of
the statement holds for some @ only depending on u, €, Q’, R. (]

Let us fix the graph manifold M which we are studying. We will now introduce
various constants, which will be extensively used in the rest of the arguments for
this section. Fix the following quantities:

e the constant @: chosen so that Proposition 7.4 holds for all the bases of
the chambers of M.

e the constant R: the minimal distance between pairs of thin walls not
associated to the same internal wall (note that R is also the minimal
distance between pairs of removed horoballs in the bases of the chambers
of M).

e the constant D: the maximal distance between pairs of tied points on
adjacent thin walls (here we refer to the path distance of the corresponding
wall).

e the constant k: chosen so that Lemma 7.3 holds for all the internal walls
in M.

e the constant k’: chosen so that sy : W, — W_ is k’-biLipschitz for every
internal wall W of M.

e the constant ¢: chosen so that all the inclusions W, < W are c-biLipschitz
(see Lemma 7.2).

These constants only depend on the geometry of M. In what follows, we will also
assume without loss of generality that Q > 2 and k > /2.

In order to prove that walls and chambers are quasi-isometrically embedded in
M, we need to show that the distance between points in the same chamber can be
bounded from below by the distance of the projections of the points on the base of
the chamber. We begin with the following:

DEFINITION 7.5. Let W4 be a thin wall, take z,y € W and let v be a contin-
uous path joining x and y. We say that v does not backtrack on W if v intersects
the wall containing Wy only in its endpoints.

LEMMA 7.6. Let x,y be points on the same thin wall Wi and let vy be a path in

M which joins x to y and does not backtrack on Wr. If C is the chamber containing
W4 and B is the base of C, then L(v) > dg(x,y)/Q.

PROOF. An easy transversality argument shows that it is not restrictive to
assume that the intersection of v with C' consists of a finite number of subpaths
of v. Now the sum of the lengths of such subpaths is greater than the sum of
the lengths of their projections on B, which is in turn greater than dg(x,y)/Q by
Proposition 7.4. ([l

If the distance of two points on a thin wall is not suitably bounded by the
distance of their projections on the base of the chamber they belong to, then
Lemma 7.6 does not give an effective estimate. Together with Lemma 7.3, the
following result shows how in this case, irreducibility allows us to “pass to the
adjacent chamber” in order to obtain a better estimate.

LEMMA 7.7. Let x4,y € W, be points on a thin wall, let C be the chamber
containing Wy, and suppose that 7 is a rectifiable path joining x4 and yy and
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FIGURE 2. Decomposing v in the proof of Lemma 7.7.

intersecting C1 only in its endpoints. Let also x_,y_ € W_ be the points tied to
ZTy,Y+, and C_ be the chamber containing x_,y_. Then

dBf(x*ﬂy*) 2D
L B-\r=I=) 47
() > 0 0

where B_ is the base of C_.

PROOF. An easy transversality argument shows that it is not restrictive to
assume that 7 intersects the thin walls of M only in a finite number of points.
Then our assumptions imply that v decomposes as a concatenation of curves

V=R K2 E K Y *F Vg
such that 7/ is supported in W and v} has endpoints a;,b; € W_ and does not

backtrack on W_ for every i (see Figure 2). Let us suppose n > 1 (the case n =0
being easier). Since dw (z_,z4) < D we have

dp_(r_,a1) <dw_(z_,a1) < cdw(z_,a1) < (D + L(vy)),
and analogously we get dp_ (y—, bn) < ¢(D+L(7,,41)). Moreover Lemma 7.6 implies
dp_(a;,b;) < Q- L(v}) for every i« = 1,...n, and we also have dg_(b;, a;+1) <

dw_(bi,aiv1) < cdw(bi,air1) < cL(viy,) for every i@ = 1,...,n — 1. Putting
together all these inequalities we finally get

n n—1
dp_(v-,y-) <dp (z—,a1)+ Y dp (ai,b)+ Y dp_ (bisair1) +dp_(bn,y-)
i=1 i=1

n+1 n

<2D+cYy L(3)+QY L()
i=1 =1
< 2¢D + cQL(7)
whence the conclusion. O

In order to proceed to the main argument we finally need the following lemma,
which describes how to get rid of the backtracking of a geodesic.
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If v is a path and r = ~(t9), s = v(t1), with an abuse we will denote by [r, s]
the subpath [, ¢,) of 7. We say that v is minimal if for every chamber C, the
set v N C is a finite collection of paths each of which connects distinct walls of
C. Moreover, v is good if it is minimal and for every thin wall X contained in a
chamber C' there are at most 2 endpoints of paths in yN C belonging to X. Notice
that, since chambers are uniquely geodesic and every thin wall is totally geodesic
in the chamber in which it is contained, every geodesic of M is minimal.

_LEMMA 7.8. There exists a constant § > 1 depending only on the geometry
of M such that the following result holds. Let x,y be points belonging to the same
wall of M. Then there exists a good path v in M connecting x and y such that

L(v) < Bd(z,y).

ProoOF. We first introduce some terminology. If X is a thin wall contained
in the wall W, we say that a path 6 : [to,t1] — M is external to X if 0(¢y) € X,
0(t1) € X and 0], ¢, is supported in M\W (this is equivalent to asking that 6 does
not backtrack on X, but this new terminology will prove more appropriate here).
Moreover, if v is a minimal path and n is the number of subpaths of v external to
X, we say that the exceeding number of v on X is equal to max{0,n — 1}. The
exceeding number e(v) of v is the sum of the exceeding numbers of 4 on all the
thin walls. Finally, we denote by j(7y) the sum over all the chambers C of M of
the number of connected components of v N C. Tt is readily seen that a path ~ is
good if and only if it is minimal and e(y) = 0.

Let A > 0 be a constant, chosen in such a way that every torus in M obtained
as a projection of a thin wall of M has diameter (with respect to its intrinsic path
metric) at most A/2. We denote by vy a geodesic in M connecting x and y. As
observed above, vy is minimal, and if 7; is a minimal path with e(y;) > 0 we will
now describe how to modify it in order to get a new minimal path ~;;; joining
x to y. The path 7,41 will be constructed so as to have j(y;41) < j(vi) and
L(vi41) < L(v;) + 4A + 1. By the very definitions we have j(v) < L(v)/R =
d(z,y)/R, so after at most d(z,y)/R steps we will end up with a minimal path ~
which verifies either e(y) = 0 or j(y) < 1, whence again e(y) = 0. After setting
B =14 (4A +1)/R, such a path satisfies all the conditions required.

So let us suppose that we have some external subpaths [p1, p}], [p2,p5] of i,
with p1, p}, pe,ph € X for some thin wall X contained in the chamber C. Consider
deck transformations g,h which leave X (and therefore C) invariant such that
dx(g(p2),p}) < A, dx (h(p,),9(ph)) < A, and let g1,qo € v N C be chosen in such
a way that ¢ (resp. ¢2) slightly precedes (resp. follows) p} (resp. p2) on ;: more
precisely, we assume that L([q1,p}]) < 1/2, L([p2,¢2]) < 1/2. We define a path
Y41 as the concatenation of the following paths (see Figure 3):

(1) the subpath [z, q;] of ~;,

(2) apath [g1,9(g2)] in C obtained by slightly pushing inside C' a geodesic in X
between p] and g(p2), in such a way that L([¢1,9(q2)]) < A+1/2+1/2=
A+1,

3) g([q2ap12])7

4) a geodesic in X between g(ph) and h(p}),

5) h([p/hpQ])a

6) a geodesic in X between h(py) and p),

(
(
(
(
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; 2
q1
ol q
1o % a(a,
- P
2| % 9(la,py))
- h(p})
/—52‘ —115
- h(p,)
X

FIGURE 3. Replacing v; with v; ; in the proof of Lemma 7.8.

(7) [p2:yl,

where geodesics in X are to be considered with respect to its path metric.

Since X is isometric to R®~! and the deck transformations g, h act on X as
translations, it follows that the distance between h(p2) and pj is at most 2A, and
this readily yields L(v;,,) < L(7v;) +4A + 1. Moreover, it is easily checked that
J(Vig1) = j(vi) — 1. Now, if 4/, ; is minimal we set v;41 = 7, ;, and we are done.
On the other hand, the only possible obstruction to v; ; being minimal is that its
(open) subpath with endpoints p; and g(p5) may be entirely contained in C. In
this case, since X is totally geodesic in C' we can replace the subpath [p1, g(p5)]
with a geodesic on X, thus obtaining a minimal path ;11 with L(vi11) < L(vj,;)
and j(viy1) = J(vi41) — 1 < j(vi), whence the conclusion again. O

REMARK 7.9. It is maybe worth mentioning that Lemma 7.8 also holds if M
is not assumed to be irreducible. However, its proof relies heavily on the fact
that thin walls support a flat metric: by Bieberbach Theorem, this ensures that a
finite index subgroup of the covering transformations of M preserving a thin wall
acts on it as a group of translations, and this fact plays a fundamental role in
the proof of Lemma 7.8. As a consequence, extending Lemma 7.8 to more general
situations (e.g. when studying the universal covering of spaces obtained by gluing
non-positively curved locally symmetric manifolds along non-flat boundaries) could
be a challenging task.

LEMMA 7.10. Fiz a wall W C M and suppose that o > 1 existsiuch that the
following holds: if x,y € Wy are points joined by a good path v in M which does
not backtrack on W4, then

de(z,y) < a- L(v),

where C' is the chamber containing x,y. Then W is biLipschitz embedded in M.
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PROOF. The inclusion (W, dy) < M is clearly 1-Lipschitz, so we have to check

that dyy is linearly bounded below by the distance d on M. More precisely, we have
to show that there exists A > 1 such that

(7.6) dw(p,q) < Ad(p,q)  forall p,q e W.

Let « be the path provided by Lemma 7.8 such that L(y) < 8d(p,q), and let m
be the number of the chambers adjacent to W whose internal parts intersect 7 (so
m = 0,1 or 2). It is readily seen that ~y splits as a concatenation

/ /
Y1 HRYL KK Ym X Yy * Ymt1,

where the «;’s are contained in W and each v, is a good path with endpoints on
W4 which does not backtrack on W.. Due to our assumptions and to the fact that
W are totally geodesic in the chambers in which they are contained, the v/’s can
be replaced by curves contained in W in such a way that the total length of the
curve so obtained does not exceed a - L(7). So

7)-
dW(pu q) S O[L('Y),
and hence inequality (7.6) holds with A = « - 5. O

THEOREM 7.11. If M is irreducible and W C M is a wall, then the inclusion
(W,dw) < M is a biLipschitz embedding. In particular, it is a quasi-isometric
embedding. Moreover, the biLipschitz constant of the embedding only depends on
the geometry ofM (i.e. it does not depend on the fized wall W ).

ProOOF. Take z,y € W, let C' be the chamber containing W, and let v be a

good path in M which joins z to y and does not backtrack on W,.. By Lemma 7.10,
in order to conclude it is sufficient to show that the inequality

(7.7) de(z,y) < a- L(7).

holds for some « > 1 only depending on M (via the constants D, R, Q, k, k', c). We
will have to analyze several different cases, and we will take o to be the maximum
among the constants we will find in each case.

Let B, F' be the base and the fiber of C. We first distinguish the case when
the distance between x and y is controlled (up to a suitable constant factor) by
dp(x,y) from the case when do(x,y) is controlled by dp(z,y).

So let us suppose deo(x,y) < kdg(z,y). In this case by Lemma 7.6 we have
L(")/) > dB(xvy)/Q > dC(I7y)/(kQ)7 S0
do(z,y) < kQL(7),

and we are done.

Let us now consider the other case and assume that de(z,y) > kdp(x,y). Since
d%, = d% + d% and k > /2 an easy computation shows that

do(z,y)
\/§ b

Write yNC' = ~1U...Uv,,, where each v; = (z;, ;) is a path in the (open) chamber C
let W; be the wall containing y; and x;1, and let [; be the length of the projection
of 7; on the fiber F. Observe that since v is minimal we have m < L(vy)/R. Of

dr(z,y) > dp(x,y) > dp(x,y).
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course, we have > l; + > dp(y;, xit1) > dp(x,y), so either > l; > dp(x,y)/2 or
> dp(yi, xi41) > dp(x,y)/2. In the first case we have

L(vy) > ZL(’yi) > Zli > dF(;U’y) > dCQ(j,iy),

and we are done. Otherwise let us define

Il = {l S {17 cee, M — 1} ‘ kdB(yi,SCi+1) S dc(yi, Ii+1)}, IQ = {1, N 1} \ Il.
Since > de(yi, ziv1) = >, dr(yi,xit1) > dr(x,y)/2, we have two possibilities:
either ), ; dc(yi, wiv1) > dr(x,y)/4, or 3 icp do(yi, Tiv1) > dr(x,y) /4.

We begin by dealing with the first case. Let Wi be the thin wall containing
Tip1,Ys, denote by x; € W' (resp. y; € W) the point tied to ;41 (resp. to y;),
let C; be the chamber containing x; ,,y; , and B; the base of C;.

Recall that we have the estimate:

de,(y; @) = dwi (Y, 2540) 2 dwt (Yi, 2ie1) /K = de(yi, 2ig) /K.

So applying Lemma 7.7 and Lemma 7.3 (which gives the inequality dp, (y; ,z;,,) >
do,(y; ,x;,1)/k) we obtain the estimates:

L(y) = ClQiEZI:ldBi(yi—,xi—H) _ MEQI)D
= klezeZIl de,(y; @) — w
= kcéZk:’ 16211 de(yi wiv1) = %L(V)
> mdF(x,y) - ZiQL(’Y)
Z mdc(%y) - %L(y)
Isolating the do(x,y) term, this gives us
do () < 4x/§kck’(g62 +2D) L),

which gives us the requisite estimate in the first case.

We are now left to deal with the second case, > ;. dc(yi, zit1) > dr(z,y)/4.
In this case we have that:

Y dlyi ziv1) = dr(z,y)/(4k) = do(z,y)/(4V2k).
i€ls

Let 7' be the loop in C obtained by concatenating the geodesic in W joining y with
x, the paths of the form v N C and the geodesics in the Wi’s joining y; with x;41,
and set ¥ = wg o’. If i is the sum of the lengths of the subpaths of 7 obtained by
projecting the paths in fyﬂé’ we obviously have L(v) > n. Moreover, the properties
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of v described in Lemma 7.8 ensure that the W;’s are pairwise distinct, and distinct
from W. As such, we can apply Proposition 7.4 to 7 thus getting

1
L(y)=n> =Y dp(yivii),
i€ls
whence
do(w,y) < 4v2k Z dp(yi, miv1) < 4V2kQL(7).

i€ly

This completes the last case, establishing that inequality (7.7) holds with con-
stant

S {kQ’ 23, 4ﬂk0k’(]§Q +2D) 4\@@} _ 4v/Zkek'(RQ + 2D)

R )
thus proving the proposition. ([l

COROLLARY 7.12. If M is irreducible, then the inclusion of a chamber in M is
a biLipschitz embedding.

PROOF. Let p, g be points in a chamber C' and let § be a geodesic of ]T/fjoining
p to g. Then ¢ splits as a concatenation

O =01 %M %...% Ny *Opti,

where §; is a geodesic segment (with respect to the metric d on M ) supported
in C and the endpoints p;,q; of 1; belong to a thin wall W, adjacent to C. By
Theorem 7.11 there exists a > 1 such that dw, (p;, ¢;) < ad(p, ¢;), and this implies
in turn that dW;r (pi,qi) < cad(pi, q;), so we may replace every 7; with a path n, C
Wf having the same endpoints as 7; and length that does not exceed cad(p;, g;)-
The path
8 =61 xm k. k), *0ni1

is supported in C' and has length at most cad(p, q), so da(p, q) < cad(p, q), and we
are done. O

COROLLARY 7.13. Suppose that M is irreducible. Then, the inclusion of cham-
bers, walls and fibers (with their path metrics) in M are quasi-isometric embeddings.
In particular:

o IfC C M isa chamber, then C' is quasi-isometric (with the metric induced
by M) to a product B x R¥, where B is a neutered space.

o IfW C M is a wall, then W is quasi-isometric (with the metric induced
by M ) to R~ L,

o If I C M is a fiber, then F is quasi-isometric (with the metric induced
byM) to R, h <n—3.

REMARK 7.14. It would be interesting to find less restrictive conditions under
which the walls of M are ensured to be quasi-isometrically embedded. However,
we point out that such a task could turn out to be quite difficult. In fact, even in
the context of Gromov hyperbolic groups, it is not easy to decide whether vertex
groups of a graph of hyperbolic groups are quasi-isometrically embedded in the
fundamental group of the graph of groups. In [Ka] it is shown that this is the case
under the assumption that the graph of groups is acylindrical (see Subsection 8.1 for
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the definition) and edge groups are quasi-isometrically embedded in vertex groups
(this last condition is always satisfied in our case of interest). In fact, one may
probably to adapt the proof of Theorem 7.11 to the case when the graph of groups
corresponding to the decomposition of M into pieces is acylindrical. Moreover, such
graph of groups is acylindrical whenever M is irreducible (see Lemma 8.1 below).

Also observe that, in our situation, the fundamental groups of the pieces are
semihyperbolic in the sense of [A1Br]. Since every free abelian subgroup of a semi-
hyperbolic group is quasi-isometrically embedded, an (apparently difficult) strategy
could be to find conditions on a graph of semihyperbolic groups in order to ensure
that the fundamental group of the graph is itself semihyperbolic.

Some further discussion of related issues can be found in Section 14.2.






CHAPTER 8

Algebraic properties: irreducible graph manifolds

In this chapter we prove several properties of the fundamental group (M)
of an irreducible graph manifold M. We first establish the useful fact that the
graph of groups decomposition of 71 (M) is acylindrical (Section 8.1). This is then
used to show that 71 (M) is C*-simple (Section 8.2), that in most cases, w1 (M) is
SQ-universal (Section 8.3), and that the word problem for 71 (M) is always solvable
(Section 8.4). Finally, in the last section, we study how the choice of the gluing
between pieces can affect my (M).

8.1. Acylindrical graph of groups

Given a graph of groups the associated fundamental group G has an action
on the Bass-Serre tree T. Following Delzant [De|, we say the graph of groups
is acylindrical if it has the property that there exists a constant K, such that the
subgroup which pointwise fixes any path in T of length > K is automatically trivial.
We have the easy:

LEMMA 8.1 (Irreducible = acylindrical). Let M be an irreducible graph mani-
fold. Then the graph of group description of w1 (M) associated to the decomposition
of M into pieces is acylindrical.

PRrOOF. In fact, one can verify that the graph of group is acylindrical with K =
3. Indeed, take any path P of length three, let e1, e, e3 be the three consecutive
edges in the path P, and vy, vo the two intermediate vertices. Given a vertex group
G, = 11 (V) x Z*, we note that there are three possibilities for how an element g in
G, acts on the edges incident to the vertex v, depending on the image of g under
the projection map p : G, = w1 (V):
e if p(g) = e (where e is the identity of w1 (M)), then it fixes every edge
adjacent to v,
e if p(g) # e, and p(g) is conjugate to a cusp subgroup in 71(V), then g
fixes exactly one incident edge, and permutes all the remaining edges, and
e if p(g) # e, and p(g) is not conjugate to a cusp subgroup in 71 (V), then
g can not fix any edge adjacent to v.

To see this trichotomy, recall that w1 (V) acts on the universal cover Hr—* of Vv,
which is a copy of hyperbolic space with a suitable 71 (V)-equivariant family of
(open) horoballs removed. The edges incident to the vertex v in the Bass-Serre
tree are in a natural bijective correspondence with the connected components of
8(@”*’“). Moreover, this correspondence is equivariant with respect to the respec-
tive actions by G,. The behavior of an element g € G, on the edges incident to
v can hence be detected by looking at the action of p(g) on the set of connected
components of 8(]1/-]\1”*’“). The trichotomy is now obvious.

61
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If we have an element g in Fiz(P), we have that g must fix the two edges
e1, €2 incident to the vertex v;. From the trichotomy above, we conclude that g,
when viewed as an element in the stabilizer vy, is entirely contained in the Z*
factor of the splitting G, = m1 (V1) x Z*'. Similarly, when viewed as an element in
the stabilizer of vy, ¢ is contained in the Z*2 factor of the corresponding splitting
Gy, = m1 (V) x Z*2. Now think of g as an element in the stabilizer G, = Z"~!
of the edge e joining v; to vo. We have that g must lie in the intersection of the
two subgroups ZFt — 7Z"~! and ZF> — 7Z"~!. But the intersection of these two
subgroups is trivial, since our graph manifold is irreducible. We conclude that g
has to be the identity element, as desired. (I

8.2. C*-simplicity

From the action of the fundamental group G of a graph manifold on the Bass-
Serre tree, one can easily deduce a number of additional properties for such groups.
As a first application, recall that to any countable discrete group G, one can as-
sociate C¥(G), its reduced C*-algebra. This algebra is obtained by looking at the
action g — A, of G on the Hilbert space [?(G) of square summable complex-valued
functions on G, given by the left regular representation:

Ag - f(h) = f(g_lh) g,h €G, fel?(@)

The algebra C}(G) is defined to be the operator norm closure of the linear span of
the operators ), inside the space B(I*(G)) of bounded linear operators on 1?(G).
The algebra C*(G) encodes various analytic properties of the group G, and features
prominently in the Baum-Connes conjecture. A group G is said to be C*-simple if
the algebra C(G) is a simple algebra, i.e. has no proper two-sided ideals. We refer
the interested reader to the survey paper by de la Harpe [d1H] for an extensive
discussion of this notion.

PROPOSITION 8.2 (Acylindrical = C*-simple). Let T' be the fundamental group
of an acylindrical graph of groups, whose Bass-Serre tree has infinitely many ends.
Then T is C*-simple.

PROOF. A criterion for C*-simplicity was discovered by Powers [Po], who
showed that the free group on two generators is C*-simple. Bridson and de la
Harpe abstracted out the geometrical aspects of Power’s arguments in [Br-dIH].
Since we will use a criterion from the latter paper, we now introduce some termi-
nology from [Br-dlH]. A homeomorphism g of a Hausdorff space 2 is said to be
dynamically hyperbolic provided it has exactly two fixed points s,r, and exhibits
sink /source dynamics with respect to these fixed points: for any open neighborhood
U,V of the points s, r respectively, there exists an N such that g" (Q \ V) C U and
g~ " (2\U) C V holds for all n > N. Then [Br-dIH, Corollary 1.2] states that if a
group I' acts by homeomorphisms on a Hausdorff space (2, and the action satisfies
the two properties:

(i) T contains an element g acting hyperbolically on €2, with fixed points r, s, and
(ii) there exists a non-trivial element h € T' with the property that for every
integer i # 0, we have

h*(Stab(r) U Stab(s))h~" N (Stab(r) U Stab(s)) = {e}
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then the group I' is C*-simple.

We now apply the criterion described above in the special case where T' is
the fundamental group of an acylindrical graph of groups. We have a natural
action of I' on the Bass-Serre tree T', and hence an induced action on the boundary
at infinity Q := 9°T (a Hausdorff space). This action contains elements which
act hyperbolically on the tree T, in the sense that they leave a (unique) geodesic
invariant, and act via translations on the invariant geodesic. Let § be any such
element, and let v be the corresponding geodesic. The two ends of v define a pair
of points r, s in the boundary at infinity €2, and it is easy to see that the action of
g on ) is dynamically hyperbolic, with fixed points 7, s. Since the Bass-Serre tree
has infinitely many ends, we can find a second element h which acts hyperbolically
on the tree T, and has the property that the corresponding invariant geodesic ~/
intersects v in an interval of length | < co (if y N~/ = 0, we set | = —1).

We now claim that by taking suitable powers of § and h, we can obtain a pair
of elements satisfying conditions (i) and (ii) listed above. More precisely, choose
powers n,m so that the translation length of ¢™ and h™ are both larger than
the integer [, and set g := ¢", h = h™. Since (i) is immediate, let us focus on
establishing (ii). We have the obvious identification:

h*(Stab(r) U Stab(s))h~" = Stab(h*(r)) U Stab(h'(s))
so that condition (ii) just states that
(8.1) (Stab(h'(r)) U Stab(h'(s))) N (Stab(r) U Stab(s))

consists solely of the identity element. Moreover, from the way the action on the
boundary at infinity is defined, the points hi(r), h*(s) correspond precisely to the
two ends of the geodesic hi(v). Of course, if any of the two points {hi(r), h'(s)}
coincides with any of the two points {r, s}, then the intersection in expression (8.1)
would contain the stabilizer of the endpoint of a periodic geodesic, and would hence
(at least) contain a Z. But recall that h was chosen so that the action on 4" was by
a translation whose magnitude was larger than the length of the intersection yN+’.
This forces the corresponding interval ht(y) N4’ to be disjoint from the interval
v N~ In turn, this tells us that the two geodesics v and hi(vy) are disjoint (by a
version of Helly’s theorem for trees). This implies that the corresponding endpoints
satisfy {r, s} N {h%(r),h%(s)} = 0, ensuring that the intersection in expression (8.1)
actually has a chance of being {e}.

