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ABSTRACT. We construct an analogue of the Lyndon-Hochschild-
Serre spectral sequence in the context of polynomially bounded co-
homology. For G an extension of @) by H, this spectral sequences
converges to the polynomially bounded cohomology of G, H P*(G).
If the extension is a polynomial extension in the sense of Noskov
with H and @ isocohomological and @ of type H F*°, the spectral
sequence has EY%-term HP?(Q; HPP(H)), and G is isocohomolog-
ical for C. By referencing results of Connes-Moscovici and Noskov
if H and @ are both isocohomological and have the Rapid Decay
property, then G satisfies the Novikov conjecture.

1. INTRODUCTION

In [3] Connes and Moscovici prove the Novikov conjecture for all
finitely generated discrete groups satisfying two properties. The first is
the Rapid Decay property of Jolissaint [11], which ensures the existence
of a smooth dense subalgebra of the reduced group C*-algebra. The
second property is that every cohomology class can be represented by a
cocycle of polynomial growth, with respect to some (hence any) word-
length function on the group.

The polynomially bounded cohomology of a group G, denoted H P*(G),
obtained by considering only cochains of polynomial growth, has been
of interest recently. The inclusion of these polynomially bounded cochains
into the full cochain complex yields a homomorphism from the polyno-
mially bounded cohomology to the full cohomology of the group. The
second property of Connes-Moscovici above is that this polynomial
comparison homomorphism is surjective. A group G is isocohomolog-
ical for M if HP*(G; M) is bornologically isomorphic to H*(G; M).
The term isocohomological is taken from Meyer [16], where it describes
a homomorphism between two bornological algebras. What is meant
here by ‘G is isocohomological for C’, is a weakened version of what
Meyer refers to as the embedding C[G] — SG is isocohomological, where
SG refers to the Fréchet algebra of functions G — C of ¢!-rapid decay.

We call G isocohomological if it is isocohomological for all SG modules.
1
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Influenced by Connes and Moscovici’s approach, in [7] Ji defined
polynomially bounded cohomology and showed that virtually nilpo-
tent groups, are isocohomological for C. In [13] Meyer showed that
polynomially combable groups are isocohomological for C. By citing a
result of Gersten regarding classifying spaces for combable groups [4],
Ogle independently showed that polynomially combable groups are iso-
cohomological for C. In [10] it was shown that for the class of finitely
presented FP*° groups, a group is isocohomological if and only if it has
Dehn functions which are polynomially bounded in all dimensions.

For a group extension, 0 - H — G — ¢ — 0, the Lyndon-
Hochschild-Serre (LHS) spectral sequence is a first-quadrant spectral
sequence with Ey-term H*(Q; H*(H)) and converging to H*(G). In
[18] Noskov generalized the construction of the LHS spectral sequence
to obtain a spectral sequence in bounded cohomology for which, un-
der suitable topological circumstances, one could identify the Fs-term
as H;(Q; H(H)) and which converges to H;(G). Ogle considered the
LHS spectral sequence in the context of P-bounded cohomology in [19].
There additional technical considerations are also needed to ensure the
appropriate Fo-term. It is not clear for which class of extensions these
conditions are satisfied.

In this paper we resolve this issue for polynomial extensions, which
were proposed by Noskov in [17]. Let ¢, ¢y, and ¢y be word-length
functions on G, H, and () respectively, and let

0-H—-G5Q—0

be an extension of () by H. Let ¢ — ¢ be a cross section of m. To
this cross section there is associated a function [-,] : @ X @ — H
by ¢,y = @iGa|q1, ¢2], called the factor set of the extension. The fac-
tor set has polynomial growth if there exists constants C' and r such
that {y([q1,¢2])) < C((1 + Lo(q1))(1 + £o(q2)))". The cross section
also determines a set-theoretical action of () on H. This is a map
Q x H — H given by (q,h) — h? =g 'hg. The set-theoretical action
is polynomially bounded if there exists constants C' and r such that
C(h?) < Cly(h)(1+ £lo(q))". In what follows, we adopt the conven-
tion that if @ is the finite generating set for () and A is the finite
generating set for H, then as the generating set for G we will take the
set of h € A and g for g € Q.

Definition 1.1. An extension G of a finitely generated group ) by
a finitely generated group H is said to be a polynomial extension if
there is a cross section yielding a factor set of polynomial growth and
inducing a polynomial set-theoretical action of Q) on H.
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Our main theorem is as follows.

Theorem. Let 0 - H — G — @ — 0 be a polynomial extension
of the HF* group (), with both H and @) isocohomological. There
is a bornological spectral sequence with EY* >~ HPP(Q; HPY(H)) which
converges to HP*(Q).

We can compare this spectral sequence with the LHS spectral se-
quence.

Corollary 1.2. Let 0 > H - G — Q — 0 be a polynomial extension
with Q of type HF>®. If H and () are isocohomological, then G 1is
1socohomological for C.

Applying a result of Noskov [17] regarding the polynomial extension
of groups with the Rapid Decay property, as well as the results of
Connes-Moscovici, we obtain the following corollary.

Corollary 1.3. Let 0 - H — G — @ — 0 be a polynomial group
extension with H and () isocohomological, and Q) of type HF>. If
both Q and H have the Rapid Decay property, G satisfies the Novikov
conjecture.

