BOUNDEDNESS AND COMPACTNESS OF GENERAL
KERNEL INTEGRAL OPERATORS FROM
A WEIGHTED BANACH FUNCTION SPACE INTO L

JAN LANG, ALES NEKVINDA AND LUBOS PI1ck (PRAHA)

Abstract. We give necessary and sufficient conditions gor boundedness and com-
pactness of a general kernel integral operator Lf(z) = ,4(z,t)f(t)dt, where the
kernel £ is assumed only to be measurable, from an arbitrary weighted Banach func-
tion space into Lo,. We give lower and upper bounds for the distance of L from
compact operators. The proofs are carried out by means a new method based on
real-variable techniques.

1. INTRODUCTION

The problem of boundedness and compactness of kernel integral operators
Lf(z) = [;€(x,t)f(t)dt, where ((x,t) is a general measurable function on I?
and [ is an interval, and their distance from compact operators, have been studied
by many authors (cf. e.g. [LZ], [EEH], [S], [O], or the monograph [EE]). Usually,
for L,~L,, g < oo type estimates, the authors use rather restrictive assumptions
on the kernels. Typically (see for example [O, (1.3)]), the kernel is supposed to be
positive, monotone in each variable, locally uniformly continuous, and satisfying
certain triangle inequality.

The situation turns outlatee different when the target space is either L., or
BMO. For instance, in [LP], the boundedness and compactness of the Hardy op-
erator H f(z) = [; f(t)dt as an operator from a weighted Banach function space
(X,v) into either L., or BMO was characterized by means of relatively simple
conditions. The methods from [LP] can be immediately generalized to kernel op-

erators T'f(z) = [ k(x,t)f(t)dt, but only when k is positive and monotone in the
0

first variable.
In this paper we develop a different method based on real-variable methods
and measure-theoretic considerations, which enables us to characterize completely
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boundedness and compactness of the kernel operator, assuming only that the ker-
nel is measurable. A remarkable fact is that ¢ is allowed to take negative valuet. We
further give sharp lower and upper bounds for the distance of L from the set of com-
pact linear operators. Notably, it turns out that every compact kernel operator can
be approximated by operators with kernels of the form k(z,t) = Y| xars (2)1i(t),
where M; C I and % € (X', v) (here (X', v) denotes the associate space to (X, v)).

The paper is structured as follows: preliminary material and some basic facts
on Banach function spaces are collected in Section 2 (the standard general refer-
ence is [L] or [BS]). In Section 3 we characterize the boundedness of L by means of
the norm of £ in L. (X’,v). This section also contains the key real-variable con-
siderations. In Section 4 we characterize the compactness of L, and in Section 5
we present lower and upper bounds for the distance of the Hardy operator from
compact operators, recovering thereby, in particular, a result from [LP].

2. PRELIMINARIES

Let —oo < a < b<ooandlet I = (a,b). Let M(I) and M(I?) denote the sets
of all measurable functions on I and I?. Let v be a weight (that is, a measurable
and a.e. positive and measurable function) on I.

2.1 Definition. We say that a normed linear subspace (X, v) of M(7) is a weighted

Banach function space if the following five axioms are satisfied:

(2.1) the norm ||f||x, is defined for all f € M(I), and f € (X,v) if and only if
£ 1|0 < 005

(2.2) [[fllx0 =l 1f] llx.0 for all f € 9M(I);

(2 ) 0 < fn / f a.e. in I then ”anXv / HfHX,v;
(2.4) if v(E) = [, v(t)dt < oo, then xg € (X, v), where x g denotes the character-

istic functlon of E ;
(2.5) for every E with v(F) < oo there exists a constant Cg such that
[ FOW(t)dt < Cosl| fllx.o for all £ € (X, 0)(1).

In what follows, (X, v) will be a fixed weighted Banach function space.

2.2 Definition. The set
/f t)dt < oo for all gE(X,v)}

is called the associate space of (X,v). The space (X', v), equipped with the norm

Ifllxwi= s | [ 5t

lgllx,»<1

is also a weighted Banach function space. The Hoélder inequality

(2.6) / Falo < 111 x.0 lgllxre



BOUDEDNESS AND COMPACTNESS OF GENERAL KERNEL INTEGRAL OPERATORS

holds, and it is saturated in the sense that for every g € 9M(I) and € > 0 there
exists a function, f, such that ||f||x,, =1 and

(2.7) (1—&)gllxrw < / fav.

Throughout the paper we shall work with a kernel operator L, defined for
fe(X,v) by
Lie) = [ tat)f @)t

I
where ¢ is a kernel, that is, £ € 9(1?).

Of course, [, £(x,t) f(t)dt need not exist in the Lebesgue sense for some functions
from (X,v). We say that the kernel ¢ is admissible, ¢ € A, if there is a set J C I,
[I\ J| = 0, such that for every f € (X,v) the function  — [, £(z,t)f(t)dt is
defined everywhere in J in the Lebesgue sense. In the opposite case we say that ¢
is inadmissible.

Let us recall that f € L, if

= inf su z)| < 00,
11z |M\:01\5|f( )|

where | M| denotes the Lebesgue measure of M.
We define L., (X’,v) as the set of all £ € 9(I?) such that

Uz, -)

H < Q.
X' v

(.’E, )
v()
2.3 Lemma. The set Loo(X',v), equipped with the norm ||-||1__(x’ v, 15 a Banach
space. Moreover, it satisfies

(1) £ € Loo(X",0) if and only if [[£] .. cx) < 007

10l £ (x7,0) = ess sup H
xel

(1) 1] Loo (267,0) = IO | oo (7,095
(iif) if 0 < £, /€ ace. in I?, then |0yl 1 (x70) /" Lo (X7 0)-
Proof. Clearly, Lo (X',v) is a linear space, and || - || (x’) defines a norm.

Further, [|€||,_(x’v) is defined for every ¢ € 9M(I?). The properties (i) and
(ii) are obvious. Let us prove (iii). Let 0 < f,(z,t) / f(x,t) a.e. in I
Set Fu(x) = |5 xr0, F(2) = %55 |[x70- Since (X',v) and Lo, are Ba-
nach function spaces we have F,(x) / F(z) for a.e. x € I and, consequently,
\Folle. /" IIF|lL.., which proves (iii). The completeness of L. (X', v) follows
from the proof of [BS, Chapter 1, Theorem 1.6]. (This proof does not use (2.4)
nor (2.5) — the essential ingredient is the Fatou’s property (2.3).) O

We note that L. (X’,v) need not be a Banach function space as it does not
necessarily satisf (2.4) or (2.5).

By ||L|| we shall denote the norm of an operator L, given by a kernel £ € A, as
an operator from (X, v) into L, i.e.,

|L|| = sup ess sup‘/ﬁ(x,t)f(t)dt.
I

Ifllx,0<1  =el
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3. Boundedness of a general kernel operator

The main aim of this section is to establish important relations between a kernel
¢ and the corresponding operator L.

3.1 Lemma. Let{ € Loo(X',v). Then £ € A and ||L|| < ||€]|1(x' )

Proof. We denote I1 = {x € I;{(x,t) is defined for a.e. t € I}. Since £ € M(I?)
we have |I'\ I;| = 0. The definition of ||¢||z__(x/,) guarantees that there is a set
I, |I\ I2] = 0, such that

ol
() lIxw

1L 0) =

We now fix an f, || f|x,, < co. According to Lemma 2.3 and (2.6) we have for

x e liNIis
| [t nsoal < |25 i
Thus ¢ € A.
Moreover, for || f||x,» = 1 we obtain
ILf||co = 1nf sup ’/ x,t)f dt‘
M|=0 zeI\M
sup /€ z,t)f dt‘ sup ) H
wejlﬁlg xeliNIy /U(.) X'
(=, )
<o [ e,
SN e = Ml

which yields ||L|| < ||4||L_ (x’ ). The proof is complete. O

The rest of this section is devoted to the proof of the converse inequality, which
is much more complicated. It will follow from a series of lemmas. We start with
two measure theory lemmas. As usual, A+ B denotes the symmetric difference of
A and B.

For A C I?, we denote by A, the intersection of A with {z} x I, i.e., 4, =

{y, (z,y) € A}

3.2 Lemma. Let Q C I? be an open set. Let M C I be a measurable set such
that |(x — 6,z + )N M| >0 for all x € M and 6 > 0. Then for every e > 0 there
exist a Z C I and an N C M such that |[N| > 0 and |Q, + Z| < € for every x € N.

