Density of universal classes of series-parallel graphs
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Abstract

A class of graphs C ordered by the homomorphism relation is universal if every
countable partial order can be embedded in C. It was shown in [1] that the
class Cy of k-colorable graphs, for any fixed £ > 3, induces a universal partial
order. In [6], a surprisingly small subclass of C3 which is a proper subclass of
K4-minor-free graphs (G/K,) is shown to be universal. We have shown in [§]
that if we assume the class of graphs are closed under the minor relation, then
the results of [6] is a minimal set. On another note, a density result was given in
[10], that for each rational number a/b € [2,8/3] U {3}, there is a K4-minor-free
graph with circular chromatic number equal to a/b. In this note we show for
each rational number a/b within this interval the class K, b of Ky-minor-free
graphs with circular chromatic number a/b is universal if and only if a/b # 2,
5/2 or 3. This shows yet another surprising richness of the K4-minor-free class
that it contains universal classes as dense as the rational numbers.

1 Introduction

We assume graphs are finite and simple (with no loops and parallel edges unless
specified otherwise). Let G,G’ be graphs. A homomorphism from G to G’ is a map-
ping f:V(G) — V(G') which preserves adjacency. That is, {f(u), f(v)} € E(G')
whenever {u,v} € E(G). We write G < G’ if there is a homomorphism from G to
G'. The notation G < G’ means G < G' £ G, whereas G ~ G' means G < G' < @G.
If G ~ G, we say G and G’ are hom-equivalent. The smallest graph H for which
G ~ H is called the core of G. For finite graphs, the core is uniquely determined up
to an isomorphism. It can also be seen that H is an induced subgraph of G. This
will be denoted by H C G. Let C and C' be two classes of graphs. We also write
C ~ (' if for each graph G € C there exists a G’ € C’' such that G ~ G’ and vice
versa. See [4] for introduction to graphs and their homomorphisms.
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For two integers k > d > 1, a (k, d)-coloring of a graph G is a coloring ¢ of the vertices
of G with colors 0,1,2,...,k—1 such that d < |c(z) —¢(y)| < k—d, whenever {z,y}
is an edge of G. The infimum of the ratio k/d for which there exists a (k, d)-coloring
is denoted by x.(G) and we say x.(G) is the circular chromatic number of G. Note
that a (k, 1)-coloring is the usual vertex coloring problem. An equivalent definition
of x¢(G) is the smallest k/d such that G < K} /4, where K}, 4 is the circular graph
with Kj 9= (V,E), V={0,1,2,...,k =1} and E = {{i,j} : d < |i — j| < k — d}.

Let K,/ denote the class of graphs in G/ K4 with circular-chromatic number a/b. It
is trivial to see the following:

Theorem 1 Ko ~ {K>}.

It is well known that graphs in G/K4 are 3-colorable. Hell and Zhu have shown
that triangle-free graphs in G/K4 have circular chromatic number at most 8/3 in
[5]. Hence no graph in G/Kj4 has circular chromatic number in the interval (8/3,3).
Hence, we have:

Theorem 2 K3 ~ {C3}.

The main results of this note are the following two theorems establishing nice di-
chotomy between universality and homomorphism finiteness of the class Kg/3:

Theorem 3 Ks5/5 ~ {C5}.
Theorem 4 K, is universal if a/b € (2,5/2) U (5/2,8/3].

In section 2 we prove Theorem 3 using a folding lemma. In section 3, we prove
Theorem 4.

2 Ks, is equivalent to {C5}

Let G be a graph. A thread in G is a path P C G such that the two endpoints of
P have degree at least 3 and all internal vertices of P are degree 2 in G. We shall
often use the fact that if P and P’ are two edge-disjoint paths and if the lengths of
P and P’ have same parity such that P is a thread and has at least equal length as
P’ then there is a homomorphism that maps P to P’ sending the two ends of P to
the two ends of P’. Such a homomorphism is said to fold P to P'. Let G be a graph
and let G° denote the graph we obtain from G by “smoothing” all degree 2 vertices
of GG. For each edge e of G*, let P, denote the thread of G represented by e in G*,
and let [, denote the length of P,.

Lemma 5 (Edge folding lemma) Let G € G/{K4} be of odd-girth 2k + 1 and let
e, e’ be parallel edges in G*, with common end vertices x,y. If G is not homomorphic
to a strictly smaller graph of the same odd girth, then l, + I, = 2k + 1. Moreover,
P, U P, is the unique cycle of length 2k + 1 containing both x and y.



