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Abstract

We consider the weighted Hardy integral operator T : L*(a,b) —
L?(a,b), —0o < a < b < 00, defined by

(Tf) (2) = v() / w(t) F(B)dt.

In [EEH1] and [EEH2], under certain conditions on u and v, upper
and lower estimates and asymptotic results were obtained for the approx-
imation numbers a,(7T") of T. In this paper we show that under suitable

conditions on v and v,

lim sup nt/?

n— o0

%/ |u(t)v(t)|dt—nan(T)'

3
< e(llw'llzys + 10"ll2/8) (lullz + [loll2) + = fluv]ls,

where [|w], = ([ [w(t)["dt)"/?.

1 Introduction.

Let u and v be real-valued, measurable functions on (a,b), —co < a < b < oo.
The weighted Hardy integral operator T is defined at any real-valued, measur-

able function f on (a,b) for which [ [u(t)f(t)|dt < oo, z € (a,b), by

T)) = olo) [ Cuf@d, e (ab).
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This paper is devoted to the study of the asymptotic behavior of the approxi-
mation numbers of T as an operator from L?(a, b) to itself. We recall that, given
any positive integer n, the n'* approximation number of 7', denoted a,(T), is
defined by

an(T) = inf |7 F]|

where the infimum is taken over all bounded linear maps F : L%(a,b) — L?(a,b)
having rank less than n. In fact, the approximation numbers may be defined
in exactly the same way for any bounded linear map acting between Banach
spaces.

In this Hilbert space setting, approximation numbers are the same as the sin-
gular values of T'. For general information on approximation numbers see [EE];
in particular one finds there a proof of the classical theorem that a linear opera-
tor T on a Hilbert space H to itself is compact if and only if lim,,,+, a,(T) = 0.
This is the case for T defined by (1. 1) if u,v € L?(a,b); indeed, as detailed in
section 2, one then has

b
lim na,(T) = %/ lu(t)v(t)|dt, (1. 2)

n—0oo

a fact established under weaker conditions on v and v in [EEH2]. (For related
results see also [NS].)

For 1 < p < 00, p # 2 and under appropriate conditions on u and v, it was
proved in [EEH2] that for some constant «,,, depending only on p,

1ozp/ lu(t)v(t)|dt < liminf na, (T)
0

4 n—oo

oo
< limsupna,(T) < ap/ lu(t)v(t)|dt.
n—oo 0

These results were extended in [EHL1] to include the limiting cases p = 1
and p = oo.

In the recent paper [EHL2] it was proved that a result like (1. 3) is valid
also for 1 < p < oo on metric trees under certain restrictions on u and v, i.e.

lim na,(T) = C(p)/r|u(t)v(t)|dt,

n—oo

where I is a metric tree (recall that an interval is a special case of a metric tree,
so that all previous results follow from this paper).

Further extensions were given in [LL] to deal with the cases in which T is
viewed as a map from LP to L9, for any p, q € [1, 0.

In the present paper we focus exclusively on the case p = 2. A refinement of
(1. 2) is given in our



Main Result. Let —0o < a < b < 0o. Suppose that u,v € L*(a,b) and
u',v" € L?3(a,b) N C(a,b). Then

lim sup,, _, nl/Q’ f lu(t)v(t)|dt — na, (T) (1. 3)
< 2 [ [u(eyo(t)ldt + 3v2(I llags + 10 1273) (lulla + [[0]12),
so that
= / lu(t)o(t)|dt + O(n=3/?).
™m

The following is an outline of our proof of this result. First of all, we focus
attention on a particular class of operators of finite rank; namely, those of the
form

F:ZPka. (1. 4)
k=1

Here, Py, is the projection operator onto functions of the form avyr,, o € R,
where the Iy = (ax,bx) are pairwise-disjoint subintervals of (a,b), with (a,b) C
Up_q1k, and

x

(Tef)(z) = x1, (m)v(x)/ u(t) f(t)dt, x € I,

k

whence,

Jr, (o, u(®) f(B)d)v* (y)dy
f[k v2(y)dy

Of special interest are those F' having the operator norms of all (but possibly
one) of T — P, T} equal. Denoting the common value of the norms by & and
the corresponding n in (1. 4) by N(g), we are able to get, arguing as in [EEH]1)]
and [EEH2], that ¢ is essentially equal to ay), that

(PrTef)(z) = wr, (f)v(=)

v(x), €l k=1,2,..

lim eN(e / lu(t)v(t)|dt (1. 5)
E—0C0
and hence, from a number of technical lemmas, that (1. 2) holds.