Proof. Assume the contrary. Let € > 0 be such that for every Z C I and N C M,
IN| > 0, there is an € N such that |Q, +~ Z| > e. Let xg € M. Then Q,,
is an open subset of I, whence either Q. = 0 or Q,, = U;—,(a;,b;) for some
0 < a; < b; < 1. By the regularity of measure, there is a Ko = [J"°,[¢;, d;] such

=1
that Ko C €, and

g
(3.1) [0 \ Kol < =
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Now, Ky is compact. Therefore, the distance of {x¢} x Ky from I? \ § positive.
Thus, for a §9 > 0 small enough we have

(32) (330 — (50,1130 + 50) x Ky C Q.

Set Z = Q, and N = (zo — dp,z0 + d9) N M. By our assumption, there is an
Tl € (330 — o, xp + 60) N M such that

(3.3) Q= Q| > e

Now, by (3.2), Ko C Q,, (3.1), and (3.3),

3e
(3.4) 19, \ Ko| > T
Since €2, \ Ky is open, there exists a set R; = ?;noﬂ[ci, d;] € (24, \ Ko) such
that
5
(3.5) 922, \ (R1 U Kyp)| < vk

and as a consequence of (3.4) and (3.5) we have
€
(36) |R1| > 5

Denote K7 = Ry U Ko = |J;,[ci, d;]. Now, as above, K; is compact, whence, for

01 > 0 small enough, we have
(37) ($1—517$1+51) x K1 C Q.

Let Z = Q,, and N = (z1 — 61,21 + 61) N M. By our assumption, there is an
xg € (1 — 01,21 + 01) N M such that [Q,, + Q.| > . As above, K7 C  and

|, \ K1| > 2. Since Q,, \ K is an open set, there is a set Ry = ;2,4 [ci,di] C
(2, \ K1) such that |Q,, \ (R2 U K1)| < §, and, consequently, [Ry| > §. Let

Ky = K1 URy = U2 [ci,d;]. Then |Ky| > 5§+ £ = e. Since K, is a compact
set, we have for d; small enough (x5 — 2,22 + d2) X Ko C Q. Let Z = Q,, and
N = (zg — d2,29 + 62) N M. Continuing this process we obtain after m steps for
large m € N |K,,,| > |I|, which is a contradiction. O

3.3 Lemma. Let A C I? be a measurable set and let M C I, |M| > 0. Then for
every € > 0 there is a set N C M, |[N| > 0, such that

|A, ~ Ayl <e forall z,ye€ N.

Proof. Let € > 0 be fixed. In the case |A| = 0 it suffices to put N = M. Let
|A| > 0. Define P = {z;|A,| > 0}. Clearly, |P| > 0. Since M = (M \ P)U(MNP)
then either |[M \ P| > 0 or [M N P| > 0. In the case |M \ P| > 0, it suffices
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to put N = M \ P. Assume that |[M \ P| = 0. Denote M; = M N P and
B = Ugen, {z} x A,. Clearly, |B| > 0.

The regularity of the Lebesgue measure gives the existence of an open set €2,
B C Q, such that [Q\ B| < $|Mi|. Set

(3.8) Q={xeM; |Q)\ Byl > Z}.

If [Q| = | M|, then the Fubini theorem implies [\ B| > £|Q| = §|M1|, which
is a contradiction. Therefore, |Q| < |M|.

Let M be a set of all density points of M7\ Q. By the Lebesgue density theorem
we have |Ms| = |M; \ Q| > 0, and by (3.8) we obtain

(3.9) 19, \ Bu| = |0\ Ay| < Z forall o€ M.
According to Lemma 3.2, there are sets Z C [ and N C Ms, |[N| > 0, such that
(3.10) 0+ 2| < % forall  z€N.

Now, we fix z,y € N. We shall estimate |4, + A,|. Since
Az \ Ay C Qe \ Ay C (05 \ Q) U(Qy \ 4y),
(3.10) implies
€
(3.11) A4\ A< 19,09+ 5.

Moreover, 2, \ Q, C (2, \ Z)U(Z\ ) and £, \ Q; C (2, \ Z2)U(Z\ ), which
together with (3.10) yields

|Qx+Qy|§|Qw+Z\+|Qy+Z|<Z.

Using (3.11), we obtain |4, \ 4] < £

5, and, consequently, |A; + Ay| < . The
proof is complete. O

In the sequel we denote by f|x the restriction of a function f to a set K.

3.4 Lemma. Let I =[0,1] and let K C I? be a compact set. Let £ > 0 be a kernel
such that €| i is continuous and ¢ = 0 on I*\K. Let C > 0 and F = {f, || fllx» <1
and 0 < f < C}. We define

F(x) = sup /K(x,t)f(t)dt.
ferFJr

Then F is a measurable function on I. Moreover, setting P = ess sup,c; F(x),

we have for ¢ € A an inequality | L|| > P.

Proof. By our assumptions on K and /¢, there exists a constant D > 0 such that
0 < ¢ < DonI? Let ¢ > 0. We divide the proof into three steps. In the first two
steps we prove that F' is measurable and in the third step we show || L| > P.
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Step 1. We claim that for a set M C I, |M| > 0, there is a set N C M, |[N| > 0,
and f € F, such that

F(x) —e(14+2C+4CD) < /ﬁ(w,t)f(t)dt < F(x) forall x € N.
I

Let |M| > 0. By Lemma 3.3, there is My C M, such that |My| > 0 and

(3.12) |K, ~ Ky| <e for all z,y € M.

Now, choose xg € My such that for every § > 0 we have |(xg — 6, x9+ )N My| > 0.
By the uniform continuity of 4|k, there is a dg > 0 small enough and such that,
for x € My = (z¢ — o, x0 + o) N Mp and t € K, N K,

(3.13) |0(z,t) — l(xp,t)| < €.

From the definition of F'(x) we obtain the existence of fy € F satisfying

(3.14) Flag) — ¢ < / o, t) folt)dt < Flxo).

Set
G(x) = /If(x,t)fo(t)dt for z € 1.

Clearly,
(3.15) G(z) < F(z) forae ze€l.
Let x € M; and f € F be fixed. We denote
Ria.f) = [ (ta.t) ~ oo, 0) ()t
I
Using (3.12), (3.13), and 0 < £ < D, we get
R Pl < [ [66e.t) = tGao, )| (0
I
= [ et — o0
K.NK,,

v eenswier [ s

Ko\Kauy Kag\Kax
<eC+2eCD =¢(C+2CD).

Now, setting f = fo we have

(3.16) |G(z) — G(z0)| < e(C+2CD) for xz € M.
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Let R(z) = supcr |R(w, f)|. We immediately obtain
(3.17) 0< R(z) <e(C+20D)  forall € M.

Since

/E(x,t)f(t)dt = /E(mo,t)f(t)dt-l—R(a:,f),

1 1

we have for x € M,

F(z) = sup (/E(mo,t)f(t)dt + R(w,f)),

feF 1

and, consequently,

F(x) < sup /ﬁ(a:o, t)f(t)dt + R(x).
ferFJI

We can rewrite the last inequality as F((z) < F(zo)+ R(z), + € M;. Thus, by the
above inequalities, (3.16), (3.14), and (3.17), we obtain for x € M;

G(z) > G(xg) —e(C +2CD) > F(x) —e(1 4+ C +2CD)
> F(x) — R(z) —e(1+ C +2CD) > F(z) —e(1 4+ 2C + 4CD).

Now, it suffices to use (3.15) and the last inequality, and to set f = fy and N = M;
to prove our claim.

Step 2. Let M = I. By Step 1, there exist Ny C I, |[N;| > 0, and f; € F such
that

F(z)—e(14+2C+4CD) < /E(:L‘,t)fl(t)dt < F(x) for =€ N;.
I

Assume that we have constructed sets N3 and functions fg for all ordinal numbers
B < a, where « is a fixed countable ordinal number. Set M = I\ U;_, Ng.
If IM| = 0, we stop the construction. If |[M| > 0, then by Step 1 we have
No CI\Ugco Na, [Na| > 0, and there ia an f, € F such that

Fz) — e(1 4 2C +4CD) < /E(a:,t)fa(t)dt <F(z) for z€N,.

This process will stop after countably many steps. Hence, there exists a countable
ordinal number v such that for z € Ng, 8 < v,

(3.18) Fz) — (1 4 2C +4CD) < /Iz(x, O fa(t)dt < F(a),
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and moreover

(3.19) NoNNg=0 for a#p, INg| >0 for B <n;
(3.20) I\ | Ns| =0.
B<y

Define a function H. by He(z) = > 5., xn,(2) J; bz, t) f(t)dt. Since for every
B < ~ the functions  — [, (z,t)f3(t)dt and xn,(x) are measurable, H. is
measurable as well. Moreover, according to (3.18), (3.19) and (3.20) we have for
ae x €l

F(x) —e(14+2C+4CD) < H.(z) < F(x),
which implies

F(x) = lim H;/p,(x) for a.e. zel,

n—oo

and, consequently, F' is measurable.
Step 3. We claim ||L|| > P. Observe that

|L|| = sup ess sup‘/lé(x,t)f(t)dt = sup ess sup/ﬁ(x,t)f(t)dt.

