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Abstract. We obtain an explicit and canonical system of
generators for the vl-torsion free part connective Morava K-
theories of SO(2n + 1). Some simple consequences for the
algebra structure are derived from that.

1. Introduction

This paper is part of a long-term project of determining the
Hopf algebra structure of Morava K-theories of special orthogo-
nal groups. The module structure was determined in [9]. How-
ever, the generators found there turned out to be hard to handle
in practice. Our aim in this paper to find a more suitable set of
generators that can more easily related to ordinary homology. We
expect this to be useful because the determination of the algebra
structure of P (l)∗SO(2l+1− 1) in [11] played off operations in ordi-
nary (co)homology of SO(2l+1− 1) and its projective plane against
information from the bar spectral sequence, and we hope to use a
similar approach in the general case.

Also, there has been a remarkable advance in our understanding
of BP and K(l)-theories of infinite complexes, in particular that
of spaces related to BO [2]. While the methods used there do not
give us anything new when applied to finite complexes, using maps
induced by inclusion can give us some information.

Progress in studying K(l)-theories of finite complexes has not
seen similar leaps. But, there has been some advance. Mimura and
Nishimoto ([3] and [5]) determined the Hopf algebra structure of
K(l)∗ of the exceptional Lie groups when l is the smallest integer
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for which the group in question has no vl torsion. This corresponds
to the case studied in [11] for the special orthogonal groups. Thus
it seems to be an opportune time to return to the question of the
algebra structure of K(l)∗SO(2n + 1).

After setting up our notation in the next section, a new system of
generators for the vl-torsion free part of k(l)∗SO(2n+1) is given in
Section 3. These generators are determined by their image in mod-
2 homology and the elements they represent in the bar spectral
sequence. As part of this, we prove the homology analog of the
result of [6] that k(l)-theories of SO(q) have no higher vl-torsion.
In the last section, we note some of the basic consequences of our
results for the algebra structure of K(l)∗SO(2n + 1) for n > 2l+1.

For the reason explained in the remark at the end of Section 4
of [8], we concentrate on the case of SO(2n + 1): There is an el-
ement βn − ε ∈ BP2nΩSO(2n + 2) whose homology suspension
βn − ε survives to the E∞-term of the bar spectral sequence. Fur-
thermore, βn − ε is primitive, has square zero and commutes with
βi’s and ζs’s among our generators, and k(l)∗SO(2n + 2) is a free
k(l)∗SO(2n + 2)-module with basis {1, βn − ε}. Thus to determine
the algebra structure of K(l)∗SO(2n+2), it is enough to determine
the commutators of βn − ε with the elements γ̂ij defined in the next
section. This should be doable by methods similar to those used
for our generators. For example, if n < 2l, the algebra structure of
P (l)∗SO(2n) can be determined by the method used in [11].

2. Preliminaries

Throughout this paper, we work at the prime 2. In particular,
BP will denote the 2-primary Brown-Peterson theory and k(l) and
K(l) will denote respecively the connective and periodic lth Morava
K-theories at the prime 2. Also, H∗X will denote the ordinary
homology of X with Z/(2) coefficients.

Next, we recall some of the eariler results and set up our notation.
The source for this paragraph is [7]. Gn = SO(n + 2)/(SO(2)×

SO(n)), the generating variety for the homology of Ω0SO(n + 2),
has torsion-free homology [1]. Note that G∞ = CP∞. Let x
be the image of the standard generator of MU∗CP∞ in MU∗Gn.
Then MUQ∗G2n−1 = MUQ∗[x]/(x2n). Let {β′0, β1, . . . β2n−1} be
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the basis of MUQ∗G2n−1 that is dual to {1, x, . . . , x2n−1}. Let

β0 ∈ M̃U0ΩSO(2n + 1) be the unique element such that β2
0 = 2β0.

