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Abstract6

We give a new criterion for a commutative, noetherian, local ring to be Cohen-
Macaulay. Additionally, we present a class of chain complexes of finitely gen-
erated free modules with finite length homology whose existence in the most
general setting is crucial to the validity of the Improved New Intersection Con-
jecture.
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1. Introduction9

In this paper we look to see whether certain syzygies and cokernels of mod-10

ules over local rings have free summands, where by local we will always mean a11

commutative, noetherian ring, with a unique maximal ideal. It has been shown12

that answers to these sorts of questions can shed light on properties of local13

rings. In particular, Dutta proves the following in [2, Corollary 1.3]:14

Theorem 1.1 (Dutta). A local ring (A,m, k) is regular if and only if Syzi(k)15

has a free summand for some i > 0.16

Later in [8, Proposition 7], Martsinkovsky and in [7, Proposition 2.2], Koh17

and Lee give additional proofs of this theorem. Additionally, Takahashi proves18

variations of Theorem 1.1 in [11, Theorem 4.3 and Theorem 6.5] when he shows19

that A is regular if and only if some syzygy of k has a semidualizing summand20

and when he shows that A is Gorenstein if and only if some syzygy of k has a21

G-projective summand in degree less than or equal to depth(A) + 2.22

In this paper we consider a different sort of variation on Theorem 1.1. Here23

we seek to understand what can be said if Syzi(M) has a free summand when24

M is some A-module of finite length. Of particular interest to us is the case25

when M = A/x, where x is a system of parameters. In Section 2 of this paper,26

we prove the following theorem which characterizes Cohen-Macaulay rings:27

Theorem 2.4. A local ring (A,m, k) is Cohen-Macaulay if and only if for some28

i > 0, Syzi(A/x) has a free summand for some system of parameters x that29

form part of a minimal set of generators for m.30
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We note that Craig Huneke, Daniel Katz, and Janet Striuli read through31

an earlier version of this paper. From this they discovered a somewhat simpler32

proof of Theorem 2.4 than the one given in this paper. Their proof is based on33

Propositions 2 and 3 from [9]; Appendix I, Section 2.34

In Section 3 of this paper, our work is motivated by a theorem of Dutta,35

Theorem 3.1 of this paper, see [2, Theorem 1.1]. With this theorem, Dutta36

shows that studying whether certain cokernels have free summands can shed37

light on the38

Improved New Intersection Conjecture. Let (A,m) be a local ring and39

F• : 0 → Fn → · · · → F0 → 0

be a complex of finitely generated free modules. If ℓ(Hi(F•)) <∞ for i > 0 and40

H0(F•) has a nonzero minimal generator killed by a power of m, then dim(A) 641

n.42

In [2], Dutta shows that a non-Cohen-Macaulay local ring of dimension n43

satisfies the Improved New Intersection conjecture if and only if cokernels of the44

nth differentials of a certain class of chain complexes do not have free summands.45

In particular, resolutions of modules of finite length fall into this class of chain46

complexes. In Theorem 3.2, we construct classes of chain complexes that are not47

resolutions satisfying the conditions in Dutta’s theorem such that the cokernels48

of the nth differentials do not have free summands.49

We should note that since Theorem 2.4 and Theorem 3.2 both follow from50

the Improved New Intersection theorem, they hold for in the equicharacteristic51

case, see [3] and [6], when the dimension of the ring is 3, see [5], and some other52

special cases. Our proofs are independent of the validity of the Improved New53

Intersection Conjecture.54

2. A characterization of Cohen-Macaulay rings55

Inspired by a theorem of Dutta, we give a new characterization of Cohen-56

Macaulay rings. This criterion is based on whether a certain syzygy has a free57

summand. We will need some background before we can prove our theorem.58

Dutta proves the following in [2, Corollary 1.2]:59

Theorem 2.1 (Dutta). Let A be a local ring of dimension n and M be a finitely60

generated A-module of finite length. The following hold:61

1. If A is Cohen-Macaulay, only Syzn(M) can have a free summand.62

2. If depth(A) < n− 1, no syzygy of M can have a free summand.63

3. If depth(A) = n−1, only Syzn−1(M) can have a free summand. Moreover,64

if the Improved New Intersection Conjecture is true for A, then Syzn−1(M)65

cannot have a free summand.66

2



We find this theorem suggestive, as it tells us that if Syzi(M) has a free67

summand for some A-module M of finite length, then A is Cohen-Macaulay68

whenever the Improved New Intersection Conjecture holds. With this theorem69

in mind, one might try to prove a result similar to the result given in Theo-70

rem 1.1, with the residue field replaced by some other module of finite length,71

using a proof that mirrors one of the proofs given in [2], [8], or [7]. While each of72

these proofs seems to use the fact that k is a field quite heavily, and hence cannot73

be directly applied, we have found them illuminating nonetheless. In particular,74

we will use the following definition of Koh and Lee which was presented in [7]:75

