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INTRODUCTION

The following is a translation of "De Transformatione Serium in Fractiones Con-
tinuas Ubi Simul Haec Theoria Non Mediocriter Amplificatur,” an essay by Leon-
hard Euler.

Commentatio 593 indicis Enestroemiani

Opuscula analytica 2, 1785, p. 138-177

This paper was translated fBeading Classics: Eulea VIGRE working group

at The Ohio State University. Thanks to Vitaly Bergelson for helping me select
this paper and to Warren Sinnott for his assistance in translating.

1. Consider any continued fraction, which is

. 1
a —
b+ —L

C+d+1.4.

S =

First, let us find simple fractions that continuously approach the valiwe
construct the fractions as follows, so that

—aq, B_g4l C_ 1 D 1
=a p=aty g=atpr p=atgr, et
"
d

Therefore, the last of these fractions expresses the value of the proposed con-
tinued fraction. It will be shown immediately

A B __ ab+1l C __ abcta+c

a
A~ 1" B~ b ' C 7 " betl

Let us investigate the way in which these fractions further proceed.

2. Itis apparent that the second fraction arises from the first fraction, when in
place ofa,

Ll
a f—
b

is written. In the same way the third arises from the second, if in plaége of

1
b+ =
C



is written, and the fourth from the third, if in place af

1
c+ E
is written, and onward in this way. Here therefore, if the indefinite fracﬁoia
formed from the indices, b, ¢, d, ... ,p and the pai%2 and% are the fractions
which correspond to the indices b, ¢, d, ... ,q anda, b, ¢, d, ... ,r, itis clear
from the fractiong the next one%, is obtained if

1
Pt
q

. . . Q R . . .
is written in place op, and from, = will next arise, if
1
q+-
-
is written in place of;.

Now, it is apparent that in the fractic% both the numerataf and the denom-
inator P involve all the letters, b, ¢, d, ... , p, So that none of them have powers
greater than one. If all these indices), ¢, d, e, etc... are considered as unequal,
a square or higher power of one of them will never occur anywhere.

3. Because of this fact terms of two kinds occuHrand inP, while some do
not contain the indey, others do involve this factor; the numera@mwill have
the form of this kindM + Np, and in the same way the denominaiwill have
this form M + Np, so that it is

P _ M+Np
P M+Np®

Therefore, we write this form in place pf
P+ %
so that we obtain the fractio%, which therefore, after we will multiply above and

below byg, will be

Q _ Mg+Npg+N _ N+(M+Np)q

Q Mg+Npg+N = N+(M+Np)q*




Now, so that we obtain the fractiﬁ, in place ofq let us writeq + % and after-
wards we will multiply above and below by producing

R _ Nr+(M+Np)gr+M+Np
R~ Nr+(M+Np)gr+ M+Np?

or

R _ M+Np+(N+Mg+Npq)r

R~ MANp+(N+Mg+Npg)r-

Therefore, sincd” = M + Npand@ = N + (M + Np)q, it will be

R=P+Qr.
In the same way, sincB = M + NpandQ = N + (M + Np)g, it will be
R =P+ Or.

Soitis clear how any of our simple fractions are able to be formed easily from the
two preceding fractions.

4. Look, therefore it is a plain enough demonstration, and the well known
methods for the conversion of continued fractions to simple fractions are clear,
where both the numerators and the denominators are formed from the previous
two by the same rule. Therefore, since for the first fractios- a, A = 1, then
B = ab+ 1 andB = b, from these two fractions, all the rest are able to be
formed by easy effort. So that it is clear, let us write the corresponding fractions
in succession with the individual indicesb, ¢, d, e, etc...

a b ¢ d e f g et
A B C D E F G
2 8 ¢ p ¢ F g €€

and next both the numerators and the denominators will be determined in the same
way from the two preceding by the rule.

For the numerators: For the denominators:

A=a A=1
B=Ab+1 B=1»
C = Bc+ A, C=Bc+ A
D =Cd+ B, D=Cd+ B
E = De+ C, E=De+C
F=FEf+D, F=Ef+D



From which it is clear in the sequence of numerators that the previous term of
the progression should Beby the rule; however, in the series of denominators the
previous term should be by the first limit, so that the first preceding fraction is
1

0"

5. Since it is clear that these fractions

A B CDEFQ(Q
2B e D e 7 g BlC.

continually approach closer to the truth and they draw close to the value of the
continued fraction, it is necessary that the differences between two adjacent frac-
tions continuously become less. We will disclose why these differences become
smaller in succession. Therefore, first we will have

_ BA-AB
[T~ =BAAB,

Now, in place ofB andB the values from the table are substituted and it will
produce the numeratot.4b + .4 — Ab, which becausel = 1 reduces td, so that

B _A_ 1
B~ A~ AB
Again it will be
B—
]][_[]:CB_CM,

if the assigned values are written in placeCbandC, the numerator will be
B(Bc+ A) — B(Bc+ A) = AB — BA.

