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ABSTRACT. We consider the Hardy-type operator

(TF) (2) = v() /z WO f)dt, 7> a.

Ja
and establish properties of T as a map from LP(a,b) into L9(a,b) for 1 < p <
g<2,2<p<g<ooandl<p<2<qg<oo. The main result is that, with
appropriate assumptions on u and v, the approximation numbers ay (T') of T
satisfy the inequality

b b
cl/ |uv|"dt < liminfna;, (T') < limsup na;, (T) < c2 / |uv|"dt
a n—oo Ja

n—oo

when 1 <p<g<2o0r2<p<gqg<oo,andin thecase 1l <p<2<g<oowe

have p
lim sup na,, (T) < 03/ lu(t)v(t)|"dt
n— oo 0
and 4
C4/ lu(t)u(®)]"dt < Timinf n(1/2=1/0r+1gr (1Y,
0 n—oo
’
where » = 2L and constants cy, co, c3,c4. Upper and lower estimates for the

p'+q
1° and 1%:* norms of {a,(T)} are also given.
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1. INTRODUCTION

The operator T : L”(a,b) — L9(a,b) ( where 0 < a < b < d < 00 ) defined by

1) 75(0) = v(o) | “u(t)f(t)dt

was studied in [1] and [5], in the case 1 < p < ¢ < oo, for real-valued functions
we LP(0,¢),v € LP(c,d), for any ¢ € (0,d) and p’ = p/(p—1). In the aformentioned
works, the following estimates for the approximation numbers a,(T) of T were
obtained:

(2) AN (e)+3 < Op&,

(3) an(e)—1 > Vg(N(e) — 1)1/‘1_1/”57 for p < g < 0
and

(4) AN(e)/2—1 > 6/27 for p=4q,

where o, 1,, are constants depending on ¢, and N(¢) is an e-depending natural
number .

In the case p = ¢, these results are sharp and are used in [2] and [5] to obtain
asymptotic results for the approximation numbers.

Specifically, it was proved in [2] that for p = ¢ =2

(5) lim na, (T / [u(t)v(t)|dt

n—oo

and that for 1 < p = ¢ < o0,

fap/ lu(t)v(t)|dt < liminf na,(T) < limsupna,(T) < ap/ |u(t)v(t)|dt.
n—oo n— oo
The endpoint cases were studied in [5]: it was shown there that for p = ¢ = co (and

similarly for p = ¢ =1)

d

/ lu(t)vs(t)|dt < liminf na, (T )Slimsupnan(T)S/ lu(t)vs(t)|dt,
n—oo n—oo 0

where

0u(t) = lim [0 X(—eeto i

If p < g, the estimates (2) and (3) are not sharp.
The estimates (2) and (3) were used in [8] to obtain the following asymptotic
results for the approximation numbers in the case 1 < p < g < oo:

(8) lim sup na < Cp, q/ |’LL | dt
and
(9) < dp, q/ lu(t)v(t)|"dt < liminf n(1/p=1/q)r+1 a” (T)

where r = pq’ /(¢ + ).

Since the estimates upon which they are based are not sharp, these results aren’t
sharp either, in contrast to (5), (6). Our research is directed toward finding alter-
native, refined versions of (2) and (3) in the case p < ¢, aiming to get better
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asymptotic results than (8) and (9). In this paper, we succeed in showing that for
I<p<qg<oo,

(10) an(e)+1 < 26,
and for 1 <p<¢g<2o0r2<p<qg<o0

(11) aN(e)/a—1 = CE,
and for 1 <p<2<¢g< o0
(12) a’N(s)/4—1 > CgN(€)1/2_1/q7

where ¢ is a constant independent of ¢ and N(¢). And under some condition on u
and v we show that for 1 <p<¢g<2or2<p<g< o0

b b
cl/ luv|” < liminf na, (T) < liminf na, (T) < 02/ |uv|",

n—oo n—oo

and for 1 <p<2<¢g< o0

limsup na;, (T') < cpq/ [u(t)v(t)|"dt
and
pq/ lu(t)v(t)|"dt < lim inf n1/2=1/Or+1gr (),

where r = p’,’;rqq. We also describe I and "* norms of {a,}5° ;.
Under much stronger condition on u and v in neighborhood of boundary points
of I this problem was also studied in [7] by using different technique.

2. PRELIMINARIES

Throughout this paper we will suppose that 1 < p < ¢ < 2. In what follows
we shall be concerned with the operator T' defined in (1) as a map from L?(0,d)
into L(0,d) where 0 < d < oco. The functions u,v are subject to the following
restrictions: for all z € (0,d)

(13) ue LP(0,2),
and
(14) v e Lz, d).

It is well-known that these assumptions guarantee that T' is well defined (see (9)).
Moreover, the norm of this operator is equivalent to:

1/p’ d 1/q
J:= sup </ |u(t)P dt> / |v(t)|%dt ,
z€(0,d) T

(see [4],[9] and [5]). We define the operator T7 by

(15) Ty f(z) = v(z)xs(x) / CufOx e, x>0,

where I = (a,b) C (0,d), and the quantity

(16) J(I) = J(a,b) := ilgf) (/ [u(t)|P dt) " (/ |v(t |th>

/q
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It is obvious that J(I) ~ ||T7||,—q, where the symbol ~ indicates that the quotient
of the two sides is bounded above and below by positive constants.

Proposition 2.1. There are two positive constants K1, Ko such that for any I =
(a,b) C (0,d) the inequality

KiJ(a,b) <||T7|| < KaJ(a,b)
holds.
We start by proving an important continuity property of J:

Lemma 2.2. Suppose that (13) and (14) are satisfied. Then the function J(.,b) is
continuous and non—increasing on (0,b), for any b < oco.

Proof: It is easy to verify that J(.,b) is non-increasing on (0,b). To prove the
continuity of J, fix x € (0,b) an ¢ > 0. By (13) and (14) there exists 0 < hg <
min{z, b — x} such that

x , 1/Pl
( [ wor dt) 1ol onoe) < €.
:C—h()

It follows that for h, 0 < h < hy,

z 1/Pl
J(x,b) < J(x—h,b)= sup (/ [u(t)[? dt) 1]l q,(2,5)
x—h

r—h<z<b

z , 1/p’
= max{ sup </ |()|pdt) ||v
r—h<z<z T—
p/
sup <</ />|u pdt) [|v
r<z<b

‘Ia(zvb)}
(17) < max{e, e+ J(z,d)} =e+ J(x,d),

which yields 0 < J(z—h,b)—J(x,b) < €. The inequality 0 < J(z,b)—J(z+h,b) < e
can be proved analogously. [

For the sake of completeness, we include the following known result (see [4] and
[10]):
Proposition 2.3. The operator T defined by (1), with 1 < p < 0o and u,v satisfy-
ing (18), (14) and J < o0 is a compact map from LP(0,d) into L1(0,d) if and only
if lim. o, J(0,¢) = lim.—q4_ J(c,d) = 0.

In what follows A(I) is a function defined on all sub-intervals I = (a,b) C (0, d),
defined by

(18) A(I) = A(a,b) := sup inf |Tf—av 1.
1flp,r=1 R

A similar function can be found in [5]. Next, we prove some basic properties of A(I).
Choosing @ = 0 in (18) we immediately obtain for any I = (a,b), 0 < a <b <d,

(19) A(I) < |[T1]]-
Lemma 2.4. Let I = (a,b) and |lully 1 < oo, ||v|lq,r < o0o. Set
AI) = su inf  ||Tf—av |

p
1 £llpr=1lal<2llully

Then A(I) = A(I).
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Proof: Holder’s inequality yields

= |fs|:1?_1/ ( dm) e
A uwww”umM@W@”

1/q

b b q/p’
/ |v<z>|q</ |u<t>|pdt> de | = fullysllollor

If |[v]l,r = O then A(I) = A(I) = 0. Assume ||[v],; > 0. Let ||f|l,;r = 1 and

suppose that || > 2||ull,.;. Then |a| > QHHT‘IH and using the trivial inequality

la — b9 > 2179]a|? — |b] valid for any real numbers a, b we obtain for each a € R

/ab (a—/;f(t)u(t)dt)u(x) dx>/ |ow(z |—‘/ f(@®)

