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Abstract. We discuss the effects of dispersal (either random or bi-
ased) and spatial heterogeneity on population dynamics via reaction-
advection-diffusion models. We address the question of determining
optimal spatial arrangement of resources and study how advection
along resource gradients affects the extinction of species. The effects of
dispersal and spatial heterogeneity on the total population size of sin-
gle species are carefully investigated, along with some other properties
of species. These properties have important applications to invasions
of rare species. Some interesting connection between the evolution of
unconditional dispersal and diffusion-driven extinction is revealed. We
also investigate the outcome of competition for two similar species,
and show how invasion and coexistence are affected by resource uti-
lization, inter-specific competition, and dynamics of habitat edges. In
particular, interesting effects of intermediate values of dispersal rates
are found. The evolution of conditional dispersal is also addressed,
and we illustrate that the geometry of a habitat can play an important
role in the evolution of conditional dispersal and that strong directed
movement of species can induce the coexistence of competing species. If
both species disperse by random diffusion and advection along environ-
mental gradients and one species has much stronger biased movement
than the other one, then at least two scenarios can occur: either both
species can coexist or the “smarter” species is always the loser. These
results seem to suggest that selection is against large advection along
resource gradient and that an intermediate biased movement rate may



evolve. Numerous open problems will be discussed.
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The evolution of dispersal has been one of the central topics in recent the-
oretical studies of population dynamics. Metapopulation models have been
widely used for spatially structured populations (Lehman and Tilman [78];
Hanski [52]), and one of the primary criticisms for these models is that the



dispersal functions are usually so simplified that the results can be mis-
leading (Travis and French [120]). In fact, classical metapopulation models
often are not even spatially explicit and thus it is difficult to use them to
gain insight into the effects of different dispersal mechanisms. Models such
as those used in [61, 94] are more accurately described as discrete diffusion
models and they do incorporate mechanistic assumptions about dispersal
and treat population dynamics explicitly. We refer to Sections 1.4 and 2.6.2
of [12] for more detailed discussions.

Two theories dominate current investigations on dispersal: (i) the “source-
sink model” (Hastings [54]; Holt [60]; Hanski and Thomas [53]; Doebeli [36];
Travis and Dytham [119]), in which individuals disperse at fixed constant
rates, regardless of the local environment; and (ii) the “balanced dispersal
model” (McPeek and Holt [94]), in which the dispersal is conditional since
the dispersal rate depends on a combination of local biotic and abiotic fac-
tors such as habitat quality. It is well accepted that conditional dispersal
can be a crucial factor in population dynamics (Turchin [121]; Travis and
French [120]; Bowler and Benton [6]; Armsworth and Roughgarden [1, 2]).

One central question is: which patterns of dispersal can confer some sort
of selective or ecological advantage? When habitat quality varies spatially
but remains constant in time, the source-sink model predicts that the selec-
tion is for slow dispersal (Hastings [54]; Holt [60]). However, McPeck and
Holt [94] showed that when there is conditional dispersal, e.g., with disper-
sal depending on patch carrying capacity, dispersal can evolve in a spatially
varying environment.

In reality, species are neither completely ignorant of the surrounding
environment nor will their movement perfectly track resource gradients. It
is more likely that their movements combine both random and directed
ones: for instance, adding some amount of random movement to a purely
directed movement strategy might help an individual escape a local trap
to find distant but better sources (Armsworth and Roughgarden [1]). In
other words, a balanced combination of both random and directed movement
might help the species better utilize available resources and thus maximize
its chance of survival.

Since the pioneering work of Skellam [117], there have been tremendous
theoretical advances in reaction-diffusion modeling of invasions and species
interactions (Okubo and Levin [106]; Murray [101]; Shigesada and Kawasaki
[115]; Cantrell and Cosner [12]). The book by Cantrell and Cosner [12],
which covers many major issues in spatial ecology via the reaction-diffusion
approach, motivates this current survey. We will discuss some of the most
recent progress on applications of reaction-advection-diffusion equations to



population dynamics and the evolution of dispersal, including both uncondi-
tional dispersal and conditional dispersal. Our main goal is to introduce the
readers to the current state of the art in this area and raise some questions
for further research.

This paper is organized as follows. In Sect. 2 we discuss the question
of determining the optimal spatial arrangement of resources and study the
effects of advection along resource gradients on extinction of species.

Sect. 3 is devoted to studying single species, with the main focus on the
effects of dispersal and spatial heterogeneity on the total population size and
other properties of species. These properties have important implications
for invasions of rare species.

Sects. 4-6 are devoted to the study of two competing species in a het-
erogeneous environment. In Sect. 4 we investigate the evolution of uncondi-
tional dispersal, diffusion-driven extinction, and their intimate connections.

Sect. 5 is concerned with the outcome of competition for two similar
species, and we show how invasion and coexistence are affected by resource
utilization, inter-specific competition, and dynamics of habitat edges. In
particular, interesting effects of intermediate values of dispersal rates are
found.

Finally in Sect. 6 we study the evolution of conditional dispersal and
show how the geometry of a habitat can play an important role in the
evolution of dispersal, and that strong directed movement of species can
induce the coexistence of competing species. We also consider the situation
when both species disperse by random diffusion and advection along en-
vironmental gradients and one species has much stronger biased movement
than the other one. The species with stronger biased movement behaves like
a specialist as it mainly pursues resources at places of locally most favor-
able environments. The other species has a rather balanced mixed dispersal
strategy and can be regarded as a generalist. It is shown that at least two
scenarios can occur: If the generalist’s biased movement rate is relatively
smaller than its own random movement rate, then both species can coexist;
If its biased movement is relatively stronger than its random movement,
then the generalist is always the winner, regardless of the initial condition.
These results seem to suggest that selection is against large advection and
that an intermediate biased movement rate may evolve.

Throughout this survey numerous open problems will be discussed and
some conjectures will be presented. We also refer to recent excellent surveys
of Ni [103, 104] on competition models with density-dependent diffusion,
Levin et al. [79] on the evolution of plant dispersal, Neuhauser [102] on
dynamics of metapopulation models.



2 Linear eigenvalue problems with indefinite weight

In this section we discuss two linear eigenvalue problems with indefinite
weight subject to no-flux boundary conditions. These linear eigenvalue prob-
lems are particularly important since they are closely connected to predic-
tions of persistence vs. extinction of species in reaction-diffusion models.

Subsection 2.1 is concerned with the question of determining the opti-
mal spatial arrangement of favorable and unfavorable regions for species to
survive, and the conclusion for a one dimensional closed habitat is that a
single favorable region at one of the two ends of the whole habitat provides
the best opportunity for the species to survive.

In subsection 2.2 we study the effects of advection along environmental
gradients on dynamics of logistic type reaction-diffusion models for popula-
tion growth. The local population growth rate is assumed to be spatially
inhomogeneous, and the advection is taken to be a multiple of the gradient
of the local population growth rate. It is also assumed that the boundary
acts as a reflecting barrier to the population. It turns out that the effects of
such advection depends crucially on the shape of the habitat: if the habitat
is convex, the movement in the direction of the gradient of the growth rate
is always beneficial to the population, while such advection can be harmful
for certain non-convex habitats.

These results depend crucially on boundary conditions, e.g., the results
for Dirichlet are different [4, 8, 9].

2.1 Rearrangement of resources

The linear eigenvalue problem with indefinite weight

9¢ =0 on 0N (2.1)
on

and its variants have been extensively investigated for last two decades since
they play crucial roles in studying nonlinear mathematical models from pop-
ulation biology. Throughout this paper we shall assume that the habitat 2
is a bounded region in RY with smooth boundary 99 and n is the outward
unit normal vector on 9. The zero-flux boundary condition in (2.1) means
that no individuals cross the boundary of the habitat.

The function m(x) represents local intrinsic growth rate of species at
location x. It reflects the quality and quantity of resources available at the

{ Ap+AIm(z)p=0  inQ,



point z, and is often referred as an indefinite weight since it may change sign
in €. For this subsection, we assume that the function m is non-constant,
bounded and measurable in 2. Define

Qp ={x € Q:m(z) >0}, Q_={reQ:m(z) <0}.

The subdomain 24 can be viewed as a source as the species has positive
intrinsic growth rate there; likewise, the region {2_ can be regarded as a
sink.