Now, it seems that the convergence in (1. 5) is most rapid when the weights
u and v are constant on the Ij; indeed, if © and v take the constant values uy
and v on I, then, as we show in Lemma 3.1,

1
i~ PTill = el =~ [ ooyt

k= 1,2,..,n. To refine (1. 2) we then measure how far u and v are from
step functions by counting the minimum number, m(a), of steps required to so



approximate both v and v to within o > 0 in L?(a,b). The quantity am,, is
naturally estimated in terms of the derivates u’ and v’; in fact, as we show in
Theorem 3.8,

limsup ama < V2([|W/ |2/ + [|V/]l2/3)-

a—04

Finally, connecting N(g) and m,, by setting m, = /N(g), the two strands
of the argument are brought together to yield (1. 3).

2 Preliminaries.
Throughout the paper we shall assume that —oo < a < b < oo and that
u,v € L*(a,b), and u? v* >0 on (a,b). (2. 1)

It then follows from [EGP, Theorem 1] that the operator T in (1. 1) is
compact from L?(a,b) to itself; see also [OK].

We next introduce a function A which will play a key role in the paper.
Given I = (¢,d) C (a,b), set

A(I):= sup ||Tf—wi(f)v|z.r

Ifll2,r<1

b
where ||gll2,r = [lgxzll2. llgllz = ([, 191*)*/2,

wlh)= o | ( | f(t)U(t)dt> o (z)d,

and v(I) = [Jvxs||3. The function A(I) is equal to the function K(I) (when
p = 2) from [EEH1] and [EEH2]. We observe that w;(f)v is the projection of
Tf on the subspace {av; o € R} of L?(I), so that

A(I)= sup inf [|[Tf —avlar.
[ £ll2.r <1 *EH

Lemma 2.1 Let I = (¢,d) C (a,b) and v*(I) < co. Then

A(l) = A*(I) := sup IT(f sgnu) —wr(fsgnu)vlz,r-
[[fll2,r<1,f>0

Proof. Since

mGHIl/ u(t)g(t)dt < wi(g) < mg;(/ u(t)g(t)dt, for suppg C I,
we have

A(I) = sup infII(Tf)(x)—v(x)/yU(t)f(t)dtHz,z

Il £ll2,r<1 V€T



and

A*(I) = sup inf [|T(fsgnu)(z) — v(z) /y w(t) f(t) sgnu(t)dt||2,s.

I £ll2,r<1,F>0Y€E]

Clearly, A*(I) < A(I). Again, let us take any f with ||f]2,; < 1. Then, for
z,y €1,

T)@) = ol) [ w050 = o) [ ulors @i

(@)@ - ) | “un i = o) / ") f(t)de|
max|[z,y]
< [l olsenunar
< T(flsgn)@) — o(e) [ u)lro)]senuar

We conclude A(I) = A*(I), which completes the proof. O

Lemma 2.2 Given that u and v satisfy (2. 1) and a < ¢ < d < b, we have:
1. The function A(.,d) is non-increasing and continuous on (a,d).
2. The function A(c,.) is non-decreasing and continuous on (c,b).
3. limy_.q, A(a,y) = lim,_;,_ A(y,b) = 0.

Proof. The proof of 1 illustrates the techniques necessary to prove 2 and 3 also.
That A(.,d) is non-increasing is easy to see. To get continuity from the left, fix
€ (a,d). Then, there exists hg > 0 such that for 0 < h < hg

A2<yv d) S Az(y - h7 d)
— i [ [ wtoswa- a} na
.

£l cy—n,ay <tlISlullz,y—ng.a)

y
= sup inf ||v [ u(t) f(t)dt — a} ”%,(y—h,y)
y—h

£z cy—n.ay <1 l@l<llull2,(y—ng,a)

+|va' u(t)f dt—a+/yyh dt:|||2(yd:|

< sup inf [2 v / t)dt + 202||v
Wl | tlal<lulac-nod | )£ () ||2(y h,y) I ||2 (y—h,y)
. y
wlo [ [Cuos-a+ [ dt} L
y y—
< 2||uH§,(y—h,y)HU||2,(y—h,y) + 2||u||2,(y—ho,d)||U||§,(y—h,y) + 2||”H§,(y—h,y)‘42(y7d) + A%(y,d).