We now verify that the intersection in expression (8.1) consists solely of the
trivial element. This is equivalent to showing that each of the two groups Stab(r),
Stab(s) has trivial intersection with each of the two groups Stab(h’(r)), Stab(h(s)).
Without loss of generality, let us argue that Stab(r) N Stab(h(r)) = {e} (the argu-
ment for the remaining three pairs being identical). The pair of points {r, h*(r)} C
Q) define a unique geodesic 7 in the Bass-Serre tree T. An element which fixes both
r, h*(r) must likewise leave 7 invariant, and moreover must preserve the chosen ori-
entation on 7. Note that the intersection 7N+~ is an infinite geodesic ray. Identifying
a geodesic with a copy of R (equipped with the standard simplicial structure with
vertices at Z), we get a natural homomorphism from the stabilizer of the geodesic
to the group of simplicial automorphisms of the real line, Simp(R). The kernel
of this homomorphism is the subgroup which fixes the geodesic pointwise, which
must be trivial, since we have an acylindrical amalgamation. So the stabilizer of an
arbitrary geodesic in T has to be isomorphic to a subgroup of Simp(R) = D, the
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infinite dihedral group. We conclude that stabilizers of geodesics are either trivial,
or isomorphic to one of the groups Zs, Z, or D,,. Moreover, the subgroup which
stabilizes the geodesic and preserves its orientation is either trivial or isomorphic
to Z (the remaining two groups contain elements that reverse orientation). One
can perform a similar analysis for a geodesic ray in 7', and see that the semigroup
stabilizing the geodesic ray must be either trivial, or isomorphic to the semigroup
N consisting of the natural numbers under addition (as a convention, we include
0 eN).

Let Stab, denote the subgroup which stabilizes a geodesic and preserves the
orientation. Applying the analysis from the previous paragraph to the geodesic 7,
we have that Stab,(y) = Z. We want to show that Stab,(n) = Stab(r)NStab(h(r))
is trivial. If it is non-trivial, then from the previous paragraph, we conclude that
Stab,(n) = Z. The geodesic ray n N~ is stabilized by a sub-semigroup of Stab,(v)
isomorphic to N, so has to have an infinite stabilizer. From the previous paragraph,
we conclude that Stab(y Nn) = N. Since Stab,(n) = Z acts on n by translation, it
has a sub-semigroup isomorphic to N contained in Stab(y N 7). We now have two
sub-semigroups of Stab(yMn), given by Stab,(y)NStab(yNn) and Stab,(n)NStab(yN
7). But both these sub-semigroups are themselves isomorphic to N, and hence must
have non-trivial intersection inside Stab(yNn) = N. Such a non-trivial element lies
in both Stab,(n) and Stab,(y), so must fix the points at infinity corresponding to
both the geodesics. This gives an element acting hyperbolically on the tree T', yet
fixing three distinct points , s, and h%(r) on the boundary at infinity of the tree, a
contradiction. We conclude that Stab(r) N Stab(h'(r)) = {e}, as desired. The same
argument applied to the three remaining pairs of points completes the verification
of condition (ii) in Bridson and de la Harpe, giving us that I' is C*-simple, as
desired.

|

Combining Lemma 8.1 and Proposition 8.2, we can show that fundamental
groups of irreducible graph manifolds are almost always C*-simple. More precisely,
we have:

COROLLARY 8.3. If M s an irreducible graph manifold. Then m (M) is C*-
simple, except in the case where M consists of a single piece, with non-trivial torus
fiber, and no internal walls.

PROOF. If M has at least two pieces, or if it has one piece with an internal wall,
then the corresponding Bass-Serre tree has infinitely many ends, and Proposition 8.2
implies 71 (M) is C*-simple. In the remaining case, m; (M) is of the form 71 (V) x Z*,
where V' is a non-compact, finite volume hyperbolic manifold with toral cusps. If the
torus fiber is trivial, i.e. k=0, then m1 (M) = 1 (V) is a non-elementary, relatively
hyperbolic group. For these groups, Arzhantseva and Minasyan [AM] have shown
that being C*-simple is equivalent to having no non-trivial finite normal subgroup.
Since w1 (M) is torsion-free, this latter condition is automatically satisfied, and
hence 71 (M) is indeed C*-simple.

So we are left with the case where 7y (M) = 7 (V) x Z¥, and the torus fiber is
non-trivial, i.e. k > 1. Then it is clear that the group m (M) has non-trivial center.
But C*-simple groups automatically have trivial center, so we conclude that 71 (M)
is not C*-simple, finishing the proof of the Corollary. g
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8.3. SQ-universality

Recall that a group G is SQ-universal if every countable group can be embed-
ded into a quotient of G. Olshanskii [Ol] showed that non-elementary Gromov
hyperbolic groups are SQ-universal. Again, the simple example of Z" shows that
CAT(0)-groups are not in general SQ-universal. Our next result is:

PROPOSITION 8.4. Let M be an irreducible graph manifold, and assume that
M does not consist of a single piece with a single internal wall (i.e. the associated
graph of groups is distinct from the one vertex one edge graph). Then w (M) is
SQ-universal.

PROOF. If M consists of a single piece, then 7 (M) = 7,(V) x Z*, where V
is a finite volume hyperbolic manifold of dimension > 3. Since 71(V) is a non-
elementary (properly) relatively hyperbolic group, work of Arzhantseva, Minasyan
and Osin [AMO)] implies that 71 (V') is SQ-universal. Since 71 (M) surjects onto a
SQ-universal group, it is itself SQ-universal.

So we may now assume that 71 (M) supports a splitting as a non-trivial amalga-
mation (or an HNN-extension). Lyndon & Schupp [LySc] provide some criterions
under which an amalgamation or HNN-extension is SQ-universal. For a group
A, define a blocking set for a subgroup C' < A to be a pair of distinct elements
{z,y} C A\ C with the property that all the intersections z¥'Cy*' N C = {1}.
Then [LySec, pg. 289, Theorem V.11.3] establishes that, if the subgroup C'is blocked
inside A, the amalgamation G = Ax¢ B is SQ-universal. Similarly, if G is obtained
as an HNN extension by identifying two subgroups C1,Cs (with C; < A), and one
can find an element z € A such that zC127 1 N C; = {1} = 205271 N Cy, then
the HNN-extension G = Axc,—¢, is SQ-universal (see [LySc, pg. 292, Theorem
V.11.7)).

We now verify that the conditions for SQ-universality are fulfilled for the amal-
gamations (or HNN extensions) that arise in our situation. Let us first consider
the case of an amalgamation: the group (M) splits as an amalgamation over
C := Z" !, with the two vertex groups A, B themselves fundamental groups of
graph manifolds (with fewer pieces than M). Since the amalgamating subgroup
Z™ ! is contained in a piece, it is sufficient to show that a blocking set exists
within the fundamental group of that piece. By projecting onto the first factor,
the group 71(V) x ZF acts on fin—k , a copy of hyperbolic space with a suitable
71(V)-equivariant collection of (open) horoballs removed. The subgroup C' = Z"~!
can then be identified with the subgroup that leaves invariant a fixed boundary
horosphere H C 8(]?]1”*’“). In this context, the blocking condition requires us to
find two elements z,y € 71 (V) \ C with the property that z*'Cy*! N C = {1},
which is equivalent to (zE1Cy*!)-H # H. The 7 (V) action on H"* is via isome-
tries, so it is sufficient to show that we can find elements x,y having the property
that the following sets of distances satisfy:

{dz®" - H,H)} N {dy™" -H,H)} = 0.

Now pick = € 71(V) stabilizing some horosphere H’' (distinct from H). Then
we know that x does not leave any other horosphere invariant, so d(z*'-H, H) > 0.
Moreover, taking large powers of z, we can find an n for which the two real numbers
d(z*™-H,H) are as large as we want. In particular, there exists a sufficiently large
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n € N such that, for y := 2™, the distance d(y*' - H,H) exceeds the distances
d(x™ - H, H).

By the discussion in the previous paragraph, this implies that {z,y} form a
blocking set for the Z"~#~! subgroup in 7 (V') corresponding to the stabilizer of the
horosphere H. Taking the product with any element in the Z* factor gives a blocking
set for the subgroup Z"~! inside (V) x Z*. This completes the verification of
SQ-universality in the case where 71 (M) is expressed as an amalagamation.

In the case where 71 (M) is obtained purely from HNN extensions (i.e. the
underlying graph of groups has no separating edge), one can proceed similarly. Pick
an edge in the graph of groups. The fact that the edge fails to separate means that,
cutting M along the corresponding codimension one torus N, we obtain a connected
graph manifold M’. Correspondingly, we can realize 7 (M) as an HNN-extension
with vertex group m1(M’). To check the condition in Lyndon & Schupp, we need
to verify that given the two subgroups C;,Cy < m(M’) corresponding to two
boundary components of M’, one can find a z € 7 (M’) satisfying 2C;z~tNC; = 0.
But from our hypothesis, the graph manifold M’ is itself non-trivial, i.e. is not
of the form N x T* for some finite volume hyperbolic manifold N. As a result,
m1(M') has a non-trivial decomposition as a graph of groups. In terms of the
action of m1(M’) on its Bass-Serre tree T, the subgroups C; lie in the stabilizer of
two vertices v; (we allow the case v1 = v3), and do not stabilize any edge in T.
Since the tree T is infinite, we can pick an edge e in T', with the property that both
vertices v; are at distance > 2 from the endpoints of e. Letting G, = Z"~! be the
stabilizer of that edge, we will argue that one can choose an element z € G, with
the desired property.

If z € G, is an arbitrary element, and w; are the two distinct endpoints of e,
the z-action on the edges incident to w; is determined by the image of z under the
projection map p; : Gy, = w1 (V;) x Z% — m1(V;) (see the discussion in the proof
of Lemma 8.1). Since p(z) is obviously contained in a cusp subgroup, there are only
two possibilities:

e p;(2) = e, and the z-action fixes every edge incident to w;, or
e p;(2) # e, and the z-action permutes all the remaining edges.

The two projection maps p;, when restricted to the group G, = Z"~1 have kernels
which are free abelian subgroups of rank k; < m — 3. The union of these two
kernels cannot be the entire group, so we choose an element z € G, having non-
trivial projection onto the two m1(V}), and verify that this element has the desired
property.

Recall that the subgroups C; that are being amalgamated lie in the stabilizer of
two distinct vertices v; € T', which are at distance > 2 from both of the vertices w;.
Our element z was chosen so that the z-action maps e to itself, and permutes all
the other edges adjacent to e. As a result, the only vertices that are left invariant
under z are exactly the two endpoints w; of the edge e, forcing z - v; # v;. Since
2Ciz71 < 2G,. 27 = G, we see that 2C;271NC; < G, NG,,. As the vertices
v;, 2 - v; are distinct, there is a non-trivial path p joining them, and the subgroup
G..p;, N Gy, is contained in the subgroup Fiz(p) < 71 (M’) which fixes the path p
pointwise. The vertices v;, z - v; are each at distance > 2 from the edge e. Since z
does not fix any edge distinct from e and exiting from an endpoint of e, the path
p must pass through one of the endpoints of e, allowing us to conclude that the
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length of p is > 4. As M’ is an irreducible graph manifold, Lemma 8.1 (see also
the first line of its proof) implies that the subgroup Fiz(p) is trivial. We conclude
that each of the subgroups 2C;2z~' N C; is likewise trivial, and hence that the HNN-
extension 71 (M) 2 71 (M’)*¢,=¢, is SQ-universal. This completes the proof of the
proposition.

([l

REMARK 8.5. We note that, in the proof above, the irreducibility of the graph
manifold was only used to deal with the case where the associated graph of groups
has no separating edge. As such, the argument given above also shows that if M
is an arbitrary (i.e. not necessarily irreducible) graph manifold, which contains at
least one internal wall that separates the manifold into two components, then the
fundamental group 71 (M) is SQ-universal

8.4. Solvable word problem

We now shift our attention to an algorithmic question. Given a finite presen-
tation of a group G, the word problem asks whether there exists an algorithm for
deciding whether or not two words wi,ws in the generators represent the same
element in the group G. Building on work of Dehn, who resolved the case where
G is a surface group, we know that this question is equivalent to the presentation
having a recursive Dehn function (see Gersten [Ge]). In the case where the group
G is the fundamental group of a compact connected Riemannian manifold (possibly
with boundary), a consequence of the well known Filling Theorem (see e.g. Burillo
and Taback [BuTa]) is that the presentation has a recursive Dehn function if and
only if the 2-dimensional filling function for the universal cover M has a recursive
upper bound. As we will require this in our arguments, we remind the reader of
the definition of the 2-dimensional filling function:

Areap (L) := supi%f {Area(D) | D :D* — M, Dlpp2 = ¢, L(c) <L} .

In other words, we find a minimal area spanning disk for each curve, and try to
maximize this area over all curves of length < L. We are now ready to show:

PROPOSITION 8.6. Let M be a compact manifold, and assume that M contains
an embedded finite family of pairwise disjoint 2-sided smooth submanifolds N;, cut-
ting M into a finite collection of connected open submanifolds M; (denote by Mj
their closure). Moreover, assume this decomposition has the following properties:
(a) each inclusion N; — M;, and M; — M is w1 -injective,

(b) each w1 (N;) is a quasi-isometrically embedded subgroup of w1 (M), and
(c) each w1 (M;) has solvable word problem.
Then the group w1 (M) also has solvable word problem.

ProoF. To show that 71 (M) has solvable word problem, we need to find a
recursive function F': N — N having the property that, if vy : Sj, — M is any closed
curve of length < n, one can find a bounding disk H : D? - M with area < F(n).
This will be achieved by giving a construction for finding a bounding disk, and
verifying that the resulting areas are bounded above by a recursive function.

From hypothesis (a), m1 (M) is the fundamental group of a graph of groups G,
with vertex groups isomorphic to the various m (M;), and edge groups isomorphic
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to the various 71 (N;). Let T denote the associated Bass-Serre tree. Take closed
tubular neighborhoods KQ DANi be of the various N;, chosen small enough so as
to be pairwise disjoint. Let M; D M; be the manifold with boundary obtained by
taking the union of ]\//.7] with all of the various J/\}'z (ranging over all N; that occur as
boundary components of ]\/ZJ) The inclusion M; C Z\/4\] is clearly a 7r-isomorphism.

Next, let us construct a map from M to the graph G. This is achieved by
mapping each Ni = N;x [—1, 1] to the edge labelled by the corresponding 71 (V;), by
first collapsing ]/\71 onto the interval factor [—1, 1], and then identifying the interval
with the edge. Finally, each connected component of the complement M \ | Nl is
entirely contained inside one of the submanifolds M;; we map the component to
the vertex v; € G whose label is 71 (M;). This map lifts to an equivariant map
&: M — T, which we will use to analyze the behavior of a closed loop v : ST — M.
Note that ® is essentially the map defining the “tree of spaces” structure on M ,
see Section 2.3 (particularly the discussion around Definition 2.11).

Our analysis of the loop  will start by associating a type to each point in S*,
i.e. by defining a map from S! to the vertex set of T. Using the map ® o, we
first assign the type of any point lying in the pre-image of a vertex v € T to be
that same vertex. We now need to discuss how to extend this map to points in the
preimage of an open edge e° C T (i.e. e° excludes the two endpoints of e). Each
connected component of the pre-image of e° is either the whole S!, or an open
interval U = (a,b) in the circle, which inherits an orientation from the ambient
S1. In the first case, we choose an endpoint v of e, and we simply establish that
every point of S! has type equal to v. Otherwise, the two endpoints of the interval
U = (a,b) either (i) map to the same vertex v in T', or (ii) map to distinct vertices
v,w in T. In case (i), we define the type of that interval to be the vertex v. In case
(ii), taking into account the orientation on the interval, we can talk of an “initial
vertex” <I>('y(a)) = v, and a “terminal vertex” ‘I’('y(b)) = w. The restriction of v to
U = (a,b) maps into a subset N;. Let t € (a,b) be the largest ¢ so that v(¢) € N;.
Then we define the type of the points in (a, t] to be v, and the type of the points in
(t,b) to be w. By construction, we have that the type function p : St — Vert(T)
takes on values contained in the image of ® o(S!), and hence only assumes finitely
many values (as the latter set is compact).

Let us now fix a vertex v of T. Having defined the type function p : S* —
Vert(T) associated to the closed loop 7, we now have that either p~!(v) is equal
to the whole S*, or the preimage p~!(v) satisfies the following properties:

(1) each connected component of p~!(v) is a half-open interval (ay, by] C S,
and there are finitely many such components,

(2) there exists a fixed connected lift ]\//T] of some ]\/jj with the property that
the restriction of 7 to each connected component (a,b;] has image oy

contained entirely inside J\/Zj,

(3) the point y(ay) lies on the lift W, of some N, and the point v(by) lies on
the lift W, of some (possibly distinct) N;/, and

(4) if one considers the cyclically ordered collection of intervals (ay, by| along
the circle S', then we have that W} = Wy;.

Except for the fact that there are finitely many components in p~!(v) (which will
be justified later), the four properties stated above follow immediately from the
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definition of the type function p. Let us concentrate on the case when p~!(v) is
not the whole S, the case when p is constant being much easier. We proceed to
construct a bounding disk for 7y, where v has length < L € N, and to estimate the
resulting area. This will be achieved by first expressing -+ as a concatenation of
loops 7,, where v ranges over all the (finitely many) types associated to the loop
~. The bounding disk for « will be obtained by concatenating the bounding disks
for the ~,.

So let v € Vert(T) lie in the range of the type function, and consider the

connected lift ]\//TJ given by property (2). Each W} appearing in property (3) is a
connected lift of one of the N;. From hypothesis (a), Wy is a copy of the universal
cover of N;, and from hypothesis (b), the inclusion W, — M is a quasi-isometric
embedding. As there are only finitely many such N; in M, we can choose constants
C, K € N so that all the inclusions Wy, < M are (C, K)-quasi-isometries. The two
points y(bx—1) € W _, and y(ax) € W}, are contained in the same W}, by property
(4); let By be a minimal length curve in Wy joining them together. The distance
between these two points is clearly < L in M , 50 as measured inside the submanifold
Wy, their distance is < C'L 4+ K. Define the loop 7, by cyclically concatenating
a1 %P1 % Qg * P x -+ - % oy % B Since each of the §; has length < C'L + K, while the
union of the a; has length < L (being a subpath of the loop ), we can estimate
the total length of v, to be <r-(CL+ K)+ L € N.

So to complete our estimate on the length of ~,,, we need to estimate the integer
r (this will also justify the “finitely many” in property (1) above). For any of the
intervals U = (ag,bx] C St in p~1(v), the type of the point ay, is a vertex w which
is adjacent to v. Correspondingly, there is another subinterval V' C S!, consisting
of points of type w, which satisfies V N U = {ay}. Moreover, there exists a small
neighborhood [a;—¢, ar+46] C VUU whose image under + lies entirely in a connected

lift NZ of some J/\}i, and whose endpoints map to opposite boundary components

of NZ ~ N, x [-1,1]. For each of the JVZ C M, we let A\; > 0 denote the minimal
distance between the two boundary components of N; & N; x [—1,1]. Since there
are only finitely many such N;, we can find a A € N so that 1/A < min{\;}. We
have seen above that to each connected component inside each of the sets p~1(v)
(where v € Vert(T)), we can associate a subpath of v contained inside a connected
lift of one of the ]/\7,», which moreover connects opposite boundary components of the
liftt. These paths are pairwise disjoint, and from the discussion above, has length
> 1/X. We conclude that the total number of such paths is bounded above by
A+ L € N. In particular, this gives us the upper bound A - L for:

e the number r of connected components in p~1(v), for any v € Vert(T),
and
e the total number of vertices v € Vert(T) for which p~!(v) is non-empty.

Combining this with our estimate above, we see that the total length of -, is
bounded above by the natural numbgrvACL2 + AKL+ L.

From hypothesis (a), the space ]\//TJ can be identified with the universal cover
of M;. From hypothesis (c), m1 (M) has solvable word problem, and hence the 2-

dimensional filling function Areag; on ]\/ZJ has a recursive upper bound Fj; : N — N.
J

Observe that there are only finitely many ]\/IJ inside the manifold M, hence we can
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choose a single recursive F': N — N which serves as a common upper bound for all

the 2-dimensional filling functions for the Z\/Z] (for instance, take F' =Y F;). Then
we can find a bounding disk for ~y, whose area is < F(ACL? + AKL + L). Finding
such a bounding disk for each of the vertices v in the range of the type map p, we
obtain a bounding disk for the original curve . As we know that there are < \- L
vertices in the range of p, we conclude that the original curve v has a bounding
disk of total area

<A-L-F(A\CL? + KL+ L)

Finally, we recall that the class of recursive functions is closed under composi-
tion as well as elementary arithmetic operations, and hence the function

G(L):==X-L-F(ACL* + XKL +1L)

provides the desired recursive upper bound for the function Areap;. From the
Filling Theorem [BuTa], we conclude that 71 (M) has a recursive Dehn function,
and hence that the word problem is solvable for 7y (M).

O

Note that the obvious decomposition of a graph manifold into pieces satisfies
property (a) in the statement of the previous Proposition. Moreover, since all
the pieces support a locally CAT(0) metric, their fundamental groups have solvable
word problem (see for instance Bridson and Haefliger [BrHa, Section 3.I', Theorem
1.4]), so property (c) always holds. Finally, if the graph manifold is assumed to be
irreducible, then properties (b) also holds (see Theorem 7.11). This gives us the
immediate:

COROLLARY 8.7 (Irreducible = solvable word problem). For M an irreducible
graph manifold, the fundamental group m (M) has solvable word problem.

Remark: (1) The above proposition doesn’t seem to appear in the literature,
though it is no doubt well-known to experts. Indeed, estimates for the Dehn func-
tion of a free product with amalgam (or HNN-extension) in terms of the Dehn
functions of the vertex groups along with estimates of the relative distortion of the
edge group inside the vertex groups first seems to have been studied in the (un-
published) thesis of A. Bernasconi [Be]. See also the stronger estimates recently
obtained by Arzhantseva and Osin [AO].

(2) The argument given in the proposition shows that, assuming all vertex groups
have solvable word problem, the complexity of the word problem for the fundamen-
tal group of a graph of groups is closely related to the distortion of the edge/vertex
groups in the ambient group (see also the discussion in Farb [Fal]). In fact, one can
weaken hypothesis (¢) in the statement of the proposition by instead requiring the
distortion of each 71 (IV;) inside 71 (M) to be bounded above by a recursive function
(generalizing the linear bound one has in the special case of a Ql-embedding). The
same argument works to show that 71 (M) still has solvable word problem.

8.5. Gluings and isomorphism type

In this final section, we consider the question of when the fundamental groups of
a pair of graph manifolds are isomorphic. Let us first recall that, by Theorem 4.4,
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a pair M;, My of graph manifolds can have isomorphic groups only if there is a
bijection between the pieces of M7 and the pieces of My, having the property that
the bijection respects the fundamental groups of the pieces. This implies that the
only possible freedom occurs in the gluing maps, telling us how the various pieces
are glued to each other.

For the sake of simplicity, we will only treat the case when the pieces involved
are constructed starting from cusped hyperbolic manifolds of a fixed dimension
n > 3. Let us fix a finite directed graph G, that is a finite connected CW-complex
of dimension one with an orientation attached to every edge, and let V, £ be the
sets of vertices and edges of G. As usual, the valency of a vertex v of G is the total
number of germs of edges starting or ending at v. For each v € V with valency h
let NV, be a (truncated) cusped hyperbolic n-manifold with at least h cusps. Let
k <n —2 be fixed, and set V,, = N, x T*. We define G, = 7 (V,) = m1(N,) x ZF,
and we associate to every germ of edge starting or ending at v a subgroup H., of
Gy, in such a way that the following conditions hold:

e cach H., is (a fixed representative in the conjugacy class of) the funda-
mental group of a boundary component of V,;

e H., is not conjugated to H. , whenever e # €', i.e. subgroups cor-
responding to different edges with an endpoint in v are associated to
different boundary components of V,,.

