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Abstract. The Hopf algebra structure of MU∗(ΩSO(n)) is computed,
generalizing the results of Bott for ordinary homology and of Clarke for

K-theory. In fact, rephrased in terms of formal group structure, their
results hold for any MU -algebra theory.

1. Introduction.
There has been a steady interest in calculating the BP -homology of

well known spaces. Most of the effort has been directed towards spaces
with torsion. However, determining all the relevant structure in ‘easily’
expressible terms is not straight forward even for torsion-free spaces,
as the cases of loop spaces of orthogonal and symplectic groups shows.
The latter has been studied in [Cl2]. Here we will study the former.
Actually, I have not been able to determine the module of coalgebra
primitives, but the rest of the structure is determined in terms of the
formal group structure associated to complex cobordism. These results
then transfer to any MU -algebra theory, including ordinary homology
and K-theory. These two cases have been settled by [Bt] and [Cl1]
respectively, and their results are special cases of ours. Actually, we do
use Bott’s calculations; but with a little more effort we can do with only
the general results of Bott applicable to any Lie group and the rational
calculations of Leray, Borel et. al.
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The plan of this paper is as follows: We state the major results in
the next section. Section 3 contains a summary of facts about forward
homomorphisms and Thom classes that we need. These results are surely
well known; but I have not been able to find a suitable reference. I
have stated the results about forward homomorphisms in slightly greater
generality than we need. The fourth section contains some calculations
of intersection numbers. The results concerning the generating varieties
are proved in Section 5. The last section contains the proof of the
main theorem and the obligatory list of the first few explicit formulas
for BP -theory. The main feature of our result is that the generators
are explicitly defined. This is crucial for the study of the bar spectral
sequence converging to the Morava K-theories of SO(2n+ 1) in [Ra].

We refer the reader to [Ad] and [Wi] for background material on, and
unexplained notation involving complex bordism, BP -theory and their
formal groups.

I would like to thank Steve Wilson for his comments improving the
exposition of this paper.

After completing this paper, I learnt of [Bk], where the structure of
MU∗(ΩSpin), including the module of primitives, is computed. How-
ever, it is not clear if the methods used there can be adapted to deal
with the case of ΩSO(n) for finite n. Note further that, in our approach,
the case n = ∞ is an easy consequence of the well-known structure of
MU∗(CP∞) and Bott’s results.

2. Statement of results.
Let Qn = SO(2 + n)/(SO(2) × SO(n)) be the Grassmanian of ori-

ented 2-planes in Rn+2. This is a generating variety for the homology
of ΩSO(n + 2): There is a map from Qn to ΩSO(n + 2) that takes an
oriented 2-plane P to the loop formed by rotations in P , followed by
rotations in a fixed oriented 2-plane. Note that this maps into the com-
ponent of the trivial loop. The induced map on homology is monomor-
phic and the image of H∗(Qn) generates H∗(Ω0SO(n + 2)) (see [Bt]).
As we will see, this is true for any MU -algebra theory. We give Qn an
almost complex structure which is the conjugate of the usual complex
structure [see Section 4 for details]. Note that we have an embedding
CPn

↪→ Q2n of almost complex manifolds. We also have the obvious
embeddings fn:Qn ↪→ Qn+1 with direct limit Q∞ = BSO(2) = CP∞;
this gives a complex line bundle ξ over Qn. As a real bundle, this is
the tautological oriented 2-plane bundle over Qn. Let x ∈ MU2(Qn)
be the Conner-Floyd Chern class of ξ. We denote by zn and yn+1 the
‘Atiyah-Poincaré’ duals of CPn

in Q2n and Q2n+1. [See Section 4 for
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an alternate definition]. Let θ(t) = ([2]t)/t in MU∗[[t]]; here [n]t is the
n-series ([Wi, p. 14]).

Remarks: Qn is the quadratic hypersurface in CPn+1 given by∑n+1
j=0 z

2
j = 0 (with the conjugate complex structure). As the referee

pointed out, the embeddings Sn ↪→ Qn and CPn
↪→ Q2n used in Section

4, are given by

(x0, . . . , xn) 7→ [x0, . . . , xn, ı] and [z0, . . . , zn] 7→ [z0, . . . , zn, ız0, . . . , ızn]

respectively. This can be used to give alternate proofs of the statements
in Section 4.