It would be convenient to work in the category of Fréchet and DF
spaces, however there are many quotients involved in the construction
yielding spaces which need be neither Fréchet nor DF. This is the issue
Ogle overcomes by use of a technical hypothesis in [19], and it is at
the heart of the topological consideration in [18], used to identify the
FEs>-terms in their spectral sequences. To overcome these obstacles we
work mostly in the bornological category and utilize an adjointness
relationship of the form

Hom(A®B, C) = Hom(A, Hom(B, C))

which is not true in the category of locally convex topological vector
spaces. A bornology on a space is an analogue of a topology, in which
boundedness replaces openness as the key consideration. In this con-
text, we are also able to bypass many of the issues involved in the
topological analysis of vector spaces. When endowed with the fine
bornology, as defined later, any complex vector space is a complete
bornological vector space. The finest topology yielding a complete
topological structure on such a space is cumbersome. This bornology
allows us to replace analysis of continuity in this topology, to bound-
edness in finite dimensional vector spaces.

In Section 2, we recall the relevant concepts from the bornologi-
cal framework developed by Hogbe-Nlend and extended by Meyer and
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others. Section 3 consists of translating the usual algebraic spectral
sequence arguments into this framework. This is mainly verifying that
the vector space isomorphisms are in fact isomorphisms of bornological
spaces. These will be the main tools of our construction. In Section
4 we define the relevant bornological algebras and define the polyno-
mially bounded cohomology of a discrete group endowed with a length
function, as well as basic materials for the construction of our spectral
sequence and some of its applications. The actual computation is the
focus of the final section.

I wish to thank Ron Ji, Crichton Ogle, Ralf Meyer and the Referee
for their invaluable comments. This article represents a revised version
of my thesis.

2. BORNOLOGIES

Let A and B be subsets of a locally convex topological vector space
V. A subset A is circled if \A C A for all A € C, |A] < 1. It is a disk
if it is both circled and convex. For two subsets, A absorbs B if there
is an a > 0 such that B C AA for all |\| > «, and A is absorbent if it
absorbs every singleton in V. The circled (disked, convex) hull of A is
the smallest circled (disked, convex) subset of V' containing A. For an
absorbent set A there is associated a semi-norm on ps on V given by
pa(v) =inf {a > 0;v € aA}. For an arbitrary subset A, denote by V4
the subspace of V spanned by A. If A is a disked set, p,4 is a semi-norm
on V. Ais a completant disk if V4 is a Banach space in the topology
induced by pa.

Let V be a locally convex topological vector space. A convex vector
space bornology on V' is a collection B of subsets of V' such that:

(1) For every v € V, {v} € B.

(2) If AC B and B € B then A € B.

(3) f A, Be B and A € C, then A+ \B € ‘B.

(4) If A € B, and B is the disked hull of A, then B € 8.

Elements of B are said to be the bounded subsets of V.

An important example in what follows is the fine bornology. A set
is bounded in the fine bornology on V' if it is contained and bounded
in some finite dimensional subspace of V.

Let V and W be two bornological spaces. A map V' — W is bounded
if the image of every bounded set in V' is bounded in W. A bornolog-
1cal isomorphism is a bounded bijection with bounded inverse. The
collection of all bounded linear maps V' — W is denoted bHom(V, W).
There is a canonical complete convex bornology on bHom(V, W), given
by the families of equibounded functions; a family U is equibounded if
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for every bounded A C V, U(A) = {u(a) |u € U,a € A} is bounded in
Ww.

If W is a bornological space and V' C W, then there is a bornology
on V induced from that on W in the obvious way. There is also a
bornology on W/V induced from W. A subset B C W/V is bounded
if and only if there is a bounded C' C W which maps to B under the
canonical projection W — W/V.

Let V' be a bornological vector space. A sequence (v;) in V' converges
bornologically to 0 if there is a bounded subset B C V' and a sequence
of scalars \; tending to 0 such that for all i, v; € \;B. (v;) converges
bornologically to v if (v; — v) converges bornologically to 0.

Let V and W be bornological vector spaces. The complete projec-
tive bornological tensor product V®W is given by the following univer-
sal property: For any complete bornological vector space X, a jointly
bounded bilinear map V x W — X extends uniquely to a bounded map
V®W — X. Unlike the complete topological projective tensor prod-
uct on the category of locally compact vector spaces, this bornological
tensor product admits an adjoint.

Lemma 2.1 ([16]). Let A be a complete bornological algebra, V- and M
complete bornological A-modules, and W a complete bornological space.
There is a bornological isomorphism bHom 4(V&W, M) = bHom (W, bHom 4 (V, M)).

We will be interested in bornologies on Fréchet spaces. For a Fréchet
space F'| there is a countable directed family of seminorms, |[|-||,, yielding
the topology. A set U is said to be von Neumann bounded if ||U]],, < oo
for all n. The collection of all von Neumann bounded sets forms the
von Neumann Bornology on F. This will be our bornology of choice
on Fréchet spaces, due to the relation with topological constructs.

Definition 2.2. A net in a bornological vector space F'is a family of
disks, {€;, ...} in F, indexed by (J,yZ* ( Z some countable set ),
which satisfies the following conditions.

(1) F = UiGI €, and Cit\ensin = UiEI €it,enninsi for k > 1.