It follows that
lim A(y — h,d) = A(y, d).
h—04

In the same way we see that

lim A(y+ h,d) = Ay, d),

h—04
and now the proof of the Lemma is complete. O

Lemma 2.3 Let I = (¢,d) and J = (¢, d’) be subintervals of (a,b), with J C I,
|J| >0 and |[I — J| > 0. Then

A(I) > A(J) > 0. (2. 2)

Proof. Let 0 < f € L2(J), ||fll2.r <1. Then

Hz e J: |//x u(t) f(t)dt —wy(f)|*v?(z) > 0} > 0,

which means ||T'f —ws(f)v]|2,; > 0 and hence A(J) > 0.
Next, suppose 0 < f € L*(I), || fll2.r <1, but with supp f C J. Now,

ITf = wi(f)oll3, = IITf—wf(f)vllg,mL/ (Tf)(x) = wi(f)v(z)*de

1—-J

> T =Pl + [ NTHE) -t Pz,

as wy(f) is the point in {av : a € R} nearest to T'f in L?(J).
If c < ¢, we get

’

ITf —wr(FollZs = ITF — wr(F)ol2y +wr(f)? / o2 (z)d,

while if ¢ = ¢ so that d’ < d, we have
d x
75 = wr(F)olBs = ITF = ws(Ppolds+ [ ][ ule) f0dt = wi(r)Po*(e)da.

Both w;(f)? and fdd, | [5u(®) f(t)dt — wi(f)|*v?(z)dz are positive continuous
functions on the set K; = {f € L2(J); f > 0, || f|l2,s < 1}, which is compact and
metrizable in the weak™ topology. We conclude there exists k£ > 0, independent
of f € K, such that

ITf —wi(f)ol3; 2 ITf —ws(fol3., +k,

and hence A(I) > A(J). O



Remark 2.4 [t follows from the continuity of A that for sufficiently smalle > 0
there is an a1, a < a1 < b, for which A(ay,b) = €. Indeed, since T is compact,
there exists a positive integer N(g) and points b = ag > a1 > ... > an() = a
with A(a;,a;-1) =¢€,1=1,2,...,N(e) = 1 and A(a,an()-1) < €.

Lemma 2.5 The number N(e) is a non-increasing function of € which takes
on every sufficiently large integer value.

Proof. Fix ¢,a < ¢ < b. Then, (2. 2) ensures A(c,b) = €9 > 0. Moreover,
as observed in Remark 2.4 there is a positive integer N(gp) and a partition
b=ag>ay > ...>apn(,) = asuch that A(a;,a;—1) =0, i=1,2,...,N(go)—
1 and A(a,an(,)-1) < €o- Let d € (a,an(,)—1). According to Lemma 2.3,
A(d,an(y)—1) = €5 < €o and the procedure outlined above applied with &g
gives 0o > N(e()) > N(go) + 1. If N(g() = N(eo) + 1, stop.

Otherwise, define

g1 =sup{e: 0<e<egpand N(¢) > N(egg) + 1}.

We claim N(e;) = N(go) + 1. Indeed, suppose N(e1) > N(gg) + 2 and the
partition b = ag > a1 > ... > an(,) = a satisfies A(as,a;-1) = 1,1 =
1,2,...,N(e1) — 1 and A(a,an(e,)-1) < 1. Decrease ay(,)—1 slightly to
a’N(El) so that both A(a,ag\,(el)) < g1 and A(ag\,(al),aN(El),l) > g1, contin-
uing the process to get a partition of (a,b) having N(e;1) intervals such that
A(“a“?\/(sl)) < g1 and A(a},a}_4) > e1,i =1,2,...,N(e1) — 1,ay, = b. Taking
g2 < ming<;<n(e,)—1 A(aj,aj_;) we obtain g3 > &1 and N(g2) > N(go) + 2, a
contradiction. This establishes the claim.

An inductive argument completes the proof. O

The quantity N(e) is useful in the derivation of upper and lower estimates
for the approximation numbers of T'.

Lemma 2.6 For alle € (0, ||T|),

an(e)+2(T) < e <ane(T).