The first part of the following proposition, as well as the first part of
its corollary are of course classical. They are included for the sake of
completeness.

Proposition 1. (1) MU∗(Q∞) = MU∗[[x]].
(2) MU∗(Q2n−1) is the free MU∗-module on {xi, xiyn | 0 ≤ i < n}.

The product is given by xn = θ(x)yn ; xiyn = 0 if i ≥ n.
(3) MU∗(Q2n) is the free MU∗-module on {xi, xizn | 0 ≤ i ≤ n}.

The product is given by xn+1 = ([2]x)zn; xizn = 0 if i > n;
z2
n = 0 if n is odd and xnzn if n is even.

It follows that {xi | 0 ≤ i < 2n} and {xi | 0 ≤ i < 2n}∪{θ(x)zn−xn}
are bases for MUQ∗(Q2n−1) and MUQ∗(Q2n) respectively. Let the dual
bases of MUQ∗(Q2n−1) and MUQ∗(Q2n) be {βi | 0 ≤ i < 2n} and
{βi | 0 ≤ i ≤ 2n} ∪ {ε} respectively. Define αi to be θ(x)_βi.

Corollary 2. (1) MU∗(Q∞) is free on {βi | 0 ≤ i <∞}.
(2) MU∗(Q2n−1) is free on {βi, αn+i | 0 ≤ i < n}.
(3) MU∗(Q2n) is free on {βi, αn+i | 0 ≤ i < n} ∪ {α2n, βn − ε}; 2ε

is spherical.

The generating map Qn ↪→ Ω0SO(2+n) induces a monomorphism in
complex bordism since it does so in ordinary homology and the spaces
are torsion free. So we can identify the elements of MU∗(Qn) with their
images in MU∗(Ω0SO(2 + n)) under the generating map.

If M is a graded MU∗-module M , we denote MU∗[[t]] ⊗MU∗ M by
M [[t]] and grade it by giving t the grading −2. The MU -exp series
will be denoted by b(t): b(t) =

∑∞
0 ti ⊗ bi ∈ MU∗MU [[t]]. Define

Bn(t) ∈MU∗(Ω0SO(n+ 2))[[t]] to be
∑n

i=0 t
i ⊗ βi. Note that β0 = 1.

Recall that π0(ΩSO(n)) = Z/2 if n ≥ 3. So, as Hopf algebras,

MU∗(ΩSO(n)) = MU∗(Ω0SO(n))⊗Z (Z[γ]/(γ2 = 1)) .
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Henceforth, we will work with MU∗(Ω0SO(n)).
Let B ⊂ A be two commutative algebras with unity and let S be a

subset of A. We say that A is simply generated over B by S if monomials
of the form s1s2 · · · sm, where si ∈ S are all distinct, form a basis for A
over B. Note that A is free over B as a module.

Theorem 3. (1) A simple system of generators for MU∗(Ω0SO) over
MU∗ is given by {βi | 0 < i <∞}.

(2) The MU∗-algebra MU∗(Ω0SO(2n+ 1)) is simply generated over
MU∗[αn, αn+1, . . . , α2n−1] by β1, . . . , βn−1.

(3) As an MU∗-algebra, MU∗(Ω0SO(2n+2)) is simply generated by
β1, . . . , βn−1, βn − ε over MU∗[αn, αn+1, . . . , α2n].

(4) The comodule structure of MU∗(Ω0SO(n+2)) is given implicitly
by the rational relation ψ(Bn(t)) = Bn(b(t)) (mod tn+1).

(5) The coalgebra structure of MU∗(Ω0SO(2n + r)), r = 1 or 2, is
given by

∆(βk) =
k∑

i=0

βi ⊗ βk−i if k < n;

∆(ε) = 1⊗ ε+ ε⊗ 1 if r = 2;

∆(αn+k) =
k∑

i=0

(αn+i ⊗ βk−i + βk−i ⊗ αn+i) if k < n

∆(α2n) = (−1)n2ε⊗ 2ε+
n∑

i=0

(αn+i ⊗ βn−i + βn−i ⊗ αn+i)

if r = 2.

(6) The algebra structure of MU∗(Ω0SO(n + 2)) is given implicitly
by the rational relation

Bn(t)Bn([−1]t) =
{

1 if n is odd or ∞
1 + (−1)n/2tnε2 if n is even

(mod tn+1).