Moreover, we saw thaB. A — AB = 1, from which this numerator will be-1 and
therefore

Again
IV — 11T = PEC2,
where, if the assigned values are written in plac®andD,
CD—-CD=C(Cd+ B)—-C(Cd+ B)=BC - CB.

Moreover, we saw that'B — BC = —1, from which it is concluded
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D _C 1
D_ ¢ +C_
E D 1 F __E 1
s D D F € EF? etc.

6. Hence we are able to define our fractions one by one from the firsﬁ cGae
a alone and we will be able to define the script letters alone from the progressing
fractions, since we will have

f-ats
R
B-otd-d+db
Foatd-dtb- g
Foard-drd-dtd
etc.

7. Therefore, since the last or infinitesimal term of these fractions exhibits the
true value, we have the proposed continued fraction designate with thesletter

11 1 1 1 1
S=a+—=— =+ o= — == + 5= — = +etc;

AB BC CD ©DE EF FG

and so we reduced the continued fraction to an infinite series of fractions, all the
numerators of which are alternatep or —1, and the denominators are in terms

of script letters, so that it is not much work to determine the values of the letters
A, B, C, etc..., but it suffices to disentangle the next formulas

A=1, B=b C=Bc+A D=Cd+B, £€=De+C, etc.

8. Since every expression begins with the quantity a, for brevity it will be
omitted from the calculation, because the script letters do not depend on it; from
which, we come to this point so that the proposed continued fraction

1




if script letters are defined by these indiées, d, ¢, etc., where indeed it remains
A =1, it will always be
1 1 1 1 1

—~ct o7 — =5 tetc,

TAB BC ' CD De ' €F 74
the progression which continues infinitely. If the continued fraction is extended to
infinity, it will correspond to the limiting value.

9. Therefore, since in this way we will transform the continued fraction into a
regular series, it will not be difficult to convert any proposed series into a contin-
ued fraction. Therefore, let this be the proposed infinite series

1 1 1 1
5—5—54—;—3%—6750.,
the numerators of which are dllendowed with alternating sigh and—, the de-
nominators constitute any progression, which are non-negative, all are contained
in this form, not onlya, 3, ~, 4, but also the fractional numbers from the end of
the series are not negative.

10. Let us determine the continued fraction that is equal to this series. First let
us make

AB=a, BC=p(, CD=n~,

and thus again, we will find the next values frogn= 1:

B=a c=12
(0%
D=9 =5
B ay
__ arne _ ,6’5
=55 G = o
_ ayev _ Bsco
H B6¢ 1= ayev
etc.



Therefore, now all that remains is to elicit from the values of script letters the in-
dicesy, ¢, d, e, etc. for the continued fraction.

11. From the formula, the script letters above are determined by the indices of
the continued fractions, in turn, let us define from these same letters the ihdices
¢, d, e, f, etc. and we will observe

b=B, c=%4, d=2FE =L f=FP oetc

Therefore, we unroll these values in succession, while we substitute the previously
determined formulas in place of the lettétsC, D, etc.

12. FirstB = «, from whichbd = « ; next

coa=l=2
«
from which
0 —«
c= o2
Again it will be
afy —B)
D—-B= ,
5]
from which
2(n _
g @ (vﬁ : )
Then we will have
p_c=P0=-)
ary
and here
B0 —7)
e = —052’)/2 .



And in the same way from

it will be

In the same way from

it will be

R

062")/262

ete.

Therefore, by this reasoning, the indices of the continued fraction, which we
are seeking, are expressed in the following way:

b o
- ‘T
_a?(y—p) _BHo—7)

d= Q0 e = az—'}/Q’

s @re=d) RN (D)
- 6252 ! - a272e2 !
e —0) L _PCO )
ﬁ252§2 ! - 012’7262772

etc.

13. Therefore, it is enough to substitute these values in place of the iridices
¢, d, e, f, etcin the continued fraction.