Definition. Given a local ring (A,m), a minimal free complex (F•, ∂•) bounded76

on the right at degree z is said to satisfy condition (#) if77

Ker(∂i ⊗A A/m
2) = m(Fi ⊗A A/m

2)

for all i > z.78

With this definition, Koh and Lee prove the following in [7, Lemma 2.3]:79

Lemma 2.2 (Koh and Lee). Let (A,m) be a local ring, the following hold:80

1. If x = x1, . . . , xn is a sequence of elements that form part of a minimal81

set of generators for m, then the Koszul complex K•(x) satisfies condition82

(#).83

2. Let M be a finitely generated A-module with submodule N ⊂ mM . Further84

suppose that a minimal resolution of M satisfies condition (#). If Syzi(N)85

has a free summand, then Syzi+1(M/N) has a free summand.86

Finally we will need the following theorem, which appears implicitly in [1,87

Section 2]. Here we explicitly state and prove the theorem, giving Dutta’s proof.88

Theorem 2.3 (Dutta). Let (A,m, k) be a local ring of dimension n and depth89

n − 1, K• be the Koszul complex with respect to a system of parameters x, F•90

be a minimal free resolution of k, and ϕ• be a lift of the canonical surjection91

A/x → k. Consider the following commutative diagram:92

0 Kn

dn

ϕn

Kn−1

ϕn−1

· · · K0

ϕ0

A/x 0

Fn+1 Fn Fn−1 · · · F0 k 0

If x is a system of parameters such that ϕn is zero, then Syzn−1(H1) has a free93

summand where H1 is the first Koszul homology with respect to x.94

Proof. Since depth(A) = n− 1, the following complex is exact:95

0−→ Kn−→ Kn−1 −→ · · ·−→ K1 −→ K1/ Im(d2)−→ 0
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Letting L• be a minimal free resolution of H1, we may lift the canonical map96

H1 → K1/ Im(d2) to obtain the following commutative diagram:97

Ln
λn

Ln−1

γn

· · · L0

γ1

H1 0

0 Kn · · · K1 K1/ Im(d2) 0

By [1, Theorem 1.3], since ϕn = 0, it follows that Im(γn) = Kn = A. Hence98

there is a basis e1, . . . , eb for Ln−1 such that γn(e1) = 1 and γn(ei) = 0 for i > 1.99

By the commutativity of the above diagram, we see100

Im(λn) ⊂ Ker(λn−1) ⊂M

where M is the module generated by e2, . . . , eb. Since101

Syzn−1(H1) ≃ Ln−1/ Im(λn),

we see that Syzn−1(H1) has a free summand, specifically the summand generated102

by the image of e1.103

We now give a criterion for a local ring to be Cohen-Macaulay, compare with104

Dutta’s result, Theorem 2.1.105

Theorem 2.4. A local ring (A,m, k) is Cohen-Macaulay if and only if for some106

i > 0, Syzi(A/x) has a free summand for some system of parameters x that form107

part of a minimal set of generators for m.108

Proof. (⇒) If A is Cohen-Macaulay, then a Koszul complex on a system of109

parameters is a minimal free resolution of A/x. Hence Syzn(A/x) has a free110

summand.111

(⇐) Seeking a contradiction, suppose that A is not Cohen-Macaulay and112

that for some i > 0, Syzi(A/x) has a free summand. By Theorem 2.1, A must113

be of dimension n and depth n − 1 and the only possible value for i is n − 1.114

Working as in the proof of [2, Theorem 1.1], let (L•, λ•) be a minimal free115

resolution of A/x. Applying (−)∗ = HomA(−, A) we obtain:116

0−→ L∗

0 −→ L∗

1 −→ · · ·−→ L∗

n−2

λ∗

n−1

−→ L∗

n−1

In this case, H0(L
∗

•
) = Coker(λ∗n−1) and117

Hi(L
∗

•
) = Extn−1−i

A (A/x, A) = 0 for 0 < i 6 n− 1.