Remarks: The last statement of the theorem is to be interpreted
as follows: Expand the left-hand side in powers of t. In the result the
coefficient of t2i for i ≤ n/2 will be of the form (−1)iβ2

i + other terms.
One can then equate coefficients and solve for β2

i in terms of β2
j , j < i

and simple monomials in β’s and α’s. Now we can inductively calculate
β2

i in terms of the basis given by the first three statements of Theorem 3.
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This gives the multiplication table for that basis. Part 4 of the theorem
is interpreted in a similar but simpler fashion; there ψ refers to

MUQ∗(Ω0SO(n+ 2)) −→MU∗MU ⊗MU∗ MUQ∗(Ω0SO(n+ 2)) .

Parts 4 and 6 of the theorem are not as explicit as one would like.
The fact that we use both the [2]-series and the [−1]-series complicates
matters, even if we specialize to Morava K-theories. I do not know if
there are other sets of generators that do not suffer from this defect.

The tangent bundle of a manifold X will be denoted by τX. The
total space and the Thom space of a vector bundle ξ are denoted by Eξ
and Mξ respectively. The image, under MU → H and MU → H →
MU ∧ HQ = MUQ, of an element in the (co) bordism of a space is
indicated by attaching a (sub) superscript H. The normal bundle of an
embedding f is denoted by νf . We also repeatedly use the following
well known corollary of the Atiyah-Hizebruch spectral sequence (see, for
example [CS]):

4. If the reduction to ordinary homology of the elements of a subset B
of MU∗(X) is a basis for H∗(X), then MU∗(X) is free on B.

3. Preliminaries I.
Let f :X → Y be a Cr-map of Cr-manifolds, r ≥ 1. A complex orien-

tation for f is a factorization of f as X i−→ E
p−→ Y where p is a complex

bundle and i is an embedding with a stably complex normal bundle. Let
f be proper and complex oriented. Then we can find a tubular neighbor-
hood U of i(X) in E and a neighborhood V of U such that V ∩ p−1(y)
is a closed disk for all y ∈ Y . If h is a complex oriented cohomology
theory (this phrase has a different meaning than above when applied to
spectra!), we define f!:hi(X) → hi+s(Y ), the forward homomorphism
induced by f , to be

hi(X) Th−−→ hi+s+t(U,U \X)
∼=←− hi+s+t(E,E \X)

−→ hi+s+t(E,E \ V ) Th−−→ hi+s(Y ).

Here Th stands for Thom isomorphisms, s = dimY − dimX and t =
dimE − dimY . Note that complex oriented theories have canonical
Thom classes for stably complex bundles. If f :X → Y is an embedding
with a stably complex normal bundle νf we can dispense with E:

f! =
(
hi(X) Th−−→ hi+s(M(νf))

Pontryagin-Thom−−−−−−−−−−−→
construction

hi+s(Y )
)
.
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Note that f!(1) is just the Poincaré dual of X in Y .
This definition of the forward homomorphism is (more or less) due

to [AH]. This is closely related to the transfer as defined in [MMM].
The following properties are easily proved and essentially restate the
fact that the definition of complex cobordism as in [Q] agrees with the
usual definition in terms of spectra. Below, f :X → Y is proper and
complex-oriented.

1. For y ∈ h∗(Y ) and x ∈ h∗(X), f!(f∗(y)x) = y f!(x).

2. If ζ is a complex bundle over Y and idY is oriented as Y 0−→ E(ζ) −→
Y , then (idY )! = (idY )∗.

3. Let f ′ : X ′ → Y ′ be another proper and complex oriented map. Give
f × f ′ the obvious complex orientation. Then (f × f ′)!(x×x′) = (f!x)×
(f ′!x

′).

4. Let g : Z ↪→ Y be an embedding transversal to f and g̃: f−1(Z) ↪→ Z
the pull-back of g via f . Then (f |Z)!g̃∗ = g∗f! .

Combining 1–4, we see that we can replace p by p⊕ζ in the definition
of f!, where ζ is a complex bundle, without changing f!.

5. Let f be an embedding. Then f∗f! is multiplication by the Euler class
of νf .

6. Let f :X → Y and g:Y → Z be embeddings with stably complex
normal bundles. Then (gf)! = ±g!f!. If f and g are embeddings of
almost complex manifolds, then (gf)! = g!f! .