L1
1
b+ ct dJ:.”
Since these values are fractions, we extract a form from the continued fraction
quite easily. First let us multiply by the denominators of the discovered values,

and it will be

S=a

b=a, a’c= 03— a,

F2d = a*(y - B), a’yle = (6 — ),

B320°f = oy (e — 9), a’yPelg = 26%(C —e),

F20*CPh = o*y*e*(n — (), a?yPenti = (2022 (0 — 1)
etc.

14. Now let us transform the continued fraction in this way, so that the the ap-
propriate formulae occur in place of the indices, the values of which we assigned
here. Next, of course, let us multiply above and belowbythird, by 32; fourth,
by o?~?; fifth, by 3262; sixth, bya?~2€?, etc. so that the result is this form

1
OéQ
Oz252
a2ﬁ272
&252,}/252
G262 f + ete.
15. But if we substitute the above determined values in place of the new in-
dicesa’c, 5%d, a*~?e, etc., this continued fraction will spring forth

b+

o?c+

32d +
ay2e +

1
042
o+

&252
05262’72
05262'7252
2 —
FO=7+ a?y2%(e — 0) + ete.
If we consider this form carefully, we recognize that the third fraction is able
to be factored above and below by, then the fourth by3?, the fifth by+?2, the

o+

a*(y— )+

9



sixth by 2, etc.; this continued fraction springs forth

1

Y

52
€ — 0 + etc.
Therefore, let us next establish

THEOREM 1

16. If such a infinite series will have been proposed

2
B —a+ g 7

0 — v+ ete.

can always be formed from it.

17. We elicited this reduction from the consideration of continued fractions
by many round-about means. We certainly satisfied our proposition, since we
transformed any series into a continued fraction. A direct method is desired, by
which the continued fraction equal to a given series can be immediately derived,
without these ambiguities. Therefore, such a method, will be illustrated by the
theory of continued fractions extraordinarily, which | will explain here.

PROBLEM 1

18. Transform the proposed infinite series

—_

— <+ — —etc,
€

o)

1
v
into a continued fraction.



Solution

Since,
1 1 n 1 1 n 1 ;
Ss=———=+———-+——elc
a B v 0 € ’
let us set
t 1 ! + ! L + et
=—-——+—-—-+telc
B v 40 € ’
and
1 1 1
u=—— -+ — —etc.,
v o €
etc...
Therefore,
1 1 — ot
S = — — t =
8% 0%
from which it becomes
1 o n ot
- = =« .
S 1— ot 1 —at
Then, itis
ot - a?
1—at —a+ %’
from which it becomes
1 a2
- =a+ T
—a+;
Therefore, in the same way
1 3?
At G+ 1
and
1 72
w7 +1



etc.,
from these substituted values, the next continued fraction will be obtained

1 n a?
s_a 3?
g —a+ 3
~
7 6+6—7—|—et0.

which is the very form given in the theorem.

19. If the proposed series is

1 1+1 1+ 1+t log 2
S = —_ = - — = - — = etc. = 10 .
2737175 6 &
Since
a=1, pf=2, yv=3, 6d=4, etc.
it will be
— 14 Ll
log2 X 2.2
_|_—
oo
1+ etc.
However, if we take this series
1 1 1+1 y
=1 — = - — = — — elc. = —
s 375 779
Since
a=1, =3, v=5 §=7, etc.
then
4 - 1-1
T - 3-3
g 00
2 4+ etc.

12



which is the very continued fraction once mentioned by Brouncker.

20. Let us take

/xm_ld:v
5= ,
1+an

and after integrating, let us set= 1; because of this the same valuesokill be
expressed by the following series

1 1 1 1
§=—— -
m m+n m+2n m+3n

+ etc.,

so that

a=m, B=m+n, y=m+2n, 0=m+ 3n,etc.;
therefore, the following continued fraction emerges here

2

1 m
s * (m +n)?
(m + 2n)?
n + etc.
which was already given by [some reference].

n -+

21. However, if the proposed series is

LI

S=—+—=+—+—<-+ - +e¢etc

a B v 0 € ’

for which all the terms are positive, it is enough work that in the above continued
fraction in place of the letters, ¢, n, 0, etc. the letters-3, —9, —n, and—0, etc.

are written; then it will become

1 «Q
_:a+
S

2
—pB—a+ b 3
v+ 6+ !

52

_5— -
7+e+(5+etc.

13



which is easily transformed into this form

1 o?
S

a+ -

ﬁQ
,)/2

ﬁ+7_7+5+etc.