Since Syzn−1(A/x) has a free summand, we may write Syzn−1(A/x) = A⊕ B,118

where B is some A-module and A is a summand of Ln−1. Applying (−)∗ to119

Ln
λn−→ Ln−1 −→ A⊕B−→ 0
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we obtain120

0−→ A⊕B∗ −→ L∗

n−1

λ∗

n−→ L∗

n

where A is a summand of L∗

n−1, hence we see that a minimal generator of L∗

n−1121

is contained in Ker(λ∗n). Since122

Extn−1
A (A/x, A) =

Ker(λ∗n)

Im(λ∗n−1)
⊂

L∗

n−1

Im(λ∗n−1)
= Coker(λ∗n−1)

we see that Coker(λ∗n−1) has a minimal generator, call it e∗, killed by x. Setting123

C = Coker(λ∗n−1), consider the composition124

A/x
µ

−→ C
ν

−→ k

where µ maps the image of 1 to e∗, and ν maps e∗ to the image of 1 and the125

other generators to 0. Let (K•, d•) be the Koszul complex on x and let F• be126

a minimal free resolution of k. Lifting µ and ν above, we obtain the following127

diagram with commutative squares:128

Kn

µn

Kn−1

µn−1

· · · K0

µ0

A/x

µ

0

0

νn

L∗

0

νn−1

· · · L∗

n−1

ν0

C

ν

0

Fn Fn−1 · · · F0 k 0

If we set ϕ = ν ◦ µ, and ϕ• = ν• ◦ µ•, we have a lift of the canonical map from129

A/x to k such that, ϕn : Kn → Fn is the zero map. Hence by Theorem 2.3,130

writing the homology of K• as H•, we see that Syzn−1(H1) has a free summand.131

Consider the following short exact sequence:132

0 → H1 → K1/ Im(d2) → xA→ 0

By our choice of x, the following complex133

0−→ Kn−→ Kn−1 −→ · · ·−→ K1

satisfies condition (#) by part (1) of Lemma 2.2. Moreover, this complex is134

actually a resolution of K1/ Im(d2) since depth(A) = n− 1. Finally, since H1 ⊂135

m(K1/ Im(d2)) and Syzn−1(H1) has a free summand, Lemma 2.2 implies that136

Syzn(xA) has a free summand and so Syzn+1(A/x) also has a free summand.137

This contradicts Theorem 2.1.138

As we stated before, Theorem 2.4 is analogous to Theorem 1.1. This analogy139

parallels another analogy. It is a well known theorem that a local ring (A,m, k)140

is a regular local ring if and only if k has finite projective dimension. Moreover,141
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it is a consequence of the New Intersection Theorem, that if there exists any142

nonzero module of finite length and finite projective dimension, then the ring is143

Cohen-Macaulay. Hence, it is easy to see that a ring is Cohen-Macaulay if and144

only if A/x has finite projective dimension for some system of parameters x.145

We find this parallel between implications given by modules having finite146

projective dimension and implications given by syzygies of modules having free147

summands to be interesting. In particular, the validity of the Improved New148

Intersection Conjecture shows that if some syzygy of a module of finite length149

has a free summand, then A is Cohen-Macaulay. We would like to know if150

more results of this kind can be proved independently of the Improved New151

Intersection Conjecture.152

3. Cokernels without free summands153

Motivating this work is the following theorem of Dutta [2, Theorem 1.1]:154

Theorem 3.1 (Dutta). Let A be a local ring of dimension n and depth d < n.155

Let (L•, λ•) be a minimal complex which is bounded on the right at degree zero156

such that:157

1. H0(L•) 6= 0.158

2. ℓ(Hi(L•)) <∞ for all i.159

3. Hi(L•) = 0 for i > n− d.160

Then Coker(λi) cannot have a free summand if i > 1 and i 6= n. Moreover given161

a ring A, Coker(λn) cannot have a free summand for all such L• if and only if162

the Improved New Intersection Conjecture holds for the ring A.163

From the work discussed above, there are several examples of complexes164

(L•, λ•) satisfying conditions (1), (2), and (3) above where one can show that165