7. Let f, g be as in (6) and be transversal to each other and let h be
X∩Z = W ↪→ Y . Complex orient h by identifying νh with νf |W⊕νg|W .
Then f!(x)g!(z) = h!((x|W )(z|W )).

Next we turn our attention to MUQ, the rational bordism theory.
This has two complex orientations, xMU and xH , coming from MU
and H respectively. Let λ(t) = logMU (t)/t; thus xH = xMUλ(xMU ).
A stably complex bundle ξ over X has two Thom classes : tH(ξ) and
tMU (ξ). There is a unique unit u(ξ) ∈ MUQ0(X) such that tH(ξ) =
u(ξ)tMU (ξ). The following properties of u are easily verified:

8. u(ξ × η) = u(ξ)× u(η); u(f∗ξ) = f∗u(ξ); u(ξ ⊕ η) = u(ξ)u(η).

9. u(ξ) can be expressed as a power-series in the Chern classes of ξ, or
in the Conner-Floyd Chern classes of ξ.
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10. If ξ is a complex line bundle, then u(ξ) = λ(cf1(ξ)), where cf1(ξ)
is the first Conner-Floyd Chern class of ξ.

11. Let f :X → Y be an embedding with a stably complex normal bundle
ν. Then (fH)!(x) = u(ν)(fMU )!(x) for all x ∈MUQ∗X.

Finally we need u of a certain bundle over CPn−1:

12. Let ξ be the canonical complex line bundle over CPn−1 and ξ⊥n−1 be
the (n− 1)-plane bundle complementary to ξ. Then u(ξ⊕ (ξ⊗ ξ⊥n−1)) =
(λ(xMU ))nθ(xMU )/2.

Proof. Note that by 10 and formal group calculations,

u(ξ ⊗ ξ) = λ([2]xMU ) = 2λ(xMU )/θ(xMU )

in MUQ∗(CP∞). Also

u(ξ ⊗ ξ)u(ξ ⊗ ξ⊥n−1) = u(ξ)n = (λ(xMU ))n ,

because of 8, 10 and the fact that (ξ ⊗ ξ)⊕ (ξ ⊗ ξ⊥n−1) = ξ⊕n. Another
appeal to 8 and 10 completes the proof.

4. Preliminaries II.
In this section we find various intersection numbers we will need later.

These are straightforward calculations; we will give only enough detail to
reproduce the full calculations. In particular, we will not prove transver-
sality or check local intersection numbers.

Let G be a Lie group and H a closed subgroup of G. Then there is a
well known exact functor from finite dimensional linear representations
of H to vector bundles over G/H: To a representation V , associate the
bundle G×HV → G/H. For example, τG/H is associated to the adjoint
representation of H on g/h where g and h are the Lie algebras of G and
H respectively. We use this to identify tangent and normal bundles.

Recall that Qn = SO(2 +n)/(SO(2)×SO(n)) is the Grassmanian of
oriented 2-planes in R2+n and that Q∞ = BSO(2) ∼= CP∞. We identify
so(2+n)/(so(2)+so(n)) withHomR(Rn,C) by sending an (n+2)×(n+2)
matrix [ajk] to the row matrix [a1j+ıa2j ]n+2

j=3 . Thus the tangent bundle of
Qn is associated to the representation of SO(2)×SO(n) onHomR(Rn,C)
where SO(n) acts on Rn and SO(2) = U(1) on C. We use this to
give Qn an almost complex structure. In the same way the tangent
bundle of CPn

= U(1 + n)/(U(1) × U(n)) is associated to the obvious
representation of U(1)× U(n) on HomC(Cn,C).
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We have the obvious embedding fn:Qn ↪→ Qn+1 and the embedding
CPn

↪→ Q2n induced by U(m) ↪→ SO(2m). These are embeddings
of almost complex manifolds. The elements yn ∈ MU∗(Q2n−1) and
zn ∈MU∗(Q2n) can be defined as the image of 1 under the forward ho-
momorphisms induced by CPn−1 ↪→ Q2n−2 ↪→ Q2n−1 and CPn ↪→ Q2n

respectively. Clearly the normal bundle of fn is associated to the repre-
sentation pr:SO(2)×SO(n) −→ SO(2) = U(1). It is easy to see that the
normal bundle of CPn

in Q2n is associated the obvious representation
of U(1) × U(n) on C ⊗ Cn. Thus we have the next statement, where ξ
is the canonical complex line bundle over Q∞ = CP∞:

1. ν(CPn ↪→ Q2n) = ξ ⊗ ξ⊥n and ν(CPn−1 ↪→ Q2n−2 ↪→ Q2n−1) =
ξ⊕(ξ⊗ξ⊥n−1). Here ξ⊥m is the m-plane bundle complementary to ξ|CPm.
Also νfn = ξ|Qn.

Let D(τSn) = {(u, v) | u ⊥ v, ‖u‖ ≤ 1} ⊂ Sn × R1+n be the tangent
disk bundle of Sn. We define a map D(τSn) → Qn by (u, v) 7→ Ru +
R(v +

√
1− ‖v‖2 · en+2) where {e1, . . . , en+2} is the standard basis of

R2+n. It is easy to verify that this map carries S(τSn), the tangent
sphere bundle of Sn, into Qn−1 and that

(2) Qn = Qn−1

∐
S(τSn)

D(τSn).

We identify Qn/Qn−1 with M(τSn). Note that Sn ↪→ D(τSn) ↪→ Qn

gives an embedding i of Sn into Qn. Embedding Rn+1 in Rn+2 as Re2 +
· · · + Ren+2 gives another embedding j of Sn = SO(1 + n)/SO(n) into
SO(2 +n)/(SO(2)×SO(n)) = Qn that is seen to be isotopic to i if n is
even.

We will need the following facts later:

3. In Q2n, Q2n−1 and CPn
intersect transversely at CPn−1

.

Proof. Identifying R2n with Cn, we have

HomR(R2n−1,C) ∩HomC(Cn,C) = HomC(Cn−1,C).

Thus it is enough to prove the second claim. Any L ∈ CPn ∩Q2n−1 is a
complex line of C1+n contained in R2n+1. Hence the image of L under
the projection of C1+n onto the last complex coordinate is contained in
R. So this image is trivial and L ⊂ Cn.
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4. j(S2n) and CPn
intersect transversely at a single point with inter-

section number 1

Proof. Since the tangent bundles of j(S2n) and CPn are associated to
HomR(R2n, ıR) and HomC(Cn,C) considered in the obvious manner as
subspaces of HomR(R2n,C), it is enough to show that j(S2n)∩CPn is a
singleton. Note that j(u1, . . . u2n+1) = Re1 + R(

∑2n+1
k=1 ukek+1). So the

only complex line contained in j(S2n) is Ce1.

5. The self-intersection number of i(S2n) in Q2n is (−1)n2

Proof. Define yet another embedding j′ of S2n into Q2n by

j′(u1, . . . , u2n+1) = R(u1e1 +
2n+1∑
k=2

ukek+1) + Re2.

One easily verifies that the intersection of j′(S2n) and j(S2n) consists
of exactly two points, namely Re1 + Re2 and Re2 + Re1. Now the
tangent spaces to j(S2n) and j′(S2n) at Re1 + Re2 are identified with
HomR(R2n, iR) and HomR(R2n,R) respectively; we consider these two
as subspaces of HomR(R2n,C). Thus the intersection at Re1 + Re2 is
transversal with local intersection number (−1)n. Define σ: R2n+2 →
R2n+2 by

σ(ei) =
{ −ei if i = 2 or 3;
ei otherwise.

Then σj = j′ and σ(Re1 + Re2) = Re2 + Re1. Hence j′ is isotopic to j
and so to i, and the local intersection numbers at the two points are the
same.

6. The intersection number of Qn and CPn
in Q2n is 1

Proof. Identify R2+2n with C1+n with basis e0, e1, . . . , en. Then Qn ⊂
Q2n is isotopic to Q̃n, the Grassmannian of oriented 2-planes in Ce0 +
Re1 + · · ·+Ren. Clearly Q̃n∩CPn

= {Ce0}. The tangent spaces at this
point are {f ∈ HomR(Cn,C) | f(ıej) = 0∀ j > 0} and HomC(Cn,C).
From this it follows that the intersection number is 1.