221q|aq/b|v(x)qu— 1:)/ f(t)u(t)dt‘ dz

(o 1)
270 (20 ) | 2)|*dz — | T7)1* = |73 ).
g9,

)dt

IN

daj

In conjuction with (19), the above yields

171l = A(T)

b
= sup min inf /
1fllp,1=1 lel<2flull r \ Ja
b
inf /
jal>2llull ; \ Ja
b xr
= inf a—/ tutdt)vx
lal<2]ull, ; (/a ( ) f®yut)dt ) v(x)

which finishes the proof. [J

Lemma 2.5. Let u and v satisfy (13) and (14) respectively. Then A(I1) < A(Is),

provided Iy C Is. Moreover, given 0 < b < d the function A(.,b) is continuous on
(0,).
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Proof: Let 0 < a; <as <by <b; < d, I = (al,b1), Iy, = (ag,bz) . Then

by z q 1/q
A(l;) = sup inf / v(z) / (fu)dt —a))| dz
Hf“p,llzl aeR aj ( ay )
b1 q 1/q
> sup inf / dx
1 fxrgllp, Il—lo‘eR a1

bo q 1/q
> sup inf / dx = A(I,)
I £llp, 1, =1 €% \ Jas

which proves the first part of lemma.
For the remaining statement, fix b € (0,d) and 0 < y < b. Let € > 0. By (13)
and (14) there exists 0 < hg such that 0 < y — hy and

y . y
/ |ulP < e and / [v]? < e.
y—ho y—ho

Set Dy, = 2||ullp,(y—n.p) for any 0 < h < y. Recall that by (13), one has Dj, < oo
for 0 < h < d. Using the trivial inequality (a + b)*/9 < a!/9 4+ b'/9, the triangle
inequality and the Holder inequality, it follows that

A(y7 b) < A(y - ha b)

b . .
N Hfu,,zujb):ligge (/yh ‘(0‘ - /yh f(t)U(t)dt)v(a:)‘ dx)

T W=t 2D, {/yuh ’(O‘ B /:h f(t)U(t)dt)v(x)‘qu
/ / f(#) dt+/ f(t)u(t)dt_a)v(x)‘qdm}l/q
< ||f|\p,(sy1iph,,b>:1 aligfjh{ [/yyh|v(a:)|q( /:h|u(t)|1”dt>q/?'( /yzhlf(t)lpdt)q/iix] 1/q
" [|a|‘1/;h|v<x)|qu} v
/yb|v(x)|qu< /y: |u(t)|p/dt) WP’( /y?ih If(t)|”dt) q/p] a
w1 [ o ([ st ) dx]l/q

< {elﬂ/p' + Dne’ T+ [[vllg .08
qa \1l/4
da:) }

+ sup inf / ‘ / dt _ Ol) (I)
Hf“p (y—h,b)= =1 |a‘<Dh

o) ([ G- o)

al

o) ([ Gouwi - o)

az

1/q
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Since Dy < Dy, < Dy, we have by Lemma 2.4

la‘ig%h / / f@u(t)dt — a) (2) qu) e
\a}ngo / ‘ / F@)u(t)dt — a) (x))qu) i = A(y,b)
and thus

Ay, b) < Aly = h,b) < 2771 4 Dy e/ 4 |Joflg e + Ay, D)
which proves that

lim A(y — h,b) = A(y, b).

—>O+
Analogously,
lim A(y+ h,b) = A(y, b).
hH0+

which finishes the proof of our lemma. [

Lemma 2.6. Suppose u,v > 0 satisfy (13) and (14) and that T : LP(a,b) —
L%(a,b) is compact. Let I, = (e, d) and Iy = (', d') be subintervals of (a,b), with
Iy C L, || >0, | — 1] >0, f vi(z)dx < co. Then 0 < A(Iy) < A(IL).
Proof: Let 0 < f € LP(I2), 0 < [fllp.ra < I fllp,r;, < 1 with supp f C Io. Let
y € Iy then
”T(C’,y)”p-h >0 and HT(y,d/)HPJz >0
and then by simple modification of [EHL2, Lemma 3.5] for case p < ¢ we have

min{”T(c’,y) q,Izs ”T(y,d’)”qJ'z} < 216151 ”TI,J”%Iz

which means A(I3) > 0.

Next, suppose that ¢ = ¢ < d’ < d. A slight modification of [EHL2, Theorem
3.8] for p < ¢, yields zp € Iy and x1 € I such that A(l3) = ||Tyy.1,1lq,1, and
A(I) = |Ts,,1,|lq,1, - Since u,v > 0 on Iy, it is then quite easy to see that z¢ € I3
and z1 € I7.

If xg = 1, then, since u,v > 0 on I, we get

A(Il) = ”Twhh”q,h > ||Tw1711||q712 = ||T$1712||q712 = A(I2)

On the other hand, if zg # x1, then

A(L) = 1Tey 1oy 2 1 Tey 1 lla.r 2 1Ty ol 12 > (1T, 12 llg, 1 = A(J2)-

The case ¢ < ¢/ < d' = d could be proved similarly and the case ¢ < ¢ < d' <d
follows from previous cases and the monotonicity of A(I7). O

Let I = (a,b) C (0,d) and I; = (a;,b;) C I, i =1,2... k. Say that {I;}}_, €
P) it Ule I; O I and assume the intervals {I;}¥_, to be non-overlapping.

Now, for any interval I C (0,d) and & > 0, we define the numbers M and N, as
follows:
(20) M(I,¢e) :==inf{n: J(I;) < e,{L;}i=, € P(I)}.
and
(21) N(I,e) :=inf{n; A(L;) < e, {L;}, € P()}.
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Since by Proposition 2.1, A(I) < ||Ty|| < K2J(I), we have
(22) N(I,e) < M(I, Kse).

Put N(e) = N((0,d),e) and M(e) = M((0,d),e). From Proposition 2.3 and the
definition of J(I) one gets the following:

Remark 2.7. Suppose that (13) and (14) are satisfied. Then T : LP(0,d) —
L%(0,d) is compact if and only if M(e) < oo for each € > 0.

Lemma 2.8. Let T be a compact operator. Then
lim A(0,z) =0 and lim A(z,d)=0.
z—04 r—d_

Lemma 2.9. Suppose that T is a compact operator, € > 0 and I = (a,b) C (0,d).
Let m = N(I,e). Then there exists a sequence of non-overlapping intervals {I; }1 4
covering I, such that A(I;) =€ fori € {2,...,m —1}, A() <e¢, and A(I,,) <e.

Proof: From Remark 2.8 and (22), one has m < oco. Define a system S =
{Ij}jes, I; C I, of intervals as follows: Set b; = inf{z € I;A(z,b) < ¢}. By
Lemma 2.8 we have a < by < b. Put I} = [by,b]. Then A(l}) <e. If a = by write
S = {11}, otherwise set by = inf{zx € I; A(x,b;) < €} and Iy = [ba,b1]. Observe
that by Lemma 2.5 we have A(ly) = . We can now proceed by mathematical
induction to construct a (finite or infinite) system of intervals S = {I;}$_,. Note
that we have only A(I,) < ¢ (not A(I,) = ¢) provided @ < oo and A(Ig) = ¢ for
B < c. Writing by = b we can set I; = [bj,b;_1], 1 <j < .

Our next step is to show that &« = m. By the definition of m one has « > m
and a finite sequence of numbers a = a,, < am_1 < ...a9 = b and intervals
Ji = [as,a;-1], i =1,2,...,m such that A(J;) < e. Notice that b; < ay, for if not,
we can take \ : 0 < A < by, which, from Lemma 2.5 and the definition of I, would
yield e < A(A,by) < A(Jy) < g, which is a contradiction. Assume now that for
some a > 1,b, > ap. If bp_1 < ax_1, then talking ap < A < b, Lemma 2.5 and
the definition of Ij, yield e < A(A,bx—1) < A(Jr) < €, which is a contradiction, so
that ax_1 < bp_1. Repeating this reasoning, one arrives at b; > aq, which is again
a contradiction. Thus, by < ay for all £ = 1,2,...m. Choosing k& = m we have
b, = a and consequently, « = m and S covers I which finishes the proof. [

For future reference (see the proof of (11) in the next section) we include the
following lemmas and remarks.

Let X be a Banach space and M C X. Recall the definition of the distance
function dist(., M),

dist(z, M) = inf{|jz — y|l;y € M}, z € X.

Lemma 2.10. Let T be a compact operator, u,v > 0, € > 0, I = (a,b) C (0,d)
and m = N(I,e).

(i) Then there exists 0 < €1 < € and a sequence of non-overlapping intervals {I;}7"
covering I, such that A(I;) =¢e1 forie{l,...,m}.

(i1) There exists €2 : 0 < g9 < & such that m +1 = N(I,e3).