22. The proposed series itself is able to be transformed by many methods,
from which many other continued fractions are obtained directly. Let us assess
carefully some forms of this kind here. Let

a=ab, B=bc, v=cd, 0=de,etc.,
so that this series is obtained

11,1 o
=——-—4+———+elc
ST be ed  de ’

and here this continued fractions will be formed

1 a’b?
s ab¥ ; *d?
(c=a)+ d(e —c) + etc.
which is easily reduced to the next form
1 a’b
Z—ab
S ab+ N bc
c—a d
d—b+ ———
e —c+ ete.
or
— b+ “
as bc
c—a+ od
d—b+ ——
e —c+ etc.

which is supplied by our next Theorem.

14



THEOREM I

23. If the proposed series is of this form

1 1+1 1+1 .
§=———+—— —+ — —etc.
ab bc cd de ef ’

from this, the following continued fraction springs forth

1 - ab
as be
c—a+

cd
de
f—d+ete.

24. This form, although easily derived from its predecessor, for that reason it
is worth noting because it allows a continued fraction of quite a different form,
from which it will be worth the trouble to adapt examples given above to this
form. Since it was given

d—>b+

e—c+

11 1 1
log2—1—§+§—zl+g—etc.,

it will be
log2 —1 ! + L1 + L1 + et
og2—1l=—=4+-—-+-— = +cetc
& 2737475 6
and adding these series gives
1 1 1 1 1

Slog? - 1— _ e,
o8 1.2 23734 1556

Therefore, here it is

s=2log2—1

and

15



Therefore this continued fraction is formed

1 24 1-2
2log2 —1 ) 9.3
+—
oy 02
2 + ete.
25. In the same way, because
s 1 1+1 1+1 .
—=1l—-=-+-—=—=z+ = —ctc
4 3 5 7 9 ’
it will be
T 1 1+1 1+1 ;
——1l==-+-—-—=-+ = —ctc
4 3 5 7 9 ’
and the sum of that series gives
T 1 2 2 2 2
- —=-= — + — + ete.

2 2 1-3 35 5-7 7-9
Therefore, here it will be

then

a=1 b=3, ¢=5, d=7, etc.

from which the continued fraction will arise

4 1-3
s R 3.5
4 4 F o
4 4 g
A+ 4+ etc
26. Now let us consider this even more general transformation. Let the value
of the integral
™ tdx
/ 142

16



be denoted by\, after integrating set = 1, and since it was as we saw above in
§20,

1 1 1
A=—— — etc.,
m m+n m+2n
it will be
1 1 1
A——=— — etc.,
m m+n m+2n

adding the series it becomes

2A — 1 " - n + n — etc.;
m  m(m+n) (m+n)(m+2n)  (m+2n)(m+ 3n) 7
dividing by n it will be
2mA — 1 1 1 1
= - + — etc.
mn m(m+n) (m+n)(m+2n) (m+2n)(m+ 3n)
Therefore, here we have
2mA —1
§ = —,
mn

then

a=m, b=m+n, c=m+2n, d=m-+3n, etc.
because of which the continued fraction will be in this form

m(m +n)

2mA—1:m+n+ (m+n)(m+ 2n)

2n +
" (m+ 2n)(m + 3n)
(m + 3n)(m + 4n)
2n + ete.

2n +

which does not have a simpler form.

27. Let us now grant to the first continued fraction

Q=

1+1 1+t
- =+ —— < tetc
By 9

17



arbitrary numerators and let

a b n c d 4ot
s=———-+—— < tetc
a B v 0
and it is proper to write!, %, L g, etc. in place of the letteks, 3, v, 9, etc. in the
first Theorem. Because of this the continued fraction will be

[

«

1 (0 a2
—=— 4 7
S a 5 =
_ &
3 (l+ 72
y_B,. _ &
¢ b g—%+etc.

Now let the fraction be multiplied above and belowdidy next bybc, third by cd,
and so on; then multiplying by, this will be obtained
@y a?b
s ac3?
af — ba +
b bd~?
Y-t cd — dvy + etc.

From here the following is concluded.

THEOREM I

28. If the proposed infinite series is of this form

_a b n c d et
s = o 37573 ete.,
then the following continued fraction will be formed from it
a N a?b
_—— a
s ac3?
af — ba +
; 3 bd~?
Vo cd — dvy + etc.

29. In order to illustrate the proposition, consider this series

12,3 4.5
1 273 175 9779

18



so thats = %; then the continued fraction will be

2
3-4
8-9
15-16
O+0+etc.