Define αi =
∑i

j=0 ci−jβj where cj is the coefficient of tj+1 in the

MU -[2]-series. If 1 ≤ i ≤ 2n− 1 and 1 ≤ j ≤ n− 1, then αi and βj

are in M̃U∗ΩSO(2n + 1).
If h is an MU -algbra theory, we will denote the images of the β’s

and α’s in h∗ΩSO(2n+1) by the same symbols. These elements are
independent of n in the sense that if 0 ≤ i < n < q and j < 2n, then
the map h∗ΩSO(2n + 1) → h∗ΩSO(2q + 1) induced by inclusion
preserves βi and αj. The image of u under the homology suspension

h̃∗ΩSO(2n + 1) → h∗+1SO(2n + 1) will be denoted by u.
For the rest of this paper we will fix an l > 0. For 0 ≤ i < 2l,

define p(i) by 2l ≤ 2p(i)(2i + 1) < 2l+1. [This was denoted by k(i)
in [8], [9] and [11]. It has been changed to avoid confusion with
connective Morava K-theory.]

Fix a ground ring of charateristic 2. Let Γk(u) denote the di-
vided power algebra of height k on u. This is the dual of the prim-
itively generated truncated polynomial algebra P (x)/(x2k

). The
jth divided power of u will be denoted by γj(u). These are char-
acterized by the relations γ1(u) = u, γs(u)γt(u) = (s, t)γs+t(u)
where (s, t) is the binomial coefficient (s + t)!/s!t!, and ∆(γs(u)) =∑s

j=0 γj(u)⊗ γs−j(u), with the convention that γ0(u) = 1.
We need some facts concerning the bar spectral sequence; for the

details, see [8, Section 3]. If G is a compact connected Lie group
and h a BP -algebra theory, then the bar spectral sequence

E2
∗∗(G, h) = Torh∗ΩG

∗∗ (h∗, h∗) ⇒ h∗G

is a spectral sequence of commutative algebras. If Er
∗∗(G, h) is free

over h∗ for all r, then it a spectral sequence of bicommutative,
biassociative Hopf algebras.

Proposition 2.1 ([8, Theorem 1.1]). Let l ≤ s ≤ ∞. Then

E∞
∗∗
(
SO(2l+1 − 1), P (s)

)
=

2l−2⊗
i=0

Γp(i)+1(βi) .

If s > l, then there are no Hopf algebra extension problems.
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Hence there are unique elements γij ∈ P (l)2j(2i+1)SO(2l+1 − 1)

which project to γ2j(βi) ∈ H2j(2i+1)SO(2l+1 − 1) for 0 ≤ i ≤ 2l − 2,

1 ≤ j ≤ 2p(i)−1. For notational convenience, we write γ̂is for γi,2s .
We will use the same symbols to denote the images of these elements
in h∗SO(N) for N ≥ 2l+1, where h may be P (l), k(l) or K(l).

Let A be an algebra over a commutative ring R. A is said to be
simply generated by g1, g2, . . . over R if A is a free R-module with
basis

{1} ∪ {gi1gi2 . . . gis | i1 < i2 < · · · < is} .

As we do not assume that A is commutative, the order of the ele-
ments may be important.

We also need some basic facts concerning the Bockstein spec-
tral sequence for Morava K-theories. This spectral sequence, which
converges to (k(l)∗X/vl-torsion) ⊗k(l)∗ Z/p comes from the exact
couple where ρ is the reduction map and vl denotes multiplication

H∗X

k(l)∗X k(l)∗X
vl

ρ

by vl. In particular, d1 is the Milnor bockstein Ql. This spectral
sequence is essentially equivalent to the Atiyah-Hizebruch spectral
sequence for K(l). For use in the proof of Theorem 3.1 below, we
note the fact that x ∈ k(l)∗X maps to 0 in H∗(H∗X, Ql) if and only
if x = vlx1 + x2 where vlx2 = 0.