We call A a principal eigenvalue of (2.1) if A has a positive eigenfunction
© € H'(Q). By elliptic regularity and the Sobolev embedding theorem [47],
the function ¢ satisfies ¢ € W24(Q) N C17(Q) for every ¢ > 1 and every
v € (0,1), and ¢ > 0 in Q. Clearly, A = 0 is a principal eigenvalue of (2.1)
with positive constants as its eigenfunctions. Of particular importance and
interest is the existence of positive principal eigenvalues.

If (2.1) has a positive eigenvalue A\j(m) with corresponding positive
eigenfunction 1, integrating the equation of ¢, we have

/mgol =0,
Q

which implies that both €2, and Q_ have positive Lebesgue measure; divid-
ing the equation of ¢ by ¢1 and then integrating in 2, we find

2
A(m) [ m=— Vel <0
2
Q Q ¥

since 1 is not equal to any positive constant (as m is not identically equal
to any constant). In summary, the condition

(A1) The set 4 has positive Lebesgue measure, and [, m < 0

is necessary for the existence of a positive principal eigenvalue. This condi-
tion turns out to be also sufficient as shown by the following result [4, 7, 44,
56, 114]:

Theorem 2.1. The eigenvalue problem (2.1) has a positive principal eigen-
value (denoted by Ai(m)) if and only if (Al) holds. Moreover, A\i(m) is
the only positive principal eigenvalue and it is simple; it is also the smallest
positive eigenvalue of (2.1), and is given by

\V4 2
A(m) = inf Jo V¢!

peS(m) [om(z)p?’ 22)



where

Sm)i={ € 1@ s [ mi)g? >0}

As an application, we consider the diffusive logistic equation

ur = Au~+ Au[m(z) — uj in QxR
ou

=0 on 00 x RT, (2.3)
on

w(z,0) >0, u(z,0)£0 inQ,

where wu(z,t) represents the density of a species at location z and time
t. Hence, only non-negative solutions of (2.3) are of interest. Again, the
function m(z) represents the intrinsic growth rate of a species, which is
positive in the favorable part of habitat (€2+) and negative in unfavorable one
(Q_). The integral [, m can be viewed as a measure of the total resources
in a spatially heterogeneous environment.

So far as invasion of species is concerned, A\~! acts like the diffusion
coefficient. To see this, we set 4t = A~! and introduce the new time variable
7 with 7 = At. Then the equation of u can be rewritten as

ur = plAu + ulm(z) — ul.

Set p1(m) = Ay (m) (we define py(m) = +oo if A;(m) = 0). It is well-
known that

(i) if p > p1(m), i.e., X < Ay(m), then u(z,t) — 0 uniformly in Q as t — oo
for all non-negative and non-trivial initial data, i.e., the species goes to
extinction;

(ii) if u < pi(m), i.e., A > Ay (m), then u(z,t) — u*(x) uniformly in Q as
t — oo, where u* is the unique positive steady state of (2.3) in W?24(Q) for
every q > 1, i.e., the invasion occurs.

We are mainly concerned with the dependence of the principal eigen-
value Aj(m) of (2.1) on the weight function m(z). In particular, we are
interested in how spatial variation in the environment of the habitat affects
the maintenance of species. To be more precise, let my be some constant
satisfying mg € (0, 1), and assume

(A2) -1 <m(z) <lae inQ, and [,m < —mplQ|.

We address the following mathematical question:



Question. Among all functions m(z) that satisfy (Al) and (A2), which
m(x) will yield the smallest Aj(m)?

This question is motivated by the following biological consideration: the
species can survive if and only if A > A;(m), and the smaller A\;(m) is, the
more likely that the species can exist. Biologically, it is equivalent to de-
termining the optimal spatial arrangement of the favorable and unfavorable
parts of the habitat for species to survive. This question was first addressed
by Cantrell and Cosner in [8, 9], and it remains largely open.

The question is also mathematically meaningful: by (A1) and Theorem
2.1, the positive principal eigenvalue Aj(m) exists and is unique. Further-
more, the infinimum of A;(m) among all those m that satisfy both (A1) and
(A2) is positive by a result of Saut and Scheurer [113]:

Theorem 2.2. Suppose that (A1) holds. Then

n

Jo m’
/\1 (m) Z
Jom?(x) dz +

)

Jom|supgm

where vy is the smallest positive eigenvalue of the Laplace operator with
homogeneous zero Neumann boundary condition.

For any mg € (0,1), we define
M ={m € L*(Q) : m(z) satisfies (A1) and (A2)}, (2.4)

and set
Ainf 1= Wﬁgﬁ/( A1(m).

As an immediate consequence of Theorem 2.2, we have

V1mo

Ning >
inf = 1+mg

The existence and profile of global minimizers of A;(m) in M with Dirich-
let boundary condition was first addressed by Cantrell and Cosner in [8], in
which Cantrell and Cosner showed that there exists some measurable set
E C Q with [E] > 0 such that \1(xg — xa\r) = Ains- The result of Cantrell
and Cosner can be viewed as saying that there exists a “bang-bang” type
optimal control for minimizing A;(m) in M. For Neumann boundary con-
dition, a stronger result is established in [90]:



Theorem 2.3. The infinimum X,y is attained by some m € M. Moreover,
if Ai(m) = Aing, then m can be represented as m(x) = xgp — X\ @-€. in
Q for some measurable set E C Q.

Theorem 2.3 implies that the global minimizers of A;(m) in M must be
of “bang-bang” type, and is indeed contained in the set

My = {m :m = XE — Xao\g for some E C Q with |E| = a|Q|},

where o = (1 — myg)/2. It is easy to check that every m € M, satisfies
Jom = —mg|Q|, i.e., My C M.

By Theorem 2.3 and the above discussion, in order to determine all of
the global minimizers of A\j(m) in M, it suffices to characterize E C ()
such that the corresponding weight function m(x) = xg — xo\g minimizes
the principal eigenvalue Aj(m) in M,. Recently, the following complete
characterization of all global minimizers of A\;(m) in M when N = 1 are
established in [90]:

Theorem 2.4. Suppose that N =1, Q= (0,1), and o = (1 —myg)/2. Then
A1(m) = Aing for some function m € M if and only if m = xXg — Xo\g a-e-
in (0,1), where either |[EN (0,a)|=a or |[EN(1—a,1)| = a.

Theorem 2.4 implies that when 2 is an interval, then there are exactly
two global minimizers of A\j(m) (up to change of a set of measure zero).
This substantially improves previous work in the one-dimensional case. In
[9] Cantrell and Cosner studied the case when € is the unit interval (0,1)
under three different boundary conditions (Dirichlet, Neumann, and Robin
type). For Neumann boundary condition, they showed that if m(z) = 1
on a “single” subinterval of fixed length and m(z) = —1 on the remainder
of the interval, then the smallest value of Aj(m) with m(x) so restricted
occurs when the subinterval where m(x) = 1 is at one of the ends of the
interval (0,1); they also considered the situation when m(zx) = —1 in a
“single” subinterval of fixed length, and m(z) = 1 on the remainder of
(0,1). They proved that in the latter case, the smallest value for A;(m)
occurs when m(x) = —1 at one of the ends of (0,1). Some new ideas based
on a characterization of critical points and continuous dependence of A;(m)
with respect to m are given in [90], and the analysis in [90] can also be useful
in handling Dirichlet, Robin, and periodic boundary conditions.

The characterization of the optimal set E in M, for higher-dimensional
domains is a difficult problem, even for two dimensional balls or rectan-
gles (see [73] for some recent progress on cylindrical domains). For general
domains, we have the following



Conjecture. The set F is always connected and 0F N 9€) has positive
surface measure. If  is convex, then Q/FE is also connected.

For the connectivity of E, the geometry of {2 might be irrelevant. How-
ever, the convexity assumption on ) appears necessary in order to ensure
the connectivity of 2/E since for dumbbell type domains, 2/E may have
multiple connected components. We also conjecture that if 2 is a ball, then
F is rotationally symmetric with respect to some diameter of the ball.

Similarly, little is known for eigenvalue problem (2.1) but with Dirichlet,
Robin and periodic boundary conditions in higher dimensions. We refer to
[5] for recent progress in related problems, where symmetrization methods
are extensively employed. The symmetrization idea for the Dirichlet case
was also discussed earlier in [8]. For other related works, see [42, 76, 77] and
references therein.