2=1+

0+
0+

which reduces to this infinite product

2.12.2.4-32.4-6-5%.6-8- 7% etc.
1-3-22.3-5-42.5-7-62-7-9-82-¢tc.’
this is not easily observed to be true, since the number of factors in the numerator
and denominator are not able to be set as equal, and although they both are infi-
nite. No one is able to be doubtful, in fact, that the value of that produetlis

2=1+

30. Let us consider now this series

128 45
ST T3 T T T 9
1

the sum iss = log2 — 5. Because

a=1 b=2, ¢=3, d=4, etc.
a=2, [f=3, yv=4, 6=5, etc,

the continued fraction will be

1 1-2.922
og2—1 7 L 1.3 3
2.4 42
_1+_1+3-552
—1 + ete.

31. If we take this series

3—2—§+é—§+§—etc
1 23 4 5 N

the value of which is% + log 2, we will have

19



a=2, b=3, c¢c=4, d=5, etc.
=1, =2, =3, 0=4, etc,

here the continued fraction emerges

2 1.3-12
g2 2.4.2?
1+1+ 3-5.32
RNEREE S
1+ etc.
or
4 1%.3
2log2+ 1 " 2.4
Lt
+1+da
PROBLEM ||

Transform this infinite series

2 at
+ — — — +ete.

?
gy 0

xr
§=——
o
into a continued fraction.

32. Consider the following series, formed from the proposed series:

2 3 4

=2 4L T Lt

B v 0 e
and continuing

w P T T T
vy o e ¢

v:§—§3+£~ff+dc
0 € ¢ n

etc

20



and it will be

from which it becomes
a N ot N
= = = .
1 — ot 1 — ot —o + %

T
S

Therefore, here it will be

and in the same way it will be

ﬁQ
=08+ —
=P —fr+ £
Therefore, if we substitute all these valuesin order, this continued fraction emerges
x N o’z
— =
s B3z

60— ar +
YT

7_ﬂ$+5—7x+etc.

33. If we Writef in place ofz here, so that we have this series
T ZL'2 133 I4
§=———+——— tetc

oy 6y vy oyt
then the continued fraction will be

x
— =a+ 7z

_ﬂ_{_—
7 y— 2+ ete.

which gives one free from the fractions in the numerators and denominotors

o’x

oy
— = ,
sy 32z
By —ac + .
y— B + 7Ty
7 oy — Bx + etc.

21



from which the next part emerges.

THEOREM IV

34. If the infinite series will have been of this form

x x? x3 xt
T

S =
ay Py oyt oyt
it is possible to form the following continued fraction from this series

2

T a~xy
—=ay+ 5
S By
Oy — ax + 3
TrYy
vy — Br + 5
5 Lo
vy ey — 0x + etc.
35. Since
x x  x? a3 xt
log(1+5)="5— "+ — — +etc.
Og(+y) y 2y2+3y3 4y4+6c’
having set

x
s=log(1+—
;)

itwilbe a =1,8=2,v=3, =4, etc.
and hence this continued fraction emerges

T n xry
—:y
log(1+ % 4

8 y) 2y —x + d

9zxy

3y —2 —_—
Y x+4y—3x+etc.

36. Since an arc, with tangent t, is expressed by this series

UL A T
arctant =¢t — — + — — — + — — etc,,
3 5 79

and it will be
t2 t4 t6 tS th
tarctant = — — — 4+ — — — + — — etc.

1 3 5 7 9



Now lettingt? = S, sothatt = \/% and it becomes

T T X x4+x3 x4+t
—Atan,/—=—— — + — — = +elc.
Y y oy 3y? byr Tyl
Therefore, here
s:\/gAtan\/E,
Yy Yy

a=1, =3, y=5, §=17, etc;

then

from which the continued fraction will emerge

VY Ty

Atm 2z 0T 9
Atan\/g 3y — o+ y
oy — 3x +

251y
Ty — bx + etc.
Justas ifr = 1 andy = 3,
1 s
Atan— = —

V3 6
this continued fraction will be
6V3 _ 34 L3 :
T 3-9
8 3-25
16 + etc.

37. If we write in place of the letters, 3, v, §, etc. in the theorem, the
fractions

12 +

23



so the continued fraction takes this form

v_a il
~a’ 8 e
«
pY— LTt R
Iy — o+ ‘

gy — 1z +etc.

Here, it is first multiplied byu, then the numerator and denominator of the first
fraction are multiplied byub, then bybc, third by cd, etc. and the continued
fraction takes on this form

ar a?bxy
? =ay +

Bacxy
v2bdxy

afy — bax +

byt —
7y st coy — dyx + etc.

The reward of this work will be given next.