Ifllx0<1  z€l Ifllxv<1 zel  JI
By the definition of P, there is a set M, |[M| > 0, such that
P—e<F(x)<P for all z € M.

Now, by Step 1, there is a set N C M, |[N| > 0, and a function fy € F such that

/E(m,t)fo(t)dt > F(z) — (14 2C +4CD)  forall zc N.
I

Thus,

|L|| = sup ess sup/é(:z:,t)f(t)dt
Ifllxo<1 zel  JI

> sup ess sup/ﬁ(x,t)f(t)dt

feF xzeN I
> ess sup / 0, t) fo(t)dt > F(z) — (1 + 2C + ACD)
zeN I
> P £(2+2C +4CD).

Letting € tend to zero we complete the proof. O
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3.5 Lemma. Let [ = [0,1] and let £ be a measurable kernel on I?, 0 < ¢ < D,
for some D > 0. Let C > 0. Define F = {f,||fllxpo <1 and 0 < f < C}. Then
the function F, from Lemma 3.4 is measurable. If ¢ € A, then ||L|| > P.

Proof. Let K,, be a sequence of compact sets, K,, / I?, such that £|x are con-
tinuous functions. Set £, (z,t) = {(z,t)xk, (x,t) and

Lo f(z) = / Lalw, (Dt for f € (X, ),
Fo(z) = sup L, f(x) and,
feF

P, = ess sup Fy,(z).
zel

Clearly, 0 < 4,, /' £ a.e. in I?. Then there is a set I; C I,|I \ I1| = 0, such that

for every x € I we have 0 < ¢, (x,-) / (x,-) a.e. in I. Thus, 0 < ¢, (x,t)f(t) /
l(x,t)f(t) for € I; and f > 0, whence

(3.21) 0< /En(x,t)f(t)dt /! /E(x,t)f(t)dt for x € I; and f > 0.
T I

Now, it is not difficult to verify that
0 < F,(x) /" F(z) for x € I.

By Lemma 3.4, F,, are measurable. Thus F' is measurable as a pointwise limit
of F},. Moreover, it is readily seen that

(3.22) 0o<PpP, /P
Now, since ¢,, and ¢ are non-negative, for every f € M(I) we have

{ (b, 1) f ()T = b, ) (D),

(3.23) (€, ) F (1) = a0 FH (1),

and, similarly,

(3.24) { (b (2, 1) F (1) ™ = b, ) (1),

Since £ € A, there is a set J, [\ J| = 0, such that [, £(x,t)f(t)dt exists for any =
Jand f € (X,v). Letus fix x € JNI; and f € (X,v). Since 0 < ¢,,(x,t) < l(x,t)
we have 0 < £, (x,t)fT(t) < Lz, t)fT(t) and 0 < £, (x,t)f(t) < Lz, t)f(¢).
Together with (3.23) and (3.24), this implies

(3.25) / (6ol D) f(8) it < / (U £) F(£)) Fdt = AT,

1 1
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and

(3.26) /(En(x,t)f(t))_dt < /(E(m,t)f(t))_dt e

1 1

Since [} £(x,t) f(t)dt is well-defined, either AT < co or A~ < 0o and, consequently,
by (3.25) and (3.26), [, £n(x,t) f(t)dt is well-defined. It immediately follows that
¢, € A. Moreover, it is clear that

I|IL|| = sup ess sup/é(x,t)f(t)dt’

and

|Ln|| = sup ess sup/ﬁn(x,t)f(t)dt.

Ifllx.<1 el 1
For f > 0 we have [, £, (z,t)f(t)dt < [,(x,t)f(t)dt. We thus obtain
(3.27) |L|| > ||Ln]|  for any n € N.

Observe that the kernels /,, satisfy the assumptions of Lemma 3.4 and therefore
|Ln|| > P,, which via (3.22) and (3.27) implies ||L|| > P. The proof is complete.
O

For M C R measurable we denote by ©(M) the set of all Lebesgue density
points of M. Recall that |[M \ ®(M)| = 0.

3.6 Lemma. Let I = [0,1], A € M(I?) and M € IMM(I), |M| > 0. Then there
exists N C M, [M\ N| =0, N = D(N) with the following property: for every
x € N and € > 0 there is a set N, , C N, such that

(328) Ne,x = Q(NE,LL‘)?
(3.29) z € N..a,
(3.30) A, + Al <e for y,z € Ng .

Proof. Fix ¢ > 0. By Lemma 3.3, there is a set ]\4E 1 C M, |ME 1| > 0, such that

|4, = A|<8fory,z€M€1 SetMel—Q( c.1). Clearly, |M51\M€1]—Oand
consequently, |[M, 1| > 0. Assume that we have constructed for an ordinal number
a the sets M, g, 3 < o, such that for any 3 we have

A, + Al <e for y,z € M.z and M. 3 =9(M, ).

If [M\ Ugey Megl = 0, we set M. = [z, Mcp and we stop the construc-
tion. If |M \ U, Mepl > 0, then, by Lemma 3.3, there is an M&a C
M\Up<q Me g, ]MEM >0and [A,+A,| <efory,ze ]T/[/gva. Set M. o = @(]T/[;,a).
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This process will stop after a countable number of steps. Hence there is a
countable ordinal 7. such that

M\ Megl=0

B<ve

and for 3 < 7. we have
Mg =D(Mep), and [y +A.|<e  for y,z€Mp.

Let us define

Set

N=()M. and N = D(N).

n=1
Evidently, N C M. Moreover, |[M \ M1| =0 for n € N, hence |M \ (), —, M1| =
M\ N| =0, and, as [N \ N| = 0, we have |M \ N| = 0. Clearly, N = D(N).
Let € > 0 and z € N. Fix n such that + <e. Then z € M1 = Us<y, M1 g

Let @ < 71 be an ordinal number such that x € M. ,. By the construction we
have M1 , =D (M1 ,). Moreover,

1
A, + Al < —<e for y,ze€ M.
n n

7a‘

Now, to prove (3.28), (3.29) and (3.30), if suffices to take N. , = M1 , N N. O

3.7 Lemma. Let I =[0,1], £ € M(I?) and let D > 0 be such that |¢| < D a.e. in
<1 and |f| < C}. Then the function F' from
Lemma 3.4 is measurable. Moreover, if { € A, then, ||L|| > P.

Proof. Since ¢ € A, there is a J C I, |[I \ J] = 0, and the function x —
J; Uz, t) f(x)dt is well-defined for all z € J and f € (X,v). Fix x € J and
fe (X, v) Then

(3.31) = sup / [0(x, )| f(t)

feF

By Lemma 3.5, the last expression is a measurable function. Thus, F' is measur-
able.
Let € > 0. Then there is a set M C J,|M| > 0, such that

(3.32) P—e<F(x)<P for all x € M.
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Set
Kt ={(z,y) € I?, l(x,t) >0}, K~ ={(z,y) € I? {(z,t) <0}, K=K'UK",
and
PKt ={x e J, |KS|> 0}, PK~ ={z e J, |K,|>0}.
Let further
M, = PK*NPK~ N M, My, = (PKT\ PK~)N M,
Mz = (PK~\ PK*)n M, My= I\ (PKYUPK™))nM.

Clearly, M = U?Zl M;, and at least one of these sets has a positive measure.
Fix i € {2, 3,4} and assume |M;| > 0. Set

i, t) = €z, t)xr, (1),
(L)) = [ tl0s@e
It is easy to see that, 0 <l < D, —D < /3 <0and ¢4, =0, ¢; € A and
(3.33) L= [ Ll

Define

P; = ess sup sup / |0;i(z,t)| f(t)dt.
zel || fllx,v<1,0<f<CJI

Then, by the definition of ¢; and (3.31), we have

P; > ess sup sup / \0i(z, )| f(t)dt
TEM; ||fllx,0<1,0<f<O VT

= ess sup sup / |0(x,t)| f(t)dt = ess sup F(z).
zeM; ||fllx,»<1,0<f<CJI z€M;

By Lemma 3.5 we have ||L;|| > P;. Therefore, using also (3.32) and (3.33), we
have

(3.34) IL|| > P —e.