2.2 Biased movement of species

If the environment is spatially heterogeneous, the population may have a
tendency to move along the gradient of the resources in addition to random
dispersal. This leads Belgacem and Cosner [4] to add an advection term to
(2.3) and consider the model

8—1; =V [Vu—auVm]+ A(m—u)u  in Q x (0,00),
9u 0 dm n 99 x (0, 00) 29)
o~ Mg = 0 ,00).

The flux of population density is given by J = —Vu 4+ auVm, where «

measures the tendency of the population to move up along the gradient of
m(z), and m(z) is assumed to be twicely continuously differentiable in .

It is also shown in [4] that the effects of the advection term auVm
depend critically on boundary conditions: for no-flux boundary conditions,
sufficiently rapid movement in the direction of m(z) is always beneficial, and
the movement up the gradient of m(z) may be either beneficial or harmful
for zero Dirichlet boundary condition.

According to [4], for every a, there exists an unique non-negative con-
stant A, = A«(«) such that the following holds:

(i) If A > A4, (2.5) has a unique positive steady state which is globally
attracting among non-trivial non-negative solutions of (2.5);

10



(ii) If Ay, > 0 and 0 < A < ), then all non-negative solutions of (2.5)
converge to zero as t — o0.

The constant A, is the principal eigenvalue of an eigenvalue problem
related to (2.5). By [4] (see also [3]), A« can be characterized by

am|yy 2
A = inf M, (2.6)
0eS [ e myp
where
S = {90 e wh3(Q) : / e“Mmp? > 0}. (2.7)
Q

It can be shown [31] that if [,m > 0, then A\, = 0 for a > 0; if m
changes sign and me < 0, then there exists a unique a, > 0 such that
Ae > 0if @ < ay, and Ay = 0 if @ > ay. Throughout this subsection, we
shall also assume (Al).

Question. If we start with a = 0, i.e., without directed motion up the
gradient of m(x), is increasing « always beneficial to the survival of popu-
lation?

In terms of A, for small o, this is equivalent to asking whether X, (0) < 0.
Since the population can survive if and only if A > )\, intuitively we may
expect that the smaller A, is, the more likely it is that the population will
survive. In this connection, the following result is proved in [31].

Theorem 2.5. Suppose that (A1) holds.
(i) For any convex domain Q and any m(zx), N, (0) < 0;

(ii) There exist some non-conver @ and m(x) such that X, (0) > 0.

Part (ii) seems to be counterintuitive because movement in the increasing
direction of the local growth rate should always be helpful to the popula-
tion. One possible explanation is that for some non-convex habitats such
as dumbbell type ones, an individual moving in the direction of increasing
m(z) may “hit” the boundary of the habitat and cannot go further, but
a randomly moving individual moves in all possible directions with equal
probability, and thus might eventually be able to “turn the corner” and
move into the region with more favorable resource levels.

The type of domains constructed in (ii) are so called thin domains, and
there has been some active research on the equilibria and dynamics of evolu-
tion equations in thin domains: e.g., bistable scalar equation in thin tubular

11



domains [123], Navier-Stokes equations in thin 3D domains [112], reaction-
diffusion equations in thin domains [50], the Lotka-Volterra competition-
diffusion system in thin tubular domains [72], Ginzburg-Landau equation
in thin domains [25], subharmonic solutions [108], etc.; See also the survey
[111] about PDEs in thin domains.

Theorem 2.5 is a local result which deals only with small a. With some
extra conditions on m(z), the following global result is established in [31].

Theorem 2.6. Suppose that (A1) holds, §) is conver, and the matrix (M., )1<i j<n
is non-positive. Then N, (a) < 0 for all 0 < a < ay. In particular, this
implies that

A (0) = max A (). (2.8)

The biological meaning of (2.8) is that the movement in the increasing
direction of m is always beneficial to the population. For general m(x), we
have the following

Conjecture. If  is convex, then (2.8) always holds.

3 Logistic models for single species

The dynamics of mathematical models for single species are not only of inde-
pendent interest, they are also quite crucial in studying dynamics of multiple
interacting species, especially issues concerning invasions of rare species. In
this section we focus on logistic type population models with either random
diffusion or biased movement along the gradient of resources. In Subsect.
3.1 we study the effects of dispersal rate and spatial heterogeneity on the
total population size. Subsect. 3.2 is concerned with how biased movement
of species affects the total population size and the density distribution of
species.

3.1 Total population size

In this subsection we study the effects of dispersal and spatial heterogeneity
of the environment on the total population size of a single species. Such
a consideration is not just out of curiosity, but rather aims at interesting

12



connections with the issue of invasions of species. The connection will be
become clear in later sections. More precisely, we consider

1
%:0 on 01, (3:1)

{,uAH—}—G[m(:E)—G] =0 in Q, 0>0 in
on

where the migration rate p is assumed to be a positive constant and the
function 0 = 0(x, ) represents the density of the species at location z.

Though most of our analysis covers the case [, m(x)dz < 0, throughout
this subsection, for the sake of clarity, we posit that

(A3) m(x) is non-constant, bounded and measurable, and [, m(z) dz > 0.

For solutions of (3.1), most of the following results are well known.

Theorem 3.1. Suppose that assumption (A3) holds.

(a) For every p > 0, the problem (3.1) has a unique positive solution 0(x, 1)
such that § € W2P(Q) for every p > 1.

(b) As p — 0+, O(x, u) — my(x) in Lp( ) for everyp > 1, where my(z) =
sup{m(x),0}; as p — oo, O(x,u) 1 f x)dz in W2’p( ) for every
p=1

(c) If m(z) is Holder continuous in S, then 0 € C (Q) reover, 0(x, i) —
my(x) in L>®(Q) as p — 0, and 6(z,u) — f dx in C?(Q) a
p— 00.

We refer the proofs of parts (a) and (c) to [82] and the references therein.
In view of part (b) of Theorem 3.1, it is natural to introduce the function

/m+ /.,LZO,

F(p) = /Hmu w>0,

/ m(x) dx, 1= 00,
\Jo

which can be interpreted as the total population size of the species. By
assumption (A3) and part (b) of Theorem 3.1, F' is a continuous, positive
function in [0, co].

If the spatial environment is homogeneous, i.e., m(x) is equal to some
positive constant 7, then 6(x, ) = ™ is the unique positive solution of

13



(3.1) for every p > 0. In this case, the total population size of the species
is given by F'(u) = ||, which is independent of u. However, if the spatial
environment is heterogeneous, i.e., m(z) is a non-constant function, the
story changes dramatically:

Theorem 3.2. ([82]) Suppose that assumption (A3) holds.
(a) The function F(u) satisfies F(p) > F(o0) for every u € (0,00).
(b) If m(z) > 0 in §, then for every p € (0,00), the function F(u) satisfies

F(0) = F(c0) < F(p).

Part (a) of Theorem 3.2 implies that spatial heterogeneity increases
the population size of species. To make this assertion precise, set m =
Jom(x)dx/|Q|, and write F' = F(u,m) instead of F(u) to indicate the de-
pendence of F' on the function m. Part (a) implies that F'(u, m) > F(u,m)
for every p > 0. In other words, given any p > 0 and any function g with
Jo9(z)dx =0and g # 0, we have F(u,m + Ag) > F(u,m) for every A # 0.
Hence, with the dispersal rate being fixed, the population size F(u, M+ Ag),
as a function of A, attains a strict absolute minimum at A = 0.

Part (b) of Theorem 3.2 implies that when m(z) is non-negative, the
total population size is minimized at 4 = 0 and g = oo, and maximized at
some intermediate value p*. The value of u* is determined by the habitat
Q and m(x).

It will be of interest to understand the precise shape of F(u) due to
its crucial role in invasion of species. One natural conjecture is that F'(u)
has a unique local maximum (and thus it must be the global maximum) in
(—o0, +00). However, this conjecture is false (V. Hutson, personal commu-
nication) even for the case when m(z) is a perturbation of positive constants.

If the function m(z) changes sign, F'(u) > F(oo) still holds for every
p € [0,00). Hence, F' is minimized at g = oo, but is no longer minimized
at 4 = 0. Interestingly, when () is an interval, the maximum of F' is still
attained at some intermediate dispersal rate:

Theorem 3.3. ([82]) Suppose that Q = (0,1), m € C?[0,1], m changes
sign, and m(x) = 0 has only nondegenerate roots in [0,1]. Then there exist
positive constants po and cy such that F(u) — F(0) > co,u% for every p €
(0, po). Thus,

F(o0) < F(0) < sup F(p).
O<pu<oo

14



Theorems 3.2 and 3.3 suggest that the total population size of species
is usually maximized at some intermediate migration rate, and this fact
has interesting applications to multiple species in the context of ecological
invasions [82].