Theorem V

38. If the proposed infinite series will be of this form

ar bx? cx®  dx
§= — — — 4 4 ete.

ay By vyt oyt
the following continued fraction will be formed from it

ax Oészy
? =ay +

BPacy
~v2bdxy

afy — bax +

byy —
vy = P+ coy — dvyx + etc.

Problem IlI

Convert this proposed infinite series
1 1 n 1 1 g
§$=———+—— —— +elc.
o af  afy  aby

into a continued fraction.

24



Solution

39. From the proposed series we form the following series

1 1

etc.
and we will have

« B 7y
therefore, we deduce
1 a n t Q
—_ = — = _—
s 1—t —t -1+3
In the same way it will be
1 I} 1 vy
i L = , etc.
t B+ 1 U v 1
-1+ - -1+ -
u v

from which we obtain this continued fraction by substituting each expression into
the previous one

1 Q
’ B-1+ y

v

T S
" +(5—1+etc.

from which we deduce the next theorem.

Theorem VI

40. If the proposed infinite series will be of this type

I a1 1
a af afy  aby



then it is possible to form this continued fraction

1_ n o
s_a I}
6—1+

v—1+

T
0 — 1+ ete.

41. If e denotes the number whose logarithm is one, then it is known that

L1 1o, t
e 1712 123"1.2.3.4
or
e—1 1 1 1
-

— tc.
e 1 1.2 123 a.2.3.4 ¢
Therefore, here = <1, then

a=1, pf=2, v=3, 6=4, etc;

from which this continued fraction arises

e 1
=1
e—1 +1+ 2
2+ ’
3 + ete.
42. Then
1 B 1
2 e—1
1+
2
+3+etc.

since we are able to demonstrate without much difficulty, that if

a+

26



then

a—+ =
a+
b+

c+ ete.
and in this case it is

525} a=1 b=2, c¢c=3, etc.

it becomes

14 —
1+

2+
3+

4 + etc.

43. If in place of the letters, /3, -, 4, etc. in the series in Theorem VI, the

fractions%, %, %, g etc. are written, so that

a ab abe abed

§=———

o b apy app ©

here the continued fraction will be
1
S

tc.,

QR

- 8
a b

8
g1y -

1_1++
¢ %—1+da

If it is first multiplied by «, then the first fraction is multiplied above and below
by b, the second by, the third byd, etc., this form arises

:a+

a ab
S Be

vd
c+5—d+da

B—b+
r‘}/_

which is included in the next theorem.
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Theorem VII

44. If the proposed infinite series will be of the form

S_g_a_b+abc_abcd
S a af aBy  afyd

then this continued fraction arises

ab
Be
vd
§—d+ ete.
45, Let us apply this to the next infinite series
5:1 1-3 1-3-5 1-3-5-7

5 5.472.4.6 2.4.6.8

the sum of which i = \/5;1; since

a
S

B—0b+
y—c+

+ etce.,

a=1 b=3 ¢=5 d=7 etc.
a=2 =4 y=6 6=8 etc;

therefore the continued fraction here will be

2.3
V2 =24 .
V2 -1 - 4.5
e 0T
1 + etc.

So subtracting one it will be

1 14 2-3
V2 -1 - 4.5 7
6-7
+1+etc.
which produces
1-1
V2=1+ 3
1+ 15
1+1+ 6.7
1+ ete.
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Problem 1V

Convert the proposed infinite series of this form

* v + v’ : + et
=———+— - etc.
a af afy afyo
into a continued fraction.
Solution
Let us state that
€T x2 x3 4 +
==+ e
B By Byd  Brde
and
T IQ .733 4
=———=+ - t
“ v 0 e 766C+€C
so that
x —tx
s = ;
8}
and then
x o n at
—_= — = (X [
S 1-—t¢ 1-—t¢
Soitis
at - o . ax
- 1 T
and it will be
ax
-—=a+ =
In the same way it will be discovered that
_ B
A s z’
yx
- = tc.
¥+ EPEY etc



If each of these values are substituted in turn into the preceding fraction, the fol-
lowing continued fraction will be obtained

T axr

Oz
v
0 —x + ete.

B —x+
Y—x+

and from this arises

Theorem VIII

47. If the proposed infinite series will be of this kind

T [EQ 1'3 {L‘4

o af  afy aBye

then the next continued fraction will be formed from it

+ etc.

T axr

Gz
Y
0 —x + ete.