As a consequence, every H. , is isomorphic to Z"*tk=1_ The graph G and the groups
Gy, He,, determine what we call a pregraph of groups.

For every e € E let now v_(e),v4(e) € V be respectively the starting point and
the ending point of e. A gluing pattern for G is a collection of group isomorphisms
Q= {pe: Hepy_(ey = He v, (e), € € E}. We say that @ is irreducible if for every
e € & the fiber subgroup of H,, (. intersects trivially the image of the fiber
subgroup of H, ,_(.) via ¢.. Of course, every gluing pattern for G defines a graph
of groups (G, ®), which has in turn a well-defined fundamental group (G, ®),
according to the Bass-Serre theory. We say that (G, ®) is supported by G, and is
irreducible if @ is.

Let M(G) be the set of diffeomorphism classes of graph manifolds obtained by
gluing the pieces V,,, v € V according to the pairing of the boundary components
encoded by the edges of G. It follows by Theorem 0.5 that the isomorphism classes
of fundamental groups of (irreducible) graph of groups supported by G coincide
with the isomorphism classes of fundamental groups of (irreducible) manifolds in

M(G).

REMARK 8.8. The assumption & < n — 2 on the dimensions of toric and hy-
perbolic factors of the pieces will play a crucial role in the proof of Theorem 8.9
below. Note however that there could not exist irreducible gluing patterns for G
if the dimension of the toric factors of the pieces exceeded the dimension of the
hyperbolic factors. Moreover, it seems reasonable (and the proof of Theorem 8.9
strongly suggests) that an analogue of Theorem 8.9 could also hold when different
pieces have toric factors of variable dimensions, provided that such dimensions are
sufficiently small.

The main result of this section is the following:
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THEOREM 8.9. Suppose that G has at least two vertices. Then, there exist
infinitely many irreducible graphs of groups supported by G with mutually non-
isomorphic fundamental groups. Equivalently, there exist infinitely many diffeo-
morphism classes of irreducible manifolds in M(G).

PROOF. An automorphism of a pregraph of groups is a combinatorial auto-
morphism ¢ of G (as an undirected graph) such that G, is isomorphic to G,
for every v € V (as discussed at the beginning of the proof of Lemma 5.1, this is
equivalent to requiring that V() is diffeomorphic to V, for every v € V). We say
that a pre-graph of groups is without symmetries if it does not admit non-trivial
automorphisms. We first consider the case when G is without symmetries.

Since G has at least two vertices, there exists an edge e € £ with distinct
endpoints v; = v_(e), vo = vy (e). We fix this edge for use in the rest of the proof.

Let ®, ®' be irreducible gluing patterns for G. Consider ¢: He,, — He,
(resp. ¢': He o, — He p,) the isomorphism of @ (resp. of @) associated to the edge
e. We say that ® is equivalent to ® if there exist an automorphism ) of G,, and
an automorphism s of G,, such that 1(He,,) = He v, ¥2(Hew,) = He o, and
¢ o1lu,,, = 2|, ., op. Note that this notion of equivalence is only sensitive
to the behavior of the gluing along the single edge e, and completely ignores what
happens along the remaining edges in G.

Now, the proof of Theorem 8.9 will follow immediately from the following two
facts:

Fact 1: If m (G, ®) = m1(G, ®’), then ® is equivalent to &’.

Fact 2: There exist infinitely many pairwise non-equivalent irreducible gluing pat-
terns for G.

Let us begin by establishing Fact 1. Let ¢: (G, ®) — 71 (G, ®') be a group
isomorphism. By Theorem 4.4, the isomorphism % induces an automorphism of
G. But by hypothesis, we are in the case where G has no symmetries, so the
automorphism of G must be the identity. In particular, we have ¥(G1) = ¢G4 g7,
Y(Ga) = g2Ghgy ', where G; (resp. G%) is the image of G, in m (G, ®) (resp. in
m1(G,®")), and ¢1,g2 are elements in w1 (G, ®’). If H (resp. H') is the image in
(G, ®) (resp. in m1(G,®")) of H.,, and H.,, (which are identified by the very
definition of fundamental group of a graph of groups), since ¢ induces the identity
of G we also have ¢)(H) = gsH'gs " for some g3 € 71(G, ®').

Up to conjugating v, we can assume g1 = 1, so that ¥(G;) = G}. Next
note that we have gg,H’gg_1 =Y(H) CY(G1) = G}, so H C gglG’lgg N G,. By
Lemma 2.14-(5), this implies that either g3 € G, or H' corresponds to an edge of G
having both endpoints on the vertex representing G}. But recall that the edge e was
chosen to have distinct endpoints, ruling out this last possibility. So at the cost of
conjugating ¢ with g3 ', we may further assume that g3 = 1, and both 1 (G;) = G
and (H) = H'. As a consequence we have H' = ¢(H) C (Gy) = g2Ghgs ', so
H' C g2Ghg5 ' N Gy, whence go € GY as above and 1(Gy) = GY.

We have thus proved that ¢ induces isomorphisms Gy = G, G2 = G, which
“agree” on H = G1 N G2. More precisely, for i = 1,2 there exists an isomorphism
¥t Gy, — Gy, such that the following conditions hold: ;(He,y,) = He,, for
i = 1,2, and ¢’ o Yu|m,, = ¥2lm,,, ©p. By definition, this means that ® is
equivalent to ®', and Fact 1 is proved.
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Let us now prove Fact 2. Recall that for ¢ = 1,2 we have an identification
Gy, = T'; x ZF, where T'; = m1(N,,). We also denote by L; the subgroup of I';
such that L; x ZF < T'; x Z* corresponds to H.,, under the above identification.
As showed in the proof of Lemma 5.1, every automorphism of G,, = I'; x Z* is of
the form (g,v) — (0:(9), 2i(g) + Bi(v)), where 6;: Ty — T; and B;: ZF — Z* are
isomorphisms, and a;: T'; — Z* is a homomorphism. We now claim that, in a sense
to be made precise below, if we restrict to automorphisms leaving L; invariant, then
there exist at most a finite number of possibilities for the isomorphism 6;.

Let ©; be the group of automorphisms of I'; leaving L; invariant, and let ©;
be the group of automorphisms of L; given by restrictions of elements of Q,. For
g € T';, we denote by ¢, € Aut(T;) the conjugation by g. If 0,0 c O, are such that

0 = ¢, 00 for some g € Ty, then gL;g~"

= L;, whence g € L; (see the proof of
Lemma 2.14-(1)). Since L; is abelian, this implies that 6 and 6 restrict to the same
element of ©;. As a consequence, ©; has at most the cardinality of the group of
outer automorphisms of I';, which is finite by Mostow rigidity (together with the
well-known fact that the group of isometries of a complete finite-volume hyperbolic
manifolds is finite). We have thus proved the fact claimed above that ©; is finite.
For i = 1,2, let us now fix a free basis of L; x Z* =2 Z"+t*~1 whose first n — 1
elements give a basis of L; and whose last k elements give a basis of Z*. Under
the induced identification of L; with Z"~!, the group ©; is identified with a finite
subgroup of SL(n — 1,Z) , which will still be denoted by ©;. Moreover, we may
identify the group of automorphisms of H, ,, = L; x Z¥ with the group of matrices
SL(n+k—1,Z). The discussion above shows that under these identifications every
automorphism of L; x Z¥ which extends to an automorphism of G, has the form

<9i 0 >€SL(n—|—k—17Z)> 0; € ©; <SL(n-1,2),

VU w;

and any isomorphism between ¢: H.,, — H,,, may be represented by a matrix

A B
(C D)eSL(n+k—1,Z),

where A, D have order (n — 1) x (n — 1) and k x k respectively. Moreover, it is
readily seen that ¢ can be extended to an irreducible gluing pattern if and only if
rk(B) = k.

Now, since £k < n — 1 and O, is finite, it is possible to construct an infinite
sequence { B, };en of matrices of order (n—1) x k such that the following conditions
hold:

o 1kB; = k for every j € N;
e if A; is the subgroup of 7"~ ! generated by the columns of B;, j €N, and
A; = 0(A}p,) for some 0 € O, then necessarily j = h.

Let ¢;: He o, — He oy, 7 € N, be the isomorphism represented by the matrix

o Idp—1 B;
A= ()
and extend ¢; to an irreducible gluing pattern ®;. We now claim that ®; is not
equivalent to @y, if j # h, thus concluding the proof of (2). In fact, if ®; is equivalent
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to @y, then there exist matrices

N, — 01 0 N, — 0y 0
1 V1 w1 ’ 2 (%) w2

such that 6, € ©;, w; € SL(k,Z) for i = 1,2, and P;N; = NP, It is readily seen
that this condition implies the equality Bjw; = 62B). Since wy € SL(k,Z), this
implies in turn A; = 62(Ap), whence j = h by the properties of the B;’s listed
above. We have thus proved the theorem under the assumption that G is without
symmetries.

In the general case, the arguments just described ensure that an infinite family
{®,};en of irreducible gluing patterns exists such that, if ¢ # j, then 71 (G, ®;) is not
isomorphic to m (G, ®;) via an isomorphism inducing the identity of G. Suppose
now by contradiction that the groups 71 (G, ®;) fall into finitely many isomorphism
classes. Then, up to passing to an infinite subfamily, we may suppose that for
every i,j € N there exists an isomorphism ;;: 71 (G, ®;) — m (G, ®,) inducing
the automorphism d;; of G. Since the group of automorphisms of G is finite, there
exist h,k € N\ {0} such that h # k and dgp, = doi. Therefore, the map 1oy o wo’hl
establishes an isomorphism between 71 (G, @) and 71 (G, @) inducing the identity
of G, a contradiction. O

REMARK 8.10. The assumption that G has at least two vertices is not really nec-
essary. In the case that G has only one vertex, we could provide a different proof of
Theorem 8.9 just by replacing our analysis of isomorphisms between amalgamated
products with an analogous analysis of isomorphisms between HNN-extensions.

REMARK 8.11. The strategy described in the proof of Theorem 8.9 can also
be applied to the examples discussed in Remark 12.11, where an infinite family
{M;};>1 of irreducible manifolds not supporting any CAT(0) metric is constructed
by gluing two fixed 4-dimensional pieces V7, V5 along their unique boundary compo-
nent. With notation as in Corollary 12.10 and Remark 12.11, we now show that if
V1 is not diffeomorphic to Vs, then M; is not diffeomorphic to M; for every 4, j € N,
R

Let us choose bases for the fundamental groups of the boundary components of
V1, Va (such components are 3-dimensional tori) in such a way that the first vector
is null-homologous in V;, ¢« = 1,2, and the last one belongs to the fiber subgroup
(which is isomorphic to Z). Then the gluing map defining M,, is encoded by the
matrix

1 x 1
A, = 0 = O
0 n

Moreover, every homomorphism of the fundamental group of a piece into the fiber
subgroup (which is abelian) vanishes on null-homologous elements, whence on hor-
izontal slopes. So any automorphism of the fundamental group of each of the two
pieces, when restricted to the boundary, gives an automorphism of the form

* % 0
* % 0
0 * =1
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(see the proof of Theorem 8.9). It is now readily seen that if N;, No are matrices
of this form, then we have

* ok % * ok ok
NiA, = S # * % % = A,,N>.
* x *+n * x +m

Now, since V; is not diffeomorphic to V5, the M;’s are associated to a graph with-
out symmetries. As explained in the proof Theorem 8.9, this is now sufficient to
conclude that the M;’s are pairwise non-diffeomorphic.

Also, observe that by the proof of Theorem 8.9, if V; is diffeomorphic to V3
we can still conclude that among the M,’s there exist infinitely many pairwise
non-diffeomorphic manifolds.






CHAPTER 9

Pieces of irreducible graph manifolds
are quasi-preserved

In this chapter, we prove Theorem 0.12, which we recall here for the convenience
of the reader:

THEOREM (Pieces of irreducible manifolds are preserved). Let My, Ms be a
pair of irreducible graph manifolds, and T'; = 71 (M;) their respective fundamental
groups. Let Ay < T'y be a subgroup conjugate to the fundamental group of a piece
in My, and ¢ : T1 — Ty be a quasi-isometry. Then, the set (A1) is within finite
Hausdorff distance from a conjugate of Ao < T's, where Ag is the fundamental group
of a piece in M.

So, let us fix graph manifolds M7, My with fundamental groups T'; = 71 (M)
and suppose ¥: I'y — T’y is a quasi-isometry. Due to Milnor-Svarc Lemma (see
Theorem 1.2), ¢ induces a quasi-isometry between ]\71 and Mg, which we will still
denote by 9. The statement of Theorem 0.12 is equivalent to the fact that ¢ sends,
up to a finite distance, chambers of M7 into chambers of Ms. In order to prove this
fact, we will use the technology of asymptotic cones, which we now briefly describe.

9.1. The asymptotic cone of a geodesic metric space

Roughly speaking, the asymptotic cone of a metric space gives a picture of
the metric space as “seen from infinitely far away”. It was introduced by Gromov
in [Grl], and formally defined in [vdDWi]].

A filter on N is a set w C P(N) satisfying the following conditions:

(1) 0 ¢ ws

(2) ABew = ANBEuw;

3) Acw, BODA = Becw.
For example, the set of complements of finite subsets of N is a filter on N, known
as the Fréchet filter on N.

A filter w is a wultrafilter if for every A C N we have either A € w or A° € w,
where A° := N\ A. For example, fixing an element a C N, we can take the associated
principal ultrafilter to consist of all subsets of N which contain a. An ultrafilter is
non-principal if it does not contain any finite subset of N.

It is readily seen that a filter is an ultrafilter if and only if it is maximal with
respect to inclusion. Moreover, an easy application of Zorn’s Lemma shows that
any filter is contained in a maximal one. Thus, non-principal ultrafilters exist (just
take any maximal filter containing the Fréchet filter).

From this point on, let us fix a non-principal ultrafilter w on N. As usual, we
say that a statement P,, depending on n € N holds w-a.e. if the set of indices such
that P, holds belongs to w. If X is a topological space, and (z,) C X is a sequence

7
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in X, we say that w-lim z,, = z if z,, € U w-a.e. for every neighbourhood U of z .
When X is Hausdorff, an w-limit of a sequence, if it exists, is unique. Moreover,
any sequence in any compact space admits a w-limit. For example, any sequence
(an) in [0, +00] admits a unique w-limit.

Now let (X;,;,d;), i € N, be a sequence of pointed metric spaces. Let C be
the set of sequences (yn), yn € Xy, such that w-limd, (2, y,) < +00, and consider
the following equivalence relation on C:

(yn) ~ (zn) < w-lim dn(?/nv Zn)

=0
We set w-lim(X;, ;,d;) = C/~, and we endow w-lim (X, z;, d;) with the well-defined
distance given by dy, ([(yn)], [(2n)]) = w-limdy(yn, z,). The pointed metric space
(w-lim(X;, x;, d;), d,,) is called the w-limit of the pointed metric spaces X;.
Let (X,d) be a metric space, (z,) C X a sequence of base-points, and (r,) C
R* a sequence of rescaling factors diverging to infinity. We introduce the notation
(Xo((zn), (rn)), dw) = w-lim(X,,, T, d/ry).

DEFINITION 9.1. The metric space (X, ((xy), (ry)),dw) is the asymptotic cone
of X with respect to the ultrafilter w, the basepoints (z,) and the rescaling fac-
tors (r,). For conciseness, we will occasionally just write X, ((zy), () for the
asymptotic cone, the distance being implicitly understood to be d,,.

If wis fixed and (ay,) C R is any sequence, we say that (a,) is o(ry,) (resp. O(ry,))
if w-limay, /r,, = 0 (resp. w-lim |a,|/r, < 00).

Let (z,) C X, (rn) C R be fixed sequences of basepoints and rescaling factors,
and set X, = (Xw((xn), (rn)),dw). Sequences of subsets in X give rise to subsets
of X,,: if for every n € N we are given a subset § # A,, C X, we set

w-lim 4,, = {[(pn)] € X | pn € A, for every n € N}.

It is easily seen that for any choice of the A,’s, the set w-lim A,, is closed in X,,.
Moreover, w-lim A4,, # @ if and only if w-lim w < 0.

9.2. Quasi-isometries and asymptotic cones

We are interested in describing how quasi-isometries asymptotically define bi-
Lipschitz homeomorphisms. In order to do this, and to fix some notations, we recall
some basic results about w-limits of quasi-isometries and quasi-geodesics.

Suppose that (Y;,y;,d;), i € N are pointed metric spaces, and that (X,d) is a
metric space. Let (x,) C X be a sequence of basepoints and (r,) C R a sequence
of rescaling factors. Until the end of the section, to simplify the notation, we set
X = (Xw, (xn), (1n)). The following result is well-known (and very easy):

LEMMA 9.2. Suppose (k;) C RY, (¢;) € RT are sequences satisfying k = w-
limk; < oo, and ¢; = o(r;). For each i € N, let f;:Y; — X be a map with the
property that for every y,y' € Y;, the inequality

d(fi(y), fi(y")) < kidi(y,y') + e
holds. If d(fi(y:),z:) = O(ry), then the formula [(p;)] — [fi(pi)] provides a well-
defined map f,: w-lim(Y;, y;,d;/r;) — X.,. Moreover, f, is k-Lipschitz, whence
continuous. If k > 0 and
dz(yvy/)

d(fi(y), fi(y")) > k:

— ¢
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is also satisfied (i.e. if f; is a (ki c;)-quasi-isometric embedding), then f, is a
k-bi-Lipschitz embedding.

As a corollary, quasi-isometric metric spaces have bi-Lipschitz homeomorphic
asymptotic cones. We recall that a (k,c)-quasi-geodesic in X is a (k, ¢)-quasi-
isometric embedding of a (possibly unbounded) interval in X.

LEMMA 9.3. Suppose (k;) C R, (¢;) € R are sequences satisfying k = w-
limk; < oo, and ¢; = o(r;). For each i € N, let v;: [a;, b;] = X be a (k;, ¢;)-quasi-
geodesic with image H; = Im~;, and assume that d(x;, H;) = O(r;). Then up to
precomposing y; with a translation of R, we may suppose that 0 is the basepoint of
[a;,b;], and that the sequence (v;) induces a k-bi-Lipschitz path

Yo [w-lim(a;/r;), w-Um(b; /r;)] = X,
Moreover, we have Im~,, = w-lim H;.

PrOOF. The only non-trivial (but easy) assertion is the last one, which we
leave to the reader. (]

The previous Lemma asserts that quasi-geodesics in a space give rise to a bi-
Lipschitz path in the asymptotic cone. Our next result shows a type of converse to
this result.

LEMMA 9.4. Assume X is a geodesic space, and let v,: [0,1] — X, be a k-
Lipschitz path. Then, for every e > 0 there exists a sequence of (k + €)-Lipschitz
paths vy, : [0,7,] = X with the following properties:

e d(zn,v,(0)) = O(ry), so if [0,1] = w-lim %[O,rn] then (v,) defines a

(k + €)-Lipschitz path w-lim v, : [0,1] — X,,;
o w-lim~y, =,.

PRrROOF. For every t € [0,1] set p' = ~,(t) = [(pl)], and for every j € N let
A; € N be the set of indices ¢ € N such that

’ E ’
d(pt,pl) < (1 + %) ride (p', p")

forevery t = h-279.t' =h 279, h,h' € Z,0 < h,h < 2. By construction we
have A;11 C A; and A; € w for every j € N. For every i € N, let

j(i) =sup{j e N|i € A;} € NU {00},

and set j'(i) = ¢ if j(i) = oo and j'(i) = j(i) otherwise. By the nature of the
construction, we have i € Aj:(;). For every i € N, we define the curve v;: [0,7;] — X
as follows: if h € {0,1,...,27() — 1}, then the restriction of +; to the interval
[hr:279' @ (h+1)r;277" ] is a linear parameterization of a geodesic joining ph2 ™" "

1
—4"(3)
with p£h+1)2 " Since i € Aji(;) each such restriction is (k + ¢)-Lipschitz, so ;

is (k 4 ¢)-Lipschitz. It readily follows that w-lim~; is (k + &)-Lipschitz, and in
particular continuous. Thus, in order to show that w-lim~, = 7, it is sufficient
to show that (w-lim~,)(t) = v, (t) = p' for every t of the form h277, h,j € N.
However, if t = h277 by construction we have

{ieN[wt)=pi} 2 {ilj<j@) <oo}u({i]j(@) =oc}n{ili>j})
{i]7 <j@}n{ili=j}

Jiv
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As a result, for each t = h277, we have that w-lim;(¢) = [(7:(t))] = [(p})] = 7. (¢),
whence the conclusion. (]

9.3. Tree-graded spaces

We are going to need some results about the asymptotic cones of complete hy-
perbolic manifolds of finite volume. The following definitions are taken from [DrSal].

DEFINITION 9.5. A geodesic metric space X is said to be tree-graded with
respect to a collection of closed subsets {P;};¢c1, called pieces, if
(HUP =X,
(3) if A is a simple geodesic triangle contained in X, then it is contained in a
single piece.

DEFINITION 9.6. A geodesic metric space X is asymptotically tree-graded with
respect to a collection of subsets A = {H;};¢y if the following conditions hold:

(1) for each choice of basepoints (z,) C X and rescaling factors (r,,), the as-
sociated asymptotic cone X, = X, ((xy), (r,)) is tree-graded with respect
to the collection of subsets P = {w-lim H;(,,) | H;,,) € A}, and

(2) if w-lim H;(,) = w-lim H},,y, where i(n), j(n) € I, then i(n) = j(n) w-a.e.

We summarize in the following lemma some properties of tree-graded spaces
which are proved in [DrSa] and will be useful later.

LEMMA 9.7. Let P, P’ be distinct pieces of a tree-graded space Y. Then there ex-
ist p € P,p’ € P’ such that the following holds: for any continuous path v: [0,1] —
Y with v(0) € P and (1) € P’ we have p,p’ € Im~. Moreover, if PN P’ # 0, then
{p} = {p'} = PN P'. In particular, if there exists v: [0,1] — Y with v(0) € P,
v(1) € P" and PNIm~ = {7(0)}, then every path joining P and P’ passes through
7(0).

The following result is a consequence of [Fa2] and [DrSa] (see also Section 9.6
below):

THEOREM 9.8. Let B be a neutered space obtained as the complement in H"
of an equivariant family K of pairwise disjoint open horoballs, and let H be the
collection of the boundaries of the horoballs in K. Then B, endowed with its path
metric, is asymptotically tree-graded with respect to H.

(I
Another proof of this theorem (for spaces of pinched negative curvature and
without the equivariance assumption) can be found in [Si].

9.4. Studying the asymptotic cones of M

Let M be an irreducible graph manifold with universal covering M. Let w be
any non-principal ultrafilter on N, let (x,,) € M, (d,) C R be fixed sequences of
basepoints and rescaling factors, and set M, = (M., (z,,), (d,)).

DEFINITION 9.9. An w-chamber (resp. w-wall, w-fiber) in M,, is a subset X,, C

M of the form X, = w-1lim X where each X* C M is a chamber (resp. a wall, a
fiber).
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Since a constant k exists suih that each point of M has distance at most k
from some wall, every point of M, lies in some w-wall. We will show that every
bi-Lipschitz homeomorphism of ]\A/[/w preserves the decomposition of Mw into w-
walls. Together with an argument which allows us to recover quasi-isometries of
the original spaces from homeomorphisms of asymptotic cones, this will allow us to
prove Theorem 0.12.

The following lemma is a direct consequence of Corollary 7.13.

LEMMA 9.10. There exists k > 1 such that every w-wall of]/\\j is k-bi-Lipschitz
homeomorphic to R*™1, and every w-fiber of M is k-bi-Lipschitz homeomorphic to

Rh, h<n-—3.
From Corollary 7.13, Lemma 9.7 and Theorem 9.8 we get the following:

LEMMA 9.11. There exists k > 1 such that for any w-chamber C, = w-
limC; C M, there exists a k-bi-Lipschitz homeomorphism ¢: C,, — Y x R,
where Y is a tree-graded space whose pieces are k-bi-Lipschitz homeomorphic to
R"~!=1. Moreover, suppose that W;, W/ are walls adjacent to C;, and let W,, = w-
Lm W; # 0, W/ = w-lim W/ # 0. Then, there exist pieces P,,, P! of Y such that
W, =@ Y7 (P,)) and W/ = =1 (n71(P))), where m: Y xR! — Y is the natural
projection. Therefore:

o if W, =W/ then W; = W/ w-a.e.

o if W, # W/ then there exists a fiber F,, C W, such that every continuous
path joining a point in W,, with a point in W/ has to pass through F,,.
Moreover, W,, N W/, is either empty or equal to F,,.