Now let us assume that |Ms| = |M3| = |My| = 0. Then |M;| > 0. Let K7, K,
be sequences of compact sets such that K,/ K", K, / K~. Then €|+, |-
are continuous functions. Set K,, = K,/ UK, . Fix n € N. Now, Lemma 3.6
guarantees the existence of sets N,;© C My, |M; \ N;/| =0 and N,/ = D(N,I) such
that for any 2 € N, there is a set N5, C N,I which satisfies

(3.35) N, =D(N/ ),
(3.36) z e NS,

(3.37) K, +~ Kl |<e for y,zeNS,.
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Analogously, there is a set N, with N7 C M;,|M; \ N, | =0,N,, =D(N,; ) and
for any x € N,~ we have a set N, C N, such that

(3.38) Nyn :@(N;n),
(3.39) v e Ny,
(3.40) K, ,+K,.|<e for y,z€ N, ,.

Set N = N2, (N;y N N;) and N, = D(Ny). Obviously, [M; \ Ni| = 0 and,
consequently, |N1| > 0. Denote for n € N

PKf ={xeJ |K},|>0}, PK,={zelJ |K,,|<0}

By the Fubini theorem, |M;| > 0, and K,, /" K, we can choose an ng € N large
enough in order that

|PK;" N PK, N M;|>0 for all n > nyg.

Set
A, = {x € J; \KJ\K:A < e and |K;\K;’m\ < e}

Since for any n € N the functions 2 — |K \ K | and 2 — |K; \ K,| are
measurable, A,, are measurable as well. Moreover, A,, is a non-decreasing sequence

of sets.
Since K, /' K and K, / K, we obtain by the Fubini theorem K, = K
and K, ., /" K, for a.e. x € J. So, there is a set J; C J, |J \ Ji| = 0 such that

(3.41) Ky, /K K., /K; foralazelJ.

Using the Fubini theorem again, we can find an n; € N such that |A,, N Ny| > 0
for any n > ny. Let ny = max{ng,n1}. Then we see that

(342) [KJ\K | <e and |K;\K,, <e forallz e A,NNi, n>ns.

Define £} = lx e+ and £, = lx,—. Set £, = £} — £, . Let Ny = A,, N Ny N Jp.
Clearly, |N2| > 0.

Let o € N, be a Lebesgue density point of N, ie., xg € D(Nz). Since
xg € No C Ny C My C M, we have from (3.32) and the definition of F(z¢) a
function fo(t) such that

(3.43) P-2< ) / Uzo,t) fot)dt| < P.
I
Clearly, (3.41) and the fact that zo € Jy imply £ (xo,t) /€T (x0,t), 4, (z0,t) /

¢~ (xp,t). Since the constant function C'D can serve as an integrable majorant, we
can write

/E;(xo,t)fo(t)dt — /z*(xo,t)fo(t)dt,
I 1
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and

[t aotitotwrit = [ (o sty
I I

Hence, there exists an ng > ngy such that
[ oottt — < < [ 6, (o 0n(0)dt < [ ¢ ost)otrde +e.
I I I

and

[ @uonit—c < [ @0 0nod< [ e e

Using these inequalities, £,,(zo,t) = £} (zq,t) — ¢, (zo,t), and £(zg,t) = £T(z0,t) —
¢~ (xp,t), we obtain

| /é(xo,t)fo(t)dt‘ o< /ﬁns(xo,t)fo(t)dt‘ <| /e(:co,t)fo(t)dt 2.
I I I
Together with (3.43), this yields
(3.44) Pde<| /zng (0, 0)fo(Ft] < P42z,
I

Since €|Kn3 is continuous, there is an ag > 0 such that, for z € (xg— g, o+ p)
and t € Ky » N Ky o,

(3.45) g (2,1) — g (20, t)] < €

Set N3 = (xg —ap, zo+ag) "N2 NN NN, .. We know that zo € D(Nz). By
(3.35), (3.36), (3.38) and (3.39) we have zy € N3, ¢ € ©(NN3) and, consequently,
|N3| > 0.

Recall that N3 satisfies the following inclusions:

(3.46) N3 C N2 C Ay,
(347) N3 - ( 0—a0,x0+a0),
(3.48) N3 C Nyj, iy N Nog -

We shall estimate

G(w) = /Ig(x,t)f()(t)dt, r € N3
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Clearly, for a fixed z € N3, we have
mmzﬂw%wﬁm@mmww
+A_ (0, (2, 1) — Loy (0, £)) fo (t)dt

ng,xro mKns,:z

+ / €n3($,t)f0(t)dt

ng,xr \Kn ,T
3->T0 3

+A_ O (0. 1) fol0)

n3,w\Kn3,w0

+/¢dmmm@w=h+h+@+a+g
I

Now, evidently,
1< [ 1) = o oDl fole)
1
<[, C@onlds [ e @yl
KK Ko \Kns .

By (3.46), x € N3 C A,,. Since n3 > ns > ny, we have by (3.42) |I;| < 2eCD.
By (3.45) and (3.47), |I2\ < eC. Using (3.37), (3.40) and (3.48), we get |K,[, +
| <eand |K,,+ K, , | <e, and therefore

n i) n,xro

I;] <eCD,  |Ij] < eCD.

Now, (3.44) and the estimates of Iy, I3, I3, I give

|L|| > sup ess sup ‘ /Ié(m,t)f(t)dt’ > ess sup ’ /If(x,t)fo(t)dt

feF =xel rEN3
=ess sup |G(x)| > |I5] — |[1| — |I2] = |I3| — [14] > P —e(4 + C +4CD).
J?ENQ

We have proved that if |[M;| > 0, then ||L|| > P —e(4 + C + CD). Together with
(3.34) this yields

IL|| > P —emax{1,4+ C +4CD} = P — e(4 + C + ACD).

Letting ¢ tend to zero, we obtain ||L|| > P, and the proof is complete. O

3.8 Lemma. Let [ = [0,1] and ¢ € A. Let D > 0, |¢| < D in I?>. Then F is
measurable. Moreover, ||L|| > P.

Proof. Let Fo = {f,[|fllx» < 1, |f]| < C} for any C > 0. Let a > 0 and
h € 9M(I). We denote
a if h(t)>a
ha(t) = < h(t) it |h(t)| <a
—a if h(t) < —a.
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We define Fo(z) = supez, | [; £(x,t) f(t)dt].

Let J C I, [T\ J| = 0 and assume that [, (x,t)f(t)dt exists for any z € J
and f € (X,v). Fix x € J. Clearly, [, hc — [, h for C — oo if [, h exists in the
Lebesgue sense. Then

)/e(x,wfc(t)dt( = ‘/E(m,t)f(t)dt‘ for C' — oo.
I I
It is not difficult to prove from the above convergence that

By Lemma 3.7, the functions F¢(x) are measurable and therefore F'(x) is measur-
able as a monotone pointwise limit of F(x).

Moreover, as Fo(x) / F(z) a.e. in I, we have Po /" P. Now, Lemma 3.7
implies ||L|| > P¢ for any C' > 0, and thus || L|| > P. The proof is complete. O

3.9 Lemma. Let I =[0,1]. Let § > 0 and denote
M={A,AecM),|A| <d}.

Then there ezists a countable system C = {M,};en of sets, |M;| < 0, such that for
every A € M and € > 0 there is a k € N such that |A + M| < e.

Proof. Set

C={M= U(ai,bi), n € N, a;,b; rational, (a;,b;) N (aj,b;) =0 for i # j

=1

and Z(bz —a;) < 6}
i=1

Clearly, C is a countable system, i.e. C = {M; };en.

Now, let A € M and ¢ > 0. Fix a y such that 0 < v < min{%,0 — |A[}. By
the regularity of the Lebesgue measure, there is an open set G = |J;2, (¢, d;) such
that A C G and

(3.49) G\ A < 7.

Since G C I, we have Y .2 (¢; — d;) < 1, and there exists an n € N such that
the set G,,, defined by G,, = U;_,(c;,d;), satisfies

(3.50) |G\ Gp| <.
Let a;,b; € Q, 71 =1,2,...,n, are such that

(aib) € (i) and (i di) \ (as,bi)] < 2.
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Set M = J_,(a;,b;). Clearly, M C G,, and
(3.51) Gu \ M| <Y Iy di) \ (i, bi)| <.

Evidently, we have from (3.49)
M| < M\ A+ 4] < |G\ A + 4] < 7 +]4] <6,
which implies M C C. Moreover, due to (3.49), (3.50), and (3.51) we can write
A+-M|=|A\M|+ | M\ A <|G\Gp|+ |G, \ M|+ |G\ Al <3y<e,

which completes the proof. O
3.10 Lemma. Let ¢ € A. Then F is measurable and ||L|| > P.