Proof. This follows from [EEH1], Lemmas 6 and 7 (observe that A(I) = K(I)
for p=2). O

A version of this result, with a slightly different N(¢), was first proved in
[EEH1] and was then extended in [EHL1]. For general « and v it is impossible
to find a simple relation between ¢ and N(e), but by using the properties of A
the behavior of eN(g) when € — 04 can be determined.

Lemma 2.7 Given u,v € L?(a,b), we have

b
lim eN(e) = % / by (t)|dt.

€*>O+



This result follows from an adaptation of the argument of [EEH2]; see, in
particular, Theorem 16 of that paper. Together with Lemma 2.6 this shows,
again using the techniques of [EEH2], that the following theorem holds.

Theorem 2.8 Given u,v € L?(a,b), the operator T defined in (1. 1) satisfies

lim na,(T) = % / lu(t)o (1) dt.

n—o0

A result of this type was established under weaker conditions on u and v in
[EEH2].

3 Technical results.

Here we give some results of a technical nature which will prove very useful in
the sequel. We begin with some information about the function A.

Lemma 3.1 Let I = (¢,d) C (a,b) and suppose that u and v are constant
functions over I. Then

A1 u,0) = 1][ulloA((0,1),1, 1)
and

A((0,1),1,1) = %

Proof. By definition,

A(l,u,v) = sup inf [[T'f — awllz,r /| fl2.1
feL2(I)a€R

= sup inf |jv (/ ufdt — a) 2,1
[FIERESE c

ollu] sup inf | / fdt — alas
C

[ fll2,r<1 *ER

WlfullI]  sup inf | / fdt - allaom)
‘|f”2,(0,1)§10‘€R 0

Moreover, with the help of [EEH1], Lemma 6 and [EEH2], Lemma 2, and writing
F(z) = [ f(t)dt, we see that:

A((0,1),1,1) =  sup inf ||F(.) -«
I £ll2.0,1y<1 “ER

| 1
2,00 =

O
Next, we investigate the dependence of A(I,u,v) on u and v.



Lemma 3.2 Let I = (¢,d) C (a,b) and suppose that v,uy,us € L?(I). Then

|A(I,’u,17’l)) - A(L UQ,U)‘ < ||’LL1 - u2||2,1

v]|2,1-

Proof. Without loss of generality we may suppose that A(I,u1,v) > A(I,ug,v).
Then

Al u,v) = sup inf |jv [/ (ug — ug —l—ug)fdt—a} ll2.1
[ £ll2,r <1 *€ER c
< sup inf [Hv/ (w1 — uo) fdt||2,1
Ifll2,r <1 @€ER c
ot [ wafde - )l
c
< s inf [l - uzlla
I fll2r<1@€R
Hlol [ ust = )]
c
< vl rllur — u2ll2,r + A(I, ug,v).

The result follows. O
Lemma 3.3 Let I = (c,d) C (a,b) and suppose that u,vi,ve € L*(I). Then

[A(L, u,v1) = A(1,u, v2)| < [lu

|2,I||U1 - U2||2,I-

Proof. We may suppose that A(I,u,v1) > A(I,u,v2). Then

Al u,v1) = sup inf |jug [/ ufdt—a] 2,1

I fll2,r <1 @€ER

= sup inf U1 [/ ufdt — a] 21
I £ll2. <t lal<llullz, 2l fll2.1 | c |

< sup inf |:||(’U1 — Uz)[/ wfdt — 04”2,1
I £ll2.r <t lel<llullz,z .
+||v2[/ ufdt—a]||27,}
< lor —v2llagllull2,r + AL, u, v2).

The proof is complete. O
We now turn to the approximation of L? functions by step-functions.
Suppose u,v € L?(a,b) and let a > 0. We define a number m,, € N by the
following requirements:



There exist two step-functions, u, and v,, each with m,, steps, say
ua(x) = Zngwa(j)(I)v ’Uoz(x) = Zdijwa(j) (I)v (3 1)
j=1 j=1

where {wq(j)}}% is a family of non-overlapping intervals covering (a,b), such
that
(i)
max([[u — tall3 (q.p) |0 = vall3 (0p) < (3. 2)
and
(i) for any step-functions ul,, v/, with less than m,, steps, say n, steps,
N < My

max([|u — ug| %,(a,b)v v — U;H%,(a,b)) > a’.