Proof: The proof follows from the strict monotonity and the continuity of A(I).
O

Lemma 2.11. Let H be an infinite dimensional separable Hilbert space. Let
Y = {ug,...,u,} be any orthonormal set with 2n vectors and let X be any m-
dimensional subspace of H with m < n. Then there exists an integer j, 1 < j < 2n,
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such that
1

dist(u;, X) > —.
( J ) ﬁ
Proof: Denote the inner product in H by (u,v). Extend Y to an orthonormal
topological basis {u;}32; of H. Choose an orthonormal basis of X, say v1,...,Um.
Denote by P the orthogonal projection of H into X. Then
Py = Z(umj)vj for any uw € H.
j=1

Since P is a self-adjoint projection we obtain

2n 2n
ZHW—PWHQ = Z(l—Q(uk,Puk)—&-(Puk,Puk))
k=1 k=1
2n 2n m
= Qn—Z(uk,Puk) :271722(1%,1@)2
k=1 k=1j=1
m  2n
= 2n—ZZ(uk,vj)2.
j=1k=1

The Parseval identity yields

D (unvy)® =l =1,

k=1
which implies
2n
Z(Uk, vj) <1
k=1
Consequently,
2n
Z llup — Pug||®> > 2n —m > n,
k=1

which guarantees the existence of an integer j, 1 < j < 2n, with |lu; — Pu;||*> > 1/2.
Then
. 1
dist(u;, X) = |lu; — Puj|| = 75
which finishes the proof. [J

Lemma 2.12. Let 1 < p < 2 and X be any n-dimensional subspace of l,. Set
ej € lp, ej = {0;;}2, where 0;; is Kronecker’s symbol. Then there exists an integer
7, 1 <3 < 2n, such that

1
distp(e;, X) > —=

V2

Proof: Denote by ||.||, the norm and by dist, the distance function in I,. Since
l.l. < [I-ll, we can consider X as an n-dimensional subspace of lo. Thus, using
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L

> from which

the previous lemma there is j, 1 < j < 2n with dista(e;, X) >
immediately follows that

S

disty(e;, X) = inf{]le; — al,i@ € X} > inf{le; — allaix € X} = dista(e;, X) >

Sl

O

Lemma 2.13. Let 2 < p < oo, n € N and X be any n-dimensional subspace of
P, Set e; = {0;;}2, € l, where ¢;; is the Kronecker’s symbol. Then there is j,
1 <5 < 2n such that

(23) distp(e;, X) > ol/p=1,1/p=1/2
Proof. Let R : [P — [P be the restriction operator given by
R(a) = (a1,a2,...,a2,,0,0,...)

where a = (a1, a2,...) € IP. Chose u; € X such that dist,(e;, X) = |le; —u;||. Using
the well-known inequality

|R(a)|l2 < (2n)Y?71/?||R(a)|, for all a € [P
it follows that for each 1 <1 < 2n,
distp(ei, X) = [lei — uillp > [[R(e:) — R(wi)|lp
> (20)V2 77| R(e;) — R(us)2 > (2n)"/271/7 dista(e,, R(X)).
Since R(X) is a linear subspace of [2, by Lemma 2.11 there exists j with
1
\/57

which finishes the proof of the lemma. (Il

diStQ (ej, X) Z

It is shown in the appendix that the power of n in (23) is the best possible if
2 <p<Loo.

With the aid of the last lemmas we can use get a modified version Lemma 2.11
with H replaced with L?(0,d) .

We start by recalling some lemmas referring to the properties of the map taking
x € X to its nearest element M4(z) € A C X.

Lemma 2.14. Assume that X is a strictly convexr Banach space, V- C X be a finite
dimensional subspace of X and xg € X. Set A = {xg +v;v € V} . Then for any
x € X there exists a unique element v such that

| —vll = nf{||z —y[l;y € A}.
Denote by M4 the mapping which assigns to x € X the nearest element of A.

Lemma 2.15. For anya € R, x € X and v € V, one has

(24) My (ax) = aMy (z),
(25) My (z+v) = My(z) +v
and

(26) Iz~ oll > 1My () — o]
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The proof of these last two lemas can be found in [11].
Recall that P : X — X is called a projection if P is linear, P? = P and || P| < oo.

Lemma 2.16. Let X is a strictly convex Banach space and V C X be a subspace,
dim(V) = /n is finite. Then there exists a projection P : X — V which is onto
such that | P]| < /n.

For proof see [11,1T11.B, Theorem 10].

The following lemma, whose proof is included for the sake of completions , plays
a critical role in the sequel, since it provides an approximation to the map M4
above by an linear operator of at most one dimensional range. The proof can also
be found in [5].

Lemma 2.17. Let I C (0,d),1 < ¢ < oo and let [, |g(t)v(t)|%dt < co. Set

0 if [ lv(®)]9dt =0
wr(g) = < ([;9®]v(@)|2dt)/ [; lv(t)|?dt if 0<[;lo(t |th < 00
0 if [y lo()]9dt =
Then
@) it (g =)ol < (g —wr(@)vler <2 it g =)ol

Proof: It suffices to prove the second inequality. Fix g such that [, g(t)|v(t)|9dt <
00.

Assume first that [, [v(¢)|?dt = 0. Then v(t) = 0 almost everywhere in I and all
members in (27) are equal zero.

Let [, v(t)|?dt = oo. We claim that |low|e; < [[(a — g)vllqr. If @ = 0O the
inequality is clear. Let a # 0, otherwise ||aw||q,; = oo and by the triangle inequality,
it follows that ||(ac — g)v||q,1 > |lawllq,r — |lgv|lq,r = oo and hence the claim. Thus,
for each a € R

(g —wr(g))vllgr = (g —a+ a)vllgr <2[l(g — a)vllgr
which gives
g = wi(g)vllg.r <2 inf [l(g — a)vllgr-

Assume now 0 < [ ;[v(t)|?dt < co. By the Hoélder’s inequality, we obtain, for
any a € R

q

Iolt )|th)v z)| dx

I~ wilg)el, = /\ - g OOl
I

= [ ety |( e SD O

f] |v |th
/ |v(®)]?
(f; lv(t)]adt)e

(a —g@)|v(®)]dt] dx
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= ([ porear) | [l sonpnoer-tal
(/v qua:>1 q/|a— |th</|v - 1)dt> a/d

/|a g(6))u(t) dt = [[(o — g)o]?

which proves [|(or — wr(g))vllg,r < [|[(a = g)vllg.r-
Now, using this inequality, for any real o one has:

(g —wi(g))vllg.r < (g = @vllgr + [I(a —wi(g))vllgr < 2[[(a = wi(g))vll
The lemma follows by taking the infimum over « on the right hand side . OJ

Lemma 2.18. Let X = LP(0,d), p > 1. Let vy,va,...,v, be functions in X
with pairwise disjoint supports with |vil|, = 1 for i = 1,2,...,n. Set V =
span{vy,va,...,v,}. Then there is a projection Py with rank P, < n, such that

1f = My (flp,0.a0) < IIf = Pv(Fllp0,a) < 20F = Mv(f)llp,0,a0)
where My is defined on Lemma 2.14.

Proof. Denote S; = suppwv;, V; = span{v;}. Given any f € X, with supp f C S;,
let Mz(f) = le(f) Put sz = wi(fXSi)XSi? and Pf = ZZL:l PZ(fXSL)XS’L

From the definition of M, and P, we have Hf*MV(f)Hp,(o,d) <l f=Pv(f) |p7(0,d),
which is the first inequality. Also

1 =My (OIE =Yl xs, + Mo(F)xsill s, = D 1 xs: — Mifxs)xs b s,

i=1 i=1
< 2—1/1) Z ||fXS1 - Pz(fXSl) i Z,Si = 2_1/pr - sz(fXSl)
i=1 =1

<27VP|f = P(f)xs. I,

which gives the second inequality and finishes the proof. O

Lemma 2.19. Let 1 < p < 2 and let uy,...,uz, be a system of functions from
LP(0,d) with disjoint supports. Let X C LP(0,d) be a subspace, dim X < n. Then
there exists an integer j, 1 < j < 2n, such that

1
disty (u;, X) > Tﬂllwllp-

Proof: If ||u;|, = 0 for some 1, it suffices to choose j = i. Let ||u;||, > 0 for
all 1 < i < 2n. Set v; = ”u“—”p Let V = span{vy,va,...,v2,} and let Py be the
projection from the previous lemma. Let Y = Py (X). Then Y C V, dimY < n.
Denote by Z the subspace of [P consisting of all sequences {a;}$2; such that ay =0
for all k > 2n. Let e; be the canonical basis of Z. Define a linear mapping I : ¥ — Z
by

2n

2n
I(Z O{i’l}i) = Z Q;€;.
i=1 i=1



ASYMPTOTIC BEHAVIOR OF THE APPROXIMATION NUMBERS... 13

Since ||v;|| = 1 and the functions v; have pairwise disjoint supports, it follows that I
is an isometry between Y and Z. According to Lemma 2.12 there exists 1 < j < 2n
such that

. 1

(28) distp(e;, I1(Y)) > 7
and from Lemma 2.14 there is a unique x € X with
(29) disty (v, X) = [lvj — |-
By the definition of Py and My, we have

1 1

sl =M@l < Slle = Pv(@)lly < llz — Mv(2)]lp < llvj — [l
which yields, with the triangle inequality,
1Py (z)—vjllp < 1Py (z)=zllp+llz—v;llp < 2lz—vill, < 2l|z—v;llp+lz—vill, < 3llz—v;llp.
This together with (28) and (29), gives

. 1
disty (05, X) = llvj =zl = Fllv; = Pv (@)l
s L
T3V

Denoting by M; the mapping which assigns to any f € LP(0,d) the element of X
nearest to f and using (24) we can rewrite the previous inequality as

disty, (uj, X) = [uj — Mi(u))llp = [lugllp [[v; — Mi(v;)llp

1 1
> 3 disty(v;,Y) = 3 distp(e;, 1(Y))