(2) For every sequence (i) in Z, there is a sequence (1) of positive
reals such that for each fi € e;, ;, and each py € [0, 4], the
series > ;- pufx converges bornologically in F, and for each
ko € N, the series Z,;“;ko fir fie lies in ey,

(3) For every sequence (i) in Z and every sequence () of positive
reals, (Jy—; Ak€ir....i, is bounded in F.

As an example, Hogbe-Nlend shows that every bornological space
with a countable base has a net [6, p58].
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Lemma 2.3. Let F' be a bornological vector space with a net, and let
V' be a subspace of F'. Then V has a net.

Lemma 2.4. Let F' be a bornological vector space with a net, and let
V' be a subspace of F'. Then F/V has a net.

Proof. Denote the net on F' by R = {e;, ..
F/V be the projection. Set R' = {¢] ., =me;,

L1yeeey 1k

d

Lemma 2.5. Let U be a Fréchet space. Then bHom(U, CV) has a net.

Proof. In this case, boundedness and continuity are equivalent for ho-
momorphisms, and the equibounded families are precisely the equicon-
tinuous families.

For each finite sequence of ordered triples of positive integers (nq, M;, K1),

ooy (M, My, Ky), define iy, ary k). (g, My ki) t0 De the set of all f €
bHom (U, CY) such that for all i between 1 and k, |f(u)| < M; for all
u € U with ||ul|yn, < K;. We show that this gives a countable base for
the bornology on bHom (U, CV).

If W is an equibounded family, then for all neighborhoods V' of
zero in CV, there exist ni,...,n; and Ki,..., K} such that {u €
Ul forall 1 < i < kljul|lyn, < K;} is contained in W(V). For
each f € W and for each u in this set, f(u) € V. Let V be the
open ball of radius 1 in C¥, and let n,...,n; and K, ..., K, be as
above. Then W C b(nl,LKl) 77777 (ng,1,K1)- Let B = b(n1,M1,K1) 77777 (g, My, K1)
f € B, M = maxM;, and let V be the open ball of radius R in
C. Then V = %V’ where V' is the open ball of radius M in CV.
f7HV) = Ef74(V7), so if B7Y(V’) is a neighborhood of zero in U,
then so is B~'(V). Let u € U be such that for all 1 <4 < k we have
llul|lvn, < K;. Then |f(u)| < M, so f(u) € V'. Let S be the set of all
such u € U. Tt is a neighborhood of zero. Moreover f(S) C V' so that
S c f~YV"), whence S C B7'(V’). This implies that the bornology
on bHom (U, C") has a countable base. O

Our interest in nets is the following analogue of the open-mapping
theorem.

Theorem 2.6 ( [6, p6l] ). Let E and F be convex bornological spaces
such that E is complete and F' has a net. Every bounded linear bijection
v: F — E s a bornological isomorphism.
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3. PRELIMINARY RESULTS ON BORNOLOGICAL SPECTRAL
SEQUENCES

This section contains several results from McCleary’s book [12] trans-
lated into the bornological framework. The proofs given follow Mc-
Cleary, with modifications to verify that the vector space isomorphisms
involved are isomorphisms of bornological spaces.

Let (A,d) be a differential graded bornological module. That is,
A =@, A" is a graded bornological module and d : A — A is a
degree 1 bounded linear map with d> = 0. Let F be a filtration of
A which is preserved by the differential, so that for all p, ¢ we have
d(FPA?) C FPAIT. Assume further that the filtration is decreasing, in
that ... C FPT AT C FPAY C FP~1A? C .... Such an (A, F,d) will be
referred to as a filtered differential graded bornological module. Denote
by dP? : FPAPTe — FPAPHatl the restriction of d, so d is the direct
sum of dP?. The filtration F' is said to be bounded if for each n, there
is s = s(n) and t = t(n) such that

0=FA"CF* A" C...C F'"'A" C F'A" = A"
Let
vaq — FPAP*HJ N (dp+T,Q*T‘)71(Fp+TAP+q+1)
BPY = FPAPYLQ gpratrol(pror Apta-ly
VA FPAPT9 N ker d
BP9 = FPAPTI Mimd
where each of these subspaces are given the subspace bornology. Let

d* : A" — A" be the restriction of d. These definitions yield the
following ‘tower’ of submodules.

Bytc B c...cBylCcZbC...czytczyt

Moreover dP~m4+7=1(Zp=ratr=1) = ppa,

If the filtration is bounded and r > max{s(p+q+1)—p, p—t(p+q—1)}
then (dPte—")~1(FPT" APTatl) is the kernel of d, ZP? = ZP and BP? =
Bra.

Lemma 3.1. For (A, F,d) a filtered differential graded bornological
module, there is a spectral sequence of bornological modules (E**, d,.),
r=1,2,..., withd, of bidegree (r,1—r) and EV'* =~ HPTI(FPA/FPT1A).
If the filtration is bounded the spectral sequence converges to H(A,d),
EPi> FPHPTI(A, d)/FPH HPT(A d).