Another interesting problem is to maximize the total population for cer-
tain classes of m(z) (with p being fixed). Recent investigations (V. Hut-
son, personal communication) show that the results can be different for
one-dimensional and higher dimensional domains. For example, given any
mo > 0, the total population size, as a function of m, is a bounded (non-
linear) functional in the set {m € L>°(Q) : m > 0 in Q, [, m = mo|Q|} for
one-dimensional habitats, but is unbounded for high dimensional habitats.
This suggests that one needs to consider the problem of maximizing fQ 0 in
a smaller set such as {m :0<m < 1in Q, [, m =mg|Q|} with mg € (0,1).
The restriction that m, which is the per capita rate of increase when the
species is rare, is uniformly bounded, seems biologically reasonable.

From the control point of view, if we regard [, 6 as gain and [[m/| ;2 as
cost, it is also interesting to maximize the “profit” such as [, 0 — ||m|| 2
instead of the total population size alone.

3.2 Biased movement of species

Throughout this subsection, we assume that A > A.(«) so that the elliptic
problem

@ — aﬁa—m =0 on 0N (3:2)

{ V-[Va—auaVm]+AX(m—a)u=0  in
has a unique positive solution, which we denote as @ = u(z, o). We will study
various properties of @, including the total population size, the maximum
value of @, and the concentration of @ at the maximum of m(z).

When « is positive and small, the movement along the gradient of re-
sources is relatively weak in comparison to random dispersal. For every fixed
A, it is shown [31] that increasing « is always beneficial to the persistence of
the species for any convex habitat, but can be harmful in certain non-convex
habitats. This implies that the direction of selection of conditional dispersal
can depend on the geometry of the habitat.

What happens if « increases and becomes suitably large? It turns out
that large a always ensure the persistence of the species, independent of the
geometry of the habitat. In other words, a conditional dispersal strategy
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can be advantageous over unconditional ones since it uses more information
about resources. However, over pursuing this extra information can also
be costly. Recently, we found that if the set of critical points of m(x)
has Lebesgue measure zero, then the total population size tends to zero as
a — oo (see [22]), i.e.,

lim [ u(x;«a)dz=0. (3.3)
a—0o0 Q
In other words, the species has to pay a price if the species is “smart”
but gets too “greedy”, as small populations are more likely to go extinct.
However, the population density may not approach zero everywhere:

Theorem 3.4. Suppose that m is non-constant.
(a) If & < 1/maxgm, then

i(x) < maxm - e Im@)—maxqm]

Q

for every x € Q. In particular, maxq % < maxg m.

(b) If m(z) > 0 in Q and a > 1/ mingm, then

@(x) > maxm - 2@ -maxgm] (3.4)
Q

for every x € Q. In particular, maxg U > maxg M.

Hence, for sufficiently large «, if m(z) > 0 in Q, then solutions of (3.2)
are concentrated at the global maxima of m(z). Another interesting conse-
quence of Theorem 3.4 is that maxg @ —maxg m, as a function of a, changes
sign as « varies from zero to co. This fact will have interesting applications
to the invasion of rare species in the study of the evolution of conditional
dispersal. We conjecture that maxq % — maxg m changes sign exactly once
for all « € (0, +00).

The case of m(z) being positive everywhere corresponds to the situation
when there are only sources all over the whole habitat, and it is natural to
enquire what happens when environments comprise both sources and sinks:

Conjecture. For any non-constant function m(z), the solution of (3.2) is
always concentrated at every local maximum of m(z).

This conjecture is true when (2 is an interval and m(z) has no critical
points. More precisely, it is shown [22] that if m/(z) > 0 in [0,1], then for
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sufficiently large «, @ (x) > 0 in [0, 1], @(x) — 0 uniformly in [0, ¢] for every
c€(0,1) as @ — oo, and

u(1)2/01m>0

for large «, provided that fol m > 0. If Q is an interval and m(x) is not
monotone, under suitable conditions we can show that concentration of @
is only possible at critical points of m(z). In this connection, we make the
following assumption.

(A4) Suppose that Q@ = (0,1), mz(0) > 0 > my(1), and m(z) has finitely
many critical points in [0, 1], denoted by {z1, ..., zx}.

Theorem 3.5. ([22]) Suppose that (A4) holds and Q@ = (0,1). Then a(z) —
0 uniformly in every compact subset of [0,1] \ {z1,...,2x} as o — oo. In
particular, (x) — 0 pointwise for every x € [0,1] \ {x1,...,zx} as a — oc.

4 Evolution of dispersal and related topics

It is natural to inquire which patterns of dispersal can confer some selective
or ecological advantage, see, [4, 31, 35, 61, 68, 94] and references therein.
Unconditional dispersal does not depend on habitat quality or population
density, while conditional dispersal does depend on some or all of such fac-
tors. For instance, passive diffusion as considered by Dockery et al. [35]
and Hutson et al. [68] is a type of unconditional dispersal. Diffusion com-
bined with directed movement along resource gradients, as considered by
Belgacem and Cosner [4] and Cosner and Lou [31], is an example of condi-
tional dispersal, because the bias in the direction of dispersal depends on the
spatial distribution of resources. It was shown in both patch and diffusion
models (McPeck and Holt [94]; Dockery et al. [35]) that for unconditional
dispersal in spatially varying but temporally constant environments slower
dispersal rates is selected, and the results in Hastings [54] essentially say
that decreasing dispersal rate increases some measures of fitness in logistic
models. However, for unconditional dispersal in spatially and temporally
varying environments faster dispersal rates may be selected in both patch
models [94] and diffusion models [68]. In this section we focus on the effects
of unconditional dispersal on the dynamics of two competing species in a
spatially varying (but temporally constant) environment.
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The semilinear parabolic system

21; = pAu~+ ufm(z) — u — bv] in Q2 x (0,00),

g: =vAv +v[m(x) — cu — v] in Q x (0, 00), (4.1)
uw  Ov

%_%_0 on 9£ x (0, c0)

models two species that are competing for the same resources, where u(x, t)
and v(z,t) represent the population densities of competing species 1 and 2
with respective dispersal rates p and v, the function m(x) represents their
common intrinsic growth rate, and b and c¢ are inter-specific competition
coefficients. We shall assume that u, v, b, and ¢ are positive constants, and
u(z,0) and v(x,0) are non-negative functions that are not identically equal
to zero.

If we assume that the initial data u(z,0) and v(x, 0) are non-negative and
not identically zero, then by maximum principle [45, 110], u(x,t) > 0 and
v(z,t) > 0 for every x € Q and every t > 0. Moreover, u(z,t) and v(z,t) are
classical solutions of (4.1) and exist for all time ¢t > 0. Of particular interest
are the dynamics and coexistence states of (4.1). We say that a steady
state (ue,ve) of (4.1) is a coexistence state if both components are positive,
and it is a semi-trivial state if one component is positive and the other is
zero. Under assumption (A3), (4.1) has two semi-trivial states, denoted by
(0(-,1),0) and (0,0(-,v)) for every p > 0 and every v > 0, where 0(-, u) is
the unique positive solution of (3.1).

For the last two decades there has been tremendous interest, by both
mathematicians and ecologists, in two-species Lotka-Volterra competition
models with spatially homogeneous or heterogeneous interactions, see [9,
10, 11, 12, 18, 19, 28, 29, 33, 35, 38, 39, 40, 41, 46, 55, 59, 62, 63, 64, 65,
66, 71, 75, 80, 81, 93, 96, 107, 109] and references therein. For competition
models with density-dependent diffusion, we refer to [27, 69, 83, 87, 88, 89,
93, 95, 97, 98, 116] and references therein.

4.1 The slower diffuser wins

Consider the case when b = ¢ = 1. It is shown in [35] that if 4 < v,
then (6(-, 1), 0) is globally asymptotically stable among all non-negative non-
trivial initial data. In other words, the slower diffuser wins. By symmetry, a
similar conclusion holds when p > v. In particular, (4.1) has no coexistence
states if p # v.