7. The two composites Qn+1 → M(ξ|Qn) → MU(1) and Qn+1 →
Q∞ = CP∞ →MU(1) are homotopic. Thus (fn)!(1) = x.

Proof. Identify MU(1) ' CP∞ with K(Z, 2). Then Qn → Qn+1 com-
posed with either of the two maps above represents the Euler class of ξ.
If n > 1 then H2(Qn+1)→ H2(Qn) is monomorphic, by 2. This proves
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the claim in that case. Now S2 −→ Q2 −→ M(ξ|Q1) is null-homotopic
for i(S2) and Q1 are disjoint. As i∗ξ ∼= j∗ξ is trivial, S2 −→ Q2 −→ Q∞
is null homotopic. By 2, H2(Q2)→ H2(Q1)⊕H2(S2) is monomorphic.
These three facts complete the proof if n = 1.

5. Proof of Proposition 1.
Let Mn be the Thom space of the tangent bundle of S2n. Since the

latter is stably trivial, Mn is stably equivalent to (S2n)+ ∧ S2n. Let

an ∈ M̃U2n(Mn) be the Thom class and c the canonical generator of
M̃U∗(S2n).

1. M̃U∗(Mn) is freely generated by an and (an ^ an)/2. S2n → Mn

maps an to 2c. The element (an ^ an)/2 is stably the suspension of a
generator of M̃U∗(S2n).

Proof. The second statement is well known. Let D and S be the tan-
gent disk and sphere bundles of S2n. Then MU∗((D,S) × (D,S)) →
MU∗(D × (D,S)) maps an ^ an to 2c ^ an. The proof is completed
by appealing to the Thom isomorphism theorem and by noting that, in
this case, the Thom isomorphism coincides with suspension upto sign.

As we will see below, we have a split short exact sequence

(2) 0 −→ M̃U∗(Mn) −→MU∗(Q2n) −→MU∗(Q2n−1) −→ 0

where we identify Mn with Q2n/Q2n−1 as in the last section. Thus we
can and will abuse notation by identifying the elements of M̃U∗(Mn)
with their images in MU∗(Q2n).

3. (f2n)!(zn) = yn+1; f∗2n−1(zn) = yn; i!(1) = an; anx = 0; f∗2n−1(an) =
0; f∗n(x) = x.

Proof. We use the definition of yn and zn given in Section 4. The first
equality follows from 3.6; the second from 3.4 and 4.3; and the third by
definition. The fourth and fifth follow from 4.6 and the fact that Q2n−1

and i(S2n) are disjoint. The last statement is obvious.

Next we prove by induction on n that

4. MU∗(Q2n−1) is free over MU∗ with basis {xi, xiyn | 0 ≤ i < n}.
Furthermore 2yn,H = xn

H .
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5. MU∗(Q2n) is free over MU∗ with basis {xi, xizn | 0 ≤ i ≤ n}. In
addition an,H = 2zn,H − xn

H ; a2
n,H = (−1)n2xn

Hzn,H .

4 is true for n = 1. Now ξ|Q1 is the tangent bundle of Q1 = S2 and xH

its Euler class. Since CP 0
is a point, y1,H = xH/2. So H∗(Q1) is free

on {1, y1,H}. This is enough by 2.4.

4 for n implies 5 for n. The long exact sequence of (Q2n, Q2n−1) be-
comes the split short exact sequence

0 −→ H̃∗(Mn) −→ H∗(Q2n) −→ H∗(Q2n−1) −→ 0 ,

for by the induction assumption and 1, H∗(Q2n−1) and H∗(Mn) are
free and concentrated in even dimensions. [Note that this argument
proves 2 too, inductively.] The induction assumption and 3 imply that
f∗2n−1(2zn,H − xn

H) = 2yn,H − xn
H = 0. Hence 2zn,H − xn

H = kan,H for
some k ∈ Z. But k has to be 1:

2kcH = i∗(kan,H) by 1
= j∗(kan,H) since i ' j
= j∗(2zn,H − xn

H) by hypothesis
= 2cH by 4.4 and the fact that j∗(x) = 0.

The last statement of 5 follows from 4.5 and 4.6. Now 1, 3, the in-
duction hypothesis and the split short exact sequence above imply that
H∗(Q2n) ∼= H∗(Q2n−1)⊕ H̃∗(Mn) is free on

{xi
H , x

i
Hzn,H | 0 ≤ i < n} ∪ {2zn,H − xn

H , (−1)nxn
Hzn,H}.

