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Abstract

This paper is devoted to a new intrinsic description of microlocal analytic singularities
on a connected compact C* Riemannian manifold (X, ¢). In this approach, the microlocal
singularities of a distribution u on X are described in terms of the growth, as t — 07, of
the analytic extension of e *®u to a suitable complexification X’ of X, identified with a
tubular neighborhood of the zero section in 7* X . First we show that the analytic extension
of the heat kernel of (X, g) to X’ is an F.B.I. transform in the sense of Sjostrand. Then
we establish various inversion formulae for the heat semigroup e~ ** analogous to Lebeau’s
inversion formula for the Euclidean Fourier-Bros-Iagolnitzer transform.

0.— Introduction.

The purpose of this article is to use the complexification of a compact, real analytic
Riemannian manifold to give a new, intrinsic description of the analytic wave front set of a
distribution®, and to prove an inversion formula for the heat equation analogous to Lebeau’s
formula in the case of Euclidean space [L]. Our substitute for the Fourier transform meth-
ods traditionally used to analyze microlocal singularities is the Fourier—Bros—Iagolnitzer
(F.B.L.) transform. The kernel of this transform is defined by the analytic continuation of
the heat kernel in the manifold variables. In order to extract useful information from this
transform, and prove the inversion formula, the main difficulty is to understand precisely
the singularity of its kernel as t — 0.

* We recall that the C° (resp. real analytic) wave front set of a distribution u is,
roughly speaking, the points at which u fails to be locally equal to a C'> (resp. real
analytic) function together with the codirections contributing to the singularity.
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Notation 0.0. If P is a differential operator on a manifold Z and f is a smooth function
defined on Z X ... X Z, we denote by P f the action of P on the k-th variable in f.

In the following (X, g) will be a compact, connected, orientable, real analytic, n-
dimensional manifold and p the leading symbol of the (non-negative) Laplace—Beltrami
operator. There is canonically associated to (X, g) an integrable complex structure on a
sufficiently small tubular neighborhood U of the zero section in 7% X (see [G-S1], [L-S]). We
complexify X by identifying it with the zero section in such a tube. To pass from estimates
on Riemannian objects in the real domain given in term of exponential coordinates to
estimates in the complex domain, it will be convenient to parameterize this tube by the
analytic continuation of the exponential map:

(r,v) € T°X — Exp,vV—1v e U,

where T X is the set of tangent vectors of length less than e. For e sufficiently small this
is a diffeomorphism, and we will denote its image by M.

Let E(t,x,y) denote the heat kernel of (X, g). The F.B.I. transform is the map u —
et u. It is well known that for every distribution v on X, e"*®u is a real analytic function.
We will show that there is an € > 0, independent of u, such that e~ *?u (resp. E(t,z,))
can be analytically continued to M, (resp. (0,00) x M, x M,). We denote by d? the square
of the Riemannian distance function and its analytic continuation to a neighborhood of
the diagonal Ax in M, x M,. Our first main result is Theorem 0.1 (see below). Part i)
gives the asymptotic development of E(t,z,y) as t tends to 07 modulo an exponentially
decreasing term for x and y complex near the diagonal, and part ii) characterizes the
analytic wave front set of u in terms of the growth of its F.B.I. transform in the complex
domain as t — 0.

Theorem 0.1. For any x, € X there exists €2, p > 0 and an open neighborhood Wy of
z, in M, such that:
i) For any 0 <t <1 and any (x,y) € W1 x Wy we can write:

E(tu xz, y) — N(t, x, y)eidZ(xay)/‘lt + O(efp/&ﬁ )

where the O(-) is uniform with respect to (z,y) as t — 07, and N(t,z,y) is an
analytic symbol of order n/2 with respect to 1/t in the sense of [Sj] (see definition
4.3). Moreover if §& € T, X \ {0} has length less than e, then 1v/—1d*(z,y) is an
FBI phase near (Exp, (v —1&o), zo) and the value at Exp, (v/—1&p) of the associated
weight is 2]&o|?.

ii) Let u be any distribution on X and let &, € T,,X \ 0 have length less than e5. If there
exists C, § > 0 and an open neighborhood Z of Exp, (v/—1&) in M, such that for
all0 <t<1landallz € Z,

e—|§o|2/4t |6_tAu(£L’)| < C 6—6/415 (*)

then the covector (g, (o) € T, X defined by (o : &1 — g(&1, —&o) does not belong to
the analytic wave front set of u. Conversely if (xg,(y) does not belong to the analytic
wave front set of u then for suitable Z and § the estimate (*) is satisfied.
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By the definition of N (¢, x,y) (see §4), Theorem 0.1 i) means that