Thus, m, is the minimum number of steps needed to approximate v and v
is L? with the required accuracy. Note that, plainly,

[w —uall2,(ap) < v —vall2,ap) <
The best way to choose §; and 1; for given {wq}7 is

1 1
& |we (1)] /wa(i) u(t)dt ¢ |we (1)] wa(i)U(t) !

when w,(¢) has finite length.
It turns out that the relationship between « and m,, is crucial for us; we
next address this matter.

Lemma 3.4 Suppose u,v € C(a,b)N L%(a,b), at least one of them say u, being
non-constant. Then, when a decreases to 0, m,, increases to oo.

Proof. We show that given m € N there exists a > 0 having m, > m. The
fact that u is continuous and nonconstant on (a,b) guarantees the existence
of pairwise disjoint subintervals Iy, I, ..., Is;, of (a,b) on each of which u is
nonconstant.

Fix o > 0 satisfying >7", [lu — ug,, ||§7ij > a? for every set of m intervals
from among I, Iz, ..., Ia;. Now, to any partition, {wa(j)}7L;, of (a,b) into m
non-overlapping subintervals there correspond Iy, , Ix,,..., I, such that each
I, is subset of some wq (i) and hence

m m
Yl = v By = D w3 1, > @
j=1 Jj=1

Therefore m,, > m. O

10



Lemma 3.5 Suppose u,v € C(a,b)NL?(a,b), at least one of them, say u, being
nonconstant. Fix o> 0 and set A, = {3;0 < 8 < o and mg =my}. Then, A,
is an interval with v = inf A, and v € A,.

Proof. Clearly, A, is nonempty, since a« € A,. Again, my, > m,, whenever
A1 < Az, 80 A, is convex and hence an interval, possibly equal to {a}.

It follows from Lemma 3.4 that v > 0. Now, if Ay = {a}, so that v = «,
we are done. Otherwise, there exists a sequence {ay,} in A, with «,, \, v. Let

Ua, = D25 Y, () Xway, (1) A0 Va,, = 3227 Vw, () Xuwa, ()> @8 In (3. 1), so

|§,(a,b)v ”U — Vo, ”g,(a,b)) < Oli.

max(||u — uq,,

Assume the notation has been chosen to ensure the end points of w,,, (j) =
(cl,di) satisfy a = ¢} < d, < citt <dle =b,j=1,2,...,mqs — 1.

n»-'n

There exists a sequence n(k),k = 1,2,... of positive integers and numbers
e, ..., cme db d?, ..., d™ such that
h}gnczb(k)—c], hlgndn(k)—dj, i=1,2,..., Mg,
and _ _
a=c <& <JT < dme =, j=1,2,...,Ma.

Observe that, setting

Ma Mo
Uy = Z U(ed ,d3) X (c7,di) and Uy = Z V(ed \di) X (c9,d9) s
j=1 j=1

we have
max(||u — uW”%,(a,b)? v — UvH%,(a,b)) =,

which forces m, = mq. O

Lemma 3.6 Suppose u,v € L*(a,b) N C(a,b) are not equal to zero on (a,b),
indeed, assume at least one of u and v nonconstant on (a,b). Then, there exists
ag > 0 such that given any o, 0 < a < «q, there exists a 8, 0 < B < «, with
mg=meg+1 ormg=mqy+ 2.

Proof. Say u is nonconstant on (a,b). We take ag to be the positive distance
of u from the closed set {kxr;k € R,0 < |I| < oo} in L?*(a,b). Observe that
Mg > 2 whenever 0 < a < «g.

Fix o,0 < a < ag. By Lemma 3.5, my = mq, where v = inf A,,. Hence,

there exists a partition {w- (j )};’:1 of (a,b) whose corresponding step functions,

Uy = Z;n:al Uy, () Xw, () and vy = Z;n:‘ll Ve, () X, () Satisfy

max(||u — u’YH%,(a,b)? v — vy |§,(a,b)) =2

11



If |lu — “7”%,(11,17) > |lv— UVH;(W)) then for some some jo, 1 < jo < mq,

e = v, Gio) 13,0, i) > 0-

It is possible to find a point ¢ in the interval w,(jo) = (d, e) such that

2 2 2
flu— wa(j0)| 2w (jo) = [w — ugde) ||2,(d,c) + flu — u(076)||2,(c,e)'

Let w'ly(.]) = w’Y(j)? .7 = 1a2a"'aj0 - 17j0 +1,...,mq, wi,(]o) = (d,C) and

w’,(ma +1) = (c,e). Then, gwﬁ/(]) ;-’”‘:"1“ is a partition of (a,lb) with associated
: ot ot
step functions u/ = E;nzl Uar () X (j) and vl = Z;nzl U (j)Xuwr (j) Such
that
max([lu — uiy”g,(a,b)v v — UfyH%,(a,b)) =0 <97

and so mg = mq + 1.