So {xi, xizn | 0 ≤ i ≤ n} reduces to a basis of H∗(Q2n). By 2.4, we are
done.

5 for n implies 4 for n+1. First, I claim that (f2n)!(an) = 0: Note that,
if the g is the standard embedding of S2n into S2n+1, then(

S2n i−→ Q2n
f2n−−→ Q2n+1

)
'

(
S2n g−→ S2n+1 i−→ Q2n+1

)
.

Together with 3.5, this implies that (f2n)!(an) = (f2n)!i!(1) = ±i!g!(1).
But clearly g!(1) = 0. Note that by the same argument, i∗(x) = 0. Next
we show that 2yn+1

H = xn+1
H :

2yn+1,H − xn+1
H = 2(f2n)!(zn,H)− xn

H(f2n)!(1) by 3 and 3.1
= (f2n)!(an,H)
= 0 as above.
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By [Bt, 9.1] H∗(Q2n+1) is freely generated by {xk
H , x

n+k
H /2 | 0 ≤ k <

n+ 1}. Now appeal to 2.4.

Now we return to the proof of Proposition 2.1. Note that xiyn = 0 if
i ≥ n and xizn = 0 if i > n because of dimension considerations. Next
we show that xn = θ(x)yn in MUQ∗(Q2n−1) ⊃MU∗(Q2n−1):

λ(xMU )nxn
MU =

(
logMU (xMU )

)n = xn
H

= 2yn,H by 4
=

(
λ(xMU )

)n
θ(xMU )yn,MU by 4.1, 3.11 and 3.12.

We need to make one more digression:

(6) an = θ(x)zn − xn in MU∗(Q2n).

Proof. Using 2 and the fact that f∗2n−1(an) = 0, we see that there exist
k ∈ MU0 and u ∈ MUQ∗ such that an = k(θ(x)zn − xn) + ux2n.
Reduction to ordinary homology and 5 show that k = 1. But u must be
0, because in MUQ∗(Q2n+1),

θ(x)yn+1 − xn+1 = 0 proved above
= (f2n)!(an) by 3
= (f2n)!(θ(x)zn − xn + ux2n) by assumption
= θ(x)yn+1 − xn+1 + ux2n+1 by 3, 3.1 and 4.7.

Since anx = 0, we see that xn+1 = zn ([2]x) in MU∗(Q2n). By 5,
a2

n = kxnzn for some k ∈MU0. Reduction to ordinary homology and 5
show that k = (−1)n2. An easy calculation using 6 determines z2

n and
completes the proof of Proposition 2.1.

Proof of Corollary 2.2. : The proofs of (1), (2) and (3) are similar. We
will prove (3): We have the rational basis 1, x, . . . , x2n, θ(x)zn − xn and
the integral basis 1, x, . . . , xn, zn, xzn, . . . , x

nzn. Let ci be the coefficients
of the 2-series: [2]x =

∑∞
0 cix

i+1. As xn+j =
∑n−j

i=0 cix
i+1zn, the dual

of the latter basis is

{βi | 0 ≤ i < n} ∪ {βn − ε} ∪ {cjε+
j∑

i=1

cj−iβn+i | 0 ≤ j ≤ n} .

Clearly we can replace cjε+
∑j

i=1 cj−iβn+i by(
cjε+

j∑
i=1

cj−iβn+i

)
+

(
cj(βn − ε) +

n∑
i=1

cj+iβn−i

)
= αn+j .

The last sentence of Corollary 2.2.(3) is proved by using the fact that
i∗(an)/2 is a generator of M̃U∗(S2n) and that i∗(x) = 0.
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6. Proof of Theorem 2.3 and Miscellaneous Remarks.
Proofs of (1), (2) and (3) are similar to each other. We prove (2):

Note that the reduction of αj to ordinary homology is 2βH
j . By [Bt,

Section 9], H∗(Ω0SO(2n+ 1)) is free on

{(βH
1 )j1 · · · (βH

n−1)
jn−1 · (2βH

n )k0 · · · (2βH
2n−1)

kn | ji = 0 or 1}.