LEMMA 9.12. Let W, , W/ C Mw be distinct w-walls. Then there exists an
w-fiber F,, C W,, with the following properties:
(1) every Lipschitz path joining a point in W, with a point in W/ passes
through F,,;
(2) W,nNW/ CF,.

PRrROOF. Let ~v: [0,1] — Mw be a Lipschitz path with v(0) € W, v(1) € W/,
and let W;, W/ C M, i € N, be walls such that w-lim W, = W,,, w-lim W/ = W/.
Since W, # W/, we may suppose W; # W/ for every i € N.

Let us take ¢ > 0. By Lemma 9.4, v = w-lim~; where ~;: [0,a;] — M is a
(k+€)-Lipschitz path and w-lim a; /d; < co. Of course (see the proof of Lemma 9.4)
we may suppose v;(0) € W;, v;(a;) € W] w-a.e.

For every i € N, let us define a wall L; and a chamber C; as follows: if both W;
and W/ are adjacent to the same chamber, then L; = W/ and C; is the chamber
adjacent both to W; and to L;; if W;, W/ do not intersect the same chamber, then
L; # W; and C; are such that W;NC; # 0, L;NC; # 0, and every path connecting W;
and W/ intersects L; (the existence of such L;, C; is an obvious consequence of the
realization of M as a tree of spaces). We would like to associate to 7; a continuous
path «a; joining W; with L; which does not intersect any chamber different from
C;. This can be done in the following way. Let z; be the last point of -; which lies
on W;, let p; be the first point of +; which follows z; and lies on L; and call ] the
subpath of v; with endpoints z;, p;. We have that v, N C; is a collection of paths
in C;, and, since 7/ is rectifiable and the distance between walls is bounded from

below, only finitely many of them, say 6%,...,8¢ | have endpoints in different walls.
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By concatenating the 5;’s with suitable geodesics 77/1;'- contained in the appropriate
thin walls we obtain the desired a;. By construction, «; intersects W; only in its
initial point. Also note that because thin walls are quasi-isometrically embedded
in M the length of «; is uniformly linearly bounded by the length of v/, whence of
~;. Therefore, we can suppose that there exists k¥’ > 0 such that «a; is defined on
the same interval as ~y;, and «; is k’-Lipschitz w-a.e.

Now consider C, = w-limC; and L, = w-limL;. We find ourselves in the
context of Lemma 9.11, which implies that there exists an w-fiber F,, C W,, with
the property that every path joining W, and L, passes through F,,. Now, by
Lemma 9.2, a = w-lim ¢; is a continuous path joining W,, and L, so a necessarily
passes through F,,. Since F,, only depends on W;, W/, in order to prove (1) it is
sufficient to show that v must also pass through F,,.

Choose the points ¢; € Im «; so that the corresponding ¢ = [(¢;)] € Im « is the
first point along a which belongs to F,,. By the definition of ~; and 1/1} at least
one of the following possibilities must hold:

(i) g € vi w—a.e.

(i) ¢ € w;(i) w—a.e. and Ip, (wj.(i) ¢:) = o(d;), where ’(/J;(i)
subpath of w;.(i) ending in ¢; and lp, denotes the length of the projection of
such a path on the base of C;,

(iii) i € ¥, w—a.e. and w-limlp, (¢} ;lq,)/di > 0.

¢; denotes the initial

In cases (i) and (ii), it is clear that there is a point on v N F,. So let us now
prove that case (iii) cannot occur. Indeed, the sequence of the starting points of
the w§(i)’s gives a point ¢’ # g which comes before ¢ along «. Since «; intersects
W; only in its initial point, by Lemma 9.11 the initial subpath of a ending in ¢’
joins a point on W, with a point on an w—wall @, such that Q. # W, and, by
our hypothesis on ¢, it does not pass through the fiber F,,. But the portion of
w-lim 1/’;(1‘) between ¢’ and ¢ provides a path starting on Q. and intersecting W,
only in g € F,,. By Lemma 9.11, this implies that every continuous path joining a
point on @, to a point in W, has to intersect F,,, a contradiction. This completes
the proof of statement (1) in the Lemma.

In order to prove (2), take p € W, N W/,. From the definitions, we can express
pas p = [(p;)] = [(p})], where p; € W, p; € W/ w-a.e. and d(p;,p;) = o(r;). Let
vi be a geodesic joining p; with p}. Then w-a.e. the image of ; intersects L;. So,
if ¢; € Im~y,; N L; we have d(p;,q;) = o(r;), whence p = [(g;)]. This shows that p
belongs to F,, = W, N L, concluding the proof of the Lemma. O

PROPOSITION 9.13. Suppose f: R — Mw s a bi-Lipschitz embedding. Then
F(R™ 1YY is an w-wall of M,,.

PROOF. Set A = f(R"~!) C M,,. It is sufficient to show that A C W,, for
some w-wall W,,: if this is the case, A is open (by invariance of domain) and closed
(since f is bi-Lipschitz, whence proper) in the connected set W, so would have to
coincide with W,,,.

We first show that if W,,, W/, are distinct w-walls, then either W,,NA C W/ NA
or W, NACW,nNA. In fact, suppose on the contrary that there exist p, g € R" 1
such that f(p) € W, \ W/, f(¢) € W/, \ W,,. By Lemma 9.12, an w-fiber F,, exists
such that any bi-Lipschitz path joining f(p) and f(q) passes through F,,. Therefore,
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R\ f~Y(F,) is path disconnected. However, f~1(F,) is bi-Lipschitz equivalent
to a subset of R", h < n — 3, whence a contradiction (see, for example, [Do]).

We denote by W the set of w-walls of ]/\Z,J, and introduce the transitive relation
< on W defined by W, < W/ if and only if ANW, C ANW/. The argument
above shows that for every pair of w-walls W,,, W/ we have either W, < W/ or
W! < W,, or possibly both.

Now suppose that (W, <) admits a countable increasing cofinal set, i.e. a family
{Wilien C W satisfying Wi < Witl and with the property that for every W, €
W there exists i € N with W, < W!. Since Mw is the union of its walls, we
can then express A as the union A = (J;cy AN WE. If there exists ig such that
ANWE = ANW for every i > ig, then we obtain that A C W/, and we are done.
After passing to a subsequence, we may therefore assume that the W¢’s are pairwise
distinct. Then Lemma 9.12 implies that, for every i € N, a w-fiber F! C W exists
such that ANWE C ANWENWitt C AN FY. So we can rewrite A as the union
A=U;enAN F!. On the other hand, being bi-Lipschitz equivalent to a subset
of R"=3 each of the sets AN F! is a closed subspace of A with empty interior.
Together with Baire’s Lemma, this finally gives a contradiction, thus concluding
the proof in the case where (W, <) admits a countable increasing cofinal set.

Finally, suppose that (W, =) does not admit any countable increasing cofinal
set. Let P = {p; }ien be a dense subset of A. Since for every pair W, W/ we have
either W, < W/ or W/ < W, (or both), one can construct an increasing sequence
{Wilien € W such that Wi D {po,...,p;} for every i € N. Since {W/ };en is not
cofinal, there must exist an w-wall H,, € W such that AN H, D AN W} for every
1 € N. We then have P C H,, forcing A C H,, since H,, is closed in Mw, and we
are done. O

COROLLARY 9.14. For each k, c, there exists § > 0 (only depending on k,c and
the geometry of M) such that the image of R™~! under a (k,c)— quasi-isometric
embedding in M is contained in the S—neighborhood of a wall.

PROOF. By contradiction, take a sequence of (k, ¢)-quasi-isometric embeddings
fm : R"=1 —5 M such that for each m € N and wall W C M we have f,,(R") ¢
N (W), where N,,,(W) is the m-neighbourhood of W. Fix a point p € R"7L.
The fp,’s induce a bi-Lipschitz embedding f from the asymptotic cone R =
R”~1((p), (m)) to the asymptotic cone My (fn(p),(m)). (Recall that, if X is a
metric space, we denote by X, ((x), (rm)) the asymptotic cone of X associated to
the sequence of basepoints (z,,) and the sequence of rescaling factors (r,,).) By the
previous proposition, there is an w—wall W, = w-lim W,,, such that f(R"~1) = W,,.
By hypothesis, for each m there is a point p,, € R*! with d(fmn(pm), W) > m.
Set 1y, = d(pm,p). By choosing p,, as close to p as possible, we may assume that
no point g such that d(p, q) < rp, — 1 satisfies d(fn(q), W) > m, so

(9.1) d(fm(@), W) <m+k+c  forevery g € R" ! s.t. d(p,q) < 7.

Notice that w-lim r,,, /m = oo, for otherwise [(py, )] should belong to R”~1((p), (m)),
[fm (Pm)] should belong to M, ((fm(p)), (m)), and, since f(R"~1) = W,,, we would
have d(fm(pm), Wm) = o(m).

Let us now change basegoints, and consider instead the pair of asymptotic
cones R~ ((py), (m)) and My, ((fm(pm)), (m)). The sequence (f,,) induces a bi-
Lipschitz embedding f’ between these asymptotic cones (note that f # f’, simply
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because due to the change of basepoints, f and f’ are defined on different spaces
with values in different spaces!). Let A,, = {g € R""!|d(q,p) < 7} and A, = w-
lim A, € R Y((pm), (m)). Since w-limr,,/m = oo, it is easy to see that A, is
bi-Lipschitz homeomorphic to a half-space in R"~1. Moreover, by (9.1) each point
in f'(Ay,) is at a distance at most 1 from W/, = w-lim W; (as before, observe that
the sets W, and W/ live in different spaces). Again by Proposition 9.13 we have
that f/(Ay) C /(R ((pm), (m))) = W/ for some w—wall W/. Moreover, since
[(Fun(pm))] € W22\ W, we have W, W,

By Lemma 9.12 there exists a fiber F,, C W/ NW// such that every path joining
a point in W/ with a point in W/ has to pass through F,. Now, if a € f'(4,) we
have d(a, W/,) < 1, so there exists a geodesic of length at most one joining a € W/
with some point in W/. Such a geodesic must pass through F,,, so every point of
f'(A,) must be at a distance at most 1 from F,,. If h: f'(A,) — F,, is such that
d(b, h(b)) < 1 for every b € f'(A,), then h is a (1,2)-quasi-isometric embedding.
Therefore the map g = ho f': A, — F,, is a quasi-isometric embedding. But this
is not possible, since if n — 1 > [ there are no quasi-isometric embeddings from a
half space in R"~! to R! (as, taking asymptotic cones, such an embedding would
provide an injective continuous function from an open set in R"~! to R!). This
completes the proof of the corollary. O

9.5. Walls and chambers are quasi-preserved by quasi-isometries

We are now ready to conclude the proof of Theorem 0.12. We come back to
our original situation, i.e. we take irreducible graph n-manifolds M7, My and we
suppose that f: My — My is a given (k,c¢)-quasi-isometry. We will say that a
constant is universal if it only depends on k, ¢ and on the geometry of M;, Ms. We
begin by recalling the following well-known result (see e.g. [KaLe3, Corollary 2.6]):

LEMMA 9.15. Let f: R"1 — R"! be an (a,b)-quasi-isometric embedding.
Then f is an (a’,b')-quasi-isometry, where o', b only depend on a,b.

PROPOSITION 9.16. A universal constant A exists such that for every wall Wy C
Ml, there exists a wall Wy C Mg with the property that the Hausdorff distance
between f(W1) and Wy is < X\. Moreover, Wy is the unique wall in Mg at finite
Hausdorff distance from f(W1).

PROOF. Since M is irreducible, there exists a (k’, ¢')-quasi-isometry i: R*~! —
W1 (where k', ¢’ only depend on the geometry of Mj), and Corollary 9.14 (applied
to the quasi-isometric embedding f o i) ensures that f(W7) is contained in the S-
neighbourhood of W5 for some wall Wa, where § is universal. For every y € f(W7)
let p(y) € W5 be a point such that d(y, p(y)) < B. It follows easily from Lemma 9.15
that the map po flw,: W1 — Wy is a (K", ¢’)-quasi-isometry, where k", ¢” are
universal. This in turn implies that W5 is contained in the f’-neighbourhood of
f(Wy), where 8’ is universal. The first statement follows, with A = max{3, 5'}.
The uniqueness of W5 is an immediate consequence of Lemma 2.17. O

Putting together Propositions 9.16 and 4.3 we now get the following result,
which concludes the proof of Theorem 0.12:

PROPOSITION 9.17. There exists a universal constant H such that for every
chamber Cy C M there exists a unique chamber Cy C My such that the Hausdorff
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distance between f(C1) and Cy is bounded by H. Moreover, if Wi is a wall adjacent
to Cy then f(Wh) lies at finite Hausdorff distance from a wall Wy adjacent to Cs.

9.6. Thickness and relative hyperbolicity

Our next application concerns the notion of relative hyperbolicity, which we
briefly recall. Let us fix a finitely generated group G, and a collection of subgroups
Hi, ..., H,. There are several equivalent definitions of the notion of relative hyper-
bolicity of G with respect to Hy, ..., H, (see e.g. [Fa2], [Gr2], [Os]). Since we are
going to describe obstructions to relative hyperbolicity coming from the study of
asymptotic cones, we recall the characterization of relative hyperbolicity provided
by the following result:

THEOREM 9.18 ([DrSa]). Let C(G) be any Cayley graph of G, and let us
consider each H; as a subset of C(G). Then, the group G is relatively hyperbolic
with respect to Hy,...,H, if and only if C(G) is asymptotically tree-graded (see
Definition 9.6) with respect to Hy,...,H,. In this case, we say that each H; is a
peripheral subgroup of G.

The motivating example of a relatively hyperbolic group is the fundamental
group of a non-compact, finite volume, Riemannian manifold with sectional curva-
ture bounded above by some negative constant §. Such a group will be relatively
hyperbolic, with respect to the collection of cusp subgroups (we used this fact in
the proof of our Proposition 7.4). The class of relatively hyperbolic groups has been
extensively studied by a variety of authors, so a reasonable question is whether the
fundamental groups of our irreducible graph manifolds are relatively hyperbolic.
The following result is an immediate consequence of Dahmani’s Combination The-
orem [Da] (see also [Si, Theorem 0.2]):

PROPOSITION 9.19. Assume the graph manifold M has at least one piece with
trivial torus fiber. Then w1 (M) is relatively hyperbolic with respect to a finite family
of proper subgroups.

So we are left with considering the case where all pieces of M have non-trivial
toric factor. Let us moreover assume that the irreducible graph manifold M has
associated graph of groups with at least two vertices. Let us sketch the proof that
M, and so any Cayley graph of 7 (M), is thick of order 1.

The notion of thickness was introduced by Behrstock, Drutu and Mosher in
[BDM] as an obstruction for a metric space to be asymptotically tree-graded,
and hence, for a group to be relatively hyperbolic. The simplest such obstruction is
being unconstricted, i.e. having no cut-points in any asymptotic cone (by definition,
a metric space is thick of order 0 if it is unconstricted). It is readily seen that
the product of two unbounded geodesic metric spaces is unconstricted. Notable
thick metric spaces and groups which are not unconstricted include the mapping
class group and Teichmiiller space (equipped with the Weil-Petersson metric) of
most surfaces (see [BDM)]), fundamental groups of classical 3-dimensional graph
manifolds (see again [BDM]), and the group Out(F;,) for n > 3 (see Algom-Kfir
A-K]).

Let us briefly describe what it means for a metric space X to be thick of order
at most 1 with respect to a collection of subsets £. First of all, the family L is
required to “fill” X, that is there must exist a positive constant 7 such that the
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union of the sets in £ is 7—dense in X (property (N1)). Secondly, a certain coarse
connectivity property (denoted by (N2)) must be satisfied: for each L,L" € £ we
can find elements Lo = L, Ly ..., L, = L’ of £ such that N.(L;) N N;(L;1+1) has
infinite diameter, where the constant 7 is independent of L,L’. The space X is
said to be a T-network with respect to the family of subspaces L if conditions (N1)
and (N2) hold (with respect to the constant 7). For X to be thick of order at
most 1, we need X to be a T-network with respect a family £, where each L € L
is unconstricted (actually the stricter condition that the family £ is uniformly
unconstricted is required to hold).

Notice that property (IN2) fails if X is asymptotically tree-graded with respect
to L as in that case there are uniform bounds on the diameter of Ny (L) N Ny (L')
for L,L' € L with L # L'.

PRrROPOSITION 9.20. Let M be a graph manifold, with at least one internal wall,

and with the property that all pieces have non-trivial fibers. Then M and w1 (M)
are both thick of order 1.

PROOF. Let us first argue that M is thick of order < 1. We show that M is a
T—network with respect to the collection #H of its chambers (for 7 large enough).
In fact, every point in M is clearly uniformly close to a chamber (property (N1)).
Furthermore, if 7 is large enough, then the intersection of two adjacent chambers
contains a wall. As walls have infinite diameter, we easily obtain property (N2) as
well. .

To complete the proof that M is thick of order < 1 we are only left with
proving that # is uniformly unconstricted. This is true because there exists a
uniform constant k > 1 such that any w—chamber is k-bilispchitz homeomorphic
to the product of a geodesic metric space and some R", n > 0.

Finally, we note that, by a result of Drutu, Mozes, and Sapir [DMS, Theorem
4.1], any group which supports an acylindrical action on a tree has the property
that every asymptotic cone has a cut point. In view of Lemma 8.1, we conclude
that w1 (M) has cut points in every asymptotic cones, hence cannot be thick of
order 0. This concludes the proof of the Lemma. ([

Therefore, if we assume that every piece of our irreducible graph manifold M
has non-trivial torus factor, then 1 (M) is either thick of order 0 (when M consists
of a single piece without internal walls), or thick of order 1 (when M has at least one
internal wall). By [BDM, Corollary 7.9], this has the following nice consequence:

COROLLARY 9.21. Let M be a graph manifold, with the property that all pieces
have non-trivial fibers. Then w1 (M) is not hyperbolic relative to any collection of
proper subgroups.



CHAPTER 10
Quasi isometry rigidity, I

This chapter is devoted to the proof of Theorem 0.13. We recall the statement
for the convenience of the reader:

THEOREM. Let N be a complete finite-volume hyperbolic m-manifold, m > 3,
and let T be a finitely generated group quasi-isometric to w(N) x Z%, d > 0. Then
there exist a finite-index subgroup T of T', a finite-sheeted covering N’ of N ,a group
A and a finite group F' such that the following short exact sequences hold:

J

1 74 I/ A 1,

1 F A Wl(N/)*)l.

Moreover, j(Z%) is contained in the center of I'. In other words, I' is a central
extension by Z of a finite extension of w1 (N').

In what follows we will give a proof of Theorem 0.13 under the additional
assumption that the cusps of N are toric. However, the attentive reader will observe
that all the results needed in the proofs below also hold in the case where IV is not
assumed to have toric cusps, provided that the walls of the universal covering of
N xT? are quasi-isometrically embedded in the universal covering B x R%, where B
is the neutered space covering N. But this last fact is obvious, since the boundary
components of B x R? are totally geodesic (in the metric sense).

So, let us consider the graph manifold with boundary M = N xT¢, and observe
that I" is quasi-isometric to 71 (M). Moreover, M is obviously irreducible, and the
universal covering M of M is isometric to the Riemannian product B X R?, where
B is a neutered space. The walls of M coincide with the boundary components of
M.

10.1. The quasi-action of I' on M

As discussed in Section 1.3, a quasi-isometry between I and 7 (M) induces a
k-cobounded k-quasi-action h of I" on M for some k > 1. From this point on, we
will fix such a quasi-action. Henceforth, for every v € I', we will abuse notation,
and also denote by 7 the corresponding quasi-isometry h(7y): M — M.

We want to prove that every quasi-isometry ~: M — M , v € T can be coarsely
projected on B to obtain a quasi-isometry of B. We say that a constant is universal
if it depends only on k, H and the geometry of B, where H is such that for every
v € I and every wall W C M , the set v(W) is at Hausdorff distance at most H
from a wall of M (see Proposition 9.16).

87
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LEMMA 10.1. There exists a universal constant H' such that, for each fiber
F={b} x R C M and each v € T, the set v(F) is at Hausdorff distance bounded
by H' from a fiber F = {b} x R¢ C M.

PRrROOF. Let K C N be the cut-locus of N relative to ON, i.e. the set of points
of N whose distance from N is realized by at least two distinct geodesics, and let
R’ = 2sup{dw(p,q)|p € K, ¢ € ON}. Since N is compact, R’ is finite, and it is
easily seen that for each p € N there exist (at least) two distinct components of ON
whose distance from p is at most R’. This implies that for each fiber F' there exist
two walls W, W’ such that I C A (W, W') = {z € M |d(z,W) < R',d(z,W') <
R’}

Moreover, if O, are disjoint horospheres in 9B, it is easy to see that the
diameter of the set {b € B|d(b,0) < R',d(b,0’") < R’} is bounded by a constant
which only depends on R’. As a consequence, if F is a fiber contained in A/ (W, W)
then there exists a universal constant D such that Ar (W, W') C Np(F). As quasi-
isometries almost preserve walls, there exist a universal constant R” > R’ and walls
W, W’ such that y(Agr/ (W, W')) C Ag(W,W’). It follows that v restricts to a
(K', k")-quasi-isometric embedding of F into Ag~(W,W’), where k’ is a universal
constant. But both F and Ag~ (W, W’) are quasi-isometric to R?, so by Lemma 9.15
the restriction of v to F' defines a quasi-isometry (with universal constants) between
F and Ag (W, W’), and this forces the Hausdorff distance between (F) and a fiber
in A (W,W’) to be bounded by a universal H'. O

__ The above Lemma can be used to define a quasi-action of I" on B. Recall that
M is isometric to B x R?, and fix 4 € I'. We define a map 9 (v): B — B by setting
() (b) = mp(((b,0))) for every b € B, where mp: M = BxR% — B is the natural
projection, and for (b, f), (', f') € BxR% = M we denote by dg((b, f), (', f')) the
distance in B between b and b’ (see Section 2). With a slight abuse of notation, we
also denote by dp the distance on B.

We now show that every ¢(v) is a quasi-isometry (with universal constants).
Let b,b' € B and set F = {b} x R? and F’ = {b'} x R%. The Hausdorff distance
between (F) and v(F’) is bounded from below by dp(b,V')/k — k, so if F, F’ are
fibers with Hausdorff distance bounded by H' from ~(F),~v(F’) respectively, then
the Hausdorff distance between F and F” is at least dp(b,V')/k —k —2H'. We have
therefore

dg (V(7)(0) ¥ (7))
> dp(np(F),7p(F")) — dp(d()(b), 75(F)) — dp ($(7)(¥), 75(F7))
> (dp(b,V')/k —k —2H") — 2H'
=dp(b,b)/k —k—4H'.

On the other hand, we also have

dp (¥(7)(0), v ) = dz (7((5,0)),7((¥',0)) )
< kd((b,0), (v/,0)) + k
< kdp(b,V') + k.

Having (k + 2H’)-dense image, the map ¢ (vy): B — B is therefore a (¥, k')-quasi-
isometry with k’-dense image, where k’ is a universal constant. It is now easy to
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show that the map v +— t(v) defines a quasi-action of I' on B. Moreover, up to
increasing k' we may assume that such a quasi-action is k’-cobounded. From the
way the action of I' on B was defined, we also have that, for every v € I" and every
component O of OB, there exists a component O’ of B such that the Hausdorff
distance between ¢ (7)(O) and O’ is bounded by H. In order to simplify notations,
we will as usual denote ¥(v) simply by 7.

Recall that m = n — d is the dimension of the neutered space B, and let G
be the isometry group of (B,dg). Every element of G is the restriction to B of
an isometry of the whole hyperbolic space H™ containing B. We will denote by
Comm(G) the commensurator of G in Isom(H™), i.e. the group of those elements
h € Tsom(H™) such that the intersection G N (hGh~!) has finite index both in G
and in hGh™!.

We are now in a position to use a deep result due to Schwartz (see [Sc, Lemma
6.1]), which in our context can be stated as follows:

THEOREM 10.2 ([Sc]). There exists a universal constant 5 such that the fol-
lowing condition holds: for every v € T' a unique isometry 0(~y) € Isom(H™) exists
such that dg(vy(z),0(y)(x)) < B for every x € B, where dy denotes the hyperbolic
distance on H™. Moreover, for every vy € T' the isometry 0(v) belongs to Comm(G),
and the resulting map 0: T' — Comm(G) is a group homomorphism.