Proof. For 0 < r < oo, let EPY = — 2" endowed with the

ZP5 B,
quotient bornology. These are the sheets of the spectral sequence being
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constructed. Convergence is guaranteed by the boundedness of F'. Let
nPd : ZP49 — EP4 be the projection with kernel Z7T1971 4 B,

The boundary map dP? : ZP4 — ZPT™4="+1 induces a bounded differ-
ential map dP4 : EP4 — EPT07"FL yielding the following commutative
diagram.

apr-a
D, p+r,q—r+1
zZpa Sy 7

s ,q— 1
ol [

D, p+7,q—r+1
Ept — EF

a2
These definitions have the following consequences, used in what fol-
lows

kerd?d = p(Z0)

D,q\—1: p—rg+r—1y  _ D,q p+1,q—1
(777“ ) (Hn dr ) - Br + Zr—l
p+1,g—1 P p+1,g—1
erl N Zr+1 - Zr
P,q D,q\—1(; p—r,gtr—1\ _ D,q p+1,q—1
Zr-i—l N (777" ) (lm dr ) - Br _I— Zr

This proof will consist of three steps. The first step consists in veri-
fying that (E,,d,) is a bornological spectral sequence. The next step is
to show that it has the appropriate Fi-term. The final step is ensuring
that it has the appropriate F.-term. These steps are carried out in
the following lemmas. U

Lemma 3.2. On the bornological vector spaces E, associated to (A, F,d),
there is a bornological isomorphism EYY, = HP4(E, d,). In particular
(E.,d,) is a bornological spectral sequence.

Proof. Let v : Z¥, — H?(E,,d,) be the bounded map given by the
composition
D,q
z24 " ker d?t 5 HPU(E?* d,)
where 7 is the usual projection onto H?(E,,d,) = %. Since

kery = ZP% N (np9)~H(imdp~mat ) = BPa 4 ZPHLaTl ] there s an
isomorphism of vector spaces

Zp7q1
r+ — P9 ~ ITDP:q
BP 4 zpthet B = HP(E: dy)

given by 7' : z + (BP? 4 ZPT1471) s y(2) + (im @P7"771). We show
that +' is the required bornological isomorphism.

VASKS .
Let U be a bounded subset of rr—irer = EPY. There is a
T

bounded subset U’ of Z; such that nf?fl(U’) =U,soy(U) =np(U")+
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(im @¢~"4T=1) As P4 is a bounded map, n??(U’) is a bounded set in
ker d?9 and n?4(U’) + (im d?~"7""~1) is bounded in H?%(E,,d,)‘. The
boundedness of 7/ is verified.

s P,q 3 .
Let ¢ : — ;ﬁf{gfhl — B,,vqujil,q_l be given by 2z + (im dP~™4771)
(P 9)~Hz) N ZP0 + (BP9 4+ ZPthe1) . This is the inverse of 4. Let
U be a bounded subset of M There exists a bounded subset

im d’;fﬂﬁr*l ’

: — — . . P,q
U’ of ker d?? such that U’ + (im d?~"%""~1) contains U in imdk;f%.

As kerd?? C EP4, U’ is bounded in EP?, so there is a bounded subset
U" of ZP4 with U' = n?4(U"). Thus U"” + BP% + ZPT 197 is the full
preimage of U’ under n21.
() U NZ2E = U0 Z04 + B 0 200 + 2 28,
= U'NZ, + B + zitha!
C U'NZP + BP9+ zpthat

Thus
P(U) C U" N Z24, + (BP? 4 Zpthal)
in $ As U"N Z7, is bounded in Z, ¢(U) is bounded in
Zri whence ¢ is a bounded map. ]

BPyzptla-Ty
Lemma 3.3. The bornological spectral sequence (E,,d,) associated to
(A, F',d) has the property that EV* >~ HPT1(FPA/FPT A) as bornological
vector spaces.
Proof. Since ZPtH971 = prtlgrta pPd — g(FrtlApta=1) and ZP9 =
FPAPYI N 41 (FPAPTIHY) | we have
zZh
Tq—1 )
ZPTh 4 BP
FP AP gL (P APHat)
Frt+l Ap+ta 4 d(Fp+1Ap+q—1)
P AP+a
FprlAptq
The map d7? : EPY — EP' is induced by dP9 : FPAPH —
FPAPTtL fitting into a commutative diagram

P,q
EO

d

Fp AP+ LN Fp Aptat+l
EPY — FPAP+a FprApP+atl _Ep,qul
0 = Fpt+lAptag Fpr+1 Apt+g+1 — 0
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where 7 are the usual projections. As HP(Ey,dy) is the homology
of the complex (FFPA*/FPA* dy), HP(FEy,dy) = HPT(FPA/FPTLA),
yielding a bornological isomorphism
E{Lq o~ Hp+q(FpA/Fp+1A)
O

Lemma 3.4. Assume the filtration on (A, F, d) is bounded. The associ-
ated bornological spectral sequence (E,,d,) converges to H(A,d). That
18,
EPi 1171)[_[10+11(A7 d)/FpHHp“‘q(A, d).
Proof. The filtration F' on A induces a filtration on H(A,d), given by
FPH(A,d) = im{H (inclusion) : H(FPA) — H(A)}. Let nke: ZP49 —
EP9 and 7 : kerd — H(A, d) denote the projections.
FPHPY(A d) = HPY(im(FPA — A),d)
= m(FPAP* " Nkerd)
= (22

wlkernf) = w(Z5 4 B
7T-(Z;DJrl,qfl)

FIDJrlH'p+q<A7 d)

so 7 induces an isomorphism of vector spaces
EP Hp-i-q( A, d)
FrtlHP+a( A, d)