E(t,a,y) = (4nt) "2 e @@/t N gz )t + O (e /™) (0.1)
0<k< s

as t — 0T, where the ug(z,y) are the analytic continuation of the coefficients appearing
in the formal solution of the heat equation on (X, g) (see [B-G-M]) and C is a constant
(defined in Definition 4.2) depending on the growth (see prop 3.1) of the uy in the complex
domain. The formula (0.1) improves (for a real-analytic manifold) upon the result of
Kannai ([K]) which says that for two real points x, y of X close to each other and any
nonnegative integer [,

B(t,z,y) = (4m )™/ 2e= @0/ Ny (g, )it 4 O (11 2em e /i),
0<k<lI

Another intrinsic approach to microlocal analysis is through the following Toeplitz
correspondence (see [G], [G-S2]). Let w be a holomorphic form of type (n,0) which is
smooth up to the boundary of M.. We can integrate it along the fiber of the usual
cotangent fibration to get a smooth function u on X:

ge X —u(q) = / w. (0.2)

7 q)

Epstein and Melrose (see [E-M]) have proven that for e small enough the correspondence
w€ O(M,A™Y) — u € C*°(X) is an isomorphism. When (X, g) is real analytic this map
extends to an isomorphism between distributions on X and the space of all holomorphic
(n,0) forms on M, with temperate growth near M,. It can be shown that the microlocal
regularity properties of u near a boundary point « of OM,. are equivalent to the local
regularity properties of w near « (see [G, §5]). The inverse of the integral transform
(0.2) is microlocally equivalent to the F.B.I. transform defined by the square root of the
Laplacian (see [G-S2], Theorem 5.3). Our approach seems to be different because we work
with F.B.I. transform associated to a differential operator. We note that our method can
also be applied to characterize C* wave front sets.

To explain our next set of results we introduce some notation. For any ¢ € X, let Y
denote the fiber 771(q) in M, (here 7 is the usual cotangent fibration). Let g™, resp. u™,
be the holomorphic tensor obtained by analytic continuation of g, resp. the Riemannian
volume g, and let g¥, resp. 1Y be the complex valued tensor field obtained pulling back to
Y. For e sufficiently small, it is possible to define divY and grady with respect to ¢¥ and
1Y, and to form the corresponding “Laplacian,” AY = —div¥ gradY . (We emphasize that
generically g is not real valued.) We again let uy(x,y) denote the analytic continuation
of the coefficients in the formal solution of the heat equation, and let

Hk(t7x7y) = (47Tt)—n/2ed2(x,y)/4t (’U,O<.’E, y) - tul(xa y) +oe Tt (_t)kuk:(x7y)) :

We may now state our first inversion formula for e 2.

3



Theorem 0.2. Let k be a nonnegative integer. There exists € > 0 such that, for all
0 < € < € and all real analytic functions f on X such that fX fu =0,

+oo
(¢iT)TﬂQ)=LL dtjgzvxuotkAYukm,»uY

+oo
Y Y Y Y
+/0 “ /ay [Tf(t, ) lgraar (g H — He( @ Vigraay o, 1

— (0.3)
with Y =~ 1(q) C M..

The condition [ + Ji = 0 means that f is orthogonal to the space of harmonic func-
tions (that is, the constants since X is connected and compact). The integral over 9Y in
(0.3) makes sense if f is “only” C'*° (see Lemma 5.7), but we do not know if Theorem 0.2
is true in this case.

We will see that for t > 0, (t,m) — Hy(t,q, m) is an approximate parametrix for the
operator d; — AY on Y (Proposition 3.0), whereas (t,m’) — Hy(—t,m,m’) is (up to the
constant factor (v/—1)") an approximate parametrix for the heat equation 9; + A on X
(see [B-G-M], page 208).