1
= ||u4|, dist,(v;, X) > ——=||u;
[[jllp distp(vs, X) 3\ﬁll illp

which yields the claim. [J

Lemma 2.20. Let 2 < p < oo and let uy,...,us, be a system of functions from
LP(0,d) with disjoint supports. Let X C LP(0,d) be a subspace, dim X < n. Then
there exists an integer j, 1 < 7 < 2n, such that

1
disty, (u;, X) > ——||u;||,nt/?~1/2.
5, X) = =l
Proof: Let V,My,Py,Y,Z and I have the same meanins as in Lemma 2.19.
Proceading as before, Lemma 2.13 yields j : 1 < j < 2n such that

dist,, (e, [(Y)) > %nl/zﬂ/?.
Let x € X be the element given by Lemma 2.14 so that
dist(v;, X) = [lv; — |-
In exactly the same way as in Lemma 2.19, one gets
disty,(vj, X) > %nl/pflm,
which can be written as
disty (5, X) > g /77172,

and the proof is complete. O
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3. BOUNDS FOR THE APPROXIMATION NUMBERS

We recall that, given any m € N, the m'* approximation number ay;(S) of a
bounded operator S from LP into L9, is defined by

am(s) = i%f ”S - F||p—>qa

where the infimum is taken over all bounded linear maps F : L?(0,d) — L%(0,d)
with rank less than m. Futher discussions on approximation numbers may be found
in [3]. An operator S is compact if and only if a,,,(S) — 0 as m — oco. The first
two lemmas of this section provide estimates for a,,(T") for T" as in (1), which are

the analogous of those obtained in [1] and [5]. Hereafter, we shall always assume
(13) and (14).

Lemma 3.1. Let 1 < p < ¢ < o0 and suppose that T : LP(0,d) — Li(0,d) is
bounded. Let € > 0 and suppose that there exist N € N and numbers cx, k =
0,1,...,N, with 0 = ¢g < 1 < -+ < cy = d, such that A(Iy) < e for k =
0,1,...,N — 1, where I, = (cx,ck+1). Then ay11(T) < 2e.

.

Proof: Consider for f € L”(a,b) and 0 < k < N — 1 one-dimensional linear
operators given by

Pr (@) = 1, (2)0() (/ wfdt +wr, (/I ufdt)) .

where wy, is the functional from Lemma 2.17. We claim that P} is bounded from
L?(0,d) into L9(0,d) for each k.

Assume first that either 0 = ||v|q,7, or ||v||q,7, = co. Then P, = 0 and conse-
quently, it is bounded.

Assume now 0 < [[v|lq,7, < oo and fix f,||f[|y,0,qy = 1. Then using Holder’s

inequality, we obtain
@ B I fci u(t) f(t)dtlv(z)|%dx
o, ( / k U(t)f(t)dt>’ - [ e
i lo@@) [3 u(t) f)dt| [o(x)]9 dx
f]k |U(x)|‘1d$

. Y ,
< (f]k lv(z) fck u(t)f(t)dﬂqu) ! ('flk ()[4 dm)
- Ji, lv(@)|9d
< T fllg o N7
B HU”QJ!« N ”U”q,lk

and consequently,

/Od|(Pkf)(z)|qu:/Ik o(z) (/Cjufdt+w1k </zufdt)>
<2071 (/Ik U(x)/mufdt q+w§k (/C:ufdtdx>)

Ck
- 17|
< 297 H(|| T fllg + s ) < TN+
91k

IN

1/4'

q
dx

).

[v]lg,
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Set P = Y 0 ' P. Then P is a linear bounded operator from LP(0,d) into
L(0,d). Moreover, we have by Lemma 2.17 and the well-known inequality

(Cnzy lawl )9 < (202 laxlP) M/

N-1
ITf = PrIg= D> NTf = PrfllE,,
k=0
N—1 x x
= Z lv(x) [/ ufdt — wy, (/ ufdt)] [
k=0 Ck Ck
N-1 N-1

<217ty wnf [Ty f —aflly,, <27 AML)ISIG
k=0 k=0

N-1 N—1 a/p
< (201> NfIIE,, < (20)° (Z |f||§,1k> < (2¢)1
k=0 k=0

by Lemma 2.5. Since rank P < N, the proof of the lemma is complete . [J

Lemma 3.2. Let 1 < p < ¢ < oo, T be bounded from LP(0,d) to L1(0,d), 0 < a <
b < ¢ < d and denote I = [a,b], and J = [b,c]. Further, let f,g € LP(0,d) with

supp f C I, suppg C J, || fll, = llgll, = 1.
Let r, s be real numbers and set

d
) = o(e) [ w0 (0) + a0
Assume [u(t)h(z) =0. Then

hllg > (|7]7 inf |T7f — aw||? + |s|? inf | Trg — av||9)*/.
Ihllg = (Ir[* inf | T7f — av]|* +s]? inf [|T;g — av]|?)
Proof: Since supp f C I and suppg C J we have

q

(30) /0 o) /0 CuO () + sg(t)dt| da = 0.
If x € (¢, d) we have (recall that f: u(t)h(z) = 0) that
d T q d c q
(31) / U(x)/o w(t)(rf(t) + sg(t))dt| doz = / v(:c)/ u(t)h(t)dt| dz=0.
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Assume first s # 0. Then it follows from (30) and (31) that

||h||3=/0d dm_/ / / /

dx

()/ u(t)(r (1) + sg(t))dt

v(a) / ") (r (1) + sg(t))de

q

+/J v(x)/o w(t)(rf() + sg(t))dt| da

q
dxr

v(x) /Ow u(t)rf(t)dt

(

Jr/J v( /Obu(t)rf(t)dtJr/bw u(t)sg(t))dt) qu
_ |r|q/1 o) ;u(t)f(t)dt "
#1507 [ Joto) (w2 r0ar+ [ atrgoyar) | ao
> |r|q;r€1f§R v(z) </aw u(t) f(t)dt — a) qu
15l int [ [o(a) ([u(t)g(t)dt—a> "
= I inf 73f - cwl?; + 5| i [Tog - av]?,.
Assume now s = 0. Then
g = [ ot [ s @
- mq/I o() / w(t) f(t)dt| de
> |r\qotrelge v(x) (/: u(t) f(t)dt — a) qda: =

i st 37 — aul
which finishes the proof of the lemma. [

Lemma 3.3. Let 1 < p < ¢ <2, T be bounded from LP(0,d) to L9(0,d), € > 0,
NeNad0<dy <dy < -+ <dyny < d. Set I, = (di,dk+1) and assume that
A(Iy) > e fork=0,1,...,4N — 1. Then ay(T) > 2/9-1/P=3/2¢,

Proof: Let 0 < v < 1. Then there exist functions f € LP(Iy) such that
[fllp.1, =1 and

(32) Inf ITfx = avllgn = vA(k) = 7e.

By definition of the approximation numbers, there is a bounded linear mapping
with rank P < N such that

an+1(T) 2 T = Plly—q.



ASYMPTOTIC BEHAVIOR OF THE APPROXIMATION NUMBERS... 17

Then P = Zfil P;, where P, are one-dimensional operators from LP(0,d) into
L9(0,d). Thus, we can write (P;f)(x) = ¢;(z)R;(f) where ¢; € Lq(O d) and R €
(LP(0,d))*. Since (LP(0,d))* = L (0,d), it follows that R;f(x fo wi(t

and that there are functions ¢; € L¥ (0, d) such that

N d
=3 / i) (1)t

Denote by X the range of P. Notice that dim(X) < N.
Define J; := Iy; U Ig;4; for i =0,1,...,2N — 1. For each i € {0,1,...,2N — 1}.
Let (r;, s;) be orthogonal to the 2-dim vector. So that

(33) |r:|” + |si|” > 0 and ri/ wfo; + Si/ ufoir1 = 0.

Ia; I2i41

Set gi(t) = rifoi + sifaiv1 and hy( ) [y w(t)gi(t)dt. From || f;]| = 1 for each
i: 0<i<2N —1 and (3.2), onehas

1/p
lgillp = <|7“z'|p/ \fm(t)|pdt+|8i|p/ |f2¢+1(t)pdt> = (Iral? + |saP) /7.
Iz; Ioiq1

Consequently, ||h;|lq = |Tgillq < oo. Moreover, fod hi(t)dt = [, hi(t)dt = 0 whence
supp h; C J; for all ¢ :O,l,...,QN— 1.