As m:kerd — H(A,d) is bounded and m(Z2%) = FPHP1I(A, d), the
restriction 7 : Z29 — FPHPTI(A,d) is a bounded surjection. Let U be
a bounded subset of EP4. There is a bounded subset U’ of Z%? such
that n22(U’) = U. As 7 is a bounded map, 7(U’) is a bounded subset
of FPHPT(A, d). Since do(U) = w(U’) + FPTHPT( A, d) is a bounded
FPHPH(A,d)

subset of FrrIHPT4(A,d)’

Consider the map
~ FPHPTI(A, d) A
¢ Fp+1Hp+q(A7d) - Z&H,qfl + BPa
given by & =+ (FPUHPH(A,d)) s m=)(2) 1 280 + (255071 4 BRs),
This is the inverse of d... It remains to show that ¢ is a bounded map.

Let U be a bounded subset of %' There is a bounded

U’ subset of FPHP'Y(A,d) which projects to U. As FPHPTI(A, d) is

doo : EBT —

dso is & bounded map.
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contained in HPT9(A,d), U’ is a bounded subset of HP*9(A,d). There
exists a bounded subset U” in ker dP*? with U’ = U” + (imdPT471).
As U’ is a subset of FPHPT(A d) we can assume U’ C kerd?™? N
FPAPTe 4 (im dPT4~1), so U” C ZP2 + BP9 Therefore U” is bounded
in the subspace Z2¢ + BP9, and w(U") = U” + (imdPt') D U' =
U+ Fr EPa(A, d). Thus 7 (U) C U + im dPa—".

N UYNZRe C U ZP0 4 imdP Tt 0z
= U"nZzZk+ BEY
So
$(U) = 7 '(U)NZE + (Z5 " + BYY)
C U"NZb% 4 (ZbFaml 4 B

As U" is bounded in Z%7 + BP9 U" N Z%7 is bounded in Z2?. Thus ¢
is a bounded map. O

We now move to the application of Lemma 3.1 in the case which
will be of most interest in the sequel. A double complex of bornolog-
ical modules is a bigraded module M = @, 5o MP?, where each
MP4 is a bornological module, along with two bounded linear maps d’
and d”, of bidegree (1,0) and (0, 1) respectively, satisfying d? = d"? =
d'd’" + d"d = 0. The total complex, (total(M),d) of the double com-
plex {M** d' d"} is the differential graded bornological module with
total(M)" = €D, o, MP" and d = d' + d".

There are two standard filtrations on the total complex.

FY(total(M))" = @M

r>p

FYj(total(M))" = M
r>p

will be referred to as the columnwise filtration and rowwise filtration re-
spectively. Both are decreasing filtrations, respected by the differential.
As M** is first-quadrant, each of these filtrations are bounded and by
Lemma 3.1 we obtain two spectral sequences of bornological modules
converging to H(total(M),d). At MP? there are two boundary maps,
d" and d”, with respect to each of which we may calculate a bigraded
cohomology of M. Specifically, let HP?(M) = imdZMP4_oMP2 ) g

ker d"': MP-4— MP-q+1
HYA (M) = 1‘{22’,%2?;&%}? In this way, H;"(M) is a double complex
with trivial vertical differential and H;;(M) is a double complexes
with trivial horizontal differential. We may then take cohomology with
respect to the nontrivial boundary map to obtain the iterated coho-

mology spaces H; H;(M) and H;"H (M) of M.
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Lemma 3.5. Given a double complex (M** d',d") of bornological mod-
ules and bounded maps, there are two spectral sequences of bornological
modules, ((EX*, d,) and {1 E**, 1d,} with (EY*"~H;"H; (M) and

nEYT= HE H (M), If M** is a first-quadrant double complex, both
spectral sequences converge to H*(total(M),d).

Proof. The first-quadrant hypothesis is here to ensure convergence of
the spectral sequences, and plays no role in the calculation of the Fs-
terms. In the case of F? we have

(BP9 = FPta ( Figtoqu)) ,d)
FY™ (total(M))
The differential on total(M) is given by d = d'+d” so that d'(F¥ (total(M))) C
FP"(total(M)). There is a bornological isomorphism
( FP(total(M)) )p+q o 10
FP(total(M))

with the induced differential d”, thus (EY? = HY(M).
Consider the following maps

i H"(FP) — H"(FP™)

j H"(F}) = H"(F7[F[™)

ko H'(F/FPT) — H'H(FP
dy : HY (M) — HE (M)

where i is induced by the inclusion F¥~' — F? j is induced by the
quotient map F? — FP/FP*! [ is the connecting homomorphism, and
0 : FP/FPTY — FPH1/EP* s induced by the differential d. Tt is clear
that i and j are bounded. The k map sends [z + FF™'] € H*(FP/FP™)
to [dz] € H"'(FP™). If U is a bounded subset of H™(F?/FP™) then
there is a bounded subset U’ in the kernel of § : FP/FP*' — Frtl/ pr+?
with U' + (imd) = U € H*(FP/FP™"). There is U” a bounded subset
of F¥ with U’ = U" + FI'™" € FP/FP*'. As d is a bounded map, d(U")
is a bounded subset of FP*'. Tt follows that [d(U”)] is bounded in
H 1 (FP™), and k is a bounded map.