Now use 2.4.
Note that parts 4 and 5 of Theorem 2.3 are really statements about

MU∗(Qn). The latter follows by dualizing the multiplication tables for
the bases {1, x, . . . , x2n, θ(x)zn−xn} and {1, x, . . . , x2n−1} ofMU∗(Q2n)
and MU∗(Q2n−1) respectively. The only nontrivial facts needed, namely
that (θ(x)zn − xn)x = 0 and that (θ(x)zn − xn)2 = (−1)nx2n, follow
from the last part of the proof of Proposition 2.1.(3).

Proof of Theorem 2.3.(4). This is standard for n = ∞. As the ho-
momorphism MUQ∗(Q2m−1) → MUQ∗(Q∞) is a monomorphism, the
case of odd n follows. Now we turn to the case of even n: By Corol-
lary 2.2.(3), ψ(ε) = 1⊗ ε. The kernel of MUQ∗(Qn)→ MUQ∗(Q∞) is
generated by ε, and βi is in the image of MUQ∗(Qn−1)→ MUQ∗(Qn)
for i < n. Thus the only ambiguity in ψ is in ψ(βn) and is of the form
α ⊗ ε : ψ(Bn(t)) = Bn(b(t)) + tnα ⊗ ε (mod tn+1). Consider the map
p:Qn → Qn/Qn−1

∼= M(τSn). Recall that M(τSn) is stably equivalent
to (Sn)+∧Sn. The results of the previous section imply that p∗ maps the
suspensions of the generators of MUQ∗(Sn) to an/2 and (−1)n/2xn/2.
Thus p∗(βi) = 0 if i < n, and p∗(2ε) and (−1)n/2p∗(βn) are the suspen-
sions of the canonical generators of MU∗(Sn). The following calculation
then shows that α = 0:

1 + tn ⊗ p∗(βn) = ψ(p∗(Bn(t)) = p∗(Bn(b(t)) + tnα⊗ ε)
= 1 + tn ⊗ p∗(βn) + tnα⊗ p∗(ε).

Proof of Theorem 2.3.(6). Define a self-homeomorphism σ of Qn =
G̃2+n,2 that reverses the orientation of oriented 2-planes. It is easy
to see that σ∗ξ = ξ. So σ∗(x) = [−1]x, σ∗(xH) = −xH and σ∗(Bn(t)) =
Bn([−1]t). Let n be even. Let D and S be the tangent disk and sphere
bundles of Sn, and g: (D,S)→ (Qn, Qn−1) the relative homeomorphism
of Section 4. Then σg = gσ′ where σ′ : D → D is induced by the an-
tipodal map of Sn. Hence σp = pσ′ and so σ∗(an/2) = −an/2. It follows
that σ∗(ε) = −ε.
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Let h be the composition

Qn
diag−−→ Qn ×Qn

1×σ−−→ Qn ×Qn

−→ ΩSO(n+ 2)× ΩSO(n+ 2) mult−−−→ ΩSO(n+ 2).

Then h induces the trivial homomorphism in reduced rational homology:
By Theorem 2.3.(4) and the last paragraph, h∗(ε) = ε− ε. Also

h∗(BH
n (t)) =

{
BH

n (t)BH
n (−t) if n is odd,

BH
n (t)BH

n (−t)− (−1)n/2tnε if n is even.

Both are 1 by [Bt, 9.6, 10.6 and 10.10].
Since Qn and ΩSO(n+2) are torsion-free, h induces the trivial homo-

morphism in reduced bordism. Now a calculation similar to the above
completes the proof.

I have not been able to determine the module of primitives in general.
In the case of MU∗(Ω0SO), the following is true [Bk]: Define P (t) ∈
MU∗(ΩSO)[[t]] by P (t)B∞(t) = B′∞(t). Let pi be the coefficient of
ti−1 in P (t); (pi is the i-th Newton polynomial in the βj ’s). Then pi’s
are primitive. Furthermore P (t) + [−1]′(t)P ([−1]t) = 0; so peven’s are
linear combinations over MU∗ of podd’s. The module of primitives of
MU∗(ΩSO) is freely generated by {p2i+1 | 0 ≤ i <∞}.

It follows from Theorem 2.3 that β2
n is a linear combination of simple

monomials in β1, . . . , βn, αn+1, . . . , α2n.
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