Figure 1: Unavoidable configuration of G with odd-girth 2k + 1 and I, + l., =
leg +1c, =2k + 1.

Proof. Assume [, < l. If [, and I’ have same parity, then P, can be folded to P,
to obtain a strictly smaller graph H of same odd girth hom-equivalent to GG, contrary
to assumption. Hence P, U P, is an odd cycle of length I, + ./ > 2k + 1. Suppose
le + 1o > 2k + 1. Let x1,x2,x3 be three consecutive vertices of P,/, and let G’ be
obtained by identifying x; and z3. By the choice of G, G’ must have odd-girth less
than 2k + 1, because G < G’ and |V(G)| > |V(G’)|. This implies P,/ is contained
in a cycle of length 2k 4+ 1. Hence there is a path P of G connecting « and y with
length 2k 4+ 1 — [s. But then, P and P, have same parity and so P. can be folded
to P, contrary to G being minimal. So l. + . = 2k + 1.

We also note that, if there is another cycle C' of length 2k + 1 containing both x
and y, then there is a path P distinct from P., P., of length [, or [, connecting
x and y, where the length of P is [, or l,,. Hence P, or P, can be folded to P, a
contradiction. The result follows. |

We prove now for any Ky-minor-free graph G with odd-girth at least 7, we have a
natural number m > 0 such that x.(G) < (7+5m)/(3+2m) < 5/2. For short, we use
a notation K™ for K(715m)/(34+2m)- In Figure 2, we draw a Hamilton cycle of K™ by
positioning the 74 5m vertices in clockwise order as {0, a, 2qa, 3a, ..., (7+5m—1)a,0}.
Since ged(7+5m,3+2m) = 1, we let a = 3+ 2m which is a generator of the additive
group Z745m. This gives us a Hamilton cycle (we denote by C™) that is suitable for
our purpose.

Lemma 6 Let G € G/{K4} be of odd-girth at least 7. Then x.(G) < 5/2.

Proof. Let G € G/{K4} be of odd-girth ¢ > 7. To prove the lemma, we show
G < K™ for some m > 0. Suppose the contrary that there is a minimal coun-
terexample G such that G € K™, for all m > 0. Then, G is not homomorphic
to a strictly smaller graph of same odd-girth. Since G is minimal, we also have
g = 7. Let G* be obtained from G* by identifying the parallel edges of G*. Since
G is not hom-equivalent to a cycle, we observe that |V (G*)| > 2. Hence G* is
simple and 2-connected. Also note that G* € G/K4 and so let y be a degree 2-
vertex in G* (dg=(y) = 2). We deduce that dg(y) = dgs(y) = 3 or 4. Assume
dg(y) = dgs(y) = 3 and the 3 edges incident to y are ey, ez, e3, where ej,es are
parallel edges and l¢; > l.,. Assume {y,w} = e3 € E(G). By Lemma 5, e3 is not in
any cycle of length g in G. Then, we identify w with w’, where w' is a neighbor of y



in V(P,,), and obtain a G’ of odd girth g, such that G < G’ and |V (G)| > |V (G')],
contrary to the choice of G. Hence, dgs(y) = dg(y) = 4. By Lemma 5 we have a
configuration of two cycles P, U P, and P, U P,, as shown in Figure 1.

Then, we delete the threads P,,i = 1,2,3,4 (without deleting the attachment ver-
tices # and z) to obtain a smaller graph G'. By minimality of G, we find an m > 0,
such that G’ < K™ by a homomorphism f. We shall extend f to f* and show that
G < K™t

We may assume f(z) = 0. Let P; C K™ be the shortest path of length d =
distgm (f(z), f(2)) from f(z) to f(z). If E(Py) € E(C™), then we show that
G < K™ as follows: (See Figure 2).