18



Why is the slower diffuser always the winner? Such a phenomenon is a
little surprising at the first look: if 4 = v = 0, it is clear that neither species
will die out; in fact, the two species will coexist since they are identical.
However, as soon as the diffusion is turned on for both species, the slower
diffuser becomes the eventual winner as time evolves. This shows that the
PDE dynamics are dramatically different from the ODE dynamics.

A possible biological explanation is that as time evolves, the effective
growth rate a(z,t) := m(x) —u(z,t) —v(x,t) for both species will eventually
change sign in the habitat 2. The slower diffuser keeps relatively low density
in the region where a(x,t) is negative, which seems to help it gain some
competitive advantage.

A challenging open problem is whether the slowest diffuser still wins the
competition in the context of N competing species with N > 3. One major
new mathematical difficulty in solving this open problem is that competition
models for three or more species are not monotone systems. For recent
progress on patch models, see [74] and references therein.

Similar results hold true for the case of nonlocal dispersions, and we
refer to [67] for the details. However, when the intrinsic growth rate varies
periodically in time, it is shown in [94] for patch models and in [68] for
diffusion models that the slower diffuser may not always be the winner. That
is to say, the effects of spatial and temporal variations can be quite different.
Clearly, understanding the effects of temporal variation is mathematically
very challenging and biologically rich.

4.2 ODE dynamics vs. PDE dynamics

To motivate our discussion, we assume for the moment that 0 < b,¢c < 1.
If m(x) = m for some positive constant 7, then every solution (u,v) of
(4.1) converges to (f_—])bcm, ‘1=¢m) for all diffusion rates y, v, and arbitrary
initial data. In other words, the PDE dynamics are no different from the
corresponding ODE ones. In fact, for any autonomous reaction-diffusion
system with no-flux boundary conditions, if the initial data are constants,
then the corresponding PDE solutions remain spatially homogeneous. In
other words, the dynamics of ODEs are “embedded” in the dynamics of
corresponding PDEs (this is different from Dirichlet or Robin conditions
which induces a hidden spatially inhomogeneous effect). However, for non-
autonomous reaction-diffusion systems with no-flux boundary conditions,
things can go quite differently. To this end, we investigate the asymptotic

behavior of solutions of (4.1) when m(x) is a non-constant positive function
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and 0 < b,c < 1.

If y =v=01in (4.1), we can regard (4.1) as a system of two ordinary dif-
ferential equations, solutions of which converge to (ll:bbcm(:c), ll:bccm(x)) for
every x € €. In other words, the kinetic system of (4.1) has a unique, glob-
ally asymptotically stable positive equilibrium (depending on z). It is shown
in [65] that if 4 and v are sufficiently small, the function m(x) is positive,
and 0 < b, ¢ < 1, then (4.1) has a unique, globally asymptotic stable positive
steady state (u*,v*). Moreover, (u*,v*) converges to (lljlf:m(:v), 1=t m(x))
in L*(Q) as 4 — 0 and v — 0. That is, when both p and v are small, the
dynamics of (4.1) behave similarly to those of (4.1) with p = v = 0. It would
be very interesting to discover whether this type of result holds for other
important classes of interacting species, for example for N(> 3) competing
species.

When both p and v are sufficiently large, it is not difficult to see that
(4.1) again has a unique, globally asymptotically stable positive steady state
(u**,v*™*). Moreover, (u** v**) converges to (ll%bbcﬁ Jom, %ﬁ Jom)
as 4 — oo and v — oo. In fact, when p and v are sufficiently large,
the dynamics of (4.1) can be approximated by that of the corresponding
“spatially averaged” ODE. Consult [23, 30, 49, 51| and references therein
for the connection between the dynamics of PDEs with large diffusion and
that of corresponding “spatially averaged” ODEs.

Hence, it seems reasonable to expect that for other ranges of dispersal
rates, the dynamics of (4.1) should still be well behaved; e.g., the two com-
peting species can coexist, as in the case when p and v are both small or both
large, or in the case when m(x) is equal to some positive constant. However,
as we shall see later, given any non-constant positive function m(z), there
exists a set of parameters b,c € (0,1) and p,v > 0 such that one of the
semi-trivial steady states of (4.1) is the global attractor of (4.1). Therefore,
the joint action of spatial heterogeneity and diffusion can drive one of the
species to extinction. Such “diffusion-driven extinction” or “diffusion-driven
blowup” phenomena have been studied in [11, 70, 86, 100, 105, 107, 122]. It
was proved in [70, 105] that there exist some initial data such that without
diffusion species 1 drives species 2 to extinction, whereas the opposite holds
for certain dispersal rates. In [107] by numerical investigations Pacala and
Roughgarden made the following counterintuitive observations: (i) without
diffusion one competitor can not invade the other at any location but with
diffusion invasion is possible; (ii) without diffusion one competitor can in-
vade the other at every location but with diffusion invasion may fail. These
observations were explained and rigorously verified later on by Cantrell and
Cosner in [11]. In [82], the spatial heterogeneity is also incorporated in the
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nonlinearity and the extinction result holds for arbitrary initial conditions.
We start by studying the joint effects of diffusion and spatial heterogene-
ity on the invasion of the species 2 when it is rare. The case of species 1 is
similar. Mathematically, this is equivalent to studying the stability of the
semi-trivial steady state (6(x, u),0) of (4.1).
For the rest of this subsection, we focus on the case 0 < ¢ < 1. The
stability of (6,0) when ¢ € (0,1) can be described by

Theorem 4.1. If assumption (A3) holds and m(zx) is non-negative, then
there exists some constant ¢, = c«(m,Q) € (0,1) such that the following
results hold.

(a) For every c € (0,cy), the steady state (6,0) is unstable when p > 0 and
v>0.

(b) For every c € (c«, 1), there exists v = v(c,m,Q) > 0 such that (i) for
every v € (0,7), the steady state (6,0) is unstable when p > 0; (ii) for every
v > U, the steady state (0,0) changes stability at least twice as p increases
from 0 to v.

A much more detailed description of the region in the pv-plane where
(0,0) is stable is given in [82], Sect. 4. For the case when m(x) changes sign,
the stability of (0,0) is somewhat different. We refer to [82] for details.

The most interesting region is where ¢, < ¢ < 1 and v > v, where we
have the following:

(a) If b > 1, it is well known that without dispersal, species 2 always drives
species 1 to extinction. However, with dispersal, for some ranges of dispersal
rates, species 2 may fail to invade when rare.

(b) If b < 1, it is well known that, without dispersal, species 1 always coexists
with species 2. Surprisingly, for certain dispersal rates, species 1 is able to
drive species 2 to extinction for arbitrary initial conditions.

For every ¢ > 0, define

Se={(p,v) € (0,00) x (0,00) : (6,0) is linearly stable}. (4.2)

Theorem 4.2. If assumption (A3) holds and m(x) is non-negative, then for
every ¢ € (cs, 1), there exists b, = by(c,Q,m) € (0,1] such that if b € (0, b,]
and (pu,v) € X, then (0,0) is globally asymptotically stable.
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We conjecture that Theorem 1.9 holds with b, = 1:

Conjecture. If assumption (A3) holds, m(z) is non-negative, and b = 1,
then for every ¢ € (¢, 1) and (u,v) € 3, (0,0) is globally asymptotically
stable.

By Theorem 4.1, the set ¥, is non-empty for every ¢ € (¢4, 1). It is not
difficult to see that ¥., C X, for any ¢; < ¢ with ¢1,¢2 € (¢4, 1). In fact,
the set X, converges to the set {(p,v) : 0 < u < v} as ¢ — 1—, and this
conjecture gives another perspective on why the slower diffuser wins for the
case when b=c=1.

5 Similar competing species: invasion and coexis-
tence

To motivate our discussions, we start with the semilinear parabolic system

ur = pAu + um(z) —u — v in Q x (0, 00),

vy = pAv + v [m(x) — u — v in Q x (0, 00), (5.1)
%—@—0 n 90 x (0, 00) |
on  On © )00

Clearly, the two species are identical in all aspects except their initial condi-
tions. By assumption (A3), (5.1) has a family of coexistence states, given by
{(s0,(1 —s)f): 0<s <1}, which attracts all solutions with nonnegative
nontrivial initial data, where 6§ = 6(-, 1) is the unique positive solution of
3.1. Moreover, for any nonnegative nontrivial initial data, the solution of
(5.1) converges to (so, (1 — s0)0) for some sg € (0,1), where sg depends on
the initial data. It is an interesting problem to determine how this structure
changes under small perturbations:

Question. What happens when the two species are slightly different, that
is, when system (5.1) is perturbed?