The following is standard:

Proposition 2.2. If rankK(l)∗ K(l)∗X = dimZ/p H∗(H∗X, Ql),
then Bockstein spectral sequence collapses at E2, and the vl-torsion
of k(l)∗X is annihilated by vl. Furthermore, k(l)∗X injects into
H∗X ⊕K(l)∗X.
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3. Generators for k(l)∗SO(2n + 1)/vl-torsion

This section is devoted to proving the following result.

Theorem 3.1. Suppose that 2l ≤ n < ∞. Let m = [n/2].

(1) All torsion in k(l)∗SO(2n + 1) is annihilated by vl.
(2) Suppose that s = 2j−1(2i + 1) ≥ 2l and m < s ≤ n. Then

there exists a unique element ζs ∈ k(l)4s−2l+1+1SO(2n + 1)
that projects to γ2j(β2i+1)Ql(γ2j(β2i+1)) ∈ H∗SO(2n + 1)
and satisfies vlζs = α2s−1.

(3) A simple system of generators for k(l)∗SO(2n+1)/vl-torsion
over k(l)∗ is given by

{ζs | m < s ≤ n} ∪ {βi | n− 2l + 1 ≤ i < n}
∪ {β2i | 2l−1 ≤ i ≤ m− 2l−1}
∪ {γ̂ij | 0 ≤ i < 2l−1, 1 ≤ j < p(i)}

if 2l+1 ≤ n, and by

{ζs | 2l ≤ s ≤ n} ∪ {βi | n− 2l + 1 ≤ i < n}
∪ {γ̂ij | 0 ≤ i < 2l−1, 1 ≤ j < p(i)}

if 2l ≤ n < 2l+1.

We will separate out some of the steps as lemmas to improve the
clarity of the proof.

Lemma 3.2. Let A = Z/2[x1, . . . , xn, y1, . . . , yn]/(x2
i , y

2
i ). Let

d be the derivation defined by d(xi) = 0, d(y1) = x1, d(yi) =
yi−1d(yi−1) + xi for 2 ≤ i ≤ n. Then

H∗(A, d) = Z/2[x2, . . . , xn, ynd(yn)]/(x2
i , (ynd(yn))2) .

Proof. It is easy to see that A =
⊗n

i=1 Z/2[yi, d(yi)]/(y
2
i , (d(yi))

2).
It follows that H∗(A, d) =

⊗n
i=1 Z/2[yid(yi)]/((yid(yi))

2). The con-
clusion follows from the fact that yid(yi) is homologous to −xi+1

for 1 ≤ i < n. �
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For 0 ≤ i < n, define r(i) by n < 2r(i)(2i + 1) ≤ 2n. Dualizing
the classical description of H∗SO(2n + 1) and the action of the
Steenrod algebra on it we see that

H∗SO(2n + 1) =
n−1⊗
i=0

Γr(i)+1(βi)(1)

Qjγ2s+1(βi) = γ2s(βi)Qjγ2s(βi) + β2s+1(2i+1)−2j+1+1(2)

(Alternatively, we can use [8, Theorem 1.1] and the proof of [11,
Lemma 5.2].)

To simplify notation, if q = 2t(2i + 1) ≤ 2n, we denote γ2t(βi) in
HqSO(2n + 1) by gq.

Lemma 3.3. Let ∆ be the diagonal of SO(2n + 1). Suppose
that q = 2t(2i + 1) ≤ 2n. Let x = gqQl(gq). Then

∆∗(x)− (1⊗ x + x⊗ 1) = Ql

(
2t+1−1∑

a=1

γa(βi)⊗ γ2t+1−a(βi)

)
Proof. As H∗SO(2n+1) injects into H∗SO, it is enough to prove

this for SO. Let j = 2t+1(2i + 1) − 2l+1 + 1. In H∗SO, x + βj =

Ql(γ2t+1(βi)). So,

∆∗(x) = Ql(∆∗(γ2t+1(βi)))−∆∗(βj)