In the next few sections, we will analyze the kernel and image of the morphism
@, in order to extract information about the structure of I'.

10.2. The image of 0

From now on we denote by A < Isom(H™) the image of the homomorphism
0. Our next goal is to show that A is commensurable with 71 (N). It is a result of
Margulis that a non-uniform lattice in Isom(H™) is arithmetic if and only if it has
infinite index in its commensurator (see [Zi]). As a result, things would be quite a
bit easier if N were assumed to be non-arithmetic. To deal with the general case,
we will again use results (and techniques) from [Sc]. Note that, at this stage, we
don’t even know that A is a discrete subgroup of Isom(H™).

From now on, unless otherwise stated, we will consider the Hausdorff distance
of subsets of H™ with respect to the hyperbolic metric dy on H™. We denote by
P C OH™ the set of all the basepoints of horospheres in 0B. As an immediate
corollary of Theorem 10.2 we get the following:

LEMMA 10.3. For every a € A and every horosphere O C OB there exists a
unique horosphere O' C OB such that the Hausdorff distance between a(O) and O’
is at most the universal constant H + . In particular, the group A acts on P.

LEMMA 10.4. The action of A on the set P has a finite number of orbits, and
every element of A which fixes a point in P is parabolic.

PrOOF. Fix a point b € B. Let A be the set of boundary components of B
whose hyperbolic distance from b is < k'(H + k') + k’. The set A is finite, and
define Py to be the (finite) set of basepoints corresponding to the horospheres in
the set A. We will prove that Py contains a set of representatives for the action of
A on P.

So taking an arbitrary p € P, let O be the corresponding component of 0B,
and fix a point y € O. Since the quasi-action of I' on B is k’-cobounded, there
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exists v € T" such that dg(y(b),y) < dp(v(b),y) < k’. We know that there exists
a component O" of OB based at p’ € P such that v(0O’) is at Hausdorff distance
bounded by H from O. It follows that v(O’) contains a point at distance at most
H from y, and this in turn implies that O’ belongs to A, so p’ belongs to Py.
Moreover, the horosphere (v)(0’) is at bounded Hausdorff distance from O, giving
us 0(7)(p’) = p. So p belongs to the A-orbit of a point in Py, completing the first
part of the Lemma.

Now assume p € P is fixed by an element o € A, and let O be the connected
component of 9B corresponding to p. Since a(p) = p, the horosphere a(O) is also
based at the point p. It easily follows that the Hausdorff distance between O and
a™(0) equals n times the Hausdorff distance between O and a(O). Since o™ € A
for every n € N, if such a distance were positive, then for sufficiently large n the
Hausdorff distance from O to a™(O) would exceed the uniform constant H + £,
contradicting Lemma 10.3. We conclude «(O) = O, so « is parabolic. g

Now let Py = {p1,...,p;} € P as in Lemma 10.4 be a finite set of representa-
tives for the action of A on P. For every i =1,...,j let O; be the component of 0B
based at p;, and let 6 be the horosphere contained in the horoball bounded by O;
and having Hausdorff dlstance H [+ B from O;. We let O be the set of horospheres
obtained by translating 01, .. O by all the elements of A, and we denote by B
the complement in H of the union of the horoballs bounded by elements in 0. By
construction the set B is A-invariant, and since all the stabilizers of points in P are
parabolic, for every p € P there exists exactly one horosphere in O based at p. Let
R >0] be the minimal distance between distinct connected components of 9B. Take
O € O and let O be the corresponding boundary component of B. By definition
there exist i € {1,...,;} and an element a € A such that O = a(0;). Recall now
that the Hausdorff distance between «(O;) and O is bounded by H + 3. Together
with our choice for the construction of @, this implies that O is contained in the
horoball bounded by O, and the Hausdorff distance between O and O is bounded
by 2(H + ). As a consequence we easily deduce the following:

LEMMA 10.5. The set B is A-invariant and is such that
B C B C Ngrri5)(B)

(where regular neighbourhoods are considered with respect to the hyperbolic metric
dm). Moreover, if O,0" are distinct elements of O, then the Hausdorff distance

between the horoballs bounded by O and O’ is at least R (in particular, such horoballs
are disjoint).

We are now ready to prove the following:

PROPOSITION 10.6. The group A is a non-uniform lattice in Isom(H™), and
admits B as associated neutered space.

PrOOF. We begin by showing that A is discrete. Since N has finite volume,
the set P is dense in OH™, so we may find horospheres 61, cee 6m+1 in OB with
basepoints p1,...,Ppm+1 such that {p1,...,pm+1} is not contained in the trace at
infinity of any hyperbolic hyperplane of H™. In particular, if o € Isom(H™) is such
that a(p;) = p; for every i = 1,...,m + 1, then o« = Id.
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Recall that the minimal distance between distinct connected components of OB
is bounded from below by the constant R > 0. Choose z; € O; fort =1,...,m+1
and set

U = {a € Isom(H™) | dg(a(z;), ;) < R for every i =1,...,m+ 1}.

Then U is an open neighbourhood of the identity in Isom(H™); let us compute the
intersection ANU. If a € A, we have that « permutes the component of oB. 1f
we also assume « € U, then o moves each of the horospheres O; at most R, which
forces a(O;) = O;, whence a(p;) = p;, for each i = 1,...,m + 1. As noted above,
this implies @ = Id, and AN U = {Id}. But this implies A is a discrete subgroup.
Next we verify that A has finite co-volume. Since B is contained in the 2(H+B)-
neighbourhood of B, there exists a I'-orbit which is (k' +2H + 23)-dense in E, and
this immediately implies that there exists a A-orbit which is (k' + 2H + 3/3)-dense
in B. It follows that the quotient orbifold B /A is compact. By Lemma 10.4, such
an orbifold has a finite number Vi,...,V; of boundary components. Let 6j be
the boundary component of B projecting onto V;. Since elements of A permute the
boundary components of B, if a € A is such that a(éj) ﬂaj # (), then a(aj) = 6j,
so « belongs to the stabilizer A; of the basepoint of 6j. Being a closed subset of
the compact quotient E/A, the set V; = 5j/Aj is also compact. If W; C H™ is

~

the horoball bounded by Oj, it follows that the quotient W;/A; has finite volume.
Since (Ule Wj> uB projects surjectively onto H™ /A, we conclude that H™ /A has
finite volume, and we have verified that A is a non-uniform lattice. O

COROLLARY 10.7. The group A is commensurable with m (N).

PROOF. Since B C B C No(r45)(B), the spaces B and E, when endowed
with their path distances, are quasi-isometric. Since 71 (N) acts properly and co-
compactly on B and A acts properly and cocompactly on §7 by Milnor-Svarc’s
Lemma this ensures that A is quasi-isometric to m1(N). The conclusion now fol-

lows from [Se, Corollary 1.3], since both 71 (N) and A are non-uniform lattices in
Isom(H™). O

10.3. The kernel of ¢

Having obtained an understanding of the image of #, we now turn to studying
the kernel.

LEMMA 10.8. The group ker is finitely generated and quasi-isometric to Z2.
Moreover, it is quasi-isometrically embedded in T'.

PROOF. Let F = {b} x RY C M be a fixed fiber of M, set zo = (b,0) € F
and observe that there exists 8 > 0 such that if v € ker6 then y(zg) € Ng/(F)
(we may take as 3 the smallest number such that in the base B every dy-ball of
radius 3 is contained in a dp-ball of radius 8’). For v € kerf, x € F, we denote
by a(y,z) € F a point such that d(a(y,z),v(z)) < 8. It is not difficult to see
that the resulting map «a: kerf x F — F defines a quasi-action. Since the fiber F’
is isometric to R? (and hence quasi-isometric to Z?), Lemma 1.4 tells us the first
statement would follow provided we can show that a is cobounded, i.e. that the
orbit of x( is @-dense in F' for some Q.
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First observe that if v € A is such that y(xg) € Ng/ (F), then 6(y) moves b
a universally bounded distance from itself, so discreteness of A implies that 6(v)
belongs to a fixed finite subset A C A. For every a € A we choose an element v, € I’
such that 6(v,) = a and we set M = max{d(zo, v, '(z0)), a € A}. Now, for each
point p € F there exists v € " such that d(v(zo),p) < k. Then, if §(y) =a € A we
have that vy, ! € ker § and

d((vv, ") (o), p) < d(y(v5  (w0)),p) + K
< d(v(v H(20)), Y(x0)) + d(¥(x0), p) + K
< kd(y; H(zo), 20) + 3k
< M + 3k

so d(a(yy,t, z0),p) < M + 3k + 3'. We have thus proved that « is cobounded,
and from Lemma 1.4 we can now deduce that ker 6 is finitely-generated and quasi-
isometric to F (whence to Z9) via the map

,: ker — F, Jzo (7) = (v, 20) -

Let _us now prove that ker 6 is quasi-isometrically embedded in I'. Let ¢: ' —
M P M — T be the quasi-isometries introduced in Section 1.3, and let i: F —
M be the inclusion. Also choose k” large enough, so that ¢ is a (k”,k”)-quasi-
isometry and d(¢(¢(7)),v) < k" for every v € I'. Since F is totally geodesic
in M the inclusion 7 defines an isometric embedding of F' into M, hence the
composition of quasi-isometric embeddings 1 o7 o j,,: ker — I' is also a quasi-
isometric embedding. In order to conclude, it is now sufficient to show that the
inclusion of ker 6 into I' stays at bounded distance from 1 oo j,,.

Keeping the notation from Section 1.3 (and recalling that, in the proof above,
we denoted by v(zg) the point ¢(v - ¥ (xg))), for every v € ker § we have the series
of inequalities:

d((i(jzo (7)), ) = d(¥ (v, 20)),7)
< d(¥(a(y, 70)), ¥(v(20))) + d(¥(v(20)),7)
<E'B + K" +d@(e(y - ¥(20))),7)
<K' +2k" +d(7v - (z0),7)
= k"B +2k" + d(1(20), 1r),
where the last equality is due to the I'-invariance of any word metric on I', and this
concludes the proof. O

We now need the following fundamental result by Gromov:

THEOREM 10.9 ([Grl]). A finitely generated group quasi-isometric to Z¢ con-
tains a finite index subgroup isomorphic to Z.%.

By Theorem 10.9, ker § contains a finite index subgroup K isomorphic to Z<.
Being finitely generated, ker # contains only a finite number of subgroups having
the same index as K. The intersection of all such subgroups has finite index in K
and is characteristic in ker #. Therefore, up to replacing K with one of its finite
index subgroups, we can assume that K is characteristic in ker 8, hence normal in
I'. By construction, the quotient I'/K is a finite extension of A = I'/ker§. By
Corollary 10.7, there exists a finite index subgroup A’ of A such that A’ = 7y (N”)
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for some finite-sheeted covering N’ of N. Let us set I" = §71(A’) and A =T"/K.
Then, we have the following exact sequences:

0

(10.1) 1 zé 21 /K =A—1,

1 F A (N — 1,
where K = j(Z9), and F is finite.

10.4. Analyzing the exact sequence

In order to conclude the proof of Theorem 0.13, all that remains is to show
that the sequence (10.1) is virtually central, i.e. that K = j(Z?) is contained in the
center of a finite-index subgroup of I'V. To this aim, we will introduce the notion of
translation number, and follow a strategy already described in [Gr2, GeSh] (see
also [AlBr, KlLe]).

Let G be a finitely-generated group with finite set of generators A, and for
every g € G let us denote by |g|4 the distance between g and the identity of G in
the Cayley graph of G relative to A. The translation number of g is then given by
the non-negative number

. g"]a
TG,A(Q) = nhjgo h

(the fact that such a limit exists follows from the inequality [g" |4 < [g™]a+]9"|a,
which holds for every g € G, m,n € N). In what follows we will need the following
elementary properties of the translation number:

(1) 76.4(ghg™") = 76 a(h) for every g,h € G;

(2) if G is free abelian and A is a basis of G, then 7¢ a(g) = |g|a for every
9€G;

(3) let G be a subgroup of G’ and A, A’ be finite set of generators for G,G’;
if the inclusion i: G — G’ is a (), ¢)-quasi-isometric embedding (with
respect to the metrics defined on G, G’ by A, A’), then for every g € G we
have

AN 176.4(9) < 16,4 (9) < Ma,alg).

Let us now consider the exact sequence (10.1). We fix an element z € A, and
let y € I’ be such that 6(y) = z. Since K = j(Z%) is normal in I'" and abelian,
the automorphism «(z): K — K defined by a(z)(k) = y-k-y~! is well-defined (in
particular, it does not depend on the choice of y), so the map a: A — Aut(K) is a
well-defined homomorphism of groups.

Now let A’ C T” be a finite set of generators and let A = {ky,...,kq} be a

free basis of K. For every x € A, i = 1,...,d, the element a(z)(k;) is obviously
conjugate to k; in IV, so by property (1) above we have
(102) Tp/7A/(()é($)(ki)) = Tp/7A/(ki).

Since K is a finite-index subgroup of ker and I is a finite-index subgroup of T,
by Lemma 10.8 the inclusion of K in I is a quasi-isometric embedding. So by
property (3) of the translation number there exists A > 0 such that

(10.3) TrA((z) (k) < Mrpear () (ks)), v ar (ki) < M a(ki) = A
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Putting together property (2) of the translation number with equations (10.2)
and (10.3) we finally obtain
(@) (ki) a = Tr,a(a(z) (ki) < Moo (aa) (ki) = Ao (ki) < A2

forevery x € A, i =1,...,d. This implies that the orbit of each k; under the action
of a(A) is finite, so the homomorphism a: A — Aut(K) has finite image, and ker «
has finite index in w1 (N’). Moreover, from the very definition of «, it follows that
K is contained in the center of §~!(ker o), which is a finite-index subgroup of
IV, whence of I'. We conclude that, up to replacing IV with another finite-index
subgroup of T', we can suppose that the extension described by the sequence (10.1)
is central. The proof of Theorem 0.13 is now complete.

REMARK 10.10. One may wonder whether the assumption that I' (whence I')
is quasi-isometric to 1 (N') x Z% implies that sequence (10.1) above virtually splits.
The following construction shows that this is not true in general.

Let N be a hyperbolic 3-manifold with & > 1 cusps and second Betti number
by > k (it is not difficult to construct such a manifold, for example by considering
suitable link complements in the connected sum of several copies of S? x S1), and let
N be obtained by Dehn filling all the cusps of N, in such a way that Nis hyperbolic.
An easy argument using a Mayer-Vietoris sequence shows that a 2-class ¢y €
H5(N;Z) exists such that the element i.(cy) € H,(N;;Z) has infinite order, where
i: N — N is the natural inclusion. Thanks to the Universal Coefficient Theorem, a
coclass w € H2(N; Z) exists such that w(i. (cx)) = 1 (here and henceforth we denote
by w(i,(cx)) the number (w,is(cy)), where (-, -): H2(N;Z) x Hy(N;Z) — Z is
the Kronecker pairing).

Since N and N have contractible universal coverings, we have natural iso-
morphisms Hy(N;Z) = Hy(my(N);Z), Hy(NiZ) = Hy(m(N);Z), H*(N;Z) =
H2(m(N);Z), H2(N;Z) = H?(m(N);Z). Abusing notation, we will also denote
by cn € Ha(m(N);Z), iy (cn) € Hy(m1(N): Z), w € H?(m (N); Z) the elements cor-
responding to the (co)classes introduced above. The inclusion ¢ : N — N induces
a morphism ¢*: H2(ﬁ1(ﬁ); Z) — H?*(m(N); Z).

We now consider the central extension

12Z—-G—-m(N)—>1

associated to the coclass i*(w) € H?(m1(N);Z). On one hand, since 71 (N) is
Gromov-hyperbolic, by [NeRe] the coclass w € H 2(771(]\7 ); Z) admits a bounded
representative, so i*(w) is also bounded. By [NeRe], this implies that G is quasi-
isometric to m1 () X Z. On the other hand, we have i*(w)(cn) = w(i(cn)) =1, so
i*(w) has infinite order in H2(N;Z), and this proves that the above sequence does
not virtually split.

10.5. Pieces with quasi-isometric fundamental groups

The following proposition provides a necessary and sufficient condition for two
pieces of graph manifolds to have quasi-isometric fundamental groups.

PRroOPOSITION 10.11. Let n > 3 be fized, and, for i = 1,2, let N; be a complete
finite-volume hyperbolic n;-manifold with toric cusps, n; > 3. If 1y (Ny x T ™) =

m(N1) X Z"™ s quasi-isometric to w1 (Ng X T"""2) = m1(Ny) X Z" "2, then
n1 = ng and Ny is commensurable with Ns.
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PROOF. Let us set G; = w1 (N;) X Z™ ™. By Theorem 0.13, since G; is quasi-
isometric to 71 (Ng) X Z™~ ™2 there exist a finite index subgroup G} of G1, a group
A and a finite group F' which fit in the following short exact sequences:

1— sz A 1,

1 F A w1 (ND) —— 1,

where IVj is a finite-sheeted covering of Ny. Moreover, j(Z""2) lies in the center
of Gi.

Let Z(Gy) (resp. Z(GY)) be the center of Gy (resp. of G}). We claim that
Z(GY) = Z(G1)NGY. The inclusion D is obvious. Moreover, if p;: G; — 71 (Ny) is
the projection on the first factor, then p;(GY) is a finite-index subgroup of 71 (Ny).
Since any finite-index subgroup of 71 (/N7) has trivial center, this implies that any
element (v, w) € G] C Gy = w1 (Ny) x Z™ ™ which commutes with all the elements
of G} must satisfy v =1 in 71 (N1). We conclude that (y,w) € Z(G1), as claimed.

This implies that j(Z"~"2) C Z(G}) C Z(G1) = Z"™™, so ny < ng by in-
jectivity of j. Interchanging the roles of G; and G2 we also get ny < nq, forcing
ny = na.

Since Z(G}) = Z(G1) N G, the quotient G} /Z(G}) is isomorphic to a finite-
index subgroup of G1/Z(G1), which is in turn isomorphic to 71(N7). In particu-
lar, G /Z(G}) is quasi-isometric to w1 (N1). Moreover, since n; = ng the groups
J(Z™"2) and Z(G}) share the same rank, and this implies that j(Z"~"2) is a finite-
index subgroup of Z(GY), so that A = G /j(Z™~"2) is quasi-isometric to G} /Z(GY),
whence to m1(N7). On the other hand, since A is a finite extension of 71 (NJ) and
71 (NS) is of finite index in 71 (N3), the group A is quasi-isometric to 71 (Nz) too, so
m1(N1) and 71 (N3) are quasi-isometric to each other. The conclusion now follows
from [Sc]. O







CHAPTER 11
Quasi isometry rigidity, 11

The first aim of this section is the proof of Theorem 0.14, which we recall here:

THEOREM. Let M be an irreducible graph n-manifold obtained by gluing the
pieces V; = N;xT% i =1,...,k. LetT be a group quasi-isometric to w;(M). Then
either T' itself, or a subgroup of I' of index two, is isomorphic to the fundamental
group of a graph of groups satisfying the following conditions:

o cvery edge group contains Z™ ' as a subgroup of finite index;

o for every vertex group Ty, there existi € {1,...,k}, a finite-sheeted cover-
ing N’ of N; and a finite-index subgroup T of T, that fits into the exact
sequences

1 y/

I A 1

)

1 F A T (N') —— 1,
where F is a finite group, and j(Z%) is contained in the center of I'.

Throughout this chapter we denote by M an irreducible graph manifold with
universal covering M , and by T" a finitely generated group quasi-isometric to m1 (M).
As discussed in Section 1.3, a quasi-isometry between I' and 71 (M) induces a k-
cobounded k-quasi-action h of I' on M for some k > 1, which will from now on be
fixed. Henceforth, for every v € I we will denote simply by = the quasi-isometry
h(y): M — M.

11.1. From quasi-actions to actions on trees

Let (Mm, T) be the triple which endows M with the structure of a tree of
spaces (see Section 2.3). Building on the results proved in Chapter 9, we wish to
define an action of I" on T'. Fix v € I'. By Propositions 9.16 and 9.17, if v, e; are
a vertex and an edge corresponding respectively to a chamber C; and a wall Wy,
then there exist a unique chamber C5 at finite Hausdorff distance from (C7) and a
unique wall Wy at finite Hausdorff distance from ~(W3;). We will denote by ~(v1),
v(e1) the vertex and the edge corresponding respectively to Cy and Ws,. Again, by
Proposition 9.17, if W7 is adjacent to C then W5 is adjacent to Cs, which gives us
the following:

ProrosITION 11.1. The map v: T — T just defined provides a simplicial au-
tomorphism of T.

In what follows, when saying that a group G acts on a tree T we will always
mean that G acts on T’ by simplicial automorphisms. Recall that G acts on T”
without inversions if no element of G switches the endpoints of an edge of T". We
wish to apply the following fundamental result from Bass-Serre theory (see [Se]):

97
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THEOREM 11.2. Suppose G acts on a tree T' without inversions. Then G is
isomorphic to the fundamental group of a graph of groups supported by the graph
G with set of vertices V' and set of edges E. If G, v € V, and G., e € E, are the
vertex and edge groups of the graph of groups, then:

(1) G is the quotient of T' by the action of G.

(2) For each v € V, the group G, is isomorphic to the stabilizer of a vertex
of T' projecting to v.

(3) For each e € E, the group G, is isomorphic to the stabilizer of an edge of
T’ projecting to e.

Now the action of I' on T" described in Proposition 11.1 might include some
inversions. However, Bass has shown in [Ba, Proposition 6.3] that the group Aut(T)
of all simplicial automorphisms of 7' contains a subgroup Aut®(T'), of index at most
two, which consists solely of elements that act without inversions. This immediately
implies:

LEMMA 11.3. If G acts on the tree T, then either G acts without inversions or

the action of G restricts to an action without inversions of a subgroup G° of index
21in G.

Applying Lemma 11.3 to the action of I" on T', we conclude that a subgroup of
index at most two acts on T without inversions. For the rest of this Chapter, we
will denote by I' the subgroup of I" having this property.

11.2. The action of I on T

Recall that T'° quasi-acts via (k, k)-quasi-isometries with k-dense image on M ,
and, up to increasing the constant k, we may also assume that every I'%-orbit is
k-dense in M. We denote by E the set of edges of T', and we suppose that for every
wall W (resp. chamber C) and every v € I'? the set f(W) (resp. f(C)) has Haus-
dorff distance bounded by H from a wall (resp. a chamber) (see Propositions 9.16
and 9.17). We first show that the quotient of T' by the action of I'? is a finite graph.

LEMMA 11.4. The action of IO on E has a finite number of orbits.

PRrROOF. Fix a point p € M. The set A of those walls whose distance from P
is less than k(H + k) + 3k is finite. Let W be any wall, and fix a point w € W.
There exists v € I'? such that d(y(p),w) < k. We know that there exists a wall
W’ such that v(W') is at Hausdorff distance bounded by H from W. This implies
that v(W’) contains a point y(w’), w’ € W', at distance less than H from w. We
can use this to estimate:

d(w',p) < d(y~ (v(w"), 7" (4(p))) + 2k
< kd(y(w'),v(p)) + 3k
< k(H + k) + 3k,
so W’ € A. As a result, the finite set of edges corresponding to walls in A contains

a set of representatives for the action of I'Y on FE. ([

11.3. Stabilizers of edges and vertices

If e (resp. v) is an edge (resp. a vertex) of T', then we denote by I'? (resp. ')
the stabilizer of e (resp. of v) in I'°.
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LEMMA 11.5. For every edge e of T, the stabilizer TV is quasi-isometric to a
wall. The stabilizer T of a vertex v is quasi-isometric to the chamber corresponding
to v.

PROOF. Let us focus on proving the first statement, as the second statement
follows from a very similar argument. Let Ny (W) be the H-neighbourhood of the
wall W corresponding to the edge e C T', and let ¢.: I'? — Ny (W) be defined by
ve(y) = y(w), where w € W is a fixed basepoint. Let us first prove that ¢.(T'%)
is p—dense in Ny (W) for some p. For each wall W;, ¢ = 1,...,m, in the orbit of
W and having distance less than k2 + 2k + H from w, we choose ; € I'° such that
~i(W) has Hausdorff distance from W; bounded by H. Let L be large enough so
that d(w,v;(w)) < L for every i = 1,...,m. Now pick any point w’ € Ny (W). We
know that there is v € T (but not necessarily in I'?) such that d(y(w),w’) < k.
It is not difficult to show that v~1(W) has finite Hausdorff distance from one of
the W;’s, so there exists j such that (W) is at finite Hausdorff distance from W.
Then 7 -v; € I'?, and we have the estimate:

d((vyj)(w),w') < d((yy;)(w), y(w)) + d(y(w), w')
< (d(y(v;(w)), v(w)) + k) + k

< (kd(v;(w), w) + 2k) + k
< kL + 3k.