Similarly, when [[v — vy (|2, (a,p) > [ — ty|l2,(a,p), there is a g € (20,04) with
mg = mq + 1. Suppose, then, [[v —vy|l2, 0 = [t = Uy|l2,0p) = 7 > 0. As
before, we can find an interval w.,(jo) = (do, e0) and a point ¢g such that

HU - uw-y(jo) Hg,w,y(jo) > ||’LL — U(dy,co) H%,(do,co) + ||u — U(co,eo) ||3,(Co,€0)7

and an interval w(j1) = (di,¢1) and a point ¢; such that

2 2
2,(d1,c1) + ”u o u(clrel)”Z(Cl,ﬁ)'

HU, - uww(jl) |§7ww(j1) > ||U o u(dl’cl)

Now, if it is possible to have jo = j; and ¢y = ¢; we can get § € (0,a) with
mg = mq + 1. Otherwise, we can only conclude there is a § € (0, ) for which
mg is one of my + 1 and my +2. O

Lemma 3.7 Let —c0 < a < b < oo and suppose that u € L?(a,b) with u' €
L?/3(a,b) N C(a,b). For each small h > 0 define

T = 7%,zi+1 =ax;+h foriel,... [2/h?;
put J; = (a,b) N (z;,7i41), i € 1,...,[2/Rh?].
Then
b (2/h%]
[ wopta ~ > Vil
(2/h?]

— Z T min | (2)[2/3.
Jim 1 |Ji min [u' ()]
‘7:

Proof. Simply use the definition of the integral. O
We are now prepared to establish an important estimate for lim sup,,_,q L QM.

12



Theorem 3.8 Suppose u,v € L*(a,b) and u',v' € L?/3(a,b) N C(a,b). Then,

1im80up ama < V2(|1W 273, (ap) + 1V]12/3,(a0))-
o— +
Proof. The result is trivial if both v and v are constant so we assume at least
one of them, say u, is not.

Given 5,0 < 8 < ||u||27(a7b), let wg(i) = (@i, ait1), @ = L,2,...,ng, be a
partition of (a,b) satisfying

||u_uw5(i)||g,w/3(i) :/32’ 1= 1a27"'ang_17

and |lu — “wﬁ(i)Hg,wB(i) < B i =mnj§ Fix A\, 0 <X <1, and define the [Anj}]
points zy by the rule that if (a,b) is bounded, then

h—
xk::a—i—iak, k=1,2,...,[Ang];
)\ng

if (a,b) = (—o0,00), then, with h = (52

n

)1/2

we

1
L= Tp+1 = Tk + h, k=1,2,... [Ang;
for other types of intervals proceed in the same sort of way.

Form the union of the points 1,02, ..., Qg1 and L1, L5 Tany), AL-
range them in ascending order and denote the resulting points by b;,7 =
1,2,...,J(8) + 1, so that n% < J(B) < n% + [An4]. Put I} = (bj,bj41),j =
1,2,...,J(B). We observe there are at least nj — [Anf] mtervals If with

I} = wg(i)

for some 1.

Now,
J(B) J(B)

ZWL%M <§]ﬁmwmuW?

Again, setting N = #({j : Ijﬁ = wp(i) for somei < nj}), we have N >

—[Ang] — 1 and
J(B) J(B)
323 (n un1—n<ﬂwﬁw<2]m—wﬂﬂﬂ<§juﬂmwm<M”?
Jj=1 zel;
Thus, by Lemma 3.7,
b
lim sup 83 (n} — [Anj]) < / [/ (z)|* 3 da. (3. 3)
B—04 a

13



Similarly, if v is also not constant, there exists, for 0 < 3 < [Jv[l2,(a,), @

partition {w};(z)}?ﬁl such that
||’U—’Uw/i||§w23(,):ﬁ2’ i:1,27...,’n5—17
[0 = vuy i ||2w6()—ﬁ’ i =ng,

and

lim sup 52/3 (ng — [Ang]) / [/ (x)[*/3d.
B—04

(3. 4)

Put o® = B*(ng + [Angl), 0 < B < min[|lull,(ap), [0]l2,an)]; Where ng =

ng + nj if v is not constant and ng = nj if it is. Note that (3.
imply a — 04 as 8 — 0.