Biologically, suppose that random mutation produces a different phe-
notype of species which is slightly different from the original species, e.g.,
different colors for butterflies, different sizes of wings for birds, etc. It is
fairly reasonable to expect that these two species will have to compete for
rather similar (if not exactly the same) resources. The major concern is
whether the mutant can invade when rare; if so, will the invading species
force the extinction of the resident species or coexist with it?
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Mathematically, the question leads to the study of various perturbations
of system (5.1). Several interesting and surprising phenomena will be re-
vealed in the next few subsections using this approach. What is particularly
attractive is that this perturbation method can yield lots of information
on competing species for intermediate values of diffusion rates, which is in
general hard to find.

5.1 Effects of resources

In [66] a perturbation of the intrinsic growth rate in (5.1) is considered. The
system studied there has the form

ur = pAu+ulm(z) + 7g(r) —u —v] in 2 x (0, 00), (5.2a)
v = pAv +vm(x) —u — v] in  x (0, 00), (5.2b)
ou  Ov

o 0 on Q x (0, 00). (5.2¢)

The two species are almost identical except for their intrinsic growth rates
which differ by a function of 7¢g(x), where 7 is a positive constant and g(x) is
a smooth function. In this situation, some new phenomena are discovered.
By (A3), if [og > 0, (5.2) has two semi-trivial states in the form of (,0)
and (0,0) for every p > 0.

It was shown in [63] that if [, g > 0, then for large enough y, (@,0) is a
global attractor. In particular, (@,0) is asymptotically stable and (0, 6(x, 1))
is unstable. That is, the species v always drives the species v to extinction,
no matter what the initial data may be. On the other hand, [63] also demon-
strates that if my — (m + 79)+ (a4 denotes the positive part of function
a(x)) changes sign, then for small enough ;o both semi-trivial states (u,0)
and (0,60) of (5.2) are unstable. This in turn implies that there is at least
one stable coexistence state of (5.2) for small p.

The simplest interpretation of these results suggest that as p decreases
from a large value, a branch of coexistence states of (5.2) bifurcates from
(%,0) at some value pp and remains in the interior of the positive cone for
all u < po. Surprisingly, numerical computations show that this is not
always the case. For reasonable choices of m(x) and g(z), the branch of
coexistence states bifurcating from (a,0) at pp will connect to (0,6) at p
for some p1 < po, and (0,60) becomes globally attracting for some range of
p as p decreases. Eventually, another branch of coexistence states of (5.2)
bifurcates from (0,6) at ps for some py < w1, and remains in the positive
cone for the rest of . This is surprising for the situation fQ g > 0 because
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species u was chosen to have better average reproductive rate than species
.

The study in [66] on the stability of (0, §) partially confirms the numerical
results, i.e., the stability can change and indeed can do so more than once
as the diffusion rate p is varied:

Theorem 5.1. Suppose that (A3) holds and [, g(z) > 0> [, g(z)m3 (z).
Then there exists a unique 19 > 0 such that:

(i) 7 > 10 tmplies that (0,0) is unstable for any p > 0;

(ii) 7 < 19 implies that (0,0) changes stability at least once as p varies from
zero to infinity. It changes stability at least twice, provided g and m are both
positive on a nonempty subset of ).

The stability of (0,0) means that the first species with low density u can
not invade. Theorem 5.1 qualitatively illustrates how the invasion of rare
species relies on both dispersal rate and the difference between its intrinsic
growth rate and that of resident species. We conjecture that for case (ii),
whenever (0, 0) is locally asymptotically stable, it is globally asymptotically
stable.

For small 7, it is further shown in [66] that for any fixed positive integer
k, one can choose the function ¢ from an open set of possibilities such that
(4,0) and (0,60) exchange their stability at least k times as the diffusion
rate p varies over (0,00). As a consequence, there are at least k branches
of coexistence states of (5.2) which connect (@,0) and (0, 8). Moreover, co-
existent states are unique and globally asymptotically stable if they exist.
This confirms the previous conjecture, at least for the case when 7 is pos-
itive and small. Biologically, this implies that with small variations of the
phenotype, the stability of the two species varies with diffusion rate in a
very complex manner, and it is unpredictable which species will survive. It
also suggests that mutation leads to multiple opportunities for coexistence
and thus potentially for speciation.

For small 7, which is more biologically realistic, these switches of stabili-
ties between the two semi-trivial steady states happen within narrow regions
of u. But as 7 increases, such regions widen up. Nonetheless, it suggests
that there is no surprise in finding a large range of coexisting phenotypes
which differ only in one small manner, e.g., the manner in which they utilize
the resources of the environment.

When m(z) is a positive constant, it was recently shown in [48] that
for any 7 > 0 and any non-trivial function g satisfying [, g(x) dz = 0, for
sufficiently large p, v(x,t) — 0 as t — oo. In other words, when both
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competing species have sufficiently large dispersal rates, the species with
larger spatial variation in its intrinsic growth rate has the better chance of
survival. We also refer to [48] for some related work on patch models, and
to [85] for a similar approach in the study of evolution of gene frequency
under joint forces of migration and selection.

5.2 Effects of inter-specific competition

We consider the system

up = pAu+u{m(z) —u—[1+ 7g(z)v} in 2 x (0, 00), (5.3a)
vy = pAv +v{m(x) —v —[1+ 7h(z)]u} in  x (0, 00), (5.3b)
Ou _Ov _ 0 on Q x (0, 00), (5.3c)

on  On
where the two species are identical except for their interspecific competition
rates, which are given by 1+ 7¢g(x) and 1+ 7h(z), respectively. Here 7 is a
positive constant and g(x), h(x) are two smooth functions. In comparison
to (5.2), some new structure of coexistence equilibria of (5.3) is found.
Let u, v denote the densities of the resident species and the mutant,
respectively. Define

Qr={zxeQ: g(x) >0>h(x)}, Q_={zxe€Q: g(x) <0< h(x)}.

In Q,, the mutant has the competitive advantage. If diffusion is not present,
then the mutant not only can invade, but also goes to fixation, i.e., it forces
the extinction of the original phenotype. The outcome is reversed in €)_.
Biologically, when diffusion is present, it would be interesting to determine
whether the mutant can coexist with the original species, and /or whether the
mutant can invade. Clearly, such phenomena can occur only when spatial
heterogeneity is involved since the answer is negative if both g and h are
constant functions.

Since g and h can be rather general, the dynamics of (5.3) and the
structures of coexistence states can potentially be very complicated, and it
seems impossible to find any simple criteria which could characterize them.
However, quite amazingly, for small 7, the dynamics and coexistence states
of (5.3) essentially depend on two scalar functions of u € (0, 00) defined by

G) = [ @G do. (5.42)

H(p) = /Qh(a:)GS(:E, w) dz, (5.4b)
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where 6(z, 1) is the unique positive solution of (3.1). The following theorem
shows how G and H determine the structure of coexistence states and their
stability.

Theorem 5.2. ([84]) Assume that functions G and H have no common
roots. Let 1 and uo be two consecutive roots of the function GH and assume
that they are both simple roots.

(i) If GH < 0 in (p1, p2), then for u € [u1, pe], system (5.3) has no coexis-
tence states provided that T is small and positive.

(ii) If GH > 0 in (p1, p2), then for each sufficiently small T > 0 there exist
numbers pn = p(1) =~ p1, @ = (1) = p2 such that for each p € (u, @), (5.3)
has a unique coexistence state, and (u(p),v(p)), (u(f), v(fK)) are semi-trivial
states of (5.3). Moreover, the coezistence state is stable if and only if both
G(p) and H(u) are negative in (u1, p2).

In statement (ii), the following two scenarios can occur:

(a) (w(p),v(p)) and (u(f),v(m)) are semi-trivial states of the same type,
that is, each of them equals (#,0) (at the corresponding value of 1) or each
of them equals (0, 9),

(b) (u(p),v(p)) and (u(f),v(f)) are of different types: one of them equals
(0,0) and the other one equals (0, 0).

In the case (a) we call the curve {(u(p),v(p)) : u € (g, )} a branch
between p and f; in the case (b) we call it a loop. If the coexistence states
on the branch or loop are stable we call it a stable branch or a stable loop,
respectively. It turns out that (5.3) can have an arbitrarily high number of
stable loops and branches.