Thus, using Lemma 2.19 one finds that there exists an integer k, 0 < k < 2N — 1,
such that

1
disty (hg, X) > ——||he|lq,
(. X) > =,
from which it follows that
an1(T) > ~||T - P||p—>q
Tf—-P
sy ATE-PA
feLr supp fCJi (Al
_ 2 Tax — Paclly _ Ak~ Pasly
- 9% Ilp g%l
disty (hy, X) > v hellq
Hngp T 2V2 ||gk||p

Using Lemma 3.2, (32) and the inequality
(rel? + Ise[?)!17 < 21071/ P 4 s )17
we obtain
Ihlly _ (rul?infaes | Tr, f — avlld + [sk|? infaew | Tryy,, — av]|§)/*
gwll, — (IrelP + [ sk[P) 1/
(el +lsk| )0
(kP + [ sk P)t/P =
which together with the previous estimate gives

an1(T) > +? 9l/a=1/p=3/2

>y 9l/a=1/p

The proof is complete.[d
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Using the properties of approximation numbers on dual operators we can extend
the previous result

.

Lemma 3.4. Let 2 < p < q < oo and suppose that T : LP(0,d) — L(0,d) is
bounded. Let ¢ > 0 and suppose that there exist N € N and numbers di, k =
0,1,...,4N with 0 = dy < dy < -+ < dyny < d such that A(Iy) > € for k =
0,1,...,N — 1, where I, = (dg,dk+1). Then an(T) > ce where ¢ is positive and
depends only on p,d.

Proof: The adjoint of T, T”, is bounded from L7 into LP. Tt is easy to see that
Lemma 3.2 holds for T replaced by T”. Then the proof follows immediately from
Proposition 2.5 and Remark 2.6 in [3]. O

Lemma 3.5. Let 1 < p <2 < g < oo and suppose that T : LP(0,d) — L%(0,d)
is bounded. Let ¢ > 0 and suppose that there exists N € N and numbers di, k =
0,1,...,4N with 0 = dy < dq < -+ < dyny < d such that A(Iy) > € for k =
0,1,...,N—1, where I = (dy,di11). Then an(T) > cen/9=1/2 where c is positive
and depends only on p,d.

Proof: Let 0 < v < 1. Then there exist functions f, € LP(I)) such that
[fllp,1 =1 and

(34) Jnf | Tfi — avllgn = vAUk) 2 7e.

By definition of the approximation numbers there is a bounded linear mapping with
rank P < N such that

an+1(T) 2 AT = Pllp—yq-
Write P = Zfil P; and let J; be as in the proof of Lemma 3.3. In the notation
of Lemma 3.3, in this case we also have ||h;||q = ||Tgillq < oo and fod hi(t)dt =

[;, ht)dt, so that
supph; C J; foralli =0,1,...,2N — 1,

whence, by Lemma 2.19, there exists an integer k, 0 < k < 2NN — 1, such that
1
disty (b, X) > —=n" 12| by |,
q( k ) = 3\/§ H k”q

which gives

an+1(T) 2 Y[|T = Pllp—q
s e TI=PIl
fELP supp fCJk ||pr
UTgr = Pgrlly _ vlhe = Pgkllg
lgxllp llgkllp
distq (hk, X) S ||thqn1/q—1/2
lgells  — 3v2 llgkllp '

Using Lemma 3.2, (34) and the inequality

(rel? +se[?)!/7 < 27/ P + |se)/7
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we obtain
Ihillg o (rel?infaes |77, f — avll§ + sl infae [ Trs. —avl|g)/e
lgwlly — (I[P + |sk[P)L/P

(el + 186l o o1/a-1/m
(rel? + [selp) e =7

which gives with the previous estimate
an+1(T) > 72 cent/a=1/2

for fixed ¢ > 0 and finishes the proof.[J
The following theorem follows immediately from the previous lemmas. It im-
proves results from [1] and [5].

Theorem 3.6. Suppose that T is compact (see Proposition 2.2 and Remark 2.3).
Then, for smalle >0, 1 <p<g< oo

an(e)y+1(T) < 2e,

for1<p<qg<2o0r2<p<qg<x

and for 1 <p<2<g<oo
a[m]_l(T) > ceN(g)t/a=1/2,
4
Here N(e) = N ((0,d),¢) is defined in (21) and [z] denotes the integer part of x.

Proof: The first inequality is an immediate consequence of Lemma 3.1 and
definition of N(e). The second inequality follows from Lemmas 2.4, 3.1 and 3.2. [

4. LOCAL ASYMPTOTIC RESULT

The first part of this section is devoted to proving lemmas that will be needed
in the proof of our local asymptotic results, which we present in the second part.

Lemma 4.1. Let u and v be constant functions on the interval I = (a,b) C (0,d)
and let 1 < p < q < co. Then A(I) := A(I,u,v) = |u|[v||T|'/?"T1/1A((0,1),1,1).

Proof: If u = 0 then A(I,u,v) = 0 and the assertion is trivial. Assume that

u # 0. Using the substitutions y = =% and t = a + s(b — a), we obtain

A(l,u,v) = sup inf ||v (/iu f)dt — a) llq,1

| fllp,r=12ER

—ollu| sup inf | / F(0)dt — o

I £llpr<1@ER

Yy
= sup inf(b—a) V9| / fla+ (b — a))ds — allg.0.0-
1£llp,r=1 *ER 0
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Writing g(s) = f(a + s(b— a)) we have ||g

lp0.1) = (b= a)"Y?|| f||, (a.p) and thus

A o) = Pl I sup | / g(t)dt — a4 00
llgllp,0,1y=(b—a)=1/P a

= ol s | / g(t)dt — o
g a

p.(0,1)=1

q,(0,1)
= [olful| TP 2A((0, 1), 1, 1).
The proof is complete. [J

Lemma 4.2. Let I = (a,b) C (0,d), 1 < p < q < 00, up,uy € LP (I) and
ve Li(I). Then

| AL ur,v) = AL ug, v)| < lvllg,rlfur — wallp.r

Proof: Suppose first that A(I,uy,v) > A(I,ug,v). Then

Al u,v) — A(l,ug,v) =
= s it ([ ) = wate) + wa(@)50t ) s = AT.0a,0)
< o int floGe) [ o) - ) S0l s
+ ||o(=) (/ s (8) F(£)dt — a) ||q)1} — A(L,us,0)
< s it [l el + o) ([ w0000 -0 ) s
—A(I,uz,v)
< ol = uzlls + AT, uz,v) — A(T, uz,v).

The remaining case can be proved analogously. [J

Lemma 4.3. Let I = (a,b) C (0,d), 1 <p<qg< o0, uc€ LPI(I), and vy,ve €
LU(I). Then

|A(L, u,v1) — A(L, u,v2)| < 3llvr — vallgrllully 1
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Proof: If A(I,u,v1) > A(I,u,v2) then by Lemma 2.4 we have
Al u,v1) — A(L,u,v3) =

— sup  inf (@) [/ w(t) ()t — a] ot — AT, v)

[ £llp,r=1 *ER

forto) | [ a1t = o s = AT w00

sup inf
1 £llp.r=1lel<2[lull, 1

nt @) = vato)) ([ a0t~ ) o

< sup 1
I £llp.r=1lel<2[lull,

Flos() (/m () f(t)dt — a) |q71] AL, v)

< sup inf {H(m(:c) — v @) lgur el 2 fllps + (w1 = va)erllqr
I £llp.r=1lal<2llully 1

+|Jvg (/aw u(t) f(t)dt — a) |q71] — A(I,u,v9)

< 3||v1 — v2

|q71 u”p’J

¥ fox(o) | [ w070 = ] s = AT 1,00

sup inf
I fllpr=1lal<llully 1

= 3[lor — vallgrllellp 1

Now we prove a local asymptotic result which in some sense extends those in [2]
and [5]:

Lemma 4.4. Let I = (a,b) C (0,d), |I|] < oo and 1 < p < g < co. Assume that

u € Lpl(I) and v € LY(I). Set r = pf,’;fq_ Then

c1apq | Juv|” <liminfe"N(e, I) < limsupe"N(e,I) < caapq [ |uv|",
' I e—=04 e—04 ' I

where ay, 4 = A((0,1),1,1).
Proof: Set s = % + 1. Clearly,
(35) rs=p, rs =q.

Let [ € N be fixed. Then by the absolute convergence of the Lebesque integral and
the Luzin Theorem there exists m := m(l) € N, {W;}7., € P and real numbers
&j, n; such that setting

m m
u = E §iXw;s v = E NiXW; s
=1 =1

we have
lw—wllpr <1/l flv=wvllgr <1/L
and
I ul™ =l "lls,r <1/ 0" = ol "l <1/
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Consequently,

[ror -
< [

(Rl | ol = fol”

or]" = [o]”

lu|" —

/ forl”

N

IA

, el lla,r)

(Hu||p +lluillg) < 7(|IUHp +lv—vllg + llulg)

1 1
< 7 (7 + lullys + [olly).

/

I /\

Let € > 0. Put N(e) = N(e,I). According to Lemma 2.9 there is a system of
intervals {I;}; N ¢ P such that

A(l) <e, A(In@)) <e and A(l;) = for 2 <i< N(e).

Define,
Ji =TIy Uy, i =1,2,...,N(g)/2, for even N(¢)

and

Ji =1 Ulyiyy, i =1,2,...,(N(e) - 3)/2,
J(N(g)_l)/g = JN(E)—2 U JN(e)—l U Jn(e) for odd N(e).