3) and (3. 4)

Taking the refinement of the partition {I; s i (1 and the analogous one for
v (if necessary) we get a partition of (a,b), of at most ng + [Ang] subintervals,

whose corresponding step-functions u, and v, satisfy

max(||u = ua 3 40 1V = Vall3 0] < B° maxnf, ng] <

This means
mq < ng+ [Angl;

hence
limsup(amy)?? < limsup 623(ng + [Ang))
a—04 B—04
) ng + [Ang
< limsup %3 (ng — [Ang)) (5
B0 ’ 7\ s — g
2/3 2/3 (1+X)
< 138 g0 + 1305, o) (T

Since A may be chosen arbitrarily small we obtain

limsup ama < V2([|W||a/3,(a) + 11V l2/3,(a))s

a—04

as asserted. O

4 The Main theorem.

In this section we give the remainder estimate promised in the Introduction. To

begin, we prove

14



Theorem 4.1 Let —co < a < b < oo, let u,v € L*(a,b) and suppose that
u',v" € L?3(a,b) N C(a,b) and u?,v> > 0. Then

lim sup
e—04

3 Ju(®u0ldt - =N )| 3

3
< 3\@(||u,||2/3,(a,b)+||vl||2/37(a,b)) (Hu||27(a7b) + H’U”27(a,b))+;”uv”L(mb)-

Proof. Let o > 0. Then (see (3. 1) and (3. 2)) there are m, € N and
step-functions u., v, such that

||Ua - uH2,(a,b) < a, ||U0€ - 'U||2,(a,b) <a;

Ma

and {w(j)}j2 is a corresponding family of non-overlapping intervals which
cover (a,b). Plainly,

b
[ w0 = wava)at] < alllul o + lollan + ) (4. 1)

Let € > 0 be small and let {Il}i(f ) be the non-overlapping intervals which occur

in the definition of N (e).

Put J1 = {j;I; C wa(j) for some i}, Jo = {j;wa(j) C I; for some i}, J3 =
{Jiwa(j) ¢ I; ¢ wa(y), for all i}, Ly = {i;I; C w,(j) for some j} and Lo
{i; for all j,I; ¢ wa(j)}. Then see from Lemma 3.1 that

b
%/ﬂuavadt = % Z+Z+Z Eibilwa(d)]

JjeJL jeJ2 JEJ3
g A(Im Uy Ua)
1€l

+2 Z AL Ue s Va)

1€ Lo

IN

+ Y Zetslwa(l )

J€J3

Lemmas 3.2, 3.3 as well as the estimates

1 . .
;£j¢j|wa(])| < A(wa(]),uomva)
Hull2,wa () 10 = vall2wa ()

Hllu = vall2,w () V1200 ()

A

2,wq (J) ||’U - Ua||2,wa(j)

15



and A(weq (§), u,v) < A(L;, u,v) < e for wy(j) C I; now show that the right-hand
side of (4. 2) may be estimated from above by

Z A(L;, u,v) + 2 Z AL, u,v) + emg,

I;Cwa (J) I gwa (5)
N(e)
+3> (lu = valla,rllv = vallz,r, + ulla [0 = vallor, (4. 3)

i=1

Hllu = vall2,z |vll2,7.)

To proceed further, note that A(I;,u,v) <e,
#{i; I; C wy(j) for some j} < N(e)
and
#{i, for all j,I; ¢ wo(5)} < ma.
It follows that

1 b
- / UV < N(€)5 + 3mace
7(- a

N (e)

+3 ) (lu = uallzr,

i=1

v —=vallar, + ull2.r |lv = vall2,r,

Fllu = wall2,z: |vll2,7.)
N(e)e + 3mac + 207 + 2a([[ull2,0p) + V]2 ap)- (4 4)

On the other hand, since A(I;,u,v) = ¢ for 1 <i < N(¢) — 1 and N(e) —
2me, < #{i;I; C wa(j) for some j}, we see that

IN

(N(e) =2ma — 1 < > AL, u,0)