In Theorem 3.4 we will prove that, for e sufficiently small, there exists a “pseudo-heat
kernel” in Y for §; — AY: a function K(t,p,m) € CO(R}. x Y xY), C! with respect to
t > 0 and C? with respect to m € Y such that for all p € Y, (9; — AY)K(¢t,p,m) = 0, and
for all continuous complex-valued functions u € C°([0,1] x Y),

tim [ u(tm)E (6 g, m (m) = u(0,q).
t—0t Y

Moreover we will show that K satisfies certain growth estimates as ¢ — 07. These will
allow us to prove our second inversion theorem:

Theorem 0.3. For ¢ suﬂicientz)ly small, we can find a pseudo-heat kernel K such that:
1] K(t,q,m) ~ (—4nt)~"/2ed (@m)/4% a5t — 0t uniformly with respect tom €Y.
2] For all t; > 0 and all f € C*°(X) such that [, fu =0,

to
f(q) :/0 dt /E)Y [TFt Vigraay e rgy B — K60 Vigraayrpa it ]

+LTm%mw@WW

Note. Unlike in Theorems 0.2 and 0.4 (below), we do not know whether K (t,q,m) is

bounded for ¢ > 1, hence we cannot let t5 — 400 in the formula above. Furthermore,

Lemma 7.2 and Proposition 2.4 show that this formula still holds if f belongs to H5"*4(X).
The idea of the proof of theorem 0.3. is the following. Since we have:

an integration by parts and a Green’s formula on Y show that for 0 < t; < t5:
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o:/tlet/YK(t,q,m)(Ag+at)Tf(t,m)uY(m)

_ /Y T (t2, m)K (t2, g, m)p (m) — /Y Tty m)K (t1, ¢, m)u” (m)

to
+/ dt /&)Y [Tf(t7 ')i;adyK(t,q,) :UJY - K<t7 q, ')i;adYTf(t’.),U/Y}
ty

then we let ¢ goes to zero.

The definition of the pseudo-heat kernel K (see (3.37) and the proof of Theorem 3.4)
combined with the estimate (3.37) shows that K has the following asymptotic development
ast— 0F:

K (t,a,y) ~ (—4mt) 2@/ N by (a,y) +0(e72) (0.4)
0<k<1/Ct

for some n > 0, uniformly for z, ¥ in Y. A comparison between (0.1) and (0.4) sug-
gests, heuristically, that K can be thought of as the heat kernel of X at points (¢, z,y)
in | —00,0[ x Y x Y. Thus we obtain a kernel for the “inverse” of the heat operator, at
the expense of working in the fiber Y in complexified manifold M, (essentially because for
qe X, £eTX, d*(q,Exp,(vV—1&) = —[¢]* < 0). In general, it makes no sense to write
f = e!®[e"*A f] because it is not possible to define the heat kernel associated to X at a
point (—t,z,y) in R* x X x X. For instance, in the case of X = S! endowed with the
usual metric (by embedding S* € R?), one has:

Trace (e 12) = / E(t,m,m)du(m) = Z e 10
X nez

but this function cannot be extended for ¢ < 0 because the imaginary axis v/—1R is
a barrier for the analytic continuation (see [D-G] p. 45). The same is true for X =
St x 8t x ... x St (we think that it would be nice to have a proof that for any compact X
the singular support of Trace e~ V=1tA filIs the real line).

Finally we study the case when X is locally symmetric. We show that this is true if
and only if —¢Y¥ is a field of real, positive definite quadratic forms on all of the fibers YV
(Proposition 1.17). In this case we can simplify our inversion formula.

Theorem 0.4. Assume that —g" is a field of real, positive definite quadratic forms on
Y. Then:
1] —AY is the Laplacian of the Riemannian manifold (Y, —g"").
2] There exists a solution K (t,m) € C* (R’ xY) of the “heat” equation (0;—AY)K =0
which is bounded on [1, +00[xY and such that:
a] Forallm €Y, K(t,m) ~ (—dmt)="/2ed*(@m)/4t a5 ¢ _, 0+,
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b] For all f € C*°(X) such that [, fu =0,

+o0
flg) = /0 dt /BY [Tf(t’ ')igradYK(t,') ’uY - K(t, ')igradYTf(t,')MY] : (0.5)

In §8 we show that if X is a complete (not necessarily compact, but still connected and
orientable) locally symmetric space, then, for e small enough, the Riemannian manifold
(Y, —gY) is isometric to a neighborhood of the identity coset in a symmetric space dual to
the universal cover of X, and the restriction of the analytic continuation of —d? (= —d%)
to Y x Y is equal to the square of the distance function of (Y, —g¥). This allows us to
show in Theorem 8.8 that if X is a compact locally symmetric space and K;(t,x,y) is any
good heat kernel for (Y, —g¥) (see Definition 8.7), then, after possibly shrinking Y, K
has the following asymptotic development as ¢t — 0 :