= 1⊗ (x + βj) + (x + βj)⊗ 1

+ Ql

(
2t+1−1∑

a=1

γa(βi)⊗ γ2t+1−a(βi)

)
− (1⊗ βj + (βj ⊗ 1)

This proves the lemma. �
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Lemma 3.4. Suppose that n ≥ 2l. Then as a Hopf algebra,
H∗(H∗SO(2n + 1), Ql) is isomorphic to

2l−1−1⊗
i=0

Γp(i)(γ2(βi))⊗
m−2l−1⊗
i=2l−1

E(β2i)⊗
n−1⊗

i=n−2l+1

E(βi)

⊗
[(n−1)/2]⊗

i=0

E(γ2r(i)(βi)Ql(γ2r(i)(βi))) if 2l+1 ≤ n

2l−1−1⊗
i=0

Γp(i)(γ2(βi))⊗
n−1⊗

i=2l−1

E(βi)⊗
n⊗

i=2l

E(g2iQl(g2i))

if 2l + 2l−1 ≤ n < 2l+1

n−2l⊗
i=0

Γp(i)(γ2(βi))⊗
2l−1−1⊗

i=n−2l+1

Γp(i)+1(βi)⊗
n−1⊗

i=2l−1

E(βi)

⊗
n⊗

i=2l

E(g2iQl(g2i)) if 2l ≤ n < 2l + 2l−1 − 1

as a Hopf algebra.

Proof. First consider the case n ≥ 2l+1. Using (1), we see that
as an algebra, we can write H∗SO(2n + 1) as

n−1⊗
i=n−2l+1

E(βi)⊗
2l−1−1⊗

i=0

Γp(i)(γ2(βi))

⊗ E(γ2j(βi), β2j−1(2i+1)−2l | 0 ≤ i < 2l−1, p(i) ≤ j < r(i))

⊗ E(γ2j(βi), β2j−1(2i+1)−2l | 2l−1 ≤ i < n, 1 ≤ j < r(i))

Now (2) implies that Lemma 3.2 applies to the last two factors. It
follows that the algebra structure is as claimed. Lemma 3.3 implies
that [γ2j(βi)Ql(γ2j(βi))] is primitive in H∗(H∗SO(2n+1), Ql). The
rest of the coalgebra structure follows from that of H∗SO(2n + 1).
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The proofs of the other two cases are similar, except for the
decomposition of H∗SO(2n + 1) as an algebra. These are

2l−1−1⊗
i=0

Γp(i)(γ2(βi))⊗
n−1⊗

i=2l−1

E(βi)⊗
n⊗

i=2l

E(g2i, β2i−2l+1+1)

if 2l + 2l−1 ≤ n < 2l+1 and

n−2l⊗
i=0

Γp(i)(γ2(βi))⊗
2l−1−1⊗

i=n−2l+1

Γp(i)+1(βi)⊗
n−1⊗

i=2l−1

E(βi)

⊗
n⊗

i=2l

E(g2i, β2i−2l+1+1)

if 2l ≤ n < 2l + 2l−1 − 1. The details are left to the reader. �

Proof of Theorem 3.1. We proceed by induction on n. The base
case of n = 2l is similar to the induction step. The difference is
that the only ζs that is relevant is for s = 2l, and the claim at the
end of the next paragraph is trivially true. We will leave the details
to the reader.

Note that for m < s < n, the image of ζs ∈ k(l)∗SO(2n − 1)
under the homomorphism induced by inclusion has the properties
listed in 2 of the theorem. Let X be

{ζs | m < s < n} ∪ {βi | n− 2l + 1 ≤ i ≤ n− 1}
∪ {β2i | 2l−1 ≤ i ≤ m− 2l−1}
∪ {γ̂ij | 0 ≤ i ≤ 2l−1 − 1, 1 ≤ j < p(i)− 1}

if 2l+1 ≤ n, and

{ζs | 2l ≤ s < n} ∪ {βi | n− 2l + 1 ≤ i ≤ n− 1}
∪ {γ̂ij | 0 ≤ i ≤ 2l−1 − 1, 1 ≤ j < p(i)− 1}

if 2l ≤ n < 2l+1. Using the induction assumption and Lemma 3.4,
it is easy to show that the image of X in H∗(H∗SO(2n + 1), Ql)
together with g2nQl(g2n) gives a simple system of generators for
H∗(H∗SO(2n + 1), Ql).