Theorem 5.3. ([84]) Suppose that (A3) holds, m € C7(Q) and m3 ¢
CY(Q) for some v > 0. Then, for any given positive integers | and b,
there exist smooth functions g and h such that (5.3) has at least | stable
loops and at least b stable branches for each sufficiently small T > 0.

Theorem 5.3 reveals complex and intriguing effects of diffusion and spa-
tial heterogeneity of the environment on the invasion of rare species and
coexistence of interacting species. The existence of (stable) loops appears
to be a new phenomenon, as it does not occur in the model studied in [66].
Also, in contrast to the results of [66], the range of coexistence in terms of
1, that is, the projection of a branch or loop of coexistence states onto the
p—axis, is of order O(1) as 7 — 0.
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5.3 Effects of boundary condition

Recently there has been considerable interest in how habitat edges change
species interactions inside the habitat. For instance, in [16] Cantrell, Cosner
and Fagan demonstrated how degrading the quality of the “matrix” habitat
surrounding a habitat patch could reverse the nature of competitive two-
species dynamics inside the patch so that a nominally “inferior” species out
competes a “superior” one. However, the result in Theorem 6.2 of [16] does
not rule out the possibility that the competitive advantage might switch
back and forth between species 1 and species 2 a number of times before
ultimately belonging to species 2. This observation raises a very interesting
question, both ecologically and mathematically. Namely,

Question. Can a competitive advantage in such models reverse more than
once as the level of degradation in the “matrix” habitat surrounding 2
increases?

To address such a question we examine the system

up = Au~+ u[l + eg(z) — u — v] in Qx(0,00),

vy =Av+ o[l —u — v in Qx(0,00), (5.5)

(1—5)@+5u—0—(1—8)@+5v on 09 x (0,00) |
on - on Y

where s ranges over [0,1]. The perturbed system (5.5) is completely de-
termined by the choice of the function g. It is shown in [20] that there
exist functions g for which (5.5) exhibits multiple reversals of competitive
advantage as the hostility of the “matrix” habitat surrounding €2 (which is
measured by s) increases. This is distinct from the results in [16], since here
the competitive advantage that one species has over the other is necessarily
independent of initial configurations of species densities. In other words,
when one of the species has the advantage, it competitively excludes the
other over time. Moreover, under appropriate conditions on g, the regions
in (e, s) space in which one species excludes the other in (5.5) are bordered
by values for which (5.5) admits a unique globally attracting componentwise
positive equilibrium.

For other work on understanding the effects of habitat edges on species
interactions, we refer to [15, 17, 43] and references therein. We also refer to
[13] for some very interesting recent work concerning the effects of nonlinear
boundary condition of the type

ou

11— s(u)]% + s(u)u =0
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on the persistence of species in logistic population models, where s(u) € [0, 1]
is a smooth function. It models the mechanism of inducing an Allee effect in
the Glanville fritillary butterfly. Among other things, it is shown in [13] that
under certain situations a branch of positive solutions satisfying 0 < u < 1
connects with two trivial solutions u = 0 and v = 1 for intermediate values
of dispersal rates. It will be of interest to see the effects of such nonlinear
boundary conditions on multiple interacting species.

6 Evolution of conditional dispersal

A common underlying assumption of dispersal models is that dispersal is un-
conditional, i.e., organisms move at constant rates and in a nondirectional
random manner. However, it is more probable that organisms can sense and
respond effectively to local environmental cues by moving in the direction of
increasingly favorable habitats. One of the simplest realistic approaches is to
assume that organisms display taxis and can move up along the gradient of
a local population growth rate. Diffusion combined with directed movement
upward along resource gradients, as considered by Belgacem and Cosner [4]
and Cosner and Lou [31], is an example of conditional dispersal, because
the bias in the direction of dispersal depends on the spatial distribution of
resources. In context of two-patch models, McPeek and Holt [94] showed in
spatially varying but temporally constant environment conditional dispersal
can be advantageous. In diffusion-advection models for a single popula-
tion in a spatially varying but temporally constant environment, Belgacem
and Cosner [4] and Cosner and Lou [31] showed that conditional dispersal
involving both diffusion and directed movement up resource gradients can
sometimes (but not always) make persistence more likely. For related work
on balanced dispersal we refer to [37, 99] and references therein. We also
refer to [14, 74] for recent progress on the evolution of conditional dispersal
in patch models.

This section is devoted to studying conditional dispersal in context of
competition between two populations that are ecologically identical except
in their dispersal mechanisms.

We first assume that there is a random component to the dispersal of
both competitors but that when resources are distributed in a spatially
heterogeneous way, one of the competitors also has a tendency to move
upward along the resource gradient while the other does not. Such directed
motion introduces a drift or advection term into the diffusion equation. The
dispersal of the two competitors may be described in terms of the fluxes
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Ju = —pVu+ o(Vm)u and J, = —vVu, where a > 0. If we assume there
is no flux across 0f2, we obtain the competition model

ug =V - [uVu —auVm]+ (m —u —v)u

n=V- [VV’U] —+ (m —u— U)’U (6.1)

in  x (0, 00), with boundary conditions

,u@ - aua—m v _ 0. (6.2)

When assumption (A3) holds, (6.1)-(6.2) has two semi-trivial states,
denoted by (u,0) and (0,6(-,v)), for every u > 0, v > 0, and > 0 (see
[31]), where @ is the unique positive solution of (3.2). Throughout this
section, we assume that m is twicely continuously differentiable.

6.1 Weak advection

For fixed p,v with p # v, the dynamics of (6.1)-(6.2) is similar to that
of (4.1) for sufficiently small o. More precisely, there exists some small
positive constant ag = ag(p, v, 2, m) such that if o € (0,ap), (@,0) is the
global attractor of (6.1)-(6.2) among all non-negative and non-trivial initial
data if p < v, and (0, 6(-,v)) is the global attractor if p > v.

The case p = v is quite delicate. This is due to the fact that (4.1)
with u = v is a degenerate system: it has a family of coexistence states,
each of which is neutrally stable, and as a whole is a global attractor. For
sufficiently small positive «, (6.1)-(6.2) can be viewed as a perturbation of
(4.1).

For p > 0, define

Jo 0(z, 1) VO(x, ) - Vim(z) do
Jo IVO(z, 1) |? dx
As will be seen later, this quantity plays a crucial role in studying dynamics

of (6.1)-(6.2) for small positive a.
For any po > 0, p1,v1 € RY, and oy > 0, let

a*(p) =

(1, v, @) = (po + pas + o(s), po + 118 + 0(s), s + o(s)), ~ (6.3)

where s is positive and small.
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Theorem 6.1. Suppose that (A3) holds and Q) is convex. Then we have:
(a) For every >0, a*(u) > 0.

(b) Let p,v,a be given as in (6.3). If a1 > (1 — v1)/a* (o), then for
positive small s, (4,0) is globally asymptotically stable. In particular, if
(1, v) = (o, po), (@,0) is globally asymptotically stable for small positive a.

Theorem 6.1 is established in [21, 22|, and it has some interesting con-
sequences: e.g., for the case p; > vy, it implies that the competitor that
moves toward more favorable environments may have a competitive advan-
tage even if it diffuses more rapidly than the other competitor. This is in
strong contrast with the case in which both competitors disperse only by
random diffusion, where the slower diffuser always wins. It means that the
advantage gained from the directed movement upward resource gradients
can compensate the disadvantage created by faster diffusion.

The convexity of €2 is needed in the proof of Theorem 6.1 to ensure
that a*(u) > 0 for all g > 0, which allows us to exclude the possibility of
coexistence states for small o > 0. The proof of a*(u) > 0 is given in [21],
where we applied the fact 9(|V0|?)/0n < 0 on 99, which holds true for
convex domains only. We should point out that the convexity assumption
on domain 2 seems to be necessary, as shown by the following result [21].

Theorem 6.2. Given any pg > 0, there exist non-conver domain €1 and
smooth function m(x) such that:

(a) a*(po) <0, and o*(p) changes sign at least once in (0, p1o);

(b) Let p,v, a0 be given by (6.3). If aq > (u1 — v1)/a*(po), then for positive
small s, (0,0(-,v)) is globally asymptotically stable. In particular, if (p,v) =
(120, 10), (0,0(+, 110)) is globally asymptotically stable for small positive c.