Iicwa(j)
= Y Alueve)+ Y [AUiu,v) = AL, e, va)]
IiCwa () I;Cwa ()
1
< Y —Lill&s 115
I, Cwa (j)
+ > (= uall2.rllv = vall2.z,
I;Cwea (J)
Flullz,nllv = vallz,r, + [lu = uall2,r,|v][2,7)
1 b
< = [ uavaldt + 0 + allulla o + o2 0n)
1t )
< ;/ luvldt + 207 + 20([|ull2,(a,0) + [[V]|2,(a,0)) (4. 5)
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the final inequality following from (4. 1). Together with (4. 4) and (4. 1) this
shows that

e(N(e) = 2ma —1) =20 = 2a(||ull2,(ap) + [IV]l2,@a.)

1 /b
*/hMﬁ (4. 6)
™ a

< e(N(e)+3ma) + 3a? + 3a((lullz,a,p) + 1vll2,(a,0))-

IN

From Lemma 3.4 together with repeated applications of Lemma 3.6 we can
see that for any small € > 0, we can find a > 0 such that m, > [N¥/?(g)] >
mq — 2. Then (4. 6) gives

1 b
N1/2(5)|; / luv|dt — N(e)e| < 3N(e)e 4 3a2(NV3(e) — 1)
+3a([full2,a,0) + [[0]12,(0,0)) N2 (e).

Let ¢ — 0 ; then mg, < NY/?(e) +2 — oo and so o — 0. Hence

1 b
IMmede/hMﬁ—N@ﬂ
™ a

8*>0+

< 3limsup N(e)e + 3limsup a2 N'/2(¢)

e—04 e—04

+3limsup aNl/z(e)(Hqu,(a’b) +1vll2,(a,8))-

e—04

Since lim,_,oeN(g) = & f; |uv|dt, by Lemma 2.7, we finally see, with the help

G

of Lemma 3.8, that

1 b
lim sup N1/2(5)|—/ |uv| — N(e)e|
m a

e—04

3 b
< ;/ uv|dt + 3V2([|u[l2/3,(0,0) + 1V [l2/3,a,0)) ([l 2,(a6) + [V]12,0,8))
a

as required. O
Armed with this result it is now easy to give the promised remainder estimate
for the approximation numbers of T': L?(a,b) — L?(a,b) given by (1. 1).

Theorem 4.2 Let —co < a < b < oo, suppose that u,v € L*(a,b) and let
u',v" € L?3(a,b) N C(a,b) and u?,v> > 0. Then

—/ luv|dt — na, | < —/ |uv|dt
™ a T a

+3V2([[t' |23, a8y + 110" Dll2/3.(a5)) ([tell2, a8y + [10]12,a0))-

lim sup n'/?

n—oo
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Proof. Simply use Theorem 4.1, Lemma 2.6, Lemma 2.5 and the fact that

lim n'/%a,(T) = 0.

n—oo
O

If the interval (a,b) is bounded, it follows immediately from Hoélder’s in-
equality that Theorem 4.2 gives rise to

Theorem 4.3 Let —co < a < b < oo and suppose that u',v'" € C([a,b]). Then

3 b
< ;/ |uv|dt+3\/§(”ul||2,(a,b)+||U/||2,(a,b))(b_a')(Hu||2,(a,b)+||U||2,(a,b))'

From the following observation we can see that any optimal exponent from
Theorem 4.2 has to belong to [1/2,1].

Observation 4.4 Let —o0o < a < b < oo.
(i) Let a < 1/2. Then for every u,v € L*(a,b) with u',v' € L?/3(a,b) N
C(la, b)) we have

=0.

lim sup n®
n—oo

1 b
— dt —na, (T
7T/a |uv| na,(T)

(i) Let a > 1. Then there exist a and b, and functions w and v satisfying
the conditions of Theorem 4.2 on the interval defined by a and b, such that

lim sup n®

n—oo

= Q.

1 b
= dt —na, (T
W/a |uv| nay, (T)

Proof. (i) follows from (4. 6) on putting m, = [N%(¢)] or [N*(e)] + 1.

(ii) Take (a,b) = (0,1) and v = 1, v = 1 + z. Then from (4. 6), with
me = [N*(e)] a lower bound results which is unbounded as ¢ — 0 and the
result follows. O

It is a pleasure to thank the referee for his penetrating and very helpful
comments.
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