Proof. Since £ € A, there is a set J C I, |[I'\ J| =0, and such that [, £(z,t) f(t)dt
is well-defined for any z € J and f € (X,v). Set B,, = {(z,y) € I?%; |[{(z,t)| < n}.
Define

o t) = (o txm (o,t), (Laf)la) = [ oo t)F (@t

I

Step 1. We claim that ¢, € A. Fix z € J and f € (X,v). If for every t € I
l(x,t)f(t) > 0, then £, (x,t)f(t) > 0 for every t € I. Analogously, if for every ¢t € I
l(x,t)f(t) <0, then ¢, (z,t)f(t) <0 for every ¢t € I. Together with the definition
of /,, this yields

< (nlz, ) f(£))T < (U, ) f ()T
552 { 0< (bl )F(0) < (e 0)111)"
Since fI x,t = Ji( (x,t )f(t)Tdt — [,(€(x,t)f(t))"dt exists, either
7 )+dt < oo or [;(l(x,t) f(t))~dt < co. Therefore, by (3.52), either

t)
;4 f)Tdt < oo or [;(€n(x,t)f(t))"dt < oo, which yields the existence
offI x, t f( )dt. Hence £,, € A.
Step 2. Now we claim that F' is measurable. Note that F'(x) is defined for every

xr € J. Fix x € J. Clearly, |(,(z,t)| /" |¢(z,t)] in I?, and, consequently,

(3.53) [en(z, )| f(2) /7 [€(z, )| f(t)  forany f=>0.

It is easy to see that

F(z)=  sup /|€ z, 1) f(¢)

1 £llx,0<1,f>0

According to (3.53), we have for f >0

/ (e D) F ()dE /7 / 0, 1) £ ()dt,
I I
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and, consequently,

Fa@)i= s [l / Fe)

Hf”X,vslszO I

Similarly as in (3.54), the function F), can be expressed by

(3.55) F,(x) = sup ‘/ (x,t) f(t)dt]|.
Ifllx,0<1

Since ¢,, € A, we have from Lemma 3.8 that F}, are measurable. Then the fact
that Fy,(z) / F(z) for any x € J shows that F' is measurable.

Step 3. We will prove the inequality
(3.56) IL|| > [|Ly|| for any n € N.

Fix n € N. The norms ||L|| and ||L,]|| are well defined because ¢,,,¢ € A.
If ||L|| = oo, then (3.56) is trivial. Assume that ||L| < oo.
For small € > 0 we define

(3.57) D :{ L —€ if ||Ln|l<oo and &< ||Lyl;

1 if [[Ly]|=o0c and L] <2I—2e.

€

By the definition of ||L,||, there exists a function fo, ||follx. < 1, and a set
M C J, |M| > 0, such that

(3.58) D. < ‘ / () fo(D)dt|  for e M.
I

Let J; C J, Jy C J be measurable sets such that

| [ €, t) fo(t)dt| < oo for x € Ji,
| [ €(,t) fo(t)dt] = oo for z € Jy.

(3.59) {

If |J2| > 0, then
L1 > ess sup / U, ) f(t)dt| =
I

reJo

which is a contradiction. Thus, |I'\ Ji| = |J\ J1| = 0.
Now, (3.59) implies
(3.60) /|€(x,t)Hf0(t)\dt < oo forze Jy.
I

Let 6 > 0. Set A; = {x € Ji,supja<s5 [, 10(2,t)|[fo(t)|dt < e}. Observe that
A52 C A51 for 0 < 01 < 9.



20 JAN LANG, ALES NEKVINDA AND LUBOS PICK (PRAHA)

We will show now that As is a measurable set. For x € J; we define the function

Hs(z) = sup / [0(x,t)|| fo(t)|dt.
[A]<6

By (3.60), Hs(x) < oo for x € J;. Let C be a countable system of sets from Lemma
3.9. Let A > 0 and fix x € J;. By the definition of Hs(z), there is a set Ag, such
that |Ag| < ¢ and

(3.61) Hﬂ@—ASZ;W%ﬂWMMﬁSHM@~

The absolute continuity of the Lebesgue integral and (3.60) now give the existence
of n > 0 such that

(3.62) /B|£(ac,t)||f0(t)|dt <) for |B| <.

Obviously, we can choose < §. Let Ny € C such that |Ag+ No| < n. Then (3.61)
and (3.62) yield

Hi( >wg/thwaﬂw>/’uammwut

No

= [ w0l - [ e ollfote) d
Ao Ao\ No

+/ [(z, )| fo(t)|dt > Hs(z) — 2.
No\ Ao

On letting A — 04 we have Hs(z) = supyce [y [€(x, 1) fo(t)|dt. Since the function
z — [y [€(x,t)]|fo(t)|dt is measurable for any fixed N € C, the function Hj is
measurable as a supremum of countably many measurable functions. Moreover,
as As = H; '((0,¢)), the set As is measurable for any & > 0.

Now, the absolute continuity of the Lebesgue integral and (3.60) give Js o As =
J1. Hence there is a dg such that |As, N M| > 0. By Lemma 3.6 there is a set
M, C As, " M, [(As, " M)\ My| = 0 and M; = D(M;), such that for any
x € M there is a set N5, , C M; such that N5, , = ©(Ns, 2),¢ € Ns, . and
|Bp,y +~ By, 2| < 0o for y,z € Nj, 5. Let g € My be fixed. Then Ny, ,, satisfies

(3.63) Néo,xo = :D(Nf;o#?o)v
(364) o € N5O,LL‘07
(365) |Bn,y - Bn,zl < 50 for Y,z € N5o,330'

The properties (3.63) and (3.64) guarantee [Ny, .| > 0. Set f1(t) = fo(t)xB, ., ()-
Clearly, || fil|x» < 1. Fix © € Nj, 5,. Note that (3.64) and (3.65) give

(3.66) Br.sg =+ Bn.a| < 6.
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Obviously,

bﬂu@ﬁ@ﬁ:/ U, 1) fo(t)dt

I Bo,ag

:/B - é(x,t)fo(t)dt+/ () fo(t)dt

n,xq n,x Bn,zO\Bn,I

:/Ien(x,t)fo(t)dt—/ i E(ac,t)fo(t)dt—l—/B l(x,t) fo(t)dt.

n,x\ n,xq n,acO\Bn,x

By (3.58), (3.66) and Ns, », C As,, we have
D, —2e < ‘ /E(x,t)fl(t)dt’ for any = € N5, 4, -
I
Since |Ns, 0| > 0, we have

IL|| > D. — 2.

If || L, || = oo, then [|L|| > 1 — 2, which is a contradiction with (3.57). Thus,
|Ln|| < oo and ||L|| > ||Ly|| — 3e. On letting ¢ — 04 we obtain (3.56).

Step 4. Denote P, = ess sup,c; Fn(x) for n € N, where F,,(x) is defined by
(3.55). Recall that P = ess sup,cy F'(x). By Step 2, F,, and F are measurable,
and, consequently, P and P, are well defined. We shall prove

(3.67) liminf P, > P.

n—oo

Denote for x € J and f € (X, v)

Fo(z, f) = ‘/Iﬁn(x,t)f(t)dt and  F(z, f) = ‘/lé(x,t)f(t)dt.

Fix x € J and f € (X,v). Let
It = {t; U(x,t)f(t) > 0}, I~ ={t; l(z,t)f(t) <0}
Obviously, the definition of /,, gives
lo(z,t)f(t) >0 on IT, lo(z,t)f(t) <0 on I,
and

Cn(x,t)f(t) / ) f(t) a.e.in IT for n— oo,

U, 1) f ()

Of course, £, (z,t) = £(z,t) =0in I\ ([T UI~). Then
(n(z, ) f ()T 7 (U2, ) f(t)) T for n — oo,

Co(x, t) ()" /7 (U(z,t)f(t))” for n — oo,

z,t
x,t ) f(t) a.e.in I~ for n— oo.

—~
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and, consequently,

/En(m,t)f(t)dt — /E(x,t)f(t)dt for n — oo.
I I

The last relation implies
(3.68) F.(z, f) — F(z, f) forany xze€J and fe€(X,v).

Let ¢ > 0. Fix x € J. By the definition of F(z), there exists a function fy,
| follx,» <1, such that

(3.69) F(z) —e < F(x, fo) < F(x).
By (3.68), it is possible to choose ng such that for any n > ng
F(xz, fo) —e < Fy(x, fo) < F(x, fo) + ¢,
which together with (3.69) gives
F(x) —2e < Fy(z, fo) < F(z) + €,
and, consequently,

F(%)—QESFn(l’,fO)S sup Fn(*%'vf):Fn(x)'
£llx,0<1

Thus, for any € > 0 there is an ng such that
F(z) —2e < F,(x) for n > ny,
which in turn yields

(3.70) F(z) <liminf F,(x) for any =z € J.

n—oo

Let I, C J, |J\ I,| = 0 such that

(3.71) P, = ess sup F, () = sup F,(z).
zel xel,

Let J; = (), —, In. Clearly, |J\ J1] = 0. By (3.70) and (3.71),
P < ess sup liminf F},(z) sup liminf F}, (x)

zel N x€Jy T

< liminf sup F,(z) < liminf sup F,(x)

n—=0 xeJ; n—oo zel,

= liminf P,,

n—oo

which proves (3.67).