For the case p; < v1, part (b) of Theorem 6.2 implies that for certain non-
convex habitats, a slower diffuser which also moves toward more favorable
environments may not have the competitive advantage. This is in strong
contrast with both the case of a convex habitat and the case of o = 0.

6.2 Advection mediated coexistence
In this subsection we are concerned with the much more interesting and chal-

lenging case wherein « is large, and show how strong advection can induce
stable coexistence of competing species. In particular, we shall investigate
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the stability of (@,0) and (0, 6(-,v)), and the existence and qualitative prop-
erties of coexistence states. The stability of (u,0) and properties of coexis-
tence states rely crucially on qualitative properties of 4 given in Subsection
3.2.

For sufficiently large o, we have the following result.

Theorem 6.3. Suppose that [, m > 0 and the set of critical points of m(x)
has Lebesgue measure zero. Then for sufficiently large o, both (u,0) and
(0,6(-,v)) are unstable. Moreover, system (6.1)-(6.2) has at least one stable
coexistence state.

In fact, it can be shown that every coexistence state (uq,vq) of (6.1)-
(6.2) satisfies u, — 0 in L?(Q2) and v, — 6(-,v) in W?%(Q) as a — oo.
If we further assume that (A4) holds, u, — 0 pointwise for every = €
[0, 1] \ {1‘1, ceey .I'k}.

Since (6.1)-(6.2) is a strongly monotone system, as in other competi-
tion models, the existence and stability of coexistence states follow from
the instability of the two semi-trivial states and the theory of continuous
monotone systems [32, 57, 62, 92, 118]. Furthermore, (6.1)-(6.2) has at least
one asymptotically stable coexistence state [58]. For the discrete-time coun-
terparts of results for monotone systems, we refer to [34, 56] and references
therein.

Theorem 6.3 was established in [22] under the extra condition that m
has at least one isolated global maximum. The new improvement is given
in [26].

From the biological point of view, Theorem 6.3 is surprising at the first
look. If 4 < v and « is small, the species u always wins the competition. As
« increases, the species u has the tendency to move toward more favorable
regions, so it has more competitive advantage than the species v and should
still be the sole winner of the competition. However, the above theorem
tells us that “smarter” species may not necessarily win the competition. A
possible explanation for such coexistence is that as a becomes large, the
“smarter” competitor moves toward and concentrates at places of locally
more favorable environments, leaving enough room for the other species to
survive in places with less resources.

It is shown in [22] that for any positive steady state solution (uq,vs) of
(6.1-6.2), |luallr2() — 0 as @ — oo, i.e., the total population size of species
u, becomes sufficiently small if « is large. It is natural to inquire whether the
density function u, — 0 in L>(Q) as o — oco. As shown in our next result,
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the answer is negative in general. We will also show that w,, is concentrated
at the global maximum of m(x) in some cases.

Theorem 6.4. ([26]) Suppose that [, m(x)dx > 0 and all critical points of
m are non-degenerate. Let M be the set of points of local mazxima of m.
Then for any positive steady state (uq,vs) of (6.1-6.2),

lim maxu, > max[m — 6] > 0.
a—oo M

Assume further that m(x) satisfies O,m < 0 on 92, and there exists xy €

such that {x € Q : Vm(z) = 0} = {z0} and det(D?*m(xg)) # 0. Then as

a — 00, Vo — 0 in CP(Q) for every B € (0,1), and

H“a . eolmaxgmem(@)/u _ 9N/2[ g0y — e(xo)]"m(m o (6.4)

Theorem 6.4 shows that if m has a unique local maximum in  which
is also non-degenerate, then the “smarter” species is concentrated near this
local maximum. For general m, we have the following

Conjecture. For sufficiently large «, (6.1)-(6.2) has a unique coexistence
state, denoted by (uq,vs), which is globally asymptotically stable among
non-negative non-trivial initial data. Moreover, as a — 00, u, concentrates
at all local maxima of m(z) in €.

6.3 Evolutionarily stable dispersal strategy

In this subsection we discuss the situation in which both competitors have
a tendency to move upward along the resource gradient, and the equations
that describe this competition model are

up =V - [uVu —aouVm|+ (m—u—ov)u  in Q x (0,00), (6.5)
vy =V - [vVv - poVm] + (m —u —v)v in 2 x (0,00), ’
with no-flux boundary conditions

uVu —auVm]-n = [vVv — poVm]-n =0,

where o and 3 are non-negative constants. The competitors represent dif-
ferent phenotypes of the same species which differ only in their dispersal
mechanisms. We ask what type of dispersal strategy confers a competitive
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advantage. Our goal is to search for the regions of («, 3, pu,v) in which
either competition exclusion holds or stable coexistence occurs. A particu-
larly interesting question is whether there exists one dispersal strategy which
is evolutionarily stable, i.e., a population using it cannot be invaded by a
small number of individuals of other competing species that uses a different
strategy.

Even though the dispersal strategies for both species have same com-
ponents, i.e., random movement and biased movement along resource gra-
dients, they can be quite different. For instance, the species with stronger
biased movement behaves like a specialist as it mainly pursues resources
at places of locally most favorable environments. The species with moder-
ate biased movement has a rather balanced dispersal strategy, so it can be
regarded as a generalist. It is fairly natural to ask the following

Question. For arbitrary but fixed 5 > 0, do the two species always coexist
if « is sufficiently large?

By previous coexistence results for the case 8 = 0, one might expect
that the specialist and generalist should still coexist stably. However, we
will show that the answer depends crucially upon the ratio 5/v, and at least
two scenarios can occur: if the generalist’s biased movement rate is relatively
smaller than its own random movement rate, then indeed both species can
coexist stably. However, if the biased movement of the generalist is relatively
stronger than its random movement, then the generalist is always the winner,
regardless of initial conditions. More precisely, we have the following two
results which complement and contrast each other.

Theorem 6.5. ([24]) Suppose that the set of critical points of m(x) has
measure zero. If /v < 1/maxgm, then for sufficiently large o, both semi-
trivial states are unstable, and (6.5) has at least one stable positive steady
state.

Theorem 6.5 is a generalization of the results in [22, 26] for the case
B = 0. What happens if 3/v is suitably larger? It turns out that the answer
is dramatically different.

Theorem 6.6. ([24]) Suppose that m > 0 in Q, d,m < 0 on 9K, m has
only one critical point in Q, denote by xo, and xo satisfies xg € Q and
D?*m(z¢) < 0. If /v > 1/ ming m, then for sufficiently large o, the semi-
trivial steady state (0,0) is globally asymptotically stable.
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These results may have potential applications to the evolution of dis-
persal and population dynamics. In the context of dynamics of generalist
and specialist, /v < 1/maxgm implies that the two species can coexist
stably for sufficiently large «, i.e., both generalist and specialist can coexist.
However, for the case /v > 1/ ming m, competitive exclusion happens: the
generalist always wins. That is, strong advection along resource gradients
can be disadvantageous to the specialist and can even cause the extinction
of the specialist in some circumstances. This seems to suggest that selection
is for intermediate biased movement rate.

Two special but biologically relevant cases are worth mentioning;:

(i) o = v but a # B. For this case, the competing species are identical in all
aspects except their advection coefficients. When « > 0 is small and 3 = 0,
it is known that if € is convex then u is the winner in the competition. If
« is large and B = 0, then both species can persist. For the general case
a, B > 0, we suspect that there is an evolutionarily stable dispersal strategy.
Namely, there exists some « such that for any 8 # «, the species v can not
invade when rare.

(ii) p # v but a = 3. For this case, the slower diffuser always wins if « is
small. For suitably large values of «, very little is known.

Understanding these two special cases will shed light on more general
situations, and can also be useful in studying other ecological problems,
e.g., moving ranges of species and the effects of dispersal strategies on stream
populations [91, 109].

It will also be interesting to consider N (N > 3) competing species and
address similar questions. Suppose that all species are identical except their
dispersal strategies.

(a) What happens if species 1 to N — 1 disperse only by random diffusion,
and species N disperse by both random diffusion and directed movement
towards habitat resources?

(b) What happens if all species have the same advection coefficients but
different random dispersal rates?

(c) What happens if all species have same random dispersal rates but dif-
ferent advection coefficients?

We suspect that the answers to these questions are much more complicated
for three or more species and rely on a solid understanding of the two-species
case. Nevertheless, these are some of the interesting and challenging open
problems on the evolution of conditional dispersal.
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