(V=T) K (t2,y) = (—4mt) e T @n/it N (b (@, y) + O(e )
0<k<1/Ct

for some § > 0, uniformly with respect to x, ¥ in Y. We note that if ¢ is small enough,
then good heat kernel for (Y, —g¥) exists. A comparison with the equation (0.1) shows
that, heuristically, up to an exponentially decreasing term, (v/—1) "K;(t,x,y) may be
considered as the value at (—t,z,y) €] — 00,0[xY X Y of the heat kernel of X.

In §9 we assume that X is a compact Riemannian globally symmetric space of rank
one. We show that both the heat kernel and the formal solution of the heat equation depend
only on (t,d?(z,y)), and we give a simple and constructive proof of Proposition 3.1 in this
situation. Our proof provides an algorithm which allows us to compute inductively the
coefficients of the formal solution from three invariants of the root system associated with
X.

The outline of this article is as follows. In §1 we review some facts about totally
real submanifolds, and show that the complex structure on 7°M induced by the analytic
continuation of the exponential map is the same as the adapted complex structure of [L-S]
and [G-S1]. We construct the tensors g¥ and u¥, the differential operators grad’ and
divY, and discuss the relationship between AY and the Laplacian of X (Theorem 1.16).
We show that ¢ is real valued if and only if the geodesic symmetry about Y is a local
isometry (Proposition 1.17).

In §2 we give some estimates on the growth of eigenfunctions of A in the complex
domain (Proposition 2.1), and prove some preliminary estimates on the growth of the
F.B.I. transform (Proposition 2.3).

In §3 we construct the “pseudo-heat kernel” in Y (Theorem 3.4), and prove a crucial
estimate on the growth of the coefficients uj in the formal solution of the heat equation in
the complex domain (Proposition 3.1).

84 gives the proof of Theorem 0.1, §5 the proof of Theorem 0.2, §6 the proof of
Theorem 0.4, and §7 the proof of Theorem 0.3. §8 considers in more detail the case where
X is locally symmetric, and §9 deals with the rank one case.
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§2 Growth of the F.B.I. Transform
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Finally, we have gathered in the following table some nonstandard notations adapted
to the problem considered in this article: for each symbol we refer to the place in the
article where it first appears.

Table of Notations

gt Proposition and Definition 1.13
wto. . . . . . . . . . ... ... ....... Proposition and Definition 1.13
At .. . . . . . . . . .. ... ... ......... Proofof Theorem 1.16
g . . . . . . . . .. ... ......... . Proposition and Definition 1.13
gradY . . . . . . . . . . . . . ... ... .......... Defnition1.15
W . . . . . . . . ... ... ........ . Proposition and Definition 1.13
div’ ... ... ... ... ................. Defnition 1.15
AY . ... .. .. ... ............... Definition 1.15
Aoy, AY 0 . . . . . . . . . . ... .............. Notation0.0
1.— Geometric Constructions.

Let M be a connected complex manifold of (real) dimension 2n with complex struc-
ture denoted by J and X be a C“ submanifold of M of dimension n. The complexified
tangent space of X at ¢ € X is denoted by TqCX : THOM (vesp. TO'M) is the space of
holomorphic (resp. antiholomorphic) tangent vectors of M at m € M. Similarly, T:@(l’O)M

(resp. T, O s ) is the space of holomorphic (resp. antiholomorphic) tangent covectors of
M at me M.

We first recall some elementary facts concerning totally real submanifolds of M which
will be used constantly in the sequel.

Definition 1.1. X is said to be totally real in M if and only if

TCXNT M =TS X NTY M = {0} for all g € X .

The following lemma is classical and can be found for example in Guillemin’s paper
on Toeplitz operators [G].



Lemma 1.2. The two following conditions are equivalent:
al X is a totally real C* submanifold of M ;
b] for all ¢ € X there exists an open neighborhood W of q in M and a holomorphic
coordinate system on W, (21, ..., 2™) such that

XNW={meWs.t. Iz'(m) =... = 32"(m) =0} (1.1)
and (x',...,z™) is a local coordinate system on W N X .