Step 5. From Step 1 we know that ¢,, € A. Moreover, |{,,(x,t)| < n in I?. Hence,
¢, satisfies the assumptions of Lemma 3.8, and thus ||L,|| > P, for any n € N.
Using (3.56) and (3.67), we get

|L|| > limsup || L, || > limsup P, > liminf P,, > P

n—oo n—oo

which completes the proof. O
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3.11 Lemma. Let I be an arbitrary interval, £ € A, and let (X,v) be a Banach
function space on I. Then F' is measurable and then ||L| > P.

Proof. Set Iy = (0,1). Let ¢ : Iy — I be a one-to-one increasing mapping,
¢ € C'. Denote by 1 the inverse mapping of . Note that the assumption ¢ € C*
guarantees that the sets (M), (V) are measurable for M, N being measurable
and [p(M)| =0, |[¢(N)| =0 if and only if [M| =0, |N| = 0, respectively.

Set

(3.72) vi(y) = v(e)¢'(y) foryeI.

Since ¢’ > 0, vy is a weight. Let us define for g € M(1;) the norm ||g||x,.», by

(3.73) 19l x1.00 = [lg 0 Pl x 0,

where (g o) (x) = g(v(x)).
Further,

(X1,01) = {g € ML), [|gllx1,0, <00}

We shall prove that (X7,v1) is a Banach function space. Clearly, the assumption
¢ € Ct gives ||g|lx, v, = ||Pllx, .0, for go = h a.e. in I;. The easy facts (g+h)o) =
goy+hot and (cg) oy = c(gop) with (3.73) give that (X1, v1) is a normed linear
subspace of M(1;) and that the property (2.1) from Definition 2.1 is satisfied. The
relation |f| o ¢ = |f o 9| yields (2.2). Let f,, f € M(L1), 0 < f, / f. Then
[fallxews = I o Bllxa / 1f 0 Gllxiw = [l which gives (2.3). Now, let
E, C Iy, nn(Ey) = fEl v1(y)dy < co. Set E = p(F7). Clearly, by (3.72) and the
substitution y = ¢(x) we obtain

v(E) = /Iv(x)dx = / v1(y)dy = v1(E7) < o0.

I

Since X, = Xe(E,) © ¥, We have, according to (2.4) and (3.73),

IXE: 1 x1,00 = IXE © @llx100 = lIXEIx,0 < 00.

Thus, we have proved the property (2.4) for (X1,v1). Set g € (X1,v1) and f =
go . Using (2.5), (3.72), and an appropriate substitution, we obtain

/E 9(y)vr (y)dy = [E 9((@))r () () de = /E f(@)o(a)dz
< Collflx = Crllg o ¥llx = Clf 100

which guarantees (2.5) for (X1,v1). Consequently, (X7,v1) is a Banach function

space.
Define for

(3.74) iy, s) = Le(y), o(s))¢' (s), s,y € I,



24 JAN LANG, ALES NEKVINDA AND LUBOS PICK (PRAHA)

and
(L1g)(y) = / Gy s)g(s)ds  for g e (Xy,m).

We claim that ¢; € A. Let J C I be a set from the property ¢ € A. Let o(J1) = J.
Then, |[I;\Ji| = 0due to p € C' . Fixy € J; and g € (X1, v1). By from (3.73) we
have f =go® € (X,v) and ¢(y) = = € J. Using the change of variables t = ¢(s)
and (3.74) we obtain

(3.75) Au(y,g) = / 01y, 5)g(s)ds = / Uo(y), 0()¢ () (p(s))ds

Il Il

= /E(x,t)f(t)dt = Az, f).

1

Since, by ¢ € A, the integral A(z, f) exists, A;(y,g) exists as well, and therefore
¢y € A. Fory € I, let Fi(y) = SUPHgllxl,ulS1|f11 l1(y,s)g(s)ds|. By (3.73),
lgllxy,0, < 1if and only if || f]|x, < 1. By (3.74) and the change of variables
t=p(s),
)= swp | [ o) olo)e (9)f(els) ds
lollxy.0 <10 JT

= s | / t:(y, 5)g(s)ds| = Fi(y).
||g||X1,1)1§1 Iy

So, F(¢(y)) = Fi(y), b for any y € I, and, consequently,

(3.76) P =ess sup F'(x) = ess sup F(¢(y)) = ess sup Fy(y) = P;.
zel yely yel
By (3.75),
ILIl = sup esssup|A(z, f)|= sup esssup|Ai(y,g) = [Lall
Ifllx0<1 =€l lgllxy,0, <1yl

Now, Lemma 3.10 and (3.76) give ||L|| = ||L1|| > P, = P, which completes the
proof. O

3.12 Lemma. Let I be an arbitrary interval, let (X,v) be a Banach function
space and ¢ € A. Then the corresponding operator L satisfies

L2 1l 2o (2 0)-

Proof. Let ¢ > 0. Fix x € I. Then, by Lemma 2.4, there is a function f, | f|
1, such that

X, =

ol
v(+) x50

(3.77) ‘/Iﬁ(x,t)f(t)dt‘ > (1-¢)
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Let J C I be the set from the definition of ¢ € A. Assume that x € J. Then
(3.77) gives

{(z,) H

UC) Xﬁv'

This inequality gives together with Lemma 3.11

F(z) =2 (1-¢)

/ .
|L|| > P =ess sup F(x) > (1 — &) ess sup %Hx =(1-g)- WHLOO(X’,U)
(U ’v

xzel xzel

On letting € — 04 we get [|L|| > ||€||z.(x",»), which proves the lemma. O
3.13 Remark. Let I be an arbitrary interval , (X,v) a Banach function space
and £ ¢ A. Recall that £ € M(1?). Then

||€||LOO(X/,’U) = Q.

Proof. Since £ € M(I?) the norm ||€]|,__(x, exists. By Lemma 3.1, |[£]| 1 (x/ ) <
oo implies £ € A, a contradiction. O

From Lemma 3.1, 3.12 and Remark 3.13 follows the following theorem.

3.14 Theorem. Let I be an arbitrary interval, (X,v) a Banach function space,
and £ € M(I?). Then either ||L|| = 0|1 (x/.v) (whent € A), or ||| r(x'w) = 0
(when ¢ ¢ A).

3.15 Remark Theorem 3.14 shows that L is bounded if and only if ||[€||z__ (x/ ) <
0.

4. Compactness of a general kernel operator

In this section we investigate the distance of the operator L from the set of all
compact operators K : (X,v) — L. Define

D =inf{|L - K|, K € K},

where K is the set of all compact operators. Denote by R the set of all kernels
k € M(I?) that can be written as

k(x,t) = Z X (2)i(t)

for some n € N, xar, € M(L), and % € (X', v).
Clearly, k € R implies k € Loo(X’,v). Let € be the closure of R in Lo (X', v).
Define further

d:=inf{|[{ — kl|lL(x'0), k €t =f{|[{ — k|lL(x0),k € R},
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4.1 Lemma. Let k € R. Then the operator (K f)(x f[ t)dt is a finite
dimensional bounded operator. Consequently, K is compact

Proof. Let k(z,t) = Y i, xa (@)0i(t), xam, € M) and % € (X’,v). Since
k € Loo(X',v), the operator K is bounded by Remark 3.15. Moreover,

Z/¢z thM ZAZXM

Now, (2.6) gives |A;(f)| < | % x’ vl fllx» which implies 4; € (X,v)* (the dual

space) and, consequently, K is a bounded operator. 0

4.2 Theorem. The inequality D < d holds.

Proof. By Lemmas 2.6 and 4.1, we can write

D < inf sup ess sup/\ﬁ (x,t) — k(z,t)||f(t)|dt
RER | fllx.v<1 el
x,dH

< inf sup ess supH
RER £l wel

= fé—k ry =d
klg% || HLOO(X )

o Ml

which proves the assertion. O
In the rest of this section we shall prove that % <D.

4.3 Definition. We say that a finite system of sets A = {2;,j =1,2,...,n} is a
partition of T if Q; NQ; =0 for i # j, and U?Zl Q;=1.