Coker(λn) does not have a free summand, even when the validity of the Improved166

New Intersection Conjecture is not known. For instance consider the following:167

• If (A,m, k) is not a regular local ring, a minimal resolution of k will satisfy168

the above conditions by Theorem 1.1.169

• If (A,m) is not a Cohen-Macaulay ring, a minimal resolution of A/x where170

x is a system of parameters that form part of a minimal set of generators171

for m will also satisfy the above conditions by Theorem 2.4.172

In light of the above examples, one may inquire if we can produce examples173

of complexes that are not minimal resolutions satisfying conditions (1), (2), (3)174

above where it can be verified that the cokernel of the nth differential does not175

have a free summand. Finding this sort of complex does not seem easy, recall176

that this property is crucial for the validity of the Improved New Intersection177

Conjecture. Following a similar construction as given in given in [10, Theorem178

3.2], we address this problem with our next theorem:179
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Theorem 3.2. Let (A,m, k) be a local ring of dimension n and depth d such180

that n − d > 1. Then there exists minimal complexes of finitely generated free181

modules182

L• : · · · −→ Li
λi−→ Li−1 −→ · · ·−→ L1

λ1−→ L0 −→ 0

such that:183

1. H0(L•) 6= 0.184

2. ℓ(Hi(L•)) <∞ for i > 0.185

3. Hi(L•) = 0 for i > n− d.186

4. Coker(λn) does not have a free summand.187

Proof. For n 6 3, the result follows from Theorem 3.1 and the work of Heit-188

mann [5]. Assume that n > 3 and let189

P• : · · · −→ Pi
ρi

−→ Pi−1 −→ · · ·−→ P1
ρ1
−→ P0 −→ Q−→ 0

be a minimal free resolution of some finitely generated A-module Q of infinite190

projective dimension. Let M = Coker(ρ∗n), where (−)∗ = HomA(−, A) and let191

F• : · · · −→ Fi
∂i−→ Fi−1 −→ · · ·−→ F1

∂1−→ F0 −→ M/mM −→ 0

be a minimal free resolution. Considering the canonical surjection θ : M →192

M/mM , lift this map to a map of complexes θ• : P ∗

•
→ F• to obtain the193

following commutative diagram:194

P ∗

0

θn

P ∗

1

θn−1

P ∗

2

θn−2

· · · P ∗

n−1

θ1

P ∗

n

θ0

M

θ

0

Fn Fn−1 Fn−2 · · · F1 F0 M/mM 0

Letting ψ : Im(∂∗n−1) → Ker(∂∗n) be the canonical injection, set U = Syz2(Q),195

γ = θ∗n−1|Ker(∂∗

n
), and θ̃ = γ ◦ ψ. We have the following commutative triangle:196

Im(∂∗n−1)
ψ

eθ Ker(∂∗n)

γ

U

Let (G•, τ•) be a minimal free resolution of Ker(∂∗n). Let ψ• be a lift of ψ, γ•197

be a lift of γ, and note that θ∗
•

lifts θ̃. We may put these lifts and complexes198

7



together into a long diagram.199

0

ψn−1

F ∗

0

∂∗

1

ψn−2θ∗0

F ∗

1

ψn−3
θ∗1

· · · F ∗

n−2

θ∗
n−2

ψ0

Im(∂∗n−1)

eθ
ψ

0

Gn−1

γn−1

Gn−2

γn−2

Gn−3

γn−3

· · · G0

γ0

Ker(∂∗n)

γ

0

Pn+1
ρn+1

Pn Pn−1 · · · P2 U 0

Since θ∗
•

and γ• ◦ψ• are both lifts of θ̃ = γ ◦ψ, there are homotopy maps, h and200

h′ such that201

γn−2 ◦ ψn−2 − θ∗0 = ρn+1 ◦ h+ h′ ◦ ∂∗1

However, Im(ρn+1 ◦ h+ h′ ◦ ∂∗1) ⊂ mPn, hence202

(γn−2 ◦ ψn−2 − θ∗0) ⊗A k = 0.

Thus, γn−2 ◦ ψn−2 and θ∗0 agree modulo m. From this we see that no minimal203

generator of F ∗

0 is mapped into mGn−2 by ψn−2. Now consider the mapping204

cone of ψ•:205

· · · → Gn → F ∗

0 ⊕Gn−1 → F ∗

1 ⊕Gn−2 → · · · → F ∗

n−2 ⊕G1 → G0

where the differential of this complex is given by206

Λi =

[
−∂∗n−i 0
−ψi−1 τi

]
.