This implies that . (I'?) is (kL + 3k)-dense in N (W).

In order to apply Lemma 1.4 we now need to construct a quasi-action of T'Y on
(W, dw ), where dy is the path-distance of W. With this goal in mind, for every
v €T%and z € W, we let he(7)(z) be a point in W such that d(y(x), he(7)(z)) < H.
It is easily checked that the map v + h.(7) indeed defines a quasi-action of I'Y on
(W,d), where d is the restriction to W of the distance on M. Moreover, the orbit
of w under this quasi-action is (kL 4+ 3k + 2H)-dense in (W,d). But since M is
irreducible the identity map on W provides a quasi-isometry between (W, d) and
the path metric space (W, dw ), so h provides a quasi-action of I'Y on (W, dy), and
the orbit of w is p-dense in (W, dw ) for some p. By Lemma 1.4, this implies that
I'Y is finitely generated and quasi-isometric to (W, dy). a

REMARK 11.6. Arguing as in the proof of Lemma 10.8, it is possible to prove
that the stabilizers T'?, T'Y are quasi-isometrically embedded in T°.

Putting together Lemma 11.5 and Gromov’s Theorem 10.9 we immediately get
the following;:

PROPOSITION 11.7. If TV is the stabilizer of an edge e C T, then T'O contains
7™ ! as a subgroup of finite index.

Theorem 0.14 is now a direct consequence of Theorem 11.2, Proposition 11.7
and Theorem 0.13.

11.4. Graph manifolds with quasi-isometric fundamental groups

We are now interested in analyzing when irreducible graph manifolds have
quasi-isometric fundamental groups.
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For ¢ = 1,2, let M; be an irreducible graph nAle/mifold, and let us denote by T;
the tree corresponding to the decomposition of M; into chambers. We can label
each vertex v of T; as follows: if v corresponds to a chamber projecting in M onto
a piece of the form N x T, where N is a cusped hyperbolic manifold, then we label
v with the commensurability class of N. The following result gives a necessary
condition for M7, M5 to have quasi-isometric fundamental groups:

THEOREM 11.8. Suppose the fundamental groups of My and My are quasi-
isometric. Then Ty and Ty are isomorphic as labelled trees.

PRrOOF. By Milnor-Svarc’s Lemma, a quasi-isometry between 71 (M7) and my (M)
induces a quasi-isometry, say 1, between the universal coverings Ml and ]\A/[/g. By
Proposition 9.17 (see also Subsection 1.3), such a quasi-isometry induces a simpli-
cial isomorphism fy, between 77 and 7T5. We will now show that such isomorphism
preserve labels, thus proving the theorem.

Let v; be a vertex of T1 corresponding to the chamber C7, and suppose that
C1 is the universal covering of Ny X T' 41 where N; is a cusped hyperbolic manifold.
Let C be the chamber of M, staying at finite Hausdorff distance from (C1), let
v be the vertex of Ty corresponding to Cs, and suppose that Cs projects into My
onto a piece of the form Ny x 7%, where Ns is a cusped hyperbolic manifold. By
construction, fy, takes v; onto v2, so we only need to check that the labels of v;
and vy are equal, i.e. that N; is commensurable with Ny. However, since My, My
are irreducible, the chamber C; is quasi-isometrically embedded in M;, and this
implies that ¥|c, stays at bounded distance from a quasi-isometry between C7 and
C5. By Milnor-Svarc’s Lemma, it follows that 71 (Ny) X Z% is quasi-isometric to
71 (N3) x Z92, so N; is commensurable with Ny by Proposition 10.11. O

Observe that, in each dimension, there exist infinitely many commensurability
classes of complete finite-volume hyperbolic manifolds with toric cusps (see [MRS]).
Along with Theorem 11.8, this immediately allows us to deduce:

COROLLARY 11.9. Suppose n > 3. Then, there exist infinitely many quasi-
isometry classes of fundamental groups of irreducible graph n-manifolds.

REMARK 11.10. Let us fix the notation as in Theorem 11.8. The following
construction shows that the fact that 77 and T, are isomorphic as labelled trees is
not sufficient for ensuring that 71 (M) and 71 (Ms) are quasi-isometric.

Let N be a cusped hyperbolic 3-manifold with two toric cusps, let 0N, 9, N
be the boundary components of the truncated manifold N, and assume that the
Euclidean structures induced by N on d; N, 93N are not commensurable with each
other. The fact that such a manifold exists is proved in [GHH] (we may take
for example the manifold 7c 3548 in the census available at the address [www]).
Furthermore, let N/, N” be non-commensurable 1-cusped hyperbolic 3-manifolds
(for example, suitable hyperbolic knot complements), and consider the (obviously
irreducible) graph manifolds M, My defined as follows: M; is obtained by gluing
N with N’ along 9, N, and with N” along 95 N; M, is obtained by gluing N with
N’ along 9;N, and with N” along 9; N. Of course, the labelled trees associated to
M; and M5 are isomorphic.

On the other hand, a hypothetical quasi-isometry between w1 (M) and w1 (M3)
should induce a quasi-isometry of 71 (V) into itself taking the cusp subgroup 7 (9, V)
to a set at finite Hausdorff distance from 71 (92 N). By [Sc], this would imply that
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71(01N) and 71 (92 N) admit finite index subgroups that are conjugated by an isom-
etry of H?. As a consequence, the Euclidean structures induced by N on 0, N, O, N
should be commensurable with each other, which would contradict our choices.

REMARK 11.11. In [BeNe], Behrstock and Neumann proved that the fun-
damental groups of any two closed 3-dimensional irreducible graph manifolds are
quasi-isometric. This result could seem in contrast with the phenomenon exhib-
ited by the previous construction. However, hyperbolic bases, in dimensions > 3,
are much more rigid than hyperbolic surfaces with boundary. As a consequence, in
higher dimensions there is no obvious counterpart for all the “strechings” performed
on thickened graphs in [BeNe].
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CHAPTER 12

Examples not supporting locally CAT(0) metrics

We already saw a method in Section 2.5 for constructing graph manifolds which
do not support any locally CAT(0) metric. The idea was to take a finite volume
hyperbolic manifold N with at least two toric cusps, and glue together two copies of
N x T? in such a way that the fundamental group of the resulting graph manifold
contains a non quasi-isometrically embedded abelian subgroup (see Proposition
2.19). This method could be used to produce infinitely many such examples in all
dimensions > 5.

In this Chapter we provide some additional methods for constructing graph
manifolds which do not support any locally CAT(0) metric. In Section 12.1 we
show that certain S'-fiber-bundles over the double of cusped hyperbolic manifolds
do not support locally CAT(0) metrics. This allows us to construct infinitely many
new examples in each dimension > 4.

Section 12.2 is devoted to the construction of irreducible examples. We can
produce infinitely many such examples in each dimension > 4.

For ease of notation, we will omit the coefficient ring in our cohomology groups,
with the understanding that all homology and cohomology in this chapter is taken
with coefficients in Z.

12.1. Fiber bundles

In this section, we describe a construction providing graph manifolds which
do not support any locally CAT(0) metrics. We start by recalling that principal
Sl-bundles over a manifold K are classified (topologically) by their Euler class in
H?(K). The Euler class is the “primary obstruction” to the existence of a section,
and satisfies the following two key properties:

Fact 1: The Euler class of a principal S'-bundle S' — K’ — K is zero if and only
if K~ K x S! (i.e. K'is the trivial S'-bundle).

Fact 2: If f : L — K is continuous, and S' — K’ — K is a principal S'-bundle,
let S — L’ — L be the pullback principal S'-bundle. Then e(L') = f*(e(K")),
where e(L'),e(K’) denote the Euler classes of the respective S'-bundles, and f* :
H?(K;Z) — H?(L;Z) is the induced map on the second cohomology.

Since the manifolds we will be considering arise as principal S'-bundles, we now
identify a cohomological obstruction for certain principal S'-bundles to support a
locally CAT(0) metric.

LEMMA 12.1. Let K be a compact topological manifold supporting a locally
CAT(0) metric, and let S* — K' — K be a principal S*-bundle over K (so that
K’ is also compact). If K' supports a locally CAT(0) metric, then e(K') has finite
order in H?*(K).

105
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PROOF. Since all spaces in the fibration are aspherical, the associated long
exact sequence in homotopy degenerates to a single short exact sequence:

0—=Z—m(K')— m(K)—0.

As K’ is compact, the action of 71 (K’) on the CAT(0) universal cover K’ is by
semi-simple isometries (i.e. for every g € m(K'), there exists a € K’ satisfying
d(x,gz) < d(y,gy) for all y € K’). Furthermore, m (K’) contains Z as a normal
subgroup. A well-known consequence of the Flat Torus theorem (see the discussion
in [BrHa, pgs. 244-245]) implies that there exists a finite index subgroup A <
m1(K') that centralizes the Z-subgroup, i.e. we have:

Z‘)ﬂ'l(K’) 4)71’1(}()

—[ TFinite Index

Z A AJZ,

It is easy to see (by chasing the diagram) that there is an induced inclusion
A/Z — m(K) which is also of finite index. Let L — K be the finite cover corre-
sponding to A/Z < 71 (K), and L’ — K’ the cover corresponding to A < m(K’).
We now obtain the commutative diagram of principal bundles (see [BrHa, Theorem
I1.7.1-(5))):

S'—— K —— K

_I 1\ TFinite Cover

Stl— L ——1L

where both the “top row” and the “bottom row” are principal S'-bundles. Now
observe that the bottom row splits as a product, i.e. L' = L x S'. Indeed, this
follows from the fact that A centralizes the Z-factor, and splits as Z @ A/Z, while
acting on the CAT(0) space K’. From Fact 1, this implies that e(L') = 0 € H?(L).
From Fact 2, and commutativity of the diagram, we get that p*(e(K')) = e(L') =
0, where p* : H*(K) — H?(L) is the map induced by the covering projection
p:L— K.

On the other hand, recall that there is a transfer map on cohomology T :
H*(L) — H*(K) associated with any finite covering p : L — K. This map has the
property that T o p* : H*(K) — H*(K) is just multiplication by the degree of the
covering map. Hence if d denotes the degree of the covering map, we have that:

d-e(K') = (T o p*)(e(K")) = T(0) = 0 € H*(K)

implying that e(K’) € H?(K) is a torsion element, and completing the proof of the
Lemma. (]

Keeping the notation from Section 2.1, let N be a finite volume, non-compact,
hyperbolic manifold, with all cusps diffeomorphic to a torus times [0, 00), and let
N be the compact manifold obtained by “truncating the cusps”. Note that the
boundary N consists of a finite number of codimension one tori, and the inclusion
i : ON < N induces the map i* : H'(N) — H'(ON) on the first cohomology. We
will consider principal S'-bundles over the double DN.
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PRrROPOSITION 12.2. Assume there exists a non-trivial cohomology class a €
HY(ON) having the property that (o) Ni*(H'(N)) = 0 C HY(ON). Then there
exists a manifold M, which is topologically a principal S*-bundle over DN, having
the properties:

(1) M does not support any locally CAT(0) metric.
(2) M is a graph manifold.

PROOF. It is well-known that the double DN supports a Riemannian metric
of non-positive sectional curvature (see for example [ArFa, Theorem 1]). In view
of Lemma 12.1, any principal S!-bundle whose Euler class has infinite order will
not support any locally CAT(0) metric. Since every class in H2(DN) is realized
as the Euler class of some principal S'-bundle, we just need to find a cohomology
class of infinite order.

Consider the Mayer-Vietoris sequence in cohomology for the decomposition
DN =N, Usw N5, where the N; are the two copies of N. We have:

H'(N)) & H (N2) —— H'(ON) —— H*(DN) —— H2(N,) @ H%(N))

Now by hypothesis there exists an element o € H'(ON) having the property
that (o) Ni*(HY(N)) = 0. If iy,i> denotes the inclusions of N into Ni, No,
we have that the first map in the Mayer-Vietoris sequence above is given by
i = i} — 4}, and hence the non-trivial element o € H'(ON) has the property
that () Ni(HY(N1) ® H*(N3)) = {0}. In particular, since H*(ON) is torsion-free,
the subgroup j(H'(ON)) < H?(DN) contains an element of infinite order, namely
j(a). Let M be the associated principal S'-bundle over DN; from the discussion
above, M cannot support any locally CAT(0) metric.

So to conclude, we just need to argue that M is a graph manifold. To see this,
observe that M naturally decomposes as a union M = M; U M5, where each M;
is the preimage of the respective N; under the canonical map S — M — DN =
N, U oN N5. We now show that the M; are the pieces for the decomposition of M
as a graph manifold. To do this, we need to understand the topology of the M;.

From Fact 2, we can compute the Euler class of the bundles S' — M; — N; by
looking at the image of « € H?(DN) under the maps H?(DN) — H?(N;) induced
by the inclusions N; < DN. But observe that these maps are exactly the ones
appearing in the Mayer-Vietoris sequence:

H'(ON) — H*(DN) — H*(N,) & H*(N,)

By exactness of the sequence, we immediately obtain that p(j(a)) =0 € H*(N;)®
H?(N3), and so the Euler class of both M; is zero in the corresponding H?(N;).
Applying Fact 1, we conclude that each M; is the trivial S'-bundle over N;,
i.e. each M; is homeomorphic to N; x S'. Let us now endow each M; with the
smooth structure induced by the product N; x S' of smooth manifolds. Now
the only possible obstruction to M being a graph manifold lies in the gluing map
between M7 and M being affine. However, if the gluing map is not affine, we can
replace it by a homotopic affine diffeomorphism without affecting the Euler class of
the corresponding principal S*-bundle (actually, if n > 5, we can replace the given
gluing map by a C%-isotopic affine diffeomorphism without changing the topological
type of the manifold M — see the discussion in Remark 2.4). Then M is indeed a
graph manifold, and this concludes the proof of the Proposition. [
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In order to obtain the desired examples, we need to produce finite volume
hyperbolic manifolds N so that the associated truncated N satisfies:

(1) all the boundary components of N are diffeomorphic to tori, and
(2) there exists a non-trivial element o € H*(ON) which satisfies

(a) Ni*(H'(N)) = {0} ¢ H'(N).

The next step towards achieving this is to turn the cohomological condition (2) to
a homological condition, as explained in the following Lemma.

LEMMA 12.3. Let N be a finite volume hyperbolic manifold, so that the associ-
ated N satisfies condition (1) above. Then N also satisfies condition (2) above if
and only if ix: H(ON) — Hy(N) is not injective.

PROOF. Since H!(ON) is a finitely generated torsion-free abelian group, prop-
erty (2) above is equivalent to the fact that the index of i*(H'(N)) in H(ON) is
infinite, so we need to prove that this last condition is in turn equivalent to the fact
that keri, # {0}.

For a torus T*, the Kronecker pairing induces an isomorphism between H*(T*)
and Hom(H,(T*),Z). Property (1) ensures that this duality extends to an isomor-
phism between H'(ON) and Hom(H'(ON),Z). Moreover, it is easily seen that
a subgroup H of Hom(H'(ON),Z) has infinite index if and only if there exists a
non-trivial element o/ € Hy(ON) such that p(a’) = 0 for every ¢ € H. Therefore,
the index of i*(H(N)) in H'(9N) is infinite if and only if there exists a non-trivial
element o’ € Hy(ON) such that

(12.1) 0= (*(8),a) = (B,i.(a)) for every 3 € H'(N) .

An easy application of the Universal Coefficient Theorem shows that the Kro-
necker pairing between Hi(N) and H'(N) induces an epimorphism H!'(N) —

Hom(H;(N),Z), so the condition described in Equation (12.1) is equivalent to
the fact that o(i.(a’)) = 0 for every ¢ € Hom(H;(N),Z), whence to the fact that
i+(a’) has finite order in H(N).

We have thus shown that property (2) above is equivalent to the existence of a
non-trivial element o/ € H;(ON) such that i,(a’) has finite order in H;(N). Since
H{(ON) is torsion-free, this last condition holds if and only if the kernel of i, is

non-trivial, concluding the proof. ([l

Now the advantage in changing to a homological criterion is that it is easier to
achieve geometrically. One needs to find examples of finite volume, non-compact,
hyperbolic manifolds N having the property that they contain an embedded S —
N, where S is non-compact surface with finitely many cusps, and the embedding
is proper. After truncation, this yields an element in H;(ON), namely the element
corresponding to &S < ON, having the property that i.([0S]) = 0 € Hi(N).
Moreover, is S is suitably chosen one may also ensures that [0S] # 0 in Hy(N).

One approach to finding such examples would be to construct N so as to
contain a properly embedded totally geodesic non-compact finite volume hyperbolic
surface ¥. A forthcoming paper of McReynolds, Stover, and Reid [MRS] focuses
on arithmetical constructions of such pairs (N, X) in all dimensions.

An alternate approach is to ignore the geometry and to try to argue purely topo-
logically. Fixing a single boundary torus T inside one of these truncated hyperbolic
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manifolds N, we let x1,...,2,_1 be a basis for the first cohomology H'(T) = Z"~!.
The following proposition was suggested to us by Juan Souto:

PROPOSITION 12.4. Assume thal the cohomology classes x; for 1 <i <n —2
have the property that {(z;) Ni*(HY(N)) # {0}. Then there exists an embedded
smooth surface with boundary (3,0%) < (N,0N), having the following properties:

i) S NON = 0 is entirely contained in the boundary component T, and
i) the collection of curves 0% represent a non-zero class in Hy(T) (and in par-

ticular, 9% # ().

PROOF. Since each (x;) N i*(H'(N)) # {0}, we can find non-zero integers
T1,...,Tn_2 with the property that r; - z; € i*(HY(N)) for 1 < i < n —2. Let
y; € HY(N) be chosen so that i*(y;) = r; - ;. We will be considering elements in
four (co)-homology groups, related via have the commutative diagram:

HY(N)—"— H'(ON)

W

H,_1(N,0N) -2~ H,_5(0N)

IR
IR

where the vertical maps are isomorphisms given by Poincaré-Lefschetz duality, the
top map is induced by inclusion, and the bottom map is the boundary map. We
now proceed to use the cohomology classes y; to construct the surface 3.

First, recall that for a smooth k-manifold M (possibly with boundary), the
Poincaré-Lefschetz dual of a 1-dimensional cohomology class z € H'(M) has a
simple geometric interpretation. One can think of the element z as a homotopy
class of maps into the classifying space K(Z,1) = S', with the trivial element
corresponding to a constant map. Fixing a reference point p € S', we can find a
smooth map f within the homotopy class with the property that f is transverse to p.
Then f~1(p) defines a smooth submanifold, which represents the Poincaré-Lefschetz
dual to x. This will represent a class in either Hy_1(M) or in Hy_1(M,0M),
according to whether OM = () or OM # (. For example, in the special case
consisting of the trivial cohomology class, one can perturb the constant map to
not contain p in the image, so that the dual class is represented by the “vacuous”
submanifold.

Let us apply this procedure to each of the cohomology classes y; € H(N),
obtaining corresponding smooth maps f; : N — S! transverse to p. Now the
restriction of f; to N will yield the Poincaré-Lefschetz dual to the cohomology
class i*(y;) = r; - x; € H*(ON). The cohomology H'(ON) decomposes as a direct
sum of the cohomology of the individual boundary components, and by construction
the class i* (y;) = r;-x; is purely supported on the H!(T') summand. Geometrically,
this just says that the restriction of f; to any of the remaining boundary components
is homotopic to a point, which we can take to be distinct from p. Using a collared
neighborhood of each of the boundary components, we can effect such a homotopy,
allowing us to replace f; by a homotopic map which has the additional property
that T is the only boundary component of N whose image intersects p.

Taking pre-images of p under these maps, we obtain a collection of (n —
1)-dimensional manifolds W7, ..., W, _s representing the dual homology classes
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in H, 1(N,0ON). Moreover, each W; intersects N in a collection of (n — 2)-
dimensional submanifolds OW; C T, which represent the duals to the cohomology
classes r; - z; € HY(T). Perturbing the pairs (W;,0W;) C (N, T) slightly, we may
assume they are all pairwise transverse. This in turn ensures that the intersection
¥ = NI'2W; is a smooth submanifold. Since ¥ is the intersection of n — 2 mani-
folds each of which has codimension one, we see that ¥ has codimension n — 2 in
the n-dimensional manifold N, i.e. ¥ is a surface. Since T is the only boundary
component which intersects any of the W;, we have that 9% C T giving us (i).

So to conclude, we need to verify property (ii): that the family of curves defined
by 0% represent a non-zero class in H'(T). But recall that 0% = ﬂ?;f@Wi, where
each OW; is an (n — 2)-dimensional submanifold of the (n — 1)-dimensional torus
T, representing the Poincaré dual to the cohomology class i*(y;) = r; - x; € HY(T).
Under Poincaré duality, the geometric intersection of cycles corresponds to the cup
product of the dual cocycles. As such, the collection of curves 9% represents the
Poincaré dual of the cup product

U?;f(” : xi) = (HTi) : (U?;lz .1‘1) S H"_2(T) /A

We know that the cohomology ring H*(T') is an exterior algebra over the x;, hence
the cup product U?;lzxi is non-zero. Since the coefficient [] r; is a non-zero integer,
the Poincaré dual of [0X] € Hy(T') is non-trivial. This implies that the homology
class [0%] is likewise non-zero, establishing (ii), and concluding the proof of the
Proposition. (I

COROLLARY 12.5. The map i.: H1(ON) — H{(N) is not injective.

PrOOF. Fix a boundary component T of N, and choose a basis 1, ..., 2,1
for the first cohomology H'(T) = Z"~'. If any of the elements w1, ..., 2, _» have
the property that (z;) Ni*(H'(N)) = {0}, then we are done by Lemma 12.3. So
we can assume that (x;) Ni*(H*(N)) # {0} for each 1 <4 < n — 2, allowing us to
apply Proposition 12.4, whence the conclusion again. (Il

Putting together Proposition 12.2, Lemma 12.3 and Corollary 12.5, we can now
establish:

THEOREM 12.6. Let N be any finite volume, non-compact, hyperbolic manifold,
with all cusps diffeomorphic to a torus times [0,00), and let N be the compact
manifold obtained by “truncating the cusps”. Then one can find a graph manifold,
arising as a principal S*-bundle over the double DN, which does not support a
locally CAT(0) metric.

To conclude, we recall that there exist examples, in all dimensions > 3, of non-
compact finite volume hyperbolic manifolds with toric cusps (see [MRS]). From
Theorem 12.6, we immediately deduce:

COROLLARY 12.7. There are examples, in all dimensions > 4, of principal S*-
bundles which are graph manifolds, but do not support any locally CAT(0) metric.
12.2. Irreducible examples

Keeping the notation from Section 2.1, let N be a complete finite-volume hy-
perbolic manifold with toric cusps, and set V = N x S!, where N is as usual the
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natural compactification of N. We denote by n the dimension of V. In this Subsec-
tion we show that one may always choose affine gluing maps between the boundary
components of two copies of V' in such a way that the resulting graph manifold is
irreducible and does not support any locally CAT(0) metric. As a consequence,
irreducible graph manifolds which do not support any locally CAT(0) metric exist
in every dimension > 4.

Let Ty, ..., T* be the boundary components of V. We denote by VT, V™~ two
copies of V, and by T;" (resp. by 7;7) the boundary component of V* (resp. of
V~) corresponding to 77, ¢ = 1,...,r. For every i = 1,...,r we fix an affine
diffeomorphism 1; : T;r — T, we denote by M the graph manifold obtained by
gluing VT and V'~ along the %;, and by T; C M the torus corresponding to TZ-+ -
OVt and T, COV ™.

Let us now suppose that M admits a locally CAT(0) metric. Following [Le],
we briefly describe the Euclidean scalar product induced by such a metric on each
H((T;),i=1,...,r. We endow M with the CAT(0) metric induced by the cov-
ering map, and denote by A; the subgroup of the group I' = Aut(M) = m (M)
corresponding to (a representative of the conjugacy class of) 71 (T;). Let us briefly
recall some definitions and results from [BrHa, Chapter I1.6]. For every v € T" the
translation length of v is defined by setting

7(y) = inf{d(z,y(x)) |z € M} .
We also set . .
Min(y) = {z € M|d(z,~(z)) =7(7)} S M .