4.4 Lemma. Let n,N be positive integers. Let A; = {Q;, j=12...,N},
i =1,2,...,n be partitions of I. Then there is a positive integer m and a partition
A={Ex, k=1,2,...,m} of I such that
(4.1)  forany i€{1,2,....,n} and ke{l,2,...,m} there exists

a j€{1,2,...,N} such that E) C Q;
Proof. We use the induction on n. Let n = 1. Then the assertion is obvious.

Assume that A; = {Q;, j=1,2,...,N},i=1,2,...,n+1, are partitions of I.

By the induction assumption, there is a partition of I, A= {Ek, k=1,2,...,m}
such that

(4.2) forany ¢€{1,2,...,n} and ke {1,2,...,m} there exists
a je€{l1,2,...,N} such that EkCQE

Set Fj; = EkﬂQ?H, ke{l,2,....,m},and j € {1,2,..., N}. Define a system
of sets A by

A={Fy;, ke{1,2,...,m}and j € {1,2,...,N}}.
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Let ky € {1,2,...,m} and ji,jo € {1,2,...,N}. If ky # ko, then Fy,;, C Ej,,
Fryj» C Ex, and, consequently, Fi,;, N Fiyj, = 0. Let ji # jo. Then, using
Fi,j, C Q}Il“ and Fy,;, C Q?;rl, we get Fy, i, N Fi,;, = 0. Hence, for (ki1,71) #
(k2,j2) we have Fy,;, N Fy,j, = 0. Further, let € I. Since A and {Q}Hl, Jj=
1,2,...,N} are partitions of I, there are k € {1,2,...,m}, j € {1,2,...,N}
such that = € B N Q?H = F},,, and, consequently, Uy, U;.Vzl = I. Thus {Fj,
kEe{l,2,...,m}, j€{1,2,...,N}}, is a partition of I.

Now, choose i € {1,2,...,n+ 1}, k1 € {1,2,...,m}, and 5; € {1,...,N}.
If 1 < i < n, then, by (4.2), there is a j € {1,2,..., N} such that Ej, C Q.
Therefore, Fy,;, C Q% Now, F,j C Q?IH, provided that 7 = n + 1. We have
thus proved that for every fixed i, k1, j; there exists a j € {1,2,..., N} such that
Fkljl C Q;

Let m:=mN andletb:{1,...,m} — {(k,j); j=1,2,...,.N, k=1,2,...,m}
be a bijection. Set Ep = Fyy) and A = {Eg, k = 1,2,...,m}. Then A is a
partition of [ satisfying (4.1) for i = 1,2,...,n+ 1, which completes the proof. O

Let B be the unit ball in (X, v). Let M C Lo, and n > 0. We say that N C L
is a n-net in M if for every f € M thereisa g € N with ||f — gl <n.

4.5 Lemma. Let
o = inf{n; there exists a finite n — net of L(B)}.

Then o < D.
Proof. Let € > 0. Take K € K such that

IL- K| <D+e.

Since K € K, there exists a finite e-net {g1,g2,...,9n} of K(B). Let g € L(B).
Then there is a function f € B such that Lf = g. Choose g; with || K f—g;||.. < e.
Then

lg = 9illee = I1Lf = gilleee <NLf = Kflloe +I1Kf = gillo. <D+ 2e

Thus, {g1,...,9n} is a finite (D + 2¢)-net of L(B) and, consequently, o < D + 2e.
On letting ¢ — 04 we obtain the assertion. O

It is worth noting that Lemma 4.5 remains true under more general assumptions,
namely, for Banach spaces X,Y, a bounded linear operator T': X — Y, and o, D
defined in an analogous way.

4.6 Lemma. Let A be a measure on I such that \-measurable sets coincide with
the Lebesgue measurable sets, and A(F) = 0 if and only if |E| = 0. Let h(x,t) €
IM(I?), such that h(xz,t)v(t) € A. Then the function x — ||h(z,)||x/v is A-

measurable. Moreover, for E C I measurable, 0 < A\(E) < oo, we have

s [ren@] < 5 [ 1@l ixe@.
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Proof. Define ®(x) = ||h(x,)||x’ . Clearly,

F(x) = sup /|hxt v(t)dt = sup ‘/ (x,t)f t)dt|.

£l x,0<1 £l 5,0 <1

By 3.11, the last expression is a Lebesgue measurable function, whence F' is
Lebesgue measurable. Due to the assumptions on A, F' is A-measurable, which
proves the first part of the lemma.

Now, using the Fubini theorem, we have

Hﬁ/lh(mf)d)\(aj)HX/’v == ||f|?;1313<1‘// (x,t) f(t)v(t)dtdA(x)| = A,

say. Let € > 0. Then there is an fy € B such that

‘// (2, £) fo(t)o(t)dtdA(z )‘

< W/IF( N = 5757 ] I e dN@).

On letting ¢ — 04 we obtain the assertion. O
The main idea of the proof of the following lemma is taken from [W].
4.7 Lemma. The inequality % < o holds.

Proof. Let € > 0. Let {g1,92,...,9n} be a finite (o + €)-net of L(B). Since L(B)
is bounded in L., the set {g1,92,...,9n} is bounded in L., too. Hence there
exists an A > 0 such that ess sup,;|gi(z)| < A, ¢ =1,2,...,n. We can even
assume that sup,c; |gi(z)| < A because in the opposite case we simply change
every function g; on a set of measure zero.

Let {I;, j = 1,2,...,N} be a partition of [—A, A] such that I, are intervals
and |I;| <e. Let Q; = gi_l(Ij), 1=1,2,...,n,5=1,2,...,N. Then the systems
A = {Q;, j=1,2,..., N} are partitions of I. By Lemma 3.4, there is a partition
of I, say, A ={Fx, k=1,2,...,m}, such that (4.1) holds.

Let B ={Ex € A, |E;| > 0}. Then we can write B = {Ey, k=1,2,...,my}
where m; < m. Clearly,

(43) Ekl N Ekzz = @, ki, ko € {1, - ,ml}, kq 7& ko,

(4.4) ‘I\ D Ek‘ —0,
k=1

and

(4.5) for every i€ {1,2,...,n} and ke€{1,2,...,m1} thereis
a je{l,2,...,N} such that EkCQ;
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We define the operator

m [ f(t)e " dt
.'L') = k (x> e 7t2 .
kz::l XE f et dt

Ey

Then (P. f)(x) is defined on | J,, Ex, and therefore, by (4.4), it is defined a.e. on I.
It is not difficult to see that P. : L — L 1s a bounded linear finite dimensional
operator. Moreover, using (4.3), we obtain

ZXE’“ e tzdt / (P-f)(t)e™" dt

m1 —s2
XEk / ( e~ ds 42
= - E — e " dt
[ e tdt B ; 1 E e—5%ds
1 f(s)e_s ds
- Zm @B ),
k=1 fEk € $
which proves
(4.6) P?=P..

In other words, P. is a projection. Further, due to (4.3),

— [, [F @)™t
P.f|lr.. <esssup E E’“—
171 < e 5003 e ()5~

mi
< f o ess sup Y xm, (2) = || fllzoe
xzel h—1

which gives
(4.7) 1P|l < 1.

Let Z be the finite dimensional subspace of L., defined by
Z={f=Y arxm (@), (a1,...,am,) € R™}.

In fact, P- : Lo — Z. Moreover, let f =>"" arxg, (z) € Z. Then, by (4.3), we
can write

ZXEk _tzdt/ ake—ﬁdt
= ZakXEk: (JJ) = f(%),
k=1
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which shows that
(4.8) P.f=f forany fe€Z.

We claim that dist (¢;,Z) < e foranyie {1,2,...,n}. Fixi € {1,2,...,n}.
By (4.5), for every k € {1,2,...,m;} there is a set Q} such that Ej, C @ .
Consequently, ¢;(Ex) C I,. Choose vy, € I, k = 1,2,...,m; and define the

function g; by
mi
k=1
Then g; € Z and, moreover, |I;, | < ¢ implies that

(4.9) lgi — GillL.. = sup ess sup |g;(z) — k| < e.
ke{l,2,....m1} x€E)

Let f € B. We shall estimate |Lf—P.Lf||... Choose g; such that || Lf—g;| r
o + €. Then

\Lf = P.Lfllr.. <|Lf—gillee + 1P-(Lf —9i)llee. + lgi — Gilloe + 1198 — PegillL.
<o+e+||Pd(oc+e)+ g — Gilloe + 1196 — PegillLo.

oo—

Using (4.7)—(4.9) and g; = Pg;, we get

ILf = PeLf|l.. <20 +3e+|P(3i — 9i)llL. < 20+ 4e,
that is,
(4.10) |L — P.L|| <20 + 4e.