Lemma 1.2 means that in a complex manifold, totally real submanifolds play the
same role as R" or v/—1R" in C". In particular, Lemma 1.2 b) shows that the following
analogue of the analytic continuation principle holds.

Corollary 1.3. Let X C M be a totally real submanifold of the complex manifold M, M’
be a complex manifold and f : X — M’ a C¥ mapping. Then, there exists a connected
open neighborhood W of X in M and a unique holomorphic mapping f*: W — M’ such

that fﬁ;( = f.

Remark 1.4. That X is totally real is necessary to ensure that the extension f is unique.

Any compact C' manifold can be viewed as a totally real submanifold in some complex
manifold, as shown by the

Theorem. (Bruhat-Whitney [B-W])

1) Let X be a compact C* manifold of dimension n. There exists a complex manifold
M of dimension 2n and a C* embedding j : X — M such that j(X) is a totally real
submanifold of M.

2) Letj; : X — M and js : X — My two such embeddings. There exists an open neigh-
borhood Wy of j1(X) in My, a neighborhood Wy of jo(X) in My and a biholomorphic
one-to-one mapping ¢ : W1 — Wy such that jo = ¢ o j1.

3) There exists an open neighborhood W of X in M and a unique antiholomorphic
involution o : W — W such that X = {m € W s.t. o(m) = m}.

Let now X be a compact connected C' manifold of dimension n endowed with a C*
Riemannian metric g. Denoting by B(0, p) the ball centered at 0 with radius p in T, X
equipped with the metric g,, for all ¢ € X there exists po(¢g) > 0 such that

Exp, : B(0,p0(q)) C Ty X — X

is a C¥ diffeomorphism onto its image. Moreover the function ¢ — pg(q) can be chosen
lower semicontinuous on X. Let (M, j) be a Bruhat-Whitney complexification of X (we
shall identify X and j(X) from now on). It follows from Corollary 1.3 that, for all ¢ € X,
there exists a connected open neighborhood W, of 0 in TqCX and a unique holomorphic
extension of Exp, (still denoted by Exp,) as a map W, C T°X — M. Hence one can
define the C* map

O: Q- M, 9= Equ(\/—_lﬁ) ; (1.2)

on Q= {(q,&) s.t. £€T,X, |£|y < p1(q)} where the function p; can also be chosen lower
semicontinuous on X. (For £ € T, X, we shall use the notation €|, = 1/94(&,§)).



Theorem 1.5. There exists 0 < €y < inf,cx p1(q) such that, for all 0 < € < €,
1)
P:TX - M, @(q,§) = Exp,(V—1§)

with T°X = {(q,¢) s.t. £ € T, X, ||, < €} is a C¥ diffeomorphism onto its image.
2) the map
m: M. =®(T°X) - X Exp,(V-1§)+—q

is a C' fibration with totally real fibers.

Proof. 1) We first compute the differential of ® on the zero section of TX. Let J° be the
complex structure of TqCX , i.e. the multiplication by v/—1; for all ¢ € X, the following
identification is understood: T 0\ (T X) ~ T, X © To(TqX) ~ T, X © T, X and

(d®)(g,0) : T(q,0)(TX) = T,M, (d®)(q,0)(§+n) =&+ Jyn.

The submanifold X being totally real in M, T,M = T,X & J,(T,X) and hence d® has
rank 2n on the zero section of T'X. Statement 1) for some small enough €y follows since
X is compact.

Remark 1.6. The relation (dExp,)o(§ + JO) = &+ J,& V¢ € T,X (identified with
To(T,X)) shows that T,7~'(q) = J,T,X.

2) That 7 is a C* fibration follows from 1). Let ¢ € X and Y = 7 1(g). One has
TEYNT}OM = Jo(T,X)NT} "M = {0} since X is totally real in M. But TSY NTHOM =
(ker dm,,)© N (ker(J, — /—11d))€ for all p € Y and this intersection is {0} at ¢ and hence
in some neighborhood of ¢ by continuity. Likewise T°Y N TP M = {0} for p in some
neighborhood of ¢. Using again the compactness of X and reducing ¢, if necessary shows
that for all ¢ € X, 771(q) is a totally real submanifold of M. //