Since M /T' = M is compact, the isometry - is semisimple, and Min(7) is non-empty.
If H is a subgroup of I' we finally set Min(H) = (1, ¢z Min(y).

Since A; = Z"~1, by the Flat Torus Theorem the subset Min(A4;) splits as a
metric product Min(4;) = Y; x E"~!, where E* is the Euclidean k-dimensional
space (see e.g. [BrHa, Chapter I1.7]). Moreover, A; leaves Min(A;) invariant, and
the action of every a € A; on Min(A;) splits as the product of the identity on Y;
and a non-trivial translation v — v + v, on E"~ 1. If Iy, Iy are elements of H;(T})
we set

(l1,l2)i = (Vay s Vas)
where a; is the element of A, = m(T;) = Hy(T;) corresponding to [;, and (-,-)
denotes the standard scalar product of E"~1. Tt is readily seen that (-,-); is indeed
well-defined. Moreover, the norm ||I||; = 1/(l,1); of any element | € H;(T;) coincides
with the translation length of the corresponding element a € A; < T, so if l1,1s €
H,(T;) correspond to the elements a1, a2 € A; we have
211, 12); = 7(a1 0 ag)?® — 7(a1)? — 7(az)? .

Let us now denote by f* € H;(V?*) the class represented by the fiber of
V*, i.e. the element of H,(V*) = H;(N) @ H;(S") corresponding to the positive
generator of Hy(SY). If if: @_, Hi(T;) — H1(V¥) is the map induced by the
inclusion i*: | [|_, T; — V* (where we consider V* as a subset of M), then for
every i = 1,...,7 there exists a unique element f= € H;(T;) such that i (fF) =
f*. Observe that our definitions imply that M is irreducible if and only if f;% #
£f; for every ¢ = 1,...,7. Lemma 12.8 and Proposition 12.9 below are inspired
by the proof of [KaLe2, Theorem 3.7]:
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LEMMA 12.8. For everyi=1,...,r let b; be an element of Hy(T;) such that
i1+ ... +b)=0.
Then

T

i=1

PROOF. Let us fix a representative I'* of the conjugacy class of the subgroup
71 (VE) of w1 (M) =2 T. We also choose the subgroups A; corresponding to the tori
T; in such a way that A; < I'* for every i = 1,...,r. Let ¢ € I't be the element
corresponding to (Id, 1) under the identification

Fi = 7T1(V:t) = 7T1(N) X 71'1(31) = Wl(ﬁ) X .

By construction we have ¢ € (),_, 4; C I'*, and the image of ¢ under the Hurewicz
homomorphism 7 (V) — H;(V*) coincides with f*.

Since ¢ lies in the center of I'* the set Min(¢) C M is T£-invariant. Moreover,
the action of I'* preserves the isometric splitting Min(¢) = W x E', so the identifi-
cation of I with the group of covering automorphisms of M induces a representation
p: T = Isom(W) x Isom(EY). If po: TF — Isom(W), py: ['* — Isom(E!) are the
components of p, then pg(¢) is the identity of W, while p1(¢) is a non-trivial trans-
lation. As a consequence, since for every v € I't the isometries pi(y) and p1(¢)
commute, the representation p; takes values in the abelian group of translations of
E', which can be canonically identified with R. Therefore, by Hurewicz’s Theorem
the homomorphism p; must factor through H; (V' *), thus defining a homomorphism
7y Hi(VE) = R,

Let us now observe that, since ¢ € A;, we have Min(A4;) C Min(¢) = W x E!,
so in order compute the translation length of elements of A; it is sufficient to
consider their action on W x E'. Therefore, for every a € A; we have 7(a)? =
w (po(a))? + p1(a)?, where we denote by Ty the translation length of elements of
Isom(W), and we recall that we are identifying the group of translations of E! with
R. We now let 3; € A; be a representative of b; € Hy(T;), and proceed to evaluate
the scalar product (b;, fj[)Z We know that:

2(bi, )i = 7(¢ 0 Bi)* —7(¢) — 7(B)* -
Considering the terms on the right hand side, we recall that ¢ € A; is a repre-
sentative of f£ € H;(T;), and hence we have 7(¢)? = p1(¢)2. Using the product
structure on W x El, the remaining two terms are 7(5;)% = 1w (po(8:))? + p1(58:)?,

and 7(¢ o 3;)? = 1w (po(B:))? + (p1(d) + p1(B:))?. Substituting these into the ex-
pression and simplifying, we obtain that

2(b, ;)i = 201(8)p1(B:) = 201(0)py (i (by)) -
Summing over all i, we deduce that

s

Z<bi7.fz’i> =p1(9) - ZE(if(bi)) =p1(¢) - Py (Zit (Z b@>> =0,

i=1

whence the conclusion. O

PRrOPOSITION 12.9. There exists a choice for the gluing maps ;: Ti+ — T
such that the following conditions hold:
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(1) the graph manifold M obtained by gluing V¥ and V= along the ;s is
irreducible;
(2) M does not admit any locally CAT(0) metric.

PROOF. Let Y7,...,Y, be the boundary components of N. By Corollary 12.5,
there exist elements b, € Hy(Y;), @ = 1,...,7, such that 0 # b} + ... + b, €
Hi (Y1) ®...® Hi(Y,) = Hi(ON), and i, (by + ... +b.) = 0 in H{(N), where i,
is induced by the inclusion N < N. Recall that V¥ = N x S!, so that we have
natural identifications T/= = Y; x S' and Hy (TF) = Hy(Y; x S') = H,(Y;)® H,(SY),
i =1,...,r. Under this identifications, every affine diffeomorphism ; : T;r — T
induces an isomorphism

(i) : Hi(Y:) @ Hy(S") — Hy (Vi) @ Hy(S) .

Let us denote by ) the positive generator of Hy(S'). For every i = 1,...,r,
we choose the diffeomorphism ;: T;" — T, as follows. Let I = {i|b} # 0} C
{1,...,7}, and observe that our assumptions ensure that I is non-empty. If ¢ ¢ I,
we only ask that (1;).(0,\) # (0,£)), so that f;" # £f in Hi(T};), where we
recall that T; is the toric hypersurface corresponding to Ti+ and 7 in the resulting
graph manifold M. If i € I, we choose a positive integer n; and we let 1; be
an affine diffeomorphism such that (¢;).(v,0) = (v,0) for every v € H'(Y;) and
(1i)«(0,A) = (nibj, A).

Our choices imply that for every ¢ € I there exists a well-defined element b; €
H,(T;) corresponding to the elements (b;,0) € Hy(T;") and (b;,0) = (;)«(b;,0) €
Hy(T;). We also set b; = 0 € Hy(T;) for every i ¢ I, and observe that f;7 =
fi +nyb; for every i € 1.

Let M be the graph manifold obtained by gluing V* and V~ along the ¥;’s.
By construction, M is irreducible. Let us suppose by contradiction that M admits
a locally CAT(0) metric. It is readily seen that i¥(}";_, b;) = 0, so Lemma 12.8
implies that

0="> (fi"bi)i =D (fi +nibi,bi);

i=1 i=1

i=1 i=1

r
= nillball?
=1

a contradiction since n; > 0 and b; # 0 for every i € I. We have thus shown that
M cannot support any locally CAT(0) metric, and this concludes the proof. O

COROLLARY 12.10. For every integer n > 4, there exist infinitely many closed
irreducible graph n-manifolds which do not support any locally CAT(0) metric.

PROOF. Let us fix an integer m > 3. It is proved in [MRS] that there exist in-
finitely many complete finite-volume hyperbolic m-manifolds with toric cusps. If V
is any such manifold, Proposition 12.9 shows that there exists an irreducible graph
manifold M which does not support any locally CAT(0) metric and decomposes as
the union of two pieces VT and V—, each of which is diffeomorphic to N x S*.

In order to conclude it is sufficient to show that the diffeomorphism type of
M completely determines the hyperbolic manifold N, so that the infinite family of
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hyperbolic manifolds provided by [MRS] gives rise the infinite family of desired
examples. However, Theorem 0.3 implies that the diffeomorphism type of M deter-
mines the isomorphism type of the fundamental group of V*. Since 7 (N) is equal
to the quotient of 7 (V*) by its center (see Remark 2.9), the conclusion follows by
Mostow rigidity. O

REMARK 12.11. Even when starting with a fixed pair of pieces, one can still
obtain an infinite family of irreducible graph manifolds which do not support any
locally CAT(0) metric. For example, let N be a hyperbolic knot complement in
S3, set VT =V~ = N x S! and denote by Tt (resp. T~) the unique boundary
component of VT (resp. of V7). The boundary of a Seifert surface for K defines
an element b € H;(ON) which bounds in N, whence an element b € H;(T*) such
that i.(b) = 0 € H;(V*). Let M(n) be the irreducible graph manifold obtained by
gluing the base of VT to the base of V'~ via the identity of 9N, and by gluing the
fibers of V* and V™ in such a way that f* = f~ +nb in H(T), where T is the
toric hypersurface in M (n) corresponding to T+ and T~. As described in the proof
of Proposition 12.9, for every positive integer n the manifold M (n) does not admit
any locally CAT(0) metric. Moreover, as explained in Remark 8.11, the proof of
Theorem 8.9 can be adapted to show that among the fundamental groups of the
M (n)’s, there are infinitely many non-isomorphic groups.

REMARK 12.12. Let N be a complete finite-volume hyperbolic manifold with
toric cusps. We have proved in Proposition 12.9 that there exist “twisted doubles” of
N x S! which provide examples of closed irreducible graph manifolds not admitting
any locally CAT(0) metric. However, in principle one can use a similar construction
to also get examples with non-empty boundary.

Indeed, if T1U...UT), C ON x S' is a family of boundary tori such that the map
iw: Hy(ThU...UTy) — Hi(N xS1) is not injective, then the proof of Proposition 12.9
shows that the obstruction to putting a global nonpositively curved metric on such
twisted doubles is concentrated near the gluing tori 77,...,7;. In other words,
if O(N x S') contains some boundary component other than Ti,..., Ty, we can
easily construct irreducible graph manifolds just by gluing two copies of N x S1
along the corresponding copies of T1, ..., T}, thus obtaining examples of irreducible
graph manifolds, with non-empty boundary, and which do not support any locally
CAT(0) metric.



CHAPTER 13

Allowing surface pieces

13.1. Pieces with a surface base

A restriction that we have imposed on our graph manifolds is that all pieces
have a base which is hyperbolic of dimension > 3. The reason for this restriction
is obvious: hyperbolic manifolds of dimension > 3 exhibit a lot more rigidity than
surface groups. In this section we point out how to extend our results to a more
general case, namely we now allow surfaces with boundary as bases of pieces.

DEFINITION 13.1. For n > 3, an extended graph n—manifold is a manifold built
up from pieces as in the definition of graph manifold as well as surface pieces, that
is manifolds of the form ¥ x T"~2 with ¥ non-compact, finite volume, hyperbolic
surface. Also, we require that each gluing does not identify the fibers in adjacent
surface pieces.

Let us briefly comment about the last requirement described in the above Def-
inition. If we allowed gluings which identify the fibers of adjacent surface pieces,
then the resulting decomposition into pieces of our extended graph manifold would
no longer be canonical. Indeed, within a surface piece ¥ x T™ 2, we can take any
non-peripheral simple closed curve v < ¥ in the base surface, and cut the piece
open along v x T™~2. This allows us to break up the original piece ¥ x 772 into
pieces (X \ v) x T2 (which will either be two pieces, or a single “simpler” piece,
according to whether ~ separates or not). Our additional requirement avoids this
possibility. Note however that if one has adjacent surface pieces with the property
that the gluing map matches up their fibers exactly, then it is not possible to con-
clude that the two surface pieces can be combined into a single surface piece (the
resulting manifold could be a non-trivial S!-fiber bundle over a surface rather than
just a product).

Some of our results extend to the broader class of extended graph manifolds
for free. For instance, the argument for topological rigidity given in Chapter 3
goes through unchanged (see the discussion in Remark 3.3). Amongst the algebraic
properties of w1 (M) that we discuss in Chapter 6, the following extend verbatim
to the more general context:

(i) that there are no Kazhdan subgroups,
(ii) that the Tits alternative holds,
(iii) that they have uniform exponential growth.

In order to extend our rigidity results to cover (certain) extended graph mani-
folds, the key again lies in showing that fundamental groups of walls are preserved.
Let M be an extended graph n—manifold, with fundamental group I' and Bass-Serre
tree T. As a first step towards our goal, we have the easy:

LEMMA 13.2. If H <T is a subgroup isomorphic to Z"~1, then either:
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(i) H stabilizes an edge in T, or
(i) H stabilizes a vertex v in T, and v corresponds to a surface piece in M.

PRrROOF. The proof is a minor variation of Lemma 4.1. H =2 Z"~! is an abelian
group acting on a tree T, so either it fixes a vertex, or it stabilizes a geodesic v (on
which it acts via translations). If H stabilizes a vertex v, then either v corresponds
to a surface piece, and we obtain (ii), or v corresponds to a piece with a hyperbolic
base of dimension > 3, in which case H must stabilize an edge incident to v, giving
us (i). So to conclude, we just need to argue that H cannot stabilize any geodesic
yCT.

The stabilizer Stab(vy) of any geodesic has a subgroup Fiz(v), with quotient
isomorphic to either 1, Z/2, Z, or Dy,. So if H = Stab(y), then the subgroup
Fiz(y) < H 2 Z"! is abstractly isomorphic to either (i) Z"~! or (i) Z"~2. For
the action on the Bass-Serre tree, we know that the subgroup which fixes a pair
of adjacent edges, when thought of as a subgroup of the common vertex group, is
contained in the corresponding fiber subgroup (see the trichotomy mentioned in
Lemma 8.1). Since these fiber subgroups have rank < n — 2, we see that (i) cannot
oceur.

To see that (ii) cannot occur, we note that this would force all vertices on the
geodesic v to correspond to surface pieces. But we assumed that surface pieces
have fiber subgroups whose intersection has rank < n — 3. Since H would have to
be contained in this intersection, we again obtain a contradiction. This rules out
case (ii), concluding the proof of the Lemma. (]

The lemma above is not enough to establish a full characterization of funda-
mental groups of walls. In the next section we establish the desired characterization.

13.2. Characterizing the wall subgroups

Consider the collection F(M) of maximal subgroups of I" which are isomorphic
to Z"~!. We want to characterize the fundamental groups of walls in F(M). We
will say that H € F(M) is adjacent to a piece if it is contained in (a conjugate of)
the fundamental group of a boundary component of the piece.

Notice that all H € F(M) contained in the stabilizer of the same vertex cor-
responding to a surface piece contain a specified subgroup isomorphic to Z"~2
(namely, the corresponding fiber subgroup).

THEOREM 13.3 (Characterizing walls). For each H € F(M),

(1) H is adjacent to distinct non-surface pieces if and only if for each H' € F(M)
with H' # H we have that H N H' has rank less than n — 2.

(2) H is adjacent to distinct surface pieces if and only if there exist K, K' € F(M)
such that KN H, K' N H have rank n—2, but K N K’ has rank strictly less that
n—2.

(3) H is adjacent to a surface piece and to a non-surface piece if and only if the
following holds. There exists K € F(M) such that L = K N H has rank n — 2.
Also, there exists H' € F(M) with the property that for each D, and each finite
collection Ky, ..., K, € F(M)\ {H,H'}, there exists a path connecting H' to
H and avoiding the set Np(L)U Np(K;1)U...UNp(K,) (in the Cayley graph
of ).
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PROOF. Items (1) and (2) are easy, so let us focus on (3). Recall that every
chamber of M is endowed with an intrinsic CAT(0) path metric. Therefore, in view
of Lemma 13.2, elements of F'(M) correspond geometrically to codimension one flats
contained within a single chamber of M (in case (i), the flat is not unique, as it can
be chosen in either adjacent chamber - but the two flats are at a bounded distance
apart). Along with the Milnor-Svarc Lemma and Lemma 2.16 (which ensures that
our arguments work also in the case when chambers are not quasi-isometrically
embedded in M), this allows us to translate condition (3) into equivalent geometric
statements concerning corresponding configurations of flats inside M.

(=) We start by showing the “only if” part. The existence of K is clear. In order to
verify the second property, it is enough to show the following geometric statement.
We are given a wall W in M adjacent to two chambers Cs, C),s (where C covers a
surface piece and C,,s covers a non-surface piece), a fiber F' C W of the chamber Cj,
and a distinct wall W' adjacent to C,,;. Then for any prescribed finite collection of
flats V1,...Vj (each # W, W’) and any prescribed D > 0, we can find a path § in
Chps connecting W to W’ which avoids the set Np(F)U Np(Vi)U...UNp(Vy).

First, we note that it is enough to show this property in the special case where
the flats V7, ...V} are chosen to lie within C),s. Indeed, if some V; is not within C,
then we can find a corresponding boundary wall W; of C),s with the property that
any path from V; to C,,s intersects W;. Then from the triangle inequality we have
that Np(V;) N Cps C Np(W;) N Cps. Replacing V; by the corresponding W;, we
see that any path in C,,; avoiding the D-neighborhood of this new finite family of
flats automatically avoids the D-neighborhood of the original family of flats. After
performing such a replacement for each V; which is not in C),5, we have reduced to
the case where all the flats are in C,,,.

Next, we observe that it is enough to verify that this property holds in C,
endowed with its path metric (as mentioned above, this reduction does not require
Chps to be quasi-isometrically embedded, see Lemma 2.16). The chamber C,,; splits
as a product H* x R"=* where H* (k > 3) is a copy of hyperbolic space with a
suitable equivariant family of horoballs removed. The walls W, W’ decompose as
products B x R* % B’ x R" ¥ where we have B, B’ are boundary components of
HF. Similarly, each flat V; decomposes as a product B; x R"* where again, each
B; is a boundary component of H*. Recall that, within the wall W = B x R"~*,
we also have a copy of the fiber F' of the adjacent surface chamber Cs. F defines a
codimension one flat subspace of W, and we now have two possibilities to consider:
either (a) F'N (B x {0}) = B x {0}, or (b) FFN (B x {0}) defines a proper subspace
of B x {0}.

In case (a), the fact that F has codimension one in the wall B x R"~* and
contains B x {0} implies that, for any D > 0, one can find a point v in the fiber
R"~* $0 that the corresponding slice H* x {v} has empty intersection with Np(F).
We also see that each of the sets Np(V;) intersects that slice in the set Np(B;) x {v}.
Focusing on that slice, we now claim that we can connect a point in B x {v} to a
point in B’ x {v} within that slice, while avoiding the sets Np(B;) x {v}. Indeed,
in the proof of Proposition 4.3, we showed that, in any such ik (with k > 3), and
for any D > 0, we can connect any given pair of boundary components by a path
which stays at least distance D away from any single other boundary component.
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We now want to show the analogous result where the path stays at least distance
D from a fixed finite collection of other boundary components.

To do this, we fix an isometric embedding of H* into the upper half-space
model for H¥, chosen so that one of the deleted horoballs (distinct from those we
are interested in) is centered at the point at infinity. With respect to the Euclidean
metric on the upper half-space R¥~! x (0, 00), the remaining horoballs which have
been removed are a family of pairwise disjoint Euclidean balls {O,}, each of which
is tangent to the hyperplane R¥~1 x {0}. Moreover, this family is invariant under
an action of H := ZF~! (the subgroup stabilizing the point at infinity) acting
cocompactly via suitable translations on the R¥~1 factor. We will consider various
horizontal slices Y, := R*~1 x {h}, where h > 0 is some small positive number.
The complement of the open horoballs {O,} in Y}, will be denoted f/h. The fact
that the horoballs are pairwise disjoint, equivariant under the H-action, and have
pairwise (hyperbolic) distance bounded away from zero implies the following basic
facts:

e for each h > 0, there are only finitely many H-orbits of horoballs which
intersect the prescribed horizontal slice Y}.

e there is a function r(h), with the property that the intersection of any
horoball with the slice Y3, is a ball of (Euclidean) radius < r(h), and the
function has the property that limy,_r(h) = 0.

e there is a positive function d(h), with the property that inside Y}, the
(Euclidean) distance between any two distinct boundary components is
> d(h).

As a consequence, each lA/h is obtained from the corresponding copy Y}, of the Eu-
clidean plane R*~! (k > 3) by removing the interior of a countably infinite (once
h is small enough) family of embedded Euclidean balls, whose pairwise distance is
bounded away from zero. This implies that all the sets ?h (h small) are pairwise
homeomorphic to each other. In fact, we have that each such ?h is a non-compact,
connected manifold with boundary, and the boundary components correspond pre-
cisely to the intersection of Y}, with the boundary spheres for the (Euclidean) balls
{O4}. The argument for Proposition 4.3 relied on the fact that Y}, is path con-
nected. Note that removing boundary components from a connected manifold with
boundary doesn’t affect the homotopy type of the space, hence the D = 0 case of
our claim already follows.

For the stronger result we require, we note that fixing a D > 0 and one of
the horoballs in our collection, the D-neighborhood is a horoball centered at the
same point, of slightly larger radius. In terms of the upper half-space model, we
replace the corresponding (Euclidean) ball O tangent to R*~! x {0} at the point
p by a slightly larger (Euclidean) ball O tangent to RF~! x {0} at the same point
p. At the level of one of the slices Y}, the original horoball intersected Y} in a ball
Y5, NO centered at some point g € Y}, of (Euclidean) radius 7o (h), while the slightly
enlarged horoball will intersect Y}, in a ball ¥, NO centered at the same point ¢, but
of slightly larger radius ro(h) + o, p(h). For the fixed D > 0 and chosen horoball,
the positive function dp p(h) satisfies limy—,0 éo,p(h) = 0.
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Having set up the terminology and notation, we now return to our original
goal. The finite collection of horoballs determine a finite collection of correspond-
ing (Euclidean) balls Oq,...,Oy in the upper half-space, each of which has cor-
responding point of tangency pi,...,pr to RF™1 x {0}. The two distinguished
horoballs we are trying to connect determine a pair of (Euclidean) balls O,0’,
with corresponding points of tangency p,p’ on R¥~! x {0}. Let A be a real
number which is smaller than all (Euclidean) distances occurring between pairs
of distinct points in the set {p,p’,p1,...,pr}. Since limy_,or(h) = 0, and each
do,,p(h) satisfies limy,_,0 00, p(h) = 0, we can choose h small enough to ensure
that 3r(h) + 2max; do, p(h) < A. We make the:

Claim: The space Y}, := ?h \ UO;, where the O; are the slightly larger horoballs
centered at the points p;, is still a manifold with boundary, homeomorphic to the

original f/}“ and contains amongst its boundary components the spheres 90 N'Y},
and 00’ NY},.

Assuming this, the result would immediately follow, as we could connect the
two boundary components 00NY},, 00’ NY},, via a path passing through the interior
of the manifold with boundary Y;,. Such a path would, by construction, stay at
distance > D from the finitely many horoballs Oq, ..., Ok.

To see the Claim, we first observe that each O; N'Y}, intersects only finitely
many boundary components of Y;, (by finiteness of the number of H-orbits of these
boundary components). These finitely many boundary components came about by

removing finitely many open balls {U%, ... U ;l} from Y},. Rather than first removing

the U? (to get }Afh) and then removing the set O;, we can instead just directly remove
the set U; := O; U, U{ from Y},. Note that each of the sets U; is homeomorphic
to an open ball, as it is the union of finitely many pairwise disjoint open Euclidean
balls which intersect a fixed open Euclidean ball. The boundary of the set U; is a
tame embedding of a codimension one sphere. At the cost of perturbing h slightly,
we can also assume that the distance from U; to any of the remaining open balls
is strictly positive. The sets Uy, ...,Uy are pairwise disjoint, since a non-empty
intersection U; N U; # 0 could only occur if there is an open ball U! intersecting
both O; and O;. The triangle inequality would then imply that the Euclidean
distance between p;,p; is bounded above by:

d(pi,p;) < (r(h) + 60,,p(h)) +r(h) + (r(h) + do, p(h)) < A

contradicting the choice of A. Putting this together, we see that Y}, is also obtained
from Y} by removing the interiors of a countably infinite collection of pairwise
disjoint, tamely embedded balls (the finitely many U;, along with all the other
Euclidean balls that didn’t intersect any of the O;), whose pairwise distance is
bounded away from zero. But this implies that Y}, is again homeomorphic to ?h,
and in particular, is a manifold with boundary. Finally, the set 0O NY}, is a
boundary component of Yj,, for otherwise the set O N'Y}, would have to be one of
the UZ. But then the triangle inequality would allow us to estimate the Euclidean
distance between p, p; from above:

d(p,pi) < (r(h) +do,,p(h)) +7(h) <A

which again contradicts the choice of A. An identical argument gives that 00" NY},
is a boundary component of Y},. This completes the construction in case (a).
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In case (b), we focus instead on the slice H* x {0}. The set F intersects B x {0}
in a codimension one affine subspace, call it F, and the subset Np(F) intersects the
slice in the set Np/(Fp) x {0} (where D’ could be different than D, depending on the
“slope” of F'). As before, each Np(V;) intersects the slice in the set Np(B;) x {0}.
So it is enough to show that, within the ﬁk, given a collection of pairwise distinct
boundary components B, B’, By, ... By, a codimension one affine subspace Fy C B,
and a pair of real numbers D, D’ > 0, one can always find a path joining a point
in B to a point in B’, while staying at least D’ away from Fy, and at least D away
from each B;.