In both cases {J; } e P and according to the definition of N( ), A(J;) > ¢ for
all 1 < i < [ME)), LetWi:[ i—1,d;], where a = dy < dy < dy < -+ < dp, = b. Set

K={J;1<i< [@] and there exists j € {1,2,...,m} such that J; C W;}.

If J; ¢ K, there exists k € {1,2,...,m — 1} such that dj € int(J;). The number
]

of such intervals J; can be estimate by m — 1. Then #/K > [% —m+ 1. Using
Lemmas 4.1, 4.2 and 4.3 one sees that
(IN()/2] =m —1)e" < Y A"(Ig;u,v)
keK
< Z (I wi, ) + (AT u,v) — AT w,v)) + (Ales w,v) — AT w, )]
keK
< max(1,3"" 1) Z (AT(Ik;ul,vl) + ’A(Ik;u,v) - A(Ik;ul,v)’T

keK

+ |A([k;uz,v) - A(Ik;ul,vl)r)

< max(1,3" 1[MZ|@| sl IW (5 |+Z||u willy i 10lw

+ZHv—vznz,wmnun;/m-
j=1
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Using the discrete version of Holder’s inequality

iaibi < (iai)l/s(i bf/)l/s,
=1 =1

i=1

and (35) we obtain

(IN()/2] = m + 1)e" < max(1,3"") pqzkfjr ;" W]

m

MS/—\

’ 1/5 1/5/
(Y=l ) (X ol w, )
j=1 j=1
m 1/s" , 1/s
(S e—alw,) (Xl w,)
j=1 j=1

T— ?” T 1 1 1 T T
< maax(1,3) (0, [ ool + 3G + el + olln) + 5l + o)

T T T 1 1 1 T T
< maax(1,3) (0, [ ool + 3G + Nl + [vll) + 3l + ol0).

Thus, there is a constant ¢; > 0 independent of € and [ such that

(36) ([N()/2] —m+1)e" <1 </1 |uv|r+}+llr)

Let I; = [ci—1,¢i], i =1,2,...,N(e). Thus, a = cy < c1 < - < cn) = b. Let
D ={er:1< k< M} stand for the set-theoretic union of {¢; : 1 <i < N(e)} and
{dj :1<j § m}, so that a = e; < eg < -+ < ey = b and write Ly = [ex—1, €]
Then {L;}M , € P and for each 1 < k < M there exists i, 1 < i < N(g) such that
Ly C I; and, consequently, by Lemma 2.5 it is A(Ly) < A( i) <e. Thus,

oy, / o] < max(1,37 1>apq( / ] + / ft — wl” ol + / Iwrlvvzl’”>

m
< max(1,3" Hap Z|€j|r ;" W1

!’
Z lu = w2 4y ) Z o2 g )1/

m

m
+ O Mo =l )V ( Z lull? )
j=1

<max(L3 N, (S0 S0 lGl gl 12+ g (el + el )

3=1 {k;LyCW;}

max(L3 (3 Y A e m) + Bl + ol)

J=1{k;L,CW;}
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< max(L3 ) ((NE) + m)e” + 25 (Jully + oly0)).

Thus, there exists ¢ > 0, independent of € and [ such that

/I|uv|T < eo((N&) +m)e” + 1),

Letting € — 04 here and in (36) we obtain for each [

1 1
limsupe"N(e) < 2¢p (/ luv|™ + 7 + l’“)
I

e—04

and

1
/ luv|” < ¢g lim inf (ETN(e) + —).
I Eﬂ0+ ZT’

The lemma follows letting | — oco. [

The latter lemma coupled with Theorem 3.4 yields the following theorem:

Theorem 4.5. Let 1 <p<qg<2o0r2<p<qg<oo, v <o, |uly < oo and
u,v > 0. Then

d d
¢ luv|” < liminf na) (T) < limsupna, (T) <cs [ |uv|™
0 n— oo n—o0 0

Let 1 <p<2<g<oo|v]lg <oo, |lully <oo andu,v>0. Then

d
03/ luv|” < liminf n(M/2= YD+ (T) < limsup na’ (T) < 04/ |uv|”.
0

n—oo n—00

p'q

where r = g

5. THE MAIN RESULT

For the remamder of this section we assume that fo |u(t)[’" dt = co. Furthermore,

we set U(x fo lu(t)|P"dt. Let {€}5> be a sequence satisfiyng

kp’
(37) Uép) =27,
and
(38) or =25l 20, Zk = €k Erral-

The sequence {0y} is the analogue of the sequence defined in [2] and [5], which in
turn, was motivated by a similar sequence introduced in [9].
The following technical lemmas play a central role in this section.

Lemma 5.1. Let r > 0, ko, k1 € Z with kg < k1. Let I = (a,b) C UL, Zi. Then

J"(I) < 474 T
() = ko Shak, Ok
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Proof: Let x € (a,b). Then there exists n € Z, kg < n < k; such that z € Z,,.
Clearly,

r/p

T , r/p Ent1 ,
( / |u|p) loxcea L < / WP ) loxe, e ol
a

k1 r/q k1 q r/q
n T n T o
< 2( +r/a (E |UX(5i7§i+1)g> = 2( +r/a (E 21)

i=n i=n
< 20HDr/a( max olyr/a o(=mr/a — yr/4 max o7,
i=n,...,k1 i=n,...,k1

so that

JU(I) < 4™9 max of.
ko<k<ni

O

Lemma 5.2. Letr > ﬁ, I = (a;,b;), 1 <i<land b <aj41,1 <l—1. Let

k € Z be such that Ul_,I; C Zy. Then

!
> < @ — 1)
i1
Proof: Set s = (p' + ¢q)/p’. Thus s > 1 and p'/s’ = q/s = p'q/(p’ + q). Fix

x; € (a4, b;). According to the assumption r > pl,’/fq we have r > p'/s', r > q/s and

l T 'r’/p/ l
3 ( | ) loxceomls < 3 luxa i fox, I
i=1 a

i
i =1

! 1/s’ I 1/s
(Dm ;f) (z o )
1=1

<
=1
! /o, r/q
< (z o ) (z z)
=1 =1

< uxz lplloxz, I = 2274 = 1)7/% o},
Thus,

l . /

Ti ’ T/p / ’
S =Y swn (1) ol = 2 1y

Lemma 5.3. Let Ul_,I; C Ulgl:,mZ;€ and r > p’,’/fq. Then

l

k1
ZJT(L‘) < ((Qp’/q _ 1)T/p' 4 21+2r/a) Z or.
i=1 k=ko
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Proof: Let
A={ie{1,2,...,1} : there exists k € Z such that &, € intl;},
B={ie{1,2,...,0}: there exists k € Z such that I; C Z;}.
Clearlyy, ANB =0, AUB=1{1,2,...,1}. By Lemma 5.2 we obtain

k1
(39) dourny <@ —1)r N o

i€B k=ko

Set A; = {k € Z;int(I; N Zy) # 0} for i € A. Let A = {A;;4 € A}. Since each k
belongs at most to two elements of A, Lemma 5.1 yields

k1
W AYS r/q T < r/q r
ZJ(IZ)74 Zi%ﬁ’f”kf‘l ZZak.
€A €A k=ko

which coupled, with (39) yields the assertion of this lemma. O
Lemma 5.4. Let Ky, Ky be the constants from Proposition 2.1. Then

Kisupoy < |T|| < 4Y9Ky sup oy,.
keZ keZ

Moreover, T is compact if and only if

lim supor = lim supor = 0.
n—0o0 p>p n——00 L<n

Proof. Let (a,b) C (0,d). Set
b—e if b< oo,

ale) =a+e, b(s):{l

€

if b= o0.

Define a function f(e,x) by

T /1/17/ b(E) 1/‘1
f<e,x>=</()|u|p> (/ |v|q> |

Since f(e,z) / f(0,2) for ¢ — 04 and any fixed x we have
J(a(e),be)) = sup  f(e,z) /" sup f(0,2)= J(a,b).

a(e)<z<b(e) a<z<b
Choosing a = 0, b = d we have by Lemma 5.1
J(a(e),b(e)) < 4 sup oy,
kEZ

and consequently,
J(a,b) < 49 sup oy
kezZ

By the definition of o it is easy to see that o < J(0,d) for each k € Z which
implies

sup oy < J(a,b).

kEZ
Now, the first part of our lemma follows by applying Lemma 2.1.