At this point, we digress a little in order to discuss the relation between our construc-
tions, those of Guillemin-Stenzel [GS] and the adapted complex structures of Lempert-
Szoke [LS]. Statement 1| of Theorem 1.5 associates to a C* Riemannian metric on X a
canonical complex structure on 7°X which does not depend on the choice of M. We
will show that this complex structure is nothing but the “adapted” complex structure of
Lempert and Szoke [L-S]. As = runs over all geodesics in X, the images of the maps

(t,5) = (7(t), s7(1))

for s # 0 define a smooth foliation of TX\0x, called the Riemannian foliation. The leaves
of the Riemannian foliation carry a natural complex structure: one simply identifies R?
with C in the usual way. A complex structure on TX is said to be adapted if the leaves of
the Riemannian foliation, together with their natural complex structure, are (immersed)
complex submanifolds of 7€X. One of the main results of [L-S] is that for any compact
Riemannian manifold and any €, 0 < ¢ < oo, there is at most one adapted complex
structure on 7T°X (see [L-S], Theorem 4.2).



Proposition 1.7. The adapted complex structure on T°X is the only complex structure
for which the complexified exponential map defined in Theorem 1.5

T°X 3 (q,&) — Exp,v/—1& € M.
is a biholomorphism for all 0 < € < €.

Proof. Fix (¢,§) € T°X and let L¢ denote the intersection of the leaf of the Riemannian
foliation through (¢,&) with T°X. Let «(t) denote the geodesic with initial conditions
(7(0),4(0)) = (q,&). We must show that the map

t+vV—1sm Exp,)V-1sy(t) € M

is holomorphic; then for |s| sufficiently small this will parameterize an (immersed) com-
plex submanifold of M. Let 3(r) be the geodesic with initial conditions (5(0),3(0)) =
(v(t),s¥(t)). We have defined Exp.,;)v/—1s%(t) to be the analytic continuation of the

map r — [(r) € X C M at r = +/—1. Since (r) = y(t + rs) for all real r, by uniqueness
of analytic continuation we conclude that 3(v/—1) = y(t+v—1s), i.e., Exp, vV —-1s7(t) =
~v(t ++/—1s). Since the map t + v/—1s — v(t + v/—15) is holomorphic we are done. //

We can identify TX with 7*X by the map L, : TX — T*X, where L,(q,€) is the linear
form on T, X, Ly(q,€)(n) = g94(§,m). Via L, the adapted complex structure induces an
integrable complex structure on T*°X, where T*°X is the set of covectors of length less

than e. Lempert and Szoke prove the following facts about the adapted complex structure
on T¢X ([L-S], Theorem 5.7 and Corollary 5.5):

1. The involution (g,§) = (g, —&) is antiholomorphic.
2. SO(L;o) = Ly, where « is the canonical one-form on 7" X and o is the principal
symbol of the Laplacian.

It follows immediately from the uniqueness part of the theorem on pg. 568 of [G-S1| that
the pushforward of the adapted complex structure by L, is the complex structure described
in [G-S1] (which we will refer to as the “adapted” complex structure on 7*¢X). It is easy
to see that the embedding of X in 7%°X as the zero section is totally real.

Theorem 1.8. Consider in the definition of ® (1.2) the Bruhat-Whitney embedding of X
as the zero section in T**X = M (with the adapted complex structure). Then ®(q,§) =

Equ\/__1£ = Lg (Q; 5)

Proof. Proposition 1.7 (with M = T*°X) shows that L, and ® are holomorphic maps
from T°X to T*¢X (with their respective adapted complex structures). Then L;l o® is
holomorphic from T X to itself, and is equal to the identity on Ox. Since Ox is totally real
in the connected complex manifold 7T*¢X, it follows from the uniqueness of the analytic
continuation as in Corollary 1.3 that Lg_1 o ® must be the identity on all of T¢X. //

Remark. This result shows that the fiber one integrates over in the inversion formula for
the heat equation (0.3) is the same as the one in the Toeplitz correspondence (0.2).

In the sequel, we shall construct on each fiber 7~1(g) various objects corresponding to
analogous objects defined on X. The first step in this direction is an analytic continuation
principle for C“ covariant tensors on X analogous to Corollary 1.3.

10



Proposition 1.9. Let 7 be a C¥ section of (T*X)®™. There exists an open connected
neighborhood W C M of X and a unique holomorphic section 7+ of (T**W)®™ such that

Vq € X and vy, ..., € qu’OM, T (01, Um) = Tq(Pqul, ...,Pqum) : (1.3)
where PéX is the projection on TqCX in the decomposition TqCM = TqCX eT, M. (In
(1.3), 7, has been extended in the natural way to a C—multilinear form on (T€X)®™).