But this can easily be resolved using the arguments from case (a). Fix an iden-
tification of HF with the upper half-plane model, so that the horoball corresponding
to the boundary component B is centered at the point at infinity. The boundary
component B now corresponds to a slice Yy at some fixed (large) height H. The
subspace Fj is a codimension one hyperplane in Yz, and a D’ neighborhood of F
determines a (Euclidean) cylinder C' = D? x R¥~2 inside the upper half-plane (C
is a Euclidean cylinder since in the upper half-plane hyperbolic balls coincide with
Euclidean balls with different centers). This cylinder is at some positive distance
above the plane R¥~! x {0}. The collection of boundary components By, ... By
correspond to boundaries of some horoballs, which manifest as finitely many (Eu-
clidean) balls Oy, ..., Oy tangent to the plane R¥~! x {0}.

A horoball based at some point (v,0) € R¥~! x R and with Euclidean radius
determines a vertical cylinder D*~! x (0, 00) in the upper half plane, consisting of
all points at Euclidean distance < r from the line {v} x (0, 00). Choose a horoball
O" with the property that the corresponding vertical cylinder C’ = D*~1 x R does
not intersect the cylinder C' = Np(Fp), and does not intersect any of the 0, =
Np(0;) (the hyperbolic D-neighborhood of the O;). Let (v,0) € R¥=1 x {0} be the
basepoint for the horoball O”. Then the intersection of the line {(v,t) : 0 <t < H}
with HF provides a path a from the boundary component B to the boundary
component B” = 00" which does not intersect Np/(Fy) U Np(By) U... Np(By).
If B” coincides with B’, we are done. Otherwise, we have two distinct boundary
components B’ and B” of ﬁk, which we want to connect in the complement of the
D-neighborhood of finitely many other boundary components By, ..., B. Choose
h as in case (a) small enough so that it additionally satisfies Y, N C' = (. Then
as in case (a), we know that the corresponding Y}, is a manifold with boundary,
so we can connect B’ to B” via a path « in the interior of Y;,. This path lies
in the complement of Np(By) U ... Np(Bg), and since Y3, N C = 0, also lies in
the complement of Np/(Fp). Finally, we can choose a path § on the horoball B”
connecting the two endpoints of a and . Note that 3 C C’, while the cylinder C’
has the property that C’ N (Np/(Fy) U Np(B1) U...Np(Bg)) = 0. As such, the
concatenation « * 3 % v provides a curve joining B to B’ in the complement of the
set Np/(Fp) U Np(B1)U...Np(Bg), as desired. This completes the argument in
case (b), and concludes the “only if” part of the proof.

(<) We are left to show the “if” part. Observe that, since H = Z"~!, we have
that H is a subgroup of a vertex group (Lemma 13.2). Moreover, since there exists
K € F(M) such that H N K is isomorphic to Z" 2, the piece corresponding to the
vertex fixed by H is necessarily a surface piece. Therefore, in order to conclude
it suffices to show the following. Suppose that H corresponds (via the Flat Torus
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Theorem) to a subspace V of a chamber Cy covering a surface piece. Also, suppose
that V is not contained in a wall adjacent to a non-surface piece and let F' C V be
a set of the form {p} x R"~2 C Cy. Then for each flat V' (corresponding to some
H' € F(M) with H' # H), we can identify a D > 0 and a finite collection of flats
Vi,..., Vi (corresponding to Hy,...,Hy, € F(M)\{H', H}) with the property that
any path 8 connecting V' to V intersects Np(F)U Np(V1) U ... U Np(Vy). We
emphasize that the choice of D and the finite family V; depends on the given V',
but is independent of the path 3.

We first argue that, without loss of generality, it is enough to consider the case
where V' and V' lie in the same surface piece. Indeed, the case where V, V' cannot
be chosen in the same surface piece corresponds to the situation where there is no
vertex in the Bass-Serre tree T' which is fixed by both subgroups H, H' € F(M).
In this case it is easily seen that a wall V; in M exists with the property that every
path joining V to V' intersects V5. The single flat V; (with D = 0) gives the desired
finite collection of flats.

So now we may assume that V, V' lie in the same surface piece Cs. Since these
are codimension one flats, they must be of the form V =y x R?~2, V' = v/ x R"~2,
where «y,~" are a pair of geodesics in the base 2 (a copy of the hyperbolic plane H?
with a suitable equivariant family of horoballs removed). Moreover, the geodesics
~,7’ project to closed geodesics in the surface with boundary . This implies that
the geodesics 7,7’ determine four distinct ends of the space H2. Now recall that
we have a subset F' = {p} x R"~2 C V, where p € 7. From the definitions of an
end, one can find a suitably large D > 0 with the property that the four ends of
the geodesics v,7’ each exit into a different connected component of 2 \ Np(p).
The metric ball Np(p) intersects finitely many boundary components of ]ﬁIQ, call
them ~1,..., 7.

We now claim that the chosen D > 0, and finite collection of flats V; :=
~v; X R"2 has the desired properties. That is to say, any curve 3 in M joining a
point in V' to a point in V' must intersect the subset Np(F)UV;U...UV,. Arguing
by contradiction, let us assume that we can find such a path g in M avoiding the
subset Np(F)U Vi U... UV, Our first step is to modify the path 8 so that it
lies entirely within the chamber Cs. To do this, we note that the path 5 can be
expressed as a concatenation Bi * 1y * B *m2 * ... x 7, * B, where each ; is a path
contained entirely inside the chamber Cy, and each n; is a path with the property
that n; NCs C 0Cs. From the tree of space structure on M, we also have that each
1;NC is contained in a single connected component W; of 0Cs, which by hypothesis
must be distinct from the finitely many boundary components V;, i.e. W; # V; for
all i, 7. But the V; are all the boundary components of Cy which intersect Np(F),
so we conclude that

W;N(Np(F)UViU...UV) =0

Since each W is connected, we can replace each curve n; by a corresponding curve
7, contained in W; (and hence C Cf), and having the same endpoints. This yields
a new curve ' given by the concatenation 1 * ] * Ba * nh * ... % 1. * ., which is
now entirely contained inside Cs, joins a point in V' to a point in V’, but avoids
the set Np(F)UVi U...UV,.

Finally, consider the projection § of the curve 4’ onto the base H2. Since all
the sets in Cs we were considering were given as products, we easily see that the
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curve J3 joins a point on the geodesic v to a point on the geodesic 4/, which avoids
the set Np(p). But recall that D was chosen large enough so that the connected
components of v\ Np(p) and 7'\ Np(p) each lie in a distinct connected component
of H?2 \ Np(p). This gives us the desired contradiction, and concludes the proof of
the Theorem. (]

13.3. Rigidity results

In the last section, we gave a characterization of fundamental groups of internal
walls and walls adjacent to a non-surface piece which is easily seen to be invariant
under isomorphisms. We can now prove the extended version of Theorem 0.3

THEOREM 13.4 (Isomorphisms preserve pieces). Let My, Ms be a pair of ex-
tended graph manifolds and let T'; = w1 (M;) be their respective fundamental groups.
Let Ay < Ty be a subgroup conjugate to the fundamental group of the piece V' in My,
and ¢ : Ty — T'a be an isomorphism. Then p(A1) is conjugate to the fundamental
group Ao < Ty of a piece in M.

PRrOOF. Fundamental groups of internal walls and walls adjacent to a non-
surface piece are preserved, by the characterization given in the previous lemma.
So, we can proceed as in Proposition 4.3 and Section 4.3 to show that fundamental
groups of non-surface pieces are quasi-preserved and hence preserved.

In order to show that fundamental groups of surface pieces are preserved, notice
that one such fundamental group is the union of all H € F(M) containing a fixed
subgroup isomorphic to Z" 2. ([

This provides all the necessary ingredients to establish smooth rigidity.

THEOREM 13.5 (Smooth rigidity for extended graph manifolds). Let M, M’ be
extended graph manifolds, and let ¢: m (M) — w1 (M') be a group isomorphism.
Suppose that the boundaries of M, M’ do not intersect any surface piece. Then ¢
1s induced by a diffeomorphism : M — M.

Notice that the additional hypothesis is necessary, as the result does not hold
if M, M’ consist of a single surface piece.

PROOF. The argument in Chapter 5 carries over, except that we cannot use
Mostow rigidity to deal with surface pieces. However, in the hypotheses of the
theorem, we end up dealing with outer automorphisms of surfaces which preserve
the conjugacy classes of the fundamental groups of the boundary components. It is
well-known that such automorphisms are indeed induced by diffeomorphisms (see
e.g. [FaMa, Theorem 8.8]). O

Let us also sketch the proof of quasi-isometric rigidity. First, here is the state-
ment of quasi-isometry rigidity for surface pieces.

THEOREM 13.6 (QI-rigidity of surface pieces). Let G be a finitely generated
free group, and let T be a finitely generated group quasi-isometric to G x Z¢, d > 0.
Then there exists a finite-index subgroup I of T' isomorphic to G' x Z¢, where G
s a free group.

PROOF. Notice that any asymptotic cone of G x Z? is biLipschitz equivalent to
T x RY, where T is a tree. By [KaLel, Lemma 2.14], the image of any biLipschitz
embedding of R%*! into any asymptotic cone of G x Z? has the form v x R?, where
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v is a bi-infinite geodesic in T'. The cited lemma is actually stated in the case d = 1,
but the proof applies to this more general case as well (as remarked in [BJN], where
the general case is needed). As in Corollary 9.14, one can show that the image of
any quasi-isometric embedding of Z? into G x Z? is at finite Hausdorff distance
from a subset of the form ~ x Z?, where 7 is a geodesic in G. Using this ingredient,
one can proceed as in Chapter 10 using the well-known fact that a group quasi-
isometric to a free group is virtually free (this is essentially due to Stallings [St]
and Dunwoody [Dul]) instead of the results by Schwartz.

This gives us a finite-index subgroup I'” of I" and a free group A such that the
following short exact sequence holds:

1 A A 1

)

where A contains Z¢ as a finite index subgroup and j(A) is contained in the center
of I'. Therefore, as A is free, we have that I'” is isomorphic to A x A, so I'”
contains a finite index subgroup I" isomorphic to Z? x A, and we are done. O

We have to show that quasi-isometries of the universal cover of irreducible
extended graph manifolds quasi-preserve chambers. We can assume that we are
dealing with manifolds of dimension at least 4, as in the case of dimension 3 we
would be dealing with classical graph manifolds, and this fact is already known in
this case (see [KaLe3|). The advantage is that under this assumption we do not
have adjacent surface pieces (otherwise, fiber subgroups of adjacent pieces should
intersect non-trivially, contradicting irreducibility).

THEOREM 13.7 (QI’s preserve pieces of irreducible graph manifolds, extended
case). Let My, My be a pair of irreducible extended graph manifolds, and T'; =
m1(M;) their respective fundamental groups. Let Ay < Ty be a subgroup conjugate
to the fundamental group of a piece in My, and ¢ : I'y — T’y be a quasi-isometry.
Then, the set p(A1) is within finite Hausdorff distance from a conjugate of Ao < T'g,
where Ay is the fundamental group of a piece in M.

SKETCH OF PROOF. First, the proof of Theorem 7.11 applies to our case as
well, so we have that chambers are quasi-isometrically embedded.

Define a barrier to be a subset of M; which is either a wall separating non-
surface pieces or a chamber covering a surface piece. As in Lemma 9.12, we can
show that distinct w—barriers have the property that all paths connecting them pass
through a subset homeomorphic to R®~3. In particular, as in Proposition 9.13, we
have that the image of each topological embedding of R™! into an asymptotic cone
of M; is contained in an w—barrier. Using this, one can show that the image of each
quasi-isometric embedding of R"~! into M; (henceforth, quasi-flat) is contained in a
finite radius neighborhood of a barrier. Notice that each barriers covering a surface
piece can be characterized, up to finite Hausdorff distance, as the union of all quasi-
flats (for a given quasi-isometry constant) whose coarse intersection is a specified
subset quasi-isometric to R”~2. Combining this with the fact that walls are quasi
preserved, we get that barriers are quasi-preserved. So, chambers covering surface
pieces are quasi-preserved, and we are left to show the same result for the other
chambers as well. In view of the proof of Proposition 4.3, we only need to show
that walls adjacent to chambers covering non-surface pieces are preserved. This
follows from the obvious metric analogue of Thoerem 13.3.

O
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The quasi-preservations of chambers was the key fact to reduce the study of
a group quasi-isometric to the fundamental group of a graph manifold to that of
groups quasi-isometric to fundamental groups of pieces. In fact, the same argument
we used in Section 11 gives the following.

THEOREM 13.8. Let M be an irreducible graph n-manifold obtained by gluing
the pieces Vi = N; x T% i=1,...,k. Let T be a group quasi-isometric to w1 (M).
Then either T itself or a subgroup of I' of index two is isomorphic to the fundamental
group of a graph of groups satisfying the following conditions:
o cvery edge group contains Z"~' as a subgroup of finite index;
o cvery vertexr group is either of the form described by Theorem 0.13 or it
is, up to finite index, the direct product of a free group and Z™ .



CHAPTER 14

Directions for future research

Our purpose in this monograph was to initiate the study of the class of high-
dimensional graph manifolds. In this final chapter, we collate various problems
that came up naturally in the course of this work, and could serve as directions for
future research.

14.1. Further algebraic properties

In Chapter 6, we established various algebraic properties of the fundamental
groups of high dimensional graph manifolds. Most of the results followed fairly
easily from the structure of such groups, expressed as a graph of groups. In Chapter
8, we obtained some additional results in the case where the graph manifold was
assumed to be irreducible. Most of these were consequences of the fact that, in
the irreducible case, the associated action on the Bass-Serre tree was acylindrical.
In contrast, there are a number of interesting properties of groups whose behavior
under amalgamations is less predictable. It would be interesting to see which of
these properties hold for the class of graph manifold groups. For concreteness, we
identify some properties which we think would be of most interest:

PROBLEM. Are fundamental groups of high dimensional graph manifolds Hop-
fian? Are they residually finite? Are they linear? What if one additionally assumes
the graph manifold is irreducible?

A slightly different flavor of problems come from the algorithmic viewpoint.
We showed that the word problem is solvable for the w1 (M) of irreducible graph
manifolds. Some other algorithmic problems one can consider include:

PROBLEM. Is the conjugacy problem solvable for fundamental groups of high
dimensional graph manifolds? Is the isomorphism problem solvable within the class
of graph manifold groups?

Finally, one can also ask for a better understanding of the outer automorphism

group Out(m (M)), and of how it relates to the topology of M. For instance:

PROBLEM. Is the group Out(m (M)) always infinite? What can be said about
the structure of Out(m (M))?

PROBLEM. If we have a finite subgroup in Out(mi(M)), can we lift it back to
a finite subgroup of Diff (M) ¢

This last problem is an analogue of the classic Nielson realization problem.
Note that, by Theorem 0.5, the natural map Diff (M) — Out(w;(M)) is surjective.
So we can always lift back individual elements from Out(mi(M)) to Diff (M), and
the problem asks whether we can choose the lifts in a compatible manner.

125
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14.2. Studying quasi-isometries

One of our main results, Theorem 0.14, gives us some structure theory for
groups which are quasi-isometric to the fundamental group of an irreducible graph
manifold. Specializing to the class of graph manifold groups, this result gives us a
necessary condition for deciding whether two such groups 71 (M7) and 71 (M) are
quasi-isometric to each other: loosely speaking, the two graph manifolds M; must
essentially be built up from the same collection of pieces (up to commensurability),
with the same patterns of gluings. The only distinguishing feature between M; and
Ms would then be in the actual gluing maps used to attach pieces together. This
brings us to the interesting:

PROBLEM. To what extent do the gluing maps influence the quasi-isometry type
of the resulting graph manifold group? More concretely, take pieces Vi and Vs each
having exactly one boundary component, and let My, My be a pair of irreducible
graph manifolds obtained by gluing Vi with Vo. Must the the fundamental groups of
My and My be quasi-isometric?

In order to prove that the answer is positive, one could try to follow the strategy
described in [BeNe], as follows:

(1) Define a flip manifold as a graph manifold whose gluing maps are such
that fibers are glued to parallel copies of the traces at the toric boundaries
of the adjacent base (this definition generalizes the one given in [KaLed]).

(2) Observe that since V4 and V5 can be glued to provide irreducible graph
manifolds, they can also be glued to obtain a flip manifold M. Note
however that such a manifold is not uniquely determined by V; and V5.

(3) Prove that the universal covering of M;, ¢ = 1,2, is quasi-isometric to the
universal covering of M.

The analogue of Step (3) for pieces with 2-dimensional bases is proved in Section 2
of [KaLed4]. However, the argument given there does not apply in our case, since
our bases are not negatively curved.

In Theorem 11.8, we argued that a labelled version of the Bass-Serre tree asso-
ciated to an irreducible graph manifold (with each vertex labelled by the commen-
surability class of the hyperbolic factor in the corresponding vertex group) provides
a quasi-isometric invariant. However, it is showed in Remark 11.10 that this is not
a complete invariant, i.e. that there exist a pair of irreducible graph manifolds with
the same invariant, but which are nevertheless not quasi-isometric. We can ask:

PRrROBLEM. Can one devise a more sophisticated labeling in order to get a com-
plete quasi-isometric invariant?

It would be interesting to see how the quasi-isometry classes behave with respect
to curvature conditions. For instance, we could ask:

PROBLEM. Is there a pair of irreducible graph manifolds with quasi-isometric
fundamental groups, with the property that one of them supports a locally CAT(0)
metric, but the other one cannot support any locally CAT(0) metric?

Note that if the quasi-isometry class ends up being independent of the gluing
maps used (among the ones giving irreducible graph manifolds), then by varying
the gluing maps, one can give an affirmative answer to this last question.
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Now all the quasi-isometry results we have are for the class of irreducible graph
manifolds. The key result we use is that, for this class of graph manifolds, all
the walls are wundistorted in the universal cover (see Chapter 7, particularly the
discussion in Remark 7.14). This in turn can be used to show that quasi-isometries
must send walls to walls (up to finite distance), and hence chambers to chambers
(see Chapter 9). Trying to generalize these, we can formulate the following question,
which was suggested to us by C. Drutu and P. Papasoglu:

PROBLEM. For a graph manifold M, assume that a wall W in the universal
cover M is not too distorted (say, polynomially distorted). What additional hypothe-
ses are sufficient to ensure that quasi-isometries send walls to (bounded distance
from) walls? And how can we choose gluings in order to ensure these hypotheses
are satisfied?

For example, one possibility is to assume that all fibers have dimension which
is small relative to the degree of polynomial growth. It seems like this constraint
might be enough to show that walls are rigid under quasi-isometries. Finally, we
have the most general (and consequently, the most difficult):

PROBLEM. Dewvelop methods to analyze quasi-isometries of general graph man-
ifolds (i.e. without the assumption of irreducibility).

Notice that in the proof of Theorem 0.14 we studied each vertex stabilizer
separately. It might be possible to obtain additional information by studying the
interaction between vertex stabilizers of adjacent vertices.

PROBLEM. Is it possible, under additional hypotheses, to obtain a better de-
scription of the vertex stabilizers?

A possible strategy to achieve this is to use the fact that walls admit “foliations”
which are coarsely invariant under quasi-isometries, namely those given by fibers of
the adjacent chambers. In order to obtain additional information out of this, one
probably has to assume that the dimension of the fibers is half that of the walls.

14.3. Non-positive curvature and differential geometry

We have already given three different constructions of high dimensional graph
manifolds which cannot support a locally CAT(0) metric (see Section 2.5 and Chap-
ter 12), and hence no Riemannian metric of non-positive sectional curvature. It
would be interesting to identify precise conditions for such metrics to exist:

PROBLEM. Find necessary and sufficient conditions for a graph manifold M to

(i) support a Riemannian metric of non-positive sectional curvature, or
(i) support a locally CAT(0)-metric.

It is not even clear whether or not items (i) and (ii) above are really distinct:

PROBLEM. Assume the high dimensional graph manifold M supports a locally
CAT(0) metric. Does it follow that M supports a Riemannian metric of non-
positive sectional curvature?

Note that, for the classical 3-dimensional graph manifolds, Buyalo and Svetlov
[BuSv] have a complete criterion for deciding whether or not such a manifold
supports a non-positively curved Riemannian metric (see also [Le]). Some partial
results in dimension = 4 appear in [BuKo].
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Concerning the second problem, in the 3-dimensional setting, there is no differ-
ence between Riemannian and metric non-positive curvature (see for instance [DJL,
Section 2]). However, in all dimensions > 4, there exist manifolds supporting locally
CAT(0) metrics which do not support Riemannian metrics of non-positive curva-
ture (see the discussion in [DJL, Section 3]). For the class of graph manifolds, the
situation is relatively tame, and one might expect the two classes to coincide.

Next, we discuss a question about ordinary hyperbolic manifolds. One can
ask whether examples exist satisfying a strong form of the cohomological condiiton
appearing in Proposition 12.4. More precisely:

PROBLEM. Can one find, in each dimension n > 4, an example of a truncated
finite volume hyperbolic n-manifold N, with all boundary components consisting of
tori, such that at least one boundary component T has the property that the map
i« : H1(T) — H1(N) induced by inclusion has a non-trivial kernel?

Note that such examples clearly exist in dimensions = 2,3. Moreover, if one
could construct a finite volume hyperbolic n-manifold having a single cusp with toral
cross section, then Proposition 12.4 could be used to show that the corresponding
ker(i,) is non-trivial. The problem of constructing hyperbolic manifolds with a
single cusp is, however, still open.

Our next question comes from a differential geometric direction. Intuitively,
one can think of high dimensional graph manifolds as being “mostly” non-positively
curved: the difficulties in putting a global metric of non-positive curvature is con-
centrated in the vicinity of the gluing tori, which are a collection of smooth, pairwise
disjoint, codimension one submanifolds. Gromov has formulated the notion of al-
most non-positively curved manifolds: these are manifolds with the property that
for each € > 0, one can find a Riemannian metric with the property that the di-
ameters d and maximal sectional curvature K satisfy the inequality K -d? < e (see
[Gr3]). It would be interesting to study graph manifolds from this viewpoint. In
particular:

PROBLEM. Are graph manifolds almost non-positively curved?

We note that the class of almost non-positively curved manifolds is very mys-
terious. The only known examples of manifold which are known to not be al-
most non-positively curved are the sphere S? and the projective plane RP? (by
Gauss-Bonnet). Aside from manifolds supporting non-positive curvature, the only
additional known examples of almost non-positively curved manifolds occur in di-
mension =3 (all 3-manifolds are non-positively curved, see Bavard [Ba]) and in
dimension =4 (a family of examples was constructed by Galaz-Garcia [G-G]).

Keeping on the theme of differential geometry, we recall that the minimal vol-
ume of a smooth manifold is defined to be the infimum of the volume functional,
over the space of all Riemannian metrics whose curvature is bounded between —1
and 1. Gromov [Gr4] showed that manifolds with positive simplicial volume have
positive minimal volume and have positive minimal entropy. In view of our Propo-
sition 6.8, one can ask the following:

PROBLEM. Let M be a graph manifold with at least one purely hyperbolic piece
(i.e. a piece with trivial fiber). Can one compute the minimal volume of M ? Does
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it equal the sum of the hyperbolic volumes of the purely hyperbolic pieces? Does the
choice of gluing maps between tori affect this invariant? If there are some pieces
with non-trivial fiber, can the minimal volume ever be attained by an actual metric
on M?

Similarly, minimal entropy is defined to be the infimum of the topological en-
tropy of the geodesic flow, over the space of all Riemannian metrics whose volume
is equal to one. Gromov [Gr4] also showed that positive simplicial volume im-
plies positive minimal entropy. One could formulate the same types of questions
concerning the minimal entropy.
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