There is an x ∈ k(l)∗SO(2n + 1) such that vlx = α2n−1 because
α2n−1 maps to 0 in H∗SO(2n + 1). The induction assumption and
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[9, Theorem 1.1] imply that {x}∪X is simple system of generators
for K(l)∗SO(2n + 1). So

dimZ/2 H∗(H∗SO(2n + 1), Ql) = dimK(l)∗ K(l)∗SO(2n + 1)

Hence the Bockstein spectral sequence collapses at E2. It follows
that vl-torsion in k(l)∗SO(2n + 1) is annihilated by vl and that
there exists y ∈ k(l)∗SO(2n + 1) that maps to g2nQl(g2n). Con-
sequently, {y} ∪ X projects to a simple system of generators of
H∗(H∗SO(2n + 1), Ql). Hence {y} ∪X is a simple system of gen-
erators for k(l)∗SO(2n + 1)/vl-torsion

Now degree considerations imply that x = ey + x1 + x2 where
e = 0 or 1, x1 is a sum of simple monomials in X and x2 is vl-
torsion. If e = 0, then vlx = α2n−1 would be in the subalgebra of
K(l)∗SO(2n + 1) generated by X, contradicting [9, Theorem 1.1].
So e = 1.

Let ∆ be the diagonal map of SO(2n + 1). As α2n−1 originates
in BP∗ΣΩSO(2n + 1), ∆∗(α2n−1) = 1 × α2n−1 + α2n−1 × 1. It
follows that vl(∆∗(x) − 1 × x − x × 1) = 0 and that the image
of x in H∗(H∗SO(2n + 1), Ql) is primitive. Same is true of y by
Lemma 3.3. As vlx2 = 0, x2 maps to 0 in H∗(H∗SO(2n + 1), Ql).
Thus the image of x1 = x−y in H∗(H∗SO(2n+1), Ql) is primitive.
This image is a linear combination of simple monomials in Y . Using
Lemma 3.4, we see that this must be trivial. It follows that x1 is the
sum of a vl-divisible element and a vl-torsion element. Changing
x2 if necessary, we can assume that x1 is divisble by vl. Then
vl(x− x2) = vlx = α2n−1 and x− x2 and y have the same image in
H∗SO(2n + 1). �

4. Remarks on the algebra structure

Proposition 4.1. Suppose that n ≥ 2l.

(1) Torsion elements are central in k(l)∗SO(2n + 1).
(2) The subalgebra of k(l)∗SO(2n+1) generated by βi, 0 ≤ i <

n and ζs, min(2l − 1, n/2) < s ≤ n is exterior.
(3) If n ≥ 2l+1, then the subalgebra of k(l)∗SO(2n + 1) gener-

ated by γ̂ij, 0 ≤ i < 2l−1, 1 ≤ j < p(i) is commutative.



10 VIDHYĀNĀTH K. RAO

Proof. Commutators in k(l)∗SO(2n + 1) are divisible by vl be-
cause H∗SO(2n + 1) is commutative. Combining this with The-
orem 3.1.1 shows that any commutator that is vl-torsion must be
trivial.

Suppose that x, y in k̃(l)∗SO(2n + 1) have filtration 1 in the
bar spectral sequence. Then [x, y] trivial because the bar spectral
sequence is a spectral sequence of commutative algebras, E∗

∗,odd = 0,

and E∗
0∗ = k(l)∗(pt). So the βi’s and αj’s generate a commutative

subalgebra. It follows that [βi, ζs] and [ζs, ζt] are vl-torsion. So they

must be trivial. A similar argument shows that β
2

i = 0 and ζ2
s = 0.