A class in HPY9(FP/FP™Y) can be written as [z+ FP*'], where z € F?
and dz € FP™' or it can be written as a class [2] € HY(M), z € MP4.
k sends [z+FP*') to [dx] € HPTOH(FPHY). Taking 2 as a representative
this determines [d'z] € HPT4T(FP™) since d’(z) = 0. Thus we can
consider d'z as an element of MP™14. The map j assigns to a class
in HPTotL(FPHY) its representative in HPH4H (P /FPT?). This gives
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dy = j ok as the induced mapping of d' on HY(M), so d; = d'. Thus
(EYI= HPIH (M), Symmetry gives ; EY? =~ HVIH™(M). O

In the sequel, it will be necessary for us to compare spectral sequences
of bornological spaces.

Definition 3.6. Let (E,,d,) and (E.,d.) be two bornological spectral
sequences. A map of bornological spectral sequences is a family of
bigraded bounded linear maps f = (f,. : E, — E!), each of bidegree
(0,0), such that for all r, d.f, = f,d, and f,.,; is the map induced by

fr in cohomology.

Lemma 3.7. Suppose f = (f, : E, — E.) is a map of bornological
spectral sequences, each E! is conver and complete, and each E, is
conver and has a net. If f, is a bornological isomorphism for some
t, then f. is a bornological isomorphism for all r > t. Moreover, f
induces an isomorphism Ey, — E!_.

Proof. Tt is well known that these isomorphisms exist between the vec-
tor spaces. It remains to show that these vector space isomorphisms
are bornological isomorphisms. This follows from Lemmas 2.3, 2.4, and
Theorem 2.6. 0

4. POLYNOMIALLY BOUNDED COHOMOLOGY

Let G be a discrete group. A length function on G is a function
¢: G — [0,00) such that
(1) ¢(g) = 0 if and only if g = 15 is the identity element of G.
(2) For all g € G, l(g) = (g7 1).
(3) For all g and h € G, £(gh) < {(g) + {(h).
To a finite generating set S of GG, we associate a length function /g
defined by /s(g) = min{n|g = sis5...5s, where s; € SU S~!}. This
length function depends on S, but for different choices of S we obtain
linearly equivalent length functions. We refer to any length function
obtained in this way as a word-length function.
Fix some length function ¢ on G. For each positive integer k and for
1 =1 and ¢ = 2 define norms on the set of functions ¢ : G — C by

1/3

6]l = (Z [o(g)I" (1 + f(g))2k>
geG

Let S;G be the set of all functions f : G — C such that for all &,

| fllie < co. SG is a Fréchet algebra in this family of norms, giving

the structure of a bornological algebra. In what follows we are solely

interested in the case of a word-length function on G. In this case



14 BOBBY RAMSEY

we denote S;G by SG. Polynomially equivalent length functions yield
the same S,G algebra, so the particular word-length function used is
irrelevant. If R is a subset of G, we also define SR to be the subspace
of SG consisting of functions supported on R.

Let A be a bornological algebra. A bornological A-module is a com-
plete convex bornological space, equipped with a jointly bounded A-
module structure. A bornological A-module is bornologically projective
if it is a direct summand of bornological module of the form AQFE for
some bornological vector space E, with the left-action given by the mul-
tiplication in A. An important property of bornologically free modules
is that

bHom 4 (A® B, C) = bHom(B, C).
Definition 4.1. The polynomially bounded cohomology of G with co-

efficients in a bornological SG-module M is given by HP*(G; M) =
bExts.(C; M).

Here bExt is the Ext functor in the bornological category. Notice
that each of the bExt groups is a complex bornological vector space.
Meyer shows in [13] that this is equivalent to the formulation described
in the introduction, when the coefficient module is C endowed with
the trivial SG-action. Using Ext over the topological category one
recovers Ji’s original definition [7], however from Meyer’s work, for
trivial coefficients C, the topological and bornological theories coincide.

There is a comparison homomorphism HP*(G) — H*(G) induced
by the inclusion C[G| — SG. An important question with applications
to the Novikov conjecture, as well as the ¢'-Bass conjecture (see [8]) is,
"When is this comparison homomorphism is an isomorphism?” In [13]
Meyer shows that this is the case for any group equipped with a poly-
nomial length combing. This wide class includes the word-hyperbolic
groups of Gromov [5], the semihyperbolic groups of Alonso-Bridson [1],
and the automatic groups of [2], however it does not include all finitely
generated groups. There are examples of finitely generated groups for
which it is known to fail, [9].

Definition 4.2. A group G is isocohomological for M, for M an SG-
module, if the comparison homomorphism HP*(G; M) — H*(G; M)
is a bornological isomorphism. It is strongly isocohomological if it is
isocohomological for all SG-module coefficients.

As we will not be interested in weak isocohomologicality, we drop the
adjective “strongly”, and refer to a group as being isocohomological if
it satisfies this strong isocohomologicality condition.
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Let H and @ be finitely generated discrete groups with word-length
functions ¢ and {q respectively, and let

0-H5GC5Q—0

be an extension of @) by H, with word-length function ¢. ( In consid-
ering H as a subgroup of (G, we omit the ¢+ when considering h € H
as an element of G. ) Let ¢ — ¢ be a cross section of 7. To this
cross section there is associated a function, called the factor set of the
extension, given by [-,:] : @ X Q — H by the formula ¢,q, = 1¢2[q1, g2)-
The factor set has polynomial growth if there exist constants C' and r
such that £y ([q1,¢2]) < C((1+Lo(q1))(1+£€o(g2)))". The cross section
also determines a set-theoretic action of Q on H given by h? = g 'hq.
The action is polynomial if there exist constants C' and r such that
Cr(h?) < Clu(h)(1+ lo(q))"

Definition 4.3. An extension G of a finitely generated group @ by a
finitely generated group H is said to be a polynomial extension if there
is some cross section yielding a factor set of polynomial growth and
inducing a polynomial action of () on H.