B —x+
Y —x+

48. Ifin place ofz we will write £, so that we have this infinite series

xr 1'2 + 1'3 ZE4 + t
§=— = — etc.
ay  afBy?  afyy? aByoyt
the next continued fraction arises
X axr
— =y + Y
s Bry
By —x +
Yy
— T
e oy — x + ete.

49. Letussuppose =1, =2, v=3, d=4, etc.sothat

x? x3 xt

X
§=— — +

- te.
y 122 T12.3p8 T.2.3.40
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where

—x

s=1—ev,

and here this continued fraction is formed

T Ty xrev
—x :y+ = Tz .
l—ev 2zy ev — 1
2y —x +
3 + 52y
_l‘ _—
4 4y — x + etc.

The next special formulas will be obtained from this assuming 1, and the
numbersl, 2, 3,4, 5, etc. in succession in place gf

e 1
=1
e—1 +1 2
_l’_
3
3+ etc.
e 2
=924
e—1 4
\/_ 3+
5+ 6
7+ etc.
e 3
\%f_l:% -
5+
8+ !
11 + ete.
\4/5 4
=4
Ve — 1 +7 8
+—
11—i——12
15 + ete.
etc.
Problem V

31



If the proposed series will be of this form

2

ax abx abcx’ abedxt

- + —
ay afy?  afyy?  afyoy!
convert this into a continued fraction.

s = + etc.,

Solution

50. From the proposed series let us next form
br bex? N beda? B bedex®
By Byy*  Byoy®  Brdeyt

cx cdx? cdex® cdefxt

t =

+ etc.,

U=—— + - + etc.,
vy o 0y ydey®  yoeCy?
so that -
s=—(1-—1
o0
and here
azx ay n ayt
s 1-t YW1y
Itis
ayt ay  abxy

-t —1+1 —pr+l
from which it becomes

ax n abzy
S Y —bxr + b%
in the same way from the relation
bx
t=—(1—u)
By
it becomes
bx Bexy
v by=——=a
—CcT + oF

and so again. Having substituted these values, this continued fraction is produced

ax abxy
oW

Bexy
ydzy
oy — dx + etc.

By — bx +
Yy — cx +
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THEOREM IX

51. If the proposed series will be

ar  abx? N abex® abedx® e
§ = — — - etc.,
ay afy?  afyyt apyoyt
then the continued fraction
ax abxy
s Bexy
By — bx +
N vydzy
e 0y — dx + etc.

will be formed.

52. Let us give an example from this theorem worth noting. Let us consider
this integral formula:

Z = /zm_ldz(l +z”)%_1.
It is supposed that the integral vanishes when 0, and we put
Z =v(l+2")n

and differentiating it is

dZ = 2" 'dz(1 + z")%_l =dv(l+ z")% + kvz"tdz(1 + z")%_l,
which divided by(1 + z")= ! is

2"z = do(1 4 2") + kv2""'dz

and, therefore,

d
d—v(l + 2" + k"t — 2" = 0.
z

53. Sincez is assumed to be very small, it becomes



then we seek to express the quantitlyy an infinite series whose the first term is
the power:", the exponents of the terms in the sequence increase by the number
n; let us now find the infinite series for

v=Az" — BT 4 "I — DM ete,

let us substitute that value into the differential equation and write the same powers
of z in the following way

‘;—Z = mAz™ 1 - (m + n)Bzm+n_1 + (m + 2n)sz+2n_1 - (m + 3n)Dzm+3m—1 +etc.

Z:‘ZI“ = + mA — (m+n)B + (m + 2n)C -etc.

+hvz"Tl = + kA - kB + kC -etc
m—1 _

-1

54. Now, if the individual powers of eachare reduced to zero, the next values
will be obtained:

1
mA—1=0, therefore A= —,
m
+ k)A
—(m+n)B+ (m+k)A=0, therefore B = M
m—+n B
+n+
(m+2n)C — (m+n+k)B=0, therefore C:(m n+k)
m 4+ 2n
(m+2n + k)C

—(m+3n)D+ (m+2n+k)C' =0, therefore D =
etc. etc.