Now let us deal with (P-Lf)(x). Clearly,

my fE Lf _tZdt
(P.L
P T, e Pt

et dt

_ /1 (iXEj(x) EfE(t:)t = >f(8)ds
~ [ klws)s(s)ds,

1

where

mi g Ut s e~t'dt
(4.11) kg(x,s):ZXEj(x)fj( i

_t2 =
j=1 ij emtdt J=1

XE; ()Y;(1) say.



BOUDEDNESS AND COMPACTNESS OF GENERAL KERNEL INTEGRAL OPERATORS

Thus, P.L is a kernel operator with the kernel k.(z,s). Now, £ € 9 (I?) implies
¥;(s) € M(I), and, consequently, k. € M(1?).

Define the measure A on I by A(E) = [, e~t*dt. Tt is not difficult to prove
that \ satisfies the assumptlons of Lemma 4.6. Moreover, we have for any j €
{1,2,....,m1} 0 < \(E}j) =/, et dt < e eV dt < co. Setting h(z,t) =

£(x,t)
v(t)

we have h(x,t)v(t ) € A, and, using also Lemma 4.6, we can write

1
dt H H / k(t,)d)
X’ H/E ( fE —tzdt X AE;) (t.)

) /E e N0 = 575 [ |5 220

J

%

US

<

< L (x7,0)5
IGE]'

which gives

aa 2] <[4

Loo(X' )
This implies
my
1€ = kell oo xr ) S MLy + 1Y XE, (@)05(9) | oo (x7,)
j=1

m1 ¢
<oy + 3 e I | 2],
j=1 7

From (4.12) we obtain ||[{ — k.|| (x7.0) < (1+m1)||f]|z_(x,0) and, consequently,
using also Lemma 3.1, we have ¢ — k. € A. Now, Theorem 3.14 yields

1€ = kellpoo (x7,0) = IL — P-L.
Together with (4.10) this implies
1€ — kc|| <20 + 4e.
By (4.11) and (4.12), k. € R and, consequently,
d= inf 1€ =Kl xr0) S 1€ = kell(xr0) < 20 + 4e.
On letting ¢ — 04 we obtain d < 20, and the proof is complete. O

4.8 Corolary. % < D <d.

4.9 Remark. Corolary 4.8 shows that an operator L is compact if and only if its
kernel ¢ can be approximated in L. (X’,v) by kernels k,, € R.
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5. APPLICATION TO THE HARDY OPERATOR

Let I =[a,b], —00 < a < b < +0o. We define the Hardy operator by H f(x) =
[ f(t)dt. Further, let

(x—e,z+e)Nfa,b] if —oco<z<oo
Uz,e) ={ (=00, —1)N[a,b] if z=-00
(£,00)N[a,b] if z=o0.

We also denote

. 1
B(x) = lim |[xu(@,e)~llx 0, and B = sup B(z).
e—04 v a<lz<b

In [LP], a characterization of the boundedness and compactness of the Hardy
operator was characterized for I = [0,00|. It was shown that H is bounded
if and only if % € (X',v), and that H is compact if and only if B = 0. We
will apply the results of Sections 3 and 4 to the Hardy operator and I = [a,].
Observe that the Hardy operator is given by the kernel h(z,t) = Xx(q,0)(%), i.c.

f; f(t)dt = f[ X(a,z) (t)f(t)dt
5.1 Theorem ([LP]). The operator H is bounded from (X,v) into Lo if and
only if ||3]|x/,0 < o0.

Proof. By Remark 3.15, H is bounded if and only if ||| z_ (x/,) < oo. Moreover,
[H || = [[All £ (x70)- Then

h(:ﬂ,) X(a:r)(t) 1
H|| = ess sup X' =€Sssup || — < ||x/0 = || =l x" v,
] = ess sup |7 757 L = ess sup | FEG o = 1l

which completes the proof. O
5.2 Lemma. The inequality d < B holds.

Proof. Let € > 0. From the definition of B we know that for every z € [a, b] there
is an n(z) > 0 such that

1
e t—H <B+te.
me (@) )U(t) o +e

Since J,c; U(z,n(x)) D I and I = [a,b] is a compact set in the topology induced
by U(z,e), we can choose 1, ...,z, € I such that |J_, U(x;,n(z;)) D I. Denote
U; =U(xi,n(x;)). Take oy, B;, i =1,2,...,n, such that

(5.1) U := (0, 3;) € U;, i=1,2,...,n,

and

(5.2) 11\ U Uil =0.
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Let us define k(x,t) = >°1" | X, (%)X (a,a:)(t). Clearly, by (5.1) and (5.2), we have

d < ess sup <ZXU (X(a,2) (8) — X(a»‘“)(t))) H

xzel X' v

= ess sup Z XU X(az,x) )H
zel

< ess sup || —— (x (T H
< s sup || 7 ZXUZ( )xu, (t) rn

xu; (1)
<esssup§ XU, H—H <B-+e.
xzel i=1 ) ’U(t) X'

Therefore, d < B + ¢ for any € > 0, and the assertion follows. O
5.3 Lemma. The inequality B < 4d holds.

Proof. Let € > 0. Then, for some M; and v;, 1 =1,...,n,

(53) HX(a :v) ZXM

H <d+e.
Loo(X',v)

Let zg € [a,b). Then there is a k € {1,2,...,n} such that |(xo,xo +0) N M| >0
for any o > 0. Set x; = ess sup My, i.e., x1 = inf{y, |(y,b) N My| = 0}. Then
(5.3) gives

> t
d+e> esieslup v(t) (X(a ) (t E X ( )XMk( L)X (wo.a1) )HX
= ess sup L (x( )(t) — X( )(t)¢k(t)>XM (x)H
ver N(t) \EOF o X
1
e58 D || (X(@o,2) () (X = Yr(t)) = X(,20) () Pk (2) o

Since (g, z) N (x,21) = 0 for every x € My, we have

1
> 1-
d+e eiii}ip ‘ ( )X(ﬂco@)( )( djk(t))HX’,v
1

= [ en @ = v

X" v

and

d+ € > ess sup
x €My,

e O8], =[x Ou],
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As a consequence we obtain

zo,21) (1) -
(5.4) H%Hx SHX(:;CO,m)(t)lTWHX,W
[xnan @22 | <22

Let BT (z) = lim._.o, ||X(“c%t§)(t)||xl,v for © € [a,b) and, analogously, B~ (z) =

lim_o, |[X==20|| ., for = € (a,b]. Then B(a) = B*(a), B(b) = B~ (b) and

B(z) < BT (z) + B~ () for x € (a,b) which together with (5.4) yields
B(l’o) S B+((E0) + B_(il]o) S 4d + 4e.

Letting ¢ — 04, we obtain B(z() < 4d and, consequently, B < 4d, which completes
the proof. O

Corollary. The inequalities % < D < B hold.

Proof. This is an immediate consequence of Coloraly 4.8 and Lemmas 5.2 and 5.3.
O

Corollary. The Hardy operator is compact if and only if B = 0.

REFERENCES

[BS] C. Bennett and R. Sharpley, Interpolation of Operators, Pure and Appl. Math., vol. 129,
Academic Press, New York, 1988.

[EE] D.E. Edmunds and W.D. Evans, Spectral Theory of Differential Operators, Oxford Univ.
Press, Oxford, 1987.

[EEH] D.E. Edmunds, W.D. Evans and D.J. Harris, Approzimation numbers of certain Volterra
integral operators, J. London Math. Soc. 38 (1988), 471-489.

[LP] Q. Lai and L. Pick, The Hardy operator, Lo and BMO, J. London Math. Soc. 48 (1993),
167-177.

[L] W.A.J. Luxemburg, “Banach Function Spaces”, Thesis, Delft, 1955.

[LZ] W.A.J. Luxemburg and A.C. Zaanen, Compactness of integral operators in Banach func-
tion spaces, Math. Annalen 149 (1963), 150-180.

[O] B. Opic, On the distance of the Riemann-Liouville operator from compact operators,
Proc. Amer. Math. Soc. 122 (1994), 495-501.
[S] V.D. Stepanov, Weighted inequalities for a class of Volterra convolution operators, J. Lon-

don Math. Soc. 45 (1992), 232-242.
[W] P. Wojtaszczyk, Banach Spaces for Analysts, Cambridge Univ. Press, 1991.

Mathematical Institute, Czech Academy of Sciences, Zitna 25, 11567, Praha 1,
Czech Republic
E-mail address: lang@math.cas.cz

Department of Mathematics, Faculty of Civil Engineering, Thakurova 7, 166 29
Praha 6, Czech Republic
E-mail address: nales@mat.fsv.cvut.cz

Mathematical Institute, Czech Academy of Sciences, Zitna 25, 11567, Praha 1,
Czech Republic
E-mail address: pick@math.cas.cz