The second part can be proved analogously by using Proposition 2.3. (]
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Lemma 5.5. Let I' = [a/,b/] C I = [a,b] C [0,d] and let = > 0. Let {I;}2{)
P(I) and A(L;) <e. Set K={i;I; CI'}, K = #K. Then
K—2<N(I,e) <K +2.
Proof. Let {I}NU"9) ¢ p(I), A(I!) < e. Let I; = [as, a1, i = 1,2,...,N(I,e),

and I} = [a},a}4], 7 = 1,2,...,N(I',e) and put ko = minK and k; = max K.
Write

o et @ <a o [l )} o<,
! 1] if a = Ak, 2 0 if ag,+1 =10

Remark that by Lemma 2.5, A(I) < ¢ for each I € S; U S,. Take a system of
intervals £ = S1US,U{l;;i € K} so that £ € P(I’) and A(I) < e for I € L. Thus,
by the definition of N(I’,¢) one has

NI'je) SH#L < #K+2=K +2.
To prove the inequality K —2 < N(I’,¢) set

g — {[ako—ha/]} if Apy—1 < a/’ gl — {[blva’/ﬁ-‘r?]} if o' < A1 +2,
! 0 if ag,—1 =d, 2 0 if V' = ag,+2.

Clearly, A(I) < ¢ for I € 8/ U S}. Denote Ny = {I;;I; C [a,d']}, Ni = {Ii;I; C

[b',b]} and set ng = #No, n1 = #N;. Take a system of intervals
L'=8USUNo UM U{I};5=1,2,...,N(I',¢)}.

Since, A(T) < ¢ for any I € £’ and by definition of N(I,e), N(I,e) < #[L'.

Moreover, since

no+n1 + K <N(,e) <ng+n1+K+2

and
no+mn1+ NI e) <#L <ng+mni+ NI e)+2
we obtain
no+mn +K <ng+n+NI'e)+2
which finishes the proof. O

Lemma 5.6. Let 1 < p < qg < oo, 7 = p?:fq. Let Y ., 07 < oo. Then T is

d .
compact, fo luv|” < oo and there are positive constants c1,co such that

d d
cl/ |uv|” < liminfe"N(e) < limsupe"N(e) < cz/ luv|”.
0 0

e—=04 e—04

Proof. By Lemma 5.4, T is compact. Let k € Z and set s = p’/q+ 1. Tt follows
that rs = p’, rs’ = ¢ and using Holder’s inequality, we obtain

Eri1 , ’r‘/p/ Eri1 ""/q
[ < ([ ([ )
Z Sk Sk

Moreover by the definition of £ one has

, , &k , v Skt1 , v
(2P'/a —1)1/P / |ulP = / |ulP
0 &k
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and consequently,

(40) / juv|" < (2777 = 1) o,
Zy,

This proves fod luv|” < oo.
Fix 6 > 0. Take ko, k1 € Z such that

ST ool + Y of < (@1 -1y o/l

i<ko—1 >k
Let ¢ > 0. Let {Ij}jy:(i) € P(0,d), A(I;) < e. Remark that according to the
definition of N(e), A(I; UIj11) > e for j =1,2,...,N(e)—1. Set I = [{,, &k, ] and
No = {1;;1; € [0,&k,]}, no(e) = #MNo,
Nl:{lj;jjc[fkud]}? 711(6):#./\/1,
N ={I;;I; c I}, fi(e) = #N

Then N(e) < n(e)+no(e)+ni(e)+2. By Lemma 5.5, 1(e) —2 < N(I,¢) < n(e)+2.
Since n < 2([5] + 1) for any positive integer n, we obtain

e"(N(e) = N(I,e)) <e"(N(e) —n(e) +2)

< " (no(e) + nu(e) + 4) < 267 ( {"02(6)] + [”12(5)] +3).

For jo = min{j; I; € Ni(e)}, one has
|in02(s)} j0+|in12(5)}

—e"(N(e) = N(I,e) —6) < Z e’ + Z e"
j=1 i=jo
[”02(5)] j0+{n12(a)]

< Y AL UL+ Y, A UL
j=1

Jj=Jo

Since A(I,e) < J(I,¢) for I C J and according to Lemma 5.5 we have

=] e [247]
1 2 2
3¢ (N(e) = N(L,e) - 6) < Z J(I;UTj) + Z J(I; U L)
Jj=1 J=Jjo
< (@) 2N oT 4 S al) <6
i<ko—1 >k

which gives
e"N(e) <25 +&"N(I,e) 4 6"
and consequently,

(41) limsupe”"N(e) < 2§ + limsupe"N(1,¢).

e—04 e—04
Again Lemma 5.5, gives N(I,e) <n+2 < N(g) + 2 and thus
(42) limsupe"N(I,e) < limsupe"N(e).

e—04 e—04
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By (40) we have

(43) ‘ / ol = [ Juol

Using Lemma 4.4 one easily sees that

(2¢'a — 1)7/P's,

clapq/|uv| < hmlnfe N(I,e) <limsupe"N(l,¢e) < czapﬁq/|uv|r
I

e—04 e—04

which yields with (41), (42) and (43) that for any § > 0,

d
C1Qp,q </ |uv|" — (2”/"1 — 1)T/p/5> <liminfe"N(e)
0

e—04

d
<limsupe"N(e) < caap 4 </ |uv|r> + 20.
0

e—04

Letting § — 04 we obtain our lemma. (]

Theorem 5.7. Suppose that (13) and (14) are satisfied and let r = P'a gnd

o p'+q
Zz——oo Uz < 0.

Let 1< p<qg<2o0r2<p<g<oco. Then
(44) cl/ |u(t)v(t)|"dt < liminfna, (T) < limsup na, (T <02/ |u(t)v(t)|"dt.

n—00 n— o0

Let1<p<2§q<oo. Then

03/ lu(t)o(t)|"dt < liminf n(/2=Y/Om+167(T) < limsup na’, (T) < 04/ lu(t)v(t)|"dt.
n—00 n— o0
6. I” AND WEAK—!" ESTIMATES
In this section we show that the L™ (L™°°)-norms of {a,(T)},cn > and {on}, 5

are equivalent for r > min,>; max(p'/s’, q/s).

Lemma 6.1. Let I = [a,b] and e > 0. Set
oe):={k€Z:Z,Cl,o>c¢}.

Suppose that oy contains at least four elements. Then

3

A(I) > YIVR
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Proof: Let Zy,,i = 1,2,3,4, k1 < ka < ks < k4, be 4 distinct members of o(e),
and set It = (§k,,&ky), T2 = (Erat1,Eky)- Then, with fo = x1, + X1,

A = ot ([ 1Ol a )l
> infmax{”qukz / |u(t)f(t)|dt—oz;||v|q7zk4/ u(t)f(t)|dt—a}
@ Iy LUl
= infmax {[ollgz,, [22/7 — 2977 — o Jollg 2, |22/ — 240/ 4-28/1 — 202 ¥0/a )
. € k k ) € k k k ko1
> infmax { gy 242/0 = 29—l g atele - kg g/ et e o
€ 1 ks kb1 €
ka/q 4 191/q (2 —2 )241/q'
O

Lemma 6.2. Lete > 0. Let K = {k € Z; 01 > 2'/9e}. Then
#K < AN(e) — 1.
Proof: Let I; = [¢;—1,¢;] and i =1,...,N(¢). Divide K into two disjoint sets
Z, and Zs by
Z, = {k € K; there exists j € {1,...,N(¢e)} such that ¢; € Z;},

Z; = {k € K; there exists j € {1,...,N(e)} such that Z; € I},

Clearly, #Z; < N(e) — 1.

Say that ki,ks € Zy are equivalent if there exists j such that Zy, U Zy, C 1.
Denote the equivalence classes in Zs by Y; and Y. Assume #Y; > 4 for some i.
Then there are k1, ko, k3, k4 and j such that 7, UZ;,UZ,,UZ, C I;. Using Lemma
6.1 with 2/9¢ instead of €, we have A(I) > ¢ which contradicts the definition of
A(I). Then #Y; < 3 for any i € Zy. Consequently, the mapping P defined by

P(i)=jif Z, C I; for any i € Zy
is an injection and, therefore,
#Zo < 3N (e).
Thus,
#K = #7Zy + #Zy < 4N(e) — 1
which completes the proof. [

Lemma 6.3. Let 1 < p<g<2o0r2<p<q< . Then there are positive
constants c1, co, c3 depending on p and q such that the inequality

#{k;on >t} < ci#t{k;ap(T) = ot} +c3
holds for all t > 0.
Proof: According to Lemma 3.4 there are two positive constants ¢, co depend-
ing on p, ¢ such that
a[clN(a)]—l(T) > Cco€.
Then
#{k;ax(T) > cae} > 1 N(e) — 2
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and, according to Lemma 6.2, we have

t 4 t 4
#lhiow >t < NG)-1= <clN<21/q) —2) .