An important consequence of this definition is that the word-length
function on H is polynomially equivalent to the word-length function
on G restricted to H. The following follows from Lemma 1.4 of [17],
and ensures that Sy, H = &y, H.

Lemma 4.4. Let G be a polynomial extension of the finitely generated
group @ by the finitely generated group H. There exists constants C
and r such that for all h € H, {(h) < ly(h) < C(1+((h))".

Lemma 4.5. As bornological SH-modules SG=SHRSG/H, where
H is endowed with the restricted length function and G/H is given the
minimal length function, (*(gH) = minyey ((gh), where £ is the length
function on G.

Proof. Let R be a set of minimal length representatives for right cosets.
Let r : G — R be the map assigning to g, the representative of Hg.
Each g € G has a unique representation as g = hyr(g), for h, € H and
r(g) € R. There is an obvious equivalence between SG/H and SR.
Consider the map ¢ : SG — SH®SR given by ¢(g) = (h,)®(r(g)).
This is the desired bornological isomorphism. U

Corollary 4.6. A bornologically projective SG-module is a bornologi-
cally projective SH-module by restriction of the SG-action.

Corollary 4.7. Let M be an SG-module. Any bornologically projective
SG-module resolution of M is a bornologically projective SH-module
resolution of M.
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Consider the following;:

B 8GE S 8GE T S S SGRSG S SG S C -0

where 6 : SG¥" — SG®"! is the usual boundary map given by
5 rgn) = 3 (1) @ By )
i=1

and extend by linearity, where the tuple (gi,...,¢9,) represents the
elementary tensor ¢1®...®g,. As defined, 0 is a bounded map and
the map s : SG¥" — SG®™*! given on generators by

S(gla"'vgn> = (1Gagla"'7gn)

is a bounded C-linear contracting homotopy for this complex. This is
a bornologically projective resolution of C over SG, which we call the
standard bornological resolution for the group G.

For groups with additional finiteness conditions, there are resolutions
with better properties to consider. By [10], if an isocohomological group
@ is of type H F*°, then there is a bornological projective resolution of
C over SQ of the form

o= Ry Ry — ... Ry C—=0
with each R, a bornologically free S) module of finite rank.

Theorem 4.8. Let 0 - H — G — ) — 0 be a polynomial extension
of the HF> group ), with both H and @ isocohomological. There
is a bornological spectral sequence with EY? >~ HPP(Q; HPY(H)) which
converges to HP*(G).

Assuming Theorem 4.8 and Corollary 1.2, we begin by verifying
Corollary 1.3.

A group G acts on £*(G) via (g-f)(z) = f(¢g~'z). This action extends
by linearity to yield an action by CG on ¢*(G) by bounded operators.
The completion of CG in B(¢*(G)), the space of all bounded operators
on (%(G) endowed with the operator norm, is the reduced group C*-
algebra, C*G. Let S2G be the set of all functions f : G — C such that
for all k, ||f|l2x < oco. The group G is said to have the Rapid Decay
property if S?°G C CrG, [11]. We use the following result of Noskov.

Theorem 4.9 ([17]). Let G be a polynomial extension of the finitely
generated group Q) by the finitely generated group H. If H and Q) have
the Rapid Decay property, so does G.

Proof of Corollary 1.53. By Corollary 1.2, GG is isocohomological for C.
By Noskov, GG has the Rapid Decay property. The result follows from
appealing to Connes-Moscovici. U
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5. PROOF OF THEOREM 4.8

Throughout this section, we assume the hypotheses of Theorem 4.8.
Let (Ps, dp) be the standard bornological resolution for G, and let T be
the tensor product of P, by C over SH. The polynomial extension prop-
erties give T, 2 SQ®SG®?. As the P, are bornological SG-modules,
they are by restriction, bornological SH-modules. The quotient group
Q acts on bHomgy (P,, C) via (¢¢) (z) =G - ¢ (7 'x), where 7: Q — G
is a cross-section giving the polynomial extension properties. This ex-
tends to a bornological SQ-module structure on bHomggy (P,, C). Let
(R.,dgr) be a bornologically projective resolution of C over SQ with
each R, finite rank.

Set CP4 = bHomgg(R,®T,, C) = bHomsg(R,, bHom(T,,C)). The
boundary maps dr and dp induce maps 6 : CP4 — CP9+L and dp :
OP4 — OPTH4 a5 follows.