Note that for every vertex i € V(K™) there is a 7 cycle containing both 0 and
i. Hence, d < 3. We map the deleted subgraph U?=1 P., to K™, first by letting
f*(@) = f(z) and f*(z) = f(z). Now if d = 1 or 0, clearly we can fold the four
threads to each other to form a 7-cycle C' and identify it to the 7-cycle of K™ con-
taining f(z) and f(z). Moreover, (assuming l., and [, are odd), if d = 2, then
le; = ley, and if d = 3 then either lo; = le; = 3 or |le; — le;| = 2, or else we could once
more fold the four threads in to a 7-cycle C and identify it with a 7-cycle of K™.
Recall that by Lemma 5, we have l¢, +1., = le; +1e, = 7. Since G is minimal, none of
the four threads have length 1. That is, G has no clique-cut. Hence, l.,,l., € {3,5}.
If d = 2, then assume f(z) =4m+6+1i,1 <i < m+1 (the case f(z) =7 is symmet-
ric, see the edges shown by dashed lines in Figure 2). Now, if [, = [, = 5, then let
f*ly) =4m+6+(i—1) and if I, = l., = 3, then let f*(y) =m+2+(i—1). On the
other hand, if d = 3, then assume f(z) =m+2+14,1 <i<m+1(f(z) =3m+4+i
is symmetric). Now, if [, = l., = 3, let f*(y) =3m+4+i andif [, =5 and [, = 3,
let f*(y) = 1. It is clear now each P.,,i=1,2,3,4 can be folded to the paths of the
7 cycles of K™ shown by thick lines in the figure.

Finally, suppose E(P;) C E(C™), then we can extend K™ to K™*! so that E(P;) ¢
E(C™*+1) ( See Figure 3 ). It follows by what we just proved that E(P;) ¢ E(C™*!)
implies G < K™+1, O

Proof of Theorem 3: Let G € G/ K4 be of odd-girth g. Assume first x.(G) = 5/2.
This implies G < Cs. By Lemma 6, we deduce ¢ < 5. By Theorem 2, g > 3.
Hence g = 5 and so C5 < G < C5. We have G ~ (5. The converse is obvious since

Xc(05) = 5/2'

3 Universal sets of G/K, are dense in (2,5/2)U (5/2,8/3]

In this section we shall show that we obtain a universal class le/q C G/K4 for ar-
bitrary p/q € (2,5/2) U (5/2,8/3]. We use a graph G/, with x.(G) = p/q as a

generator of K/, We assume G/, has the following two properties:

(P1) G,/, is not hom-equivalent to a cycle nor to a vertex.

(P2) if G’ € G/ K4 satisfies (P1) and x.(G') = p/q, then |[V(G")| > |V (G)|.

Lemma 7 Let G € G/K4 have properties (P1) and (P2). Then, G is 2-connected.
Moreover, G is a core and it is not vertex-transitive.
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Figure 2: The subgraph of K™ with the Hamilton cycle {0, a,2a,.
where a = 2m + 3 and all of the m + 2 edges adjacent to 0.
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Figure 3: Extending K™ to K™*!, at the edge {3m + 4,0} of K,,.

of K™*! are distinguished from vertices of K™ by the “[ ]” symbol

.., (bm + 6)a}

The vertices
To check the

validity of the extension, it suffices to see that 5i(3 4+ 2m) modulo (7 + 5m) =

5i(3 4+ 2(m + 1)) modulo (7 +5(m+1)) =¢,1<i<m+1.



Proof. Since x.(G) = max;(x.(H;)),1 < i < p, where each H; is a 2-connected
component of G. Here, (P2) implies that p = 1 and so G is 2-connected. Next, note
that any graph G € G/ Ky is vertex-transitive if and only if G is an odd cycle or K; or
K. This is because all other 2-connected graphs in G/ Ky have at least one degree-
2 vertex and one non-degree-2 vertex. Hence by (P1), G is not vertex-transitive.
Moreover, by (P1) we deduce that G is not hom-equivalent to any vertex-transitive
graph H € G/K4. Hence, the core of G also is not vertex-transitive. By minimality
property (P2), we deduce G is a core. a

For any rational number p/q € (2,8/3], Pan and Zhu have shown in [10] a recursive
method of constructing a 2-connected graph G with x.(G) = p/q. If p/q is not of
the form (2k + 1)/k then it is easy to see the graph they constructed satisfy (P1).
If p/q = (2k + 1) /k, the graph given in [10] is the cycle Coky1 which is the natural
candidate. Since we need (P1), we introduce a graph denoted by G (k+1)/k of odd
girth 2k + 3 (depicted in Figure 4) such that:

Lemma 8 x.(Grt1y/k) = (2k+1)/k for all k > 3.