AN

IN

4 C2
o {k,ak(T) > —21/qt} .
The lemma follows by writing c¢1, co and c3 instead of %, 517 and é — 1.0
We recall the following well-know fact: given a countable set S we have for any
p,l<p<oo

oo

> lagl? = p/ Pk € S;ay| > thdt.
kes 0

It is easy to see that also

> lawl? = p/ 14k € S |ak| > thdt.
0

keS

Lemma 6.4. Let r > 0. There are constants ¢y > 0 and co > 0 such that
{1 z) < erl{an(T)}Hlr oy + c2l{oHliw(z)
Proof: Set A = [[{o}|;(z). By Lemma 6.3 we have,

A
Mol = [ ¢ %k e oy >ty
0

IN

A
7'/ t" ey #H{k; ap(T) > cot} + czdt
0

A
= %q/ " ks ap(T) > thdt 4 c3\”
2 0

= oD iy + el
and hence the proof is complete. [
Lemma 6.5. Let r > 0. Then there is a positive constant ¢ such that
o Hlirzy < ell{ar(T)}Hler o)
Proof: By Remark 5.5,
C|T| = Car(T)
Cll{ar(T)} lirx)-

The result then follows from Lemma 6.4. (O
Now, we tackle the remaining inequality:

[{on} [liee (2

IAIA

Lemma 6.6. Let 1 <p<g<2o0r2<p<g<oocands>r= P'd Thep

p'+q°
{an(T) e < cll{ow}ie

Proof: Let I;,i =1,2,..., N(g), be the collection of intervals given by (20) with
I = (a,b) and N(e) = N((a,b),e): note that in view of Lemma 2.1, we have J(I;) =
e for 1 <i < N(eg). We group the intervals I; into families F;, 7 = 1,2, ... such that
each F; consists of the maximal number of those intervals Ix_; in the collection,
which satisfy the hypothesis of Lemma 5.1 and Lemma 5.2 : I, C (§ky,&ky+1), for
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some ko, ko,, and the next interval Ij intersects Zx,+; (This construction is based
on our construction from [2], for more see Lemma 5.1. and Section 6 in [2]). Hence,
by Lemma 5.1 and Lemma 5.2, there is a positive constant ¢ such that

T T r
e"#F,; <c¢ max o, =coy.
7= Thosn<ky MM

It follows that, with n; = [ca,?j /€],

N(e) = Z#J:j

n;j oo
S Y-y
j n=1 n=1jmn;>n

= i#{j;cﬁf zn}

=1

(46) < f:

n=1

3

s

#{k:a£>n6 }

Cc

Thus, if {o}} € I°(Z) for some s € (r, 00),
s/oo tTIN()dt < s/oo iﬁ*l# {k Cop > nt’ } dt
0 0 n= ¢

1
= scs/r/ ans/rzsfl#{k cog > z}dz
0 n=1
[ {on}

where =< stands for less than or equal to a positive constant multiple of the right
hand side. From the inequality N(e) < M (e) and Theorem 3.4, ay )41 (T) < 2¢
and therefore

(47)

PN

I*(z)

#{keN:ap(T) >t} < N(t/2)+1
< M(t/2)+1
This yields
Hau@) iy = s [ 7 #{heNsau(®) > ) ds
0
Izl ;
< s/ 51 [N()—&—l} dt
0 2
< ol + ITI°
= H{ow} I (z)

by (47) and then, in virtue of Lemma 5.1 and Remark 5.5, |T|| = || {ox(T)} |10 (z) <

H{ok} llia(zy- O
Lemmas 6.4 and 6.5 imply the following theorem:

Theorem 6.7. Let 1 <p<q<2 and2§p§q<oo,r:p1,7fq and k > 0.
(i) Then there exists a positive constant ¢y such that

ok z) < erl{ar(T)}H -
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(i) Let s > r. Then there is a positive constant ca such that
[{ar s (n) < call{ow} i (z)-
(iii) Let 1 < j < oco. Then there exists a positive constant ¢y such that
[{ow Hlws zy < exll{ar(T) s -

(iv) Let s > r and 1 < j < oo. Then there is a positive constant ca such that

H{ax sy < e2ll{ow}

Proof: Claims (i) and (ii) follow from Lemma 6.4 and Lemma 6.5. The asser-
tions (iii) and (iv) can be obtained from (i) and (ii), by using real interpolation on
the scale [P4. [J

123 (2Z)-

7. APPENDIX

In this section we show that the power of n in (23) is the best possible for
2 < p < o00. Given a square matrix of a dimension L.

a1 a12 ailr

a1 @G22 azr,
(48) A= .

ar1 ar2 arr

we will denote, for 1 < I < L, the i-th column of A by u;(A) and the i-th row
of A by v;(A), ie.

¢i(A) = (a1i, azi, ... ar;)

Ti(A) = (%‘17@1‘2, .- -7aiL)-

By h(A) denote the rank of A and by u.v the canonical scalar product of vectors u
and v, i. e.

L
u.v = E U; Vg
i=1

where u = (u1,ug,...,ur) and v = (v1,ve,...,VL).

Lemma 7.1. Let m € N and L = 2™. Then there exists a square matrix A given
by (48) such that

(49) la;jl =1 for <i,j<L
and
(50) ui(A)u;(A) =0 for <i,j <L, i#j.

Proof. We use mathematical induction with respect to m. If m = 1 it suffices to

take
1 1
A(l _1>.
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Assume that the matrix A given by (48) with L = 2™ satisfies (49) and (50). Let
B be a square matrix of a dimension 2L = 2™t given by

ail
a21

ari

ai1
a2

ari

ai2
a22

ar2

a12
a22

ar2

air
azr,

arr

air
azr,

arr

a1
a21

ari

—ani
—ag1

—ar1

@12
a22

ar2

—ai2
—a22

—ar2

It is easy to se that B satisfies (49) and (50).

Lemma 7.2. Letn € N and set K = 2", L = K2.

matriz of a dimension 2L,

such that
(51)

(52)

(53)

my =K for 1 <145 <2L,

mir M2

ma1  M22

mr1 Mmr2
h(M) <L,

air
azr,

arr

—air
—azy,

—arr

O

Then there exists a square

Proof. Since L = 2™ we have by Lemma 7.1 a matrix A,

which satisfies (49) and (50). For 1 <4 < L, set

(54)

and let rq, 79, ..

1<:<L

(55)

A:

mg; =

a1l a2
a21  Aa22
ari1 ar2

0 for 1<j<L,i#j,

K for j=rt,
a;j—r for L+1<5<2L

air
azr,

arr

1 L
TivL = ? E ajirj
j=1

., 71, be 2L-dimensional vectors, r; = (m;1, M2, . .

. ,mi,gL). Set for
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Let M be the matrix consisting of the rows r1,72,...,ror, i.e. v;(M) = r;. Denote
the elements of M by m;;, so that

mii1 mi2 -.. Mi2L

mai ma2 <. M2
M =

mar,1 Mm2r2 ... MM2L2L

We claim that M satisfies (51), (52) and (53).

Let L+ 1 < i <2L. Then r; is by (55) a linear combination of uj,usg,...,ur,
and then h(M) < L.

Next, we calculate my;. If 1 <i < L, my; = K by (54). Let L+ 1 <4 < 2L and
write s =4 — L. Then by (49) and (55) we have

1 L

1 L
Mi; = Mgy L s+L = ? § My s+L Mjs+L = ? § Qjs Qjs
j=1 j=1

_ 1 2 _ 1 _
= <llu () = L= K.

We now (53). Calculate m;;, i # j. We have four posibilities:

(i) If 1 <4, < L then by (54) we have m;; = 0 and thus, m;; = 0 satisfies (53).

() f1<i¢< L, L+1<j<2L then my; = a;;—1 and due to (49) it is
mij| < 1.

(i) f L+1<i<2L, 1<j <L then setting s = ¢ — L we have by (54) and
(55)

L 1

1
Mi; = MsyLj = 7~ Qs Mij; = —>Ajs NMjj = Ajs
- i= R TR
k=1

which gives by (49) |m;;| < 1.
(iv) IfL+1<i<2L, L+1<;<2Ldenotes=i—L,t=j— L. By (54) and
(55) we obtain

L L
1 1 1
Mij = MstLj = 7= E ks Migj = 5 E (ks it = ?us(A) u(A)
k=1 k=1

which gives with (50) that m;; = 0 and proves (53). O
Let e;| denote the sequence which has 1 on é-th coordinate and 0 on other.

Lemma 7.3. Let 2 <p< oo andn € N. Set K =2" and L = KZ2. Then there
exists a subspace X of [P, dim X < L such that for each i, 1 <i < 2L.
91/p
< .
- K1-2/p
Proof. Let M be the matrix of rank 2L from Lemma 7.2. Set for 1 <4 < 2L

dist,(e;, X)

T; = (milvmiZa~~'7mi,2L7070a"')'
and
lein{xl,xg,...,ng}.

By (51), dim X < L.
Next, we estimate dist,(eg, X) for 1 <k < 2L.
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Assume first p < co. Then

) 1
distp (er,X) < |lex — gwkﬂi

1 1 1 1 »
= ||(?mk1, Cey Emk’kfl, 0, ?mk,kﬂ, ey Emk,2L7Oa 07 A )Hp
2L—1 2L
1 1 2L 2
SDIE RO Tl a1
i= i=
This gives dist,(ex, X) < KQ%/QP/;;

Next, assume p = 0o, so that

1
disteo (€, X) < |lex — ?kaoo

1 1 1 1 1
= ||(?mk1, ceey ?mk,k—laoy T AL ?mk,QLaoaOa o )llee T
This concludes the proof. [l
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