To prove the last statement, observe that by the calculations in
[11, section 5], the commutators of the form [γ̂ij, γ̂st] lie in the ideal

generated by βi, 0 ≤ i < 2l. But the latter elements are trivial in
K(l)∗SO(2l+2 + 1) by [9, Lemma 3.3]. �

Lemma 4.2. If n ≥ 2l − 3, then K(l)∗SO(2n + 1) is a co-
commutative Hopf algebra and K(l)∗SO(2n + 1) is the dual Hopf
algebra.

Proof. Ql−1 acts trivially on the image of the homology suspen-
sion BP∗ΩSO(2n+1) → K(l)∗+1SO(2n+1). This includes βi’s and
α2j+1’s. It follows from [9, Lemma 3.3] and [11, Lemma 5.2] that
Ql−1 acts trivially on γ̂ij’s. These generate K(l)∗SO(2n + 1) as an
algebra. As Ql−1 is an algebra derivation, it follows that Ql−1 acts
trivially on all of K(l)∗SO(2n+1). Now the first claim follows from
the K(l)-theory analog of [10, Corollary 1.6]. The second follows
by a similar diagram chase. �

Remark. The next result follows from [2]. A direct proof from our
earlier calculations is simple enough that we give it here.

Lemma 4.3. K(l)∗SO is a bicommutative Hopf algebra, and
as a coalgebra, is given by

∞⊗
i=2l−1

E(β2i)⊗
2l−1−1⊗

i=0

Γp(i)(γi1) .

Proof. The same argument as above shows that Ql−1 acts triv-
ially on Kl)∗SO. Hence the left hand square in the diagram below,
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where τ denotes the appropriate switch map, commutes.

K(l)∗SO ⊗K(l)∗SO −−−→ K(l)∗(SO × SO)
mult∗−−−→ K(l)∗SO

τ

y τ∗

y ∥∥∥
K(l)∗SO ⊗K(l)∗SO −−−→ K(l)∗(SO × SO)

mult∗−−−→ K(l)∗SO

The right hand square commutes because SO is a commutative H-
space. Thus K(l)∗SO is a bicommutative Hopf algebra. It follows
that there are no coalgebra extension problems in the Bar spectral
sequence. �

Remark. It follows from Proposition 4.1 and [11, Proposition 5.8]
that the only non-trivial algebra extensions are given by the rela-
tions γ̂2

i,p(i) = vlγ̂2p(i)−1(2i+1)−2l−1,1.

In view of the above, it is worthwhile to determine the kernal of
K(l)∗SO(2n + 1) → K(l)∗SO. We will do so by slightly modifying
the generators obtained in the last section.

Let [−1]t be the [−1]-series for k(l)∗. Then we can write

(3) ([−1]t)q = tq +
∞∑
i=1

aqiv
i
l t

q+i(2l−1) .

Define

η2i+1 =
∑

1≤s<(2i+2l)/(2l−1)

a2i+s−(s−1)(2l−1),sv
s−1
l β2i+s−(s−1)(2l−1) .

Lemma 4.4. vlη2i+1 = 0 in k(l)∗SO(2n + 1) for i < n/2− 2l−1.

Proof. It follows from [7, Theorem 1.1(6)] that(
1 +

n−1∑
i=1

βjt
j

)(
1 +

n−1∑
i=1

βj([−1]t)j

)
= 1 mod tn

in k(l)∗ΩSO(2n + 1)[[t]]. Substituting from (3), expanding and

equating the coefficients of t2i+2l
gives

(4) β2
i+2l−1 +

∑
1≤j,s

j+s(2l−1)=2i+2l

ajsv
l
sβj +

∑
1≤j,s,u

j+u+s(2l−1)=2i+2l

ajsv
l
sβjβu = 0
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in k̃(l)∗ΩSO(2n + 1). Using the fact that the homology suspension

k̃(l)∗ΩSO(2n+1) → k̃(l)∗+1SO(2n+1) annihilates decomposables,
we see that the second term in (4) has trivial homology suspension,
that is vlη2i+1 = 0. �

Lemma 4.5. If n/2 < s < 2l−1 + n/2 and q ≥ 2s, then
ζs + β2s−2l ∈ k(l)∗SO(2n + 1) maps to a vl-torsion element in
k(l)∗SO(2q + 1).