Orf) (r)(x) = (=1)"f(r)(drz)
Orf) (r)(z) = [f(dgr)(z)

Filter the double complex C** by rows. For a fixed ¢ we have the
complex

0B onla 08 oeq 08 ol OR

The bounded homotopy for the complex R, induces a contraction on
C*4, 50 that B = 0 for p > 1 and E)* = bHomgg(T,,C). The ad-
jointness property gives a bornological isomorphism bHomgg (7, C) = bHomsg (P, C).
This identifies F}"2 bHomgg(P,,C). As P, was a projective SG-
complex, we obtain that the Es-term is precisely HP*(G), and the
spectral sequence collapses here.
We now examine the double complex when filtered by columns. For
a fixed p we have the complex

LB ol B o By oeetl 2

By adjointness, C??= bHomgg(R,, bHom(7},,C)), and the bound-
ary map dr induces a map d}. : bHom(7;, C) — bHom(T}+1,C).

Lemma 5.1. There are identifications ker 67 = bHomgg(R,, ker d.)
and im 07 = bHomgg (R, im d.).

Proof. If ¢ € ker or, then for all r € R, (67¢)(r)(x) = 0 for all z € T.
Thus ¢(r) € kerdy for all r and kerdy C bHomgg(R,, kerdy). If
¢ € bHomgg(R,, kerd}) then for all r € R, d3&(r) = 0. That is
E(r)(drx) = 0 for all x € T, and 07 is the zero map, establishing
bHomgsg (R, ker di) C ker or.
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For ¢ € im dr, thereis f € bHomgg(R,, bHom(7,, C)) with dr f = ¢.
Thus, for all » € Ry, o(r) = (=1)?d5(f(r)) € imd}. In particular,
im dr C bHomgg(R,, im d7.).

That bHomgg(R,,imd}) C im é7 follows from the finiteness condi-
tion on Q. Specifically, we use the bornological isomorphism bHomgq(R,, M) = bHom(R,, M)
for any SQ-module M. Since E is finite dimensional, any linear map
R, — M is bounded. For each ¢ € imd%, pick a o(¢) € bHom(T,,C)
for which di.(c(€)) = & We do not require o to be a bounded map.
Let R be a finite basis for R,.

Let ¢ € bHomgg(R,,im d}) = bHom(R,,imd%). Define a map f :
R, — bHom(T,, C) by setting f(r) = (—1)Po(¢(r)) for r € R and ex-
tending by linearity. This defines a map f € bHom(R,, bHom(T,, C)).
For r € R, opf(r) = (=1)Pd5(f(r)) = ¢(r). Thus ¢ € imdr. O

. ker d}. \ ~, bHomsg (Rp,ker d})
Lemma 5.2. As bornological vector spaces, bHomgg (R, e )= bHomsq (R m o)

Proof. Denote by v the map E}ézr;‘zz(gp’lfg?)) — bHomgsg(R,
P T

given by v(f + bHomgg(R,,imd}))(r) = f(r) +im d5.
For R, as above
bHom(R,, kerd}) C bHom(R,, bHom(T,,C))
~ bHom(R,®T,,C).

kord;)
> imdzy, /0

As R_p®Tq is a Fréchet space, by Lemma 2.5, Lemma 2.3, and Lemma
24 bHom(R) ker d%.)
"7’ bHom(Rp,imd}.)
bornological space.
The cohomology of the complex

bHom(T;,C) = bHom(SQ&SG®, C)
bHomsy (SHOSQRSGE, C)
= bHOIngH(Pq, (C)

is precisely H P*(H), the polynomially bounded cohomology of the sub-
group H. As H is isocohomological for C, by Theorem 11 of [9], for each
x > 0, HP*(H) is a finite dimensional complex vector space equipped
with the fine bornology. Let {v1,...,7} be a basis for HP*(H). For
each v;, take an f; € kerd} with f; +imd} = 7,. The assignment

v +— fi extends to a bounded linear map HP*(H) = ierf;lT — ker d’;
T

: : : o kerdd o 77 s
which splits the quotient map ker dj, — — 7 =HP (H).

Let ¢ € bHomgg(R,, %). Since R, has finite rank, there is a
T

¢ € bHomgg(R,, ker d}) making the following diagram commute.

has a net. Moreover, bHom(R,, ker d) is a complete

I
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(1) Ry

¢/
/ ¢
ker d7,
imdy,

ker dj, ——

This shows the map « : bHomgg(R,, ker df.) — bHomsg(R,, %)
T

is surjective. As kera = bHomgg(R,,imd}), v is a bounded linear
bijection. The result follows by Theorem 2.6. O

Proof of Theorem 4.8. When filtering C** by columns, by Lemma 5.2
the EYY= bHomgq(R,, HPY(H)). Then E; = HPP(Q; HPY(H)). As
this spectral sequence converges to the same sequence as that obtained
when filtering by rows, we have convergence to HPPT1(G). O

Proof of Corollary 1.2. We compare the polynomial growth spectral se-
quence with the LHS spectral sequence for the group extension. The
inclusions C[H] — SH and C[Q] — SQ induce a mapping of bornolog-
ical spectral sequences FE, — E!, where E, is the spectral sequence
resulting from Theorem 4.8, and £ is the usual spectral sequence as-
sociated to the group extension. Since () and H are isocohomological,

HPPQ; HP(H)) = H"(Q; H(H)).

The two spectral sequences have bornologically isomorphic Es-terms.
Both E, and E! are complete convex bornological spaces. Furthermore,
the proof of Theorem 4.8, when combined with Lemmas 2.4 and 2.3,
shows that F, has a net. By Lemma 3.7 they have bornologically
isomorphic limits. U
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