Proof. We can see that G(;11)/x < Cak41, by identifying y to a vertex y' of Py_q
with dist(x,y’) = k. Hence xo(G(r41)/k) < (2k + 1)/k. Tt is also easy to check that
G £ Corysz. We have (2k +3)/(2k + 1) < Xc(Gr41)/k) < (2k + 1)/k. Suppose
Xe(Git1)/k) = a/b and a/b < (2k + 1)/k. Note that ged(4k + 4,2k +1) = 1. From
basic number theory [9], using what is known as the Farey sequence, we can see
that any rational strictly between (2k + 3)/(2k + 1) and (2k + 1)/k has numerator
a > 4k + 4. But then, if k£ > 3 the circumference of G(j 1)/ is 4k + 3. It is well
known [12] that the numerator a of a circular chromatic number a/b of a graph G
is at most its circumference. We deduce x.(Gr41)/5) = (2k +1)/k. O

Lemma 9 For every rational number p/q € (2,5/2) U (5/2,8/3] there is a graph
Gpjq satisfying (P1) and (P2).

Proof. Let p/q € (2,5/2) U (5/2,8/3] be given. If p/qg = ((2k + 1)/k, then by
Theorem 2 and 3, we have k > 3 and so we choose G(j41)/x- Otherwise let G/, be
as given in [10]. Clearly (P1) is satisfied. Note that G(gj4.1)/ is @ minimal graph
with respect to (P1). That is, by Lemma 5 any minimal graph G of odd girth
g > 3 has the configuration in Figure 1. Moreover the rest of the graph depicted
as G’ in Figure 1, can not be bipartite or else we have G ~ Cj, contrary to (P1).
Hence for any graph G, if x.(G') = (2k + 1) /k then either G’ is at least as large as
G ar+1)/k (With odd girth at least 2k + 3) or G’ ~ Cop41, (contrary to (P1)). For
p/q # (2k 4+ 1)/k, by definition it is clear that we can choose a graph so that (P2)

is satisfied, without losing (P1). O
Next we prove that K/, inherits universality from the class of directed paths [7].
Note that the circular graphs are vertex-transitive. So, if we take several copies of a
fixed graph G/,
nent is an isomorphic copy of G

pla
tree-concatenation.

and construct a tree like graph G’ where every 2-connected compo-
then x.(G') = p/q. We call such a construction
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Figure 4: A graph G (;41)/r of odd-girth 2k + 3,k > 3, xc(Grq1y/8) = 2k + 1)/k.
The integers on edges indicate length of the corresponding thread.

Without going into technical details we give an outline of this association of a Kj-
concatenation of a graph G (such as G,/,) to a directed path P as follows:

For each oriented path P € P of length n > 1, we define a concatenation of length
n denoted by P x (G, a,b) where a,b € V(G). We assume there is no automorphism
sending a to b or b to a. By (P1), we know there exists such a pair. We take n iso-
morphic copies Hy, Ha, ..., H,, of G and let a;, b; be the vertices of H; corresponding
to a and b. Then according to the orientations of the edges of P, we choose either
a; or b; to be identified with either a;41 or b;41.

Lemma 10 Let G/, € G/Ky satisfy (P1),(P2). Then, K/, is universal.

plq

Proof. Since the class of oriented paths P is universal we show for every P, P’ € P,
we have P < P’ if and only if P % (G, a,b) < P' % (G, a,b). This proves the lemma.
One direction is obvious. That is if P < P’, then we can mimic the mapping
of P to P’ and for each 2-connected component use the identity map to deduce
that P(Gp/q,a,b) < P'(Gpjq,a,b). To prove the converse, we show that if f maps
P(Gpjq,a,b) to P'(G,/q,a,b) then f restricted to a copy of G/, is an automor-
phism of G,/,, sending a to a and b to b. By Lemma 7, G/, is a core. Since
G,/q is not vertex-transitive, if f is not as claimed, then f maps a copy of G/,
to some connected (but not 2-connected) subgraph H of P'(G,/,,a,b). But then
Xc(H) = max;(x.(H;)), where H; is a 2-connected component of H. If x.(H;) = p/q
we contradict (P2) because H; C G,y If xc(H;) < xc(Gpjq), then Gy )y £ H. This
contradiction proves that the restriction of f for each copy of G, /, is an automor-
phism h of G,/,. By the choice of a and b, there is no automorphism sending a to b
and b to a. If h(a) # a then, we can see f is a trivial mapping of P(G,a,b) to G, /q-
Otherwise, as claimed the restriction of f to G}/, is automorphism sending a to a
and b to b. Hence, we can deduce P < P’, by following the positioning of a; and b;
as “indicators” of how the directed edges of P should be folded to P’. The result

follows. O

Proof of Theorem 4: Let a/b € (2,5/2)U(5/2,8/3|. By Lemma 9, there is a graph
G o/ With properties (P1),(P2). By Lemma 10, Ky, is universal. This concludes
our result.
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