55.Therefore, let us substitute these obtained values and now find the infinite
series fom:

v—izm— m+ k Jmn (m+k)(m+n+k)zm+2n
m m(m +n) m(m +n)(m + 2n)

(m+ B)(m+ n+ k) + 205 8)
— z + etc.,
m(m + n)(m + 2n)(m + 3n)

Let us reduce this series to the form of our theorem, let us represent the series in

this way
_gmeno g m+k _2n (m+k)(m+n+k) _3n (m~+k)(m+n+k)(m+2n+k)
v="2{" = R+ s e 2 T i) ma2n) 3

24+ ete.}

56. Since
Z = /zm_ldz(l + z”)%_l,
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let us set
mJz

Ve Tt
men<1_|_z)g
so that
v z”—m+kz2"+(m+k)(m+n+k)z3”—(m+k)(m+n+k)(m+2n+k>z4n—|—etc.,
m-+n (m +n)(m + 2n) (m +n)(m+ 2n)(m + 3n)

therefore, the functio” of = must annihilate the differential form by integration,
which for whatever value of, the determined value is found. So we are able
to evaluate the integral so that it vanishes whea 0. We are able to assign the
values tov more easily when the value of the variables a fraction, let us assume
in general
2" = )
)
so that this form arises
r (m+k)z> (m+k)(m+n+k)2> (m+k)(m+n+k)(m+2n+k)z?

V= 5 - (m+n>y2+ (m +n)(m + 2n)y? - (m + n)(m + 2n)(m + 3n)y* +-etc,

which produces the series discussed in our theorem whefly, then

a=1, b=m+k, c=m+n+k, etc.,
a=1, f=m+n, vy=m+2n, etc.

57. Now from this integral the formula supplies us with the continued fraction:

(m + k)zy
(m+n)(m+n+ k)zy
(m + 2n)(m + 2n + k)zy
(m +3n)y — (m 4+ 2n + k)x + ete.

i +
V—y

(m+n)y — (m+k)z+

(m+2n)y — (m+n+k)z +

the value of it is i
x2™ (1 + 2")n

mZ
58. Let us consider this form for the sake of an example
Z—/L =log(z + V1 + 22);
V1422 & ’
thereforeqn =1, n=2, k=1, and it will become
Vo zlog(z + V1 + 22)
V1422 ’
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the value of which is equal to this series

if we write £ in place ofz?, it becomes

2 A3 AL G
V= N7 o (\/E—i-\/x—l—y):x 2 z* 2-4x 246x—+et0'

Nz Vi y 3 @ 35y 35.7g 0
this form will be the continued fraction
valty) 1-2zy
log (YEEVTTYy Y 3-dzy
VY 3y — 2w +
5 - bxy
oy — 4z +
Ty— 6+ — O
Y v 9y — 8x + etc.

59. Therefore, if we let = 1 andy = 1, we will have this continued fraction

1-2
Lzl—l—
log((1 ++/2) 3-4
14—
420
1 + ete.

the same value appearing as an infinite series is

log(1 ++/2) . 2+2.4 2-4~6+2«4~6-8
V2 3 35 357 3:5-7-9

— etc.

But allowingz = 1 to remain, and letting = 2, the infinite series will be

1 2 1+2-4 1 2-4-6 1—|—t
— = — — - — +etc.
2 3 4 3-58 3-5-7 16 ’

and the continued fraction will be

3 1-2-2
%szL 3.4.9
5-6-2
6
+8+etc.
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The next form is deduced from it

3 1
%Z”
15
3+ 5
4
+5+da

where the numerators are alternating triangular numbers.

60. We come to this case, in whieh= 1 andy = 3, since irrational numbers
arise by this; in this case it will be

PR B B I N TR U I
the continued fraction will be
4 1-2-3
log3:3+ 3.4-3
[ 5-6-3
11+—15+ 7.8.3
19 + etc.

61. Therefore, since | plainly explained this new method of transforming any
infinite series into a continued fraction, | rightly seem to me to have enriched
the study of continued fractions by no little means. Therefore, may | unite the
theorems having observed them worthy, by the fraction in the ap#®e

1 1
2 T e—1
1+ 3
24 1
4+ ete.
let us transform it into this
1+ ! = !
2 e—2
2+ 3
4 + ete.



Theorem X

62. If
aA
S =
A+ b5
« 5B cC
* ~C' + etc.
then "
bs c
= (A
a— Qs paA+ B4 dB
! oy Y
eD + etc.
Demonstration
Since
aA
S _—
A+ vB
@ 5B+ cC
vC + etc.

If we divide the first fraction byA, the next byB, the third byC, etc, it produces

a

S = 0
A

ﬁ_{_#
v+

o+

Qls

o + etc.

Now, we multiply the second fraction of the form above and belowAbthe third
by B, the forth byC', and continuing so we will obtain this form

a

b
o+ 1
C
BA+ iB
B -
Tt 5o et
If we let "
t=pA+ ——
B [
i +(5C—i—etc.
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then

from which is found

g. e. d.
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