Since A is local, the mapping cone of ψ• is the direct sum of a totally split sub-207

complex and a minimal subcomplex. Let (L•, λ•) be this minimal subcomplex208

of the mapping cone of ψ•. Since ψn−2 does not map minimal generators of F ∗

0209

to mGn−2, it is not a block of the matrix λn−1 and so λn−1 = τn−1. Hence210

Ln−1 = Gn−1 and so Coker(λn) has a free summand if and only if Coker(τn)211

has a free summand.212

To show that Coker(τn) cannot have a free summand, we will use use the213

same technique as used in the proof of [2, Theorem 1.1]. Suppose that Coker(τn)214

has a free summand. Write Coker(τn) = A⊕B and consider the following exact215

sequence:216

0−→ Coker(τn)
f

−→ Gn−2
g

−→ Im(τn−2)−→ 0

Setting V and W to be the cokernels of the injections µ : A → Gn−2 and
ν : B → Gn−2 respectively, we obtain the exact sequences

0−→ A
µ

−→ Gn−2
α

−→ V −→ 0 (1)

0−→ B
ν

−→ Gn−2
β

−→ W −→ 0
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Working as in [2, Theorem 1.1], with notation similar to that used in [11, Lemma
3.1], we obtain the exact sequences

0−→ B
α◦ν
−→ V

δ
−→ Im(τn−2)−→ 0

0−→ A
β◦µ
−→ W

γ
−→ Im(τn−2)−→ 0

where δ(α(x)) := g(x) and γ(β(y)) := g(y). We also obtain one last exact217

sequence218

0−→ Gn−2

[αβ ]
−→ V ⊕W

ζ
−→ Im(τn−2)−→ 0 (2)

where ζ
(
α(x)
β(y)

)
:= g(x−y). By (1), the projective dimension of V is 1 and hence219

depth(V ) = d− 1. However, it is not hard to see that depth(Im(τn−2)) > d and220

hence by (2), depth(V ⊕W ) must be at least d, implying that depth(V ) > d,221

a contradiction. Hence Coker(τn) does not have a free summand and neither222

does Coker(λn).223

Now we’ll examine the homology of L•. Since L• is a minimal subcomplex of224

the mapping cone of ψ•, these two complexes have identical homology. Hence,225

replacing the homology of the mapping cone of ψ• with the homology of L• in226

the long exact sequence associated to the mapping cone227

· · · → Hi(G•)︸ ︷︷ ︸
0

→ Hi(L•) → Hi−1(F
∗

•
) → Hi−1(G•)︸ ︷︷ ︸

0

→ · · ·

we find that228

Hi(L•) = Extn−i−1
A (M/mM,A)

when i > 1. For the cases when i = 0 or i = 1, consider the following exact229

sequence:230

· · · −→ H1(G•)︸ ︷︷ ︸
0

−→ H1(L•)
0

−→ H0(F
∗

•
)︸ ︷︷ ︸

Im(∂∗

n−1
)

−→ H0(G•)︸ ︷︷ ︸
Ker(∂∗

n
)

−→ H0(L•)−→ 0 (3)

However, Im(∂∗n−1) injects into Ker(∂∗n) implying that231

H0(L•) ≃
Ker(∂∗n)

Im(∂∗n−1)
= Extn−1

A (M/mM,A),

and by [4, Proposition 2.3], we see that H0(L•) 6= 0. Moreover, by (3), we see232

that H1(L•) = 0. Thus:233

1. H0(L•) 6= 0.234

2. ℓ(Hi(L•)) <∞ for i > 0.235

3. Hi(L•) = 0 for i > n− d.236

4. Coker(λn) does not have a free summand.237

We have now shown that L• is a complex exhibiting the desired properties.238
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In light of Theorem 3.1, the Improved New Intersection Conjecture is equiv-239

alent to proving that every complex that satisfies conditions (1), (2), and (3)240

of Theorem 3.1 also satisfies condition (4) above. While Theorem 3.2 shows241

that there are complexes with nontrivial homology satisfying these conditions,242

we would like to find more. Currently, we are working to expand the class of243

complexes for which conditions (1), (2), (3), and (4) are known to hold.244
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