Proof. α2s−1 = vlβ2s−2l in k(l)∗SO(2q + 1) because [2]t = vlt
2l

in

k(l)∗. Hence vl(ζs + β2s−2l) = α2s−1 + vlβ2s−2l maps trivially into
k(l)∗SO(2q + 1). �

Proposition 4.6. For n ≥ 2l+1, the kernal of K(l) ∗ SO(2n +
1) → K(l)∗SO is the right ideal generated by η2i+1, n/2 − 2l−1 ≤
i < (n− 1)/2 and ζs + β2s−2l , n/2 < s < 2l−1 + n/2.

Proof. Let

A = {ζs + β2s−2l | m < s < 2l−1 + n/2}
∪ {η2i+1 | n− 2l ≤ 2i < n− 1}

B = {ζs | 2l−1 + n/2 ≤ s ≤ n} ∪ {β2i | 2l ≤ 2i < n}
∪ {γ̂ij | 0 ≤ i < 2l−1, 1 ≤ j < p(i)}

Note that a2f+1,1 = 1: By [4], [−1]t = t + vlt
2l

mod v2l+1 in k(l)∗.

So, ([−1]t)2f+1 = t2f+1 + vlt
2f+2l

mod v2l+1. Combining this with
Proposition 4.1, we see that the simple monomials in A ∪ B are
related to the simple monomials in the generators given in Theo-
rem 3.1.3 by an invertible linear transformation over k(l)∗.

By Lemma 4.5 and Lemma 4.4, the elements of A map trivially
into K(l)∗SO. Lemma 4.5 also implies that ζs maps to β2s−2l if
2l−1 + n/2 ≤ s ≤ n. It follows from [8, Theorem 1.1] that simple
monomials in B map to linearly independent elements in the E∞-
term of the bar spectral sequence converging to K(l)∗SO. Thus
the kernal of K(l)∗SO(2n+1) → K(l)∗SO is the K(l)∗-submodule
generated by those simple monomials in A∪B that contain one or
more elements of A. �
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Proposition 4.7. Suppose that n ≥ 2l+1 and x ∈ k(l)∗SO(2n+
1) is in the k(l)∗-submodule generated by {βi | i < n} ∪ {ζs | m <
s ≤ n}. Then [γ̂ij, x] − [γ̂i,j−1, x]γ̂i,j−1 is in the k(l)∗-submodule
generated by

{ζs + β2s−2l | m < s < 2l−1 + n/2} ∪ {η2i+1 | n− 2l ≤ 2i < n− 1}

Proof. As H∗SO(2n+1) is commutative, [γ̂ij, x]− [γ̂i,j−1, x]γ̂i,j−1

reduces to 0 in Z/2-homology. Thus we can write it as vly.
Let A and B be as in the previous proof. Then we can write

y = z + w where z is vl-torsion and w =
∑

wi where each wi is a
simple monomial in A ∪B. As K(l)∗SO(2n + 1) is a Hopf algebra
and x maps to a primitve element of K(l)∗SO(2n + 1), [-, x] is an
Hopf algebra derivation. Hence, [γ̂ij, x]−[γ̂i,j−1, x]γ̂i,j−1 = vly = vlw
maps to a primitive element of K(l)∗SO(2n+1). The Hopf algebra
structure of the E∞-term of the bar spectral sequence implies that
each wi consists of a single factor. By Proposition 4.6, this factor
must be from A. �
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