Proof. Let (Wy;21,...,27) a local holomorphic coordinate system on M at g as in b) of
Lemma 1.2, with 2t = R2! and ¢} = Q2! (1 < i < n). Wi N X;zi, ..., 27) is a local
coordinate system on X, in which 7 can be expressed as

Z T1i1,...,im (x(p))dxlf XX d$llm s P eXnN W1 (14)

115000y

Let W{ be a connected open neighborhood of X NW; where all the C* functions 7, . ; ()
have holomorphic continuations denoted by 7;" ; (x) and consider the holomorphic ten-
sor 7y defined on W/ by

= > T @) @ L @der P e Wy (1.5)

1eeeim

The tensor 7'1+ defined in this way verifies property (1.3) on W7 N X. Since X is compact
and since a system of coordinates as in Lemma 1.2 b) can be associated to each point of X,
there exists a finite family of connected open sets of M covering X with connected pairwise
intersections, Wy, ..., W/ constructed as above with local holomorphic coordinates system
zj = (zjl, .., 2) defined on W} for all 1 < j <1 as in Lemma 1.2 b). Forall 1 <j <la
holomorphic tensor Tj+ is defined on W in the z; coordinates as in (1.3)-(1.5). The local
components of 7 in each intersection W; N W;N X satisfy C* compatibility relations. It is
easy to check that, by analytic continuation of these compatibility relations, one can paste
all the local holomorphic tensors Tj+ for 1 < j < into a holomorphic covariant tensor 77
on the connected open neighborhood W = W{ U...U W/ of X in M and which satisfies
(1.3). Uniqueness follows easily by the same arguments. //

Remark 1.10. Let &4,...,&y, € Ty X. The vectors {1 —v/ —1 J4&1,...,6m —V —1 J4&m are holo-
morphic by construction and one has PéX (&1 —vV—1J4&1) = 24,..., PqX (Em—V—1J4ém) =
2¢,, (see Remark 1.6). Therefore

T (& = V=1 Jgt, & — V=1 Jgm) = 14(281, ..., 26m) -

Remark 1.11. It follows from the definition of 7% that 77 is alternate on W (that is,
a holomorphic m—form on W) whenever 7 is alternate on X. In the same way, 77 is
symmetric whenever 7 is.

Assume from now on that (X, g) is orientable, and denote by p the Riemannian volume
form defining the orientation of X. For any (real or complex) vector bundle £ we shall
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denote by BS(E) the bundle of symmetric bilinear forms on the fibers of £. Proposition
1.9 can be applied to the C* covariant tensors g and p on X: there exists 0 < €1 < €g, a
unique holomorphic section g+ of BS(T1°M,,) and a unique holomorphic section u* of
A™(TYOM.,) defined in terms of g and u respectively by condition (1.3). For any complex
manifold M, we shall denote by BS%?(TCM) the vector bundle of bilinear symmetric
forms on complex tangent vectors to M such that

Vpe M, be BS*Y(T°M),, vywe TeM, veT)'M = blv,w)=0.

We identify the tensors g7 and put with C* sections of BS?°(TCM,,) and of A™°(TM,,)
respectively, in the following natural way:

Vpe M, , vi,...,0, € TZSJ.M61 , g (v, v9) =g (v v ), pt (v, e vn) = p (0] )

where

7 )

v; = v;L + v, , in the decomposition TpCMEl = T;M61 T, M, .

Remark 1.12. Observe that, if jx denotes the embedding of X into M., , the definitions
of g% and p+ with the identifications above show that ¢* and p* are the only C¥ sections
of BS29(TCM,,) and of A™°(TCM,,) respectively to verify j% g = g and jipu* = p.

The considerations above show the existence of some €; €]0, €] such that g™ and p*
are defined as C“ covariant tensors on M., for all 0 < € < ¢;. We will denote by Y the fiber
Y := 7" !(q) C M. for some arbitrary ¢ in X. Equivalently, Y = {Exp,(v/=1¢) s.t. [¢], <
€, £ € T,X}. Although €; will be reduced again in the sequel, we shall keep the same
notation Y for the fiber 771(q), 0 < € < ¢;. Y and 9Y are orientable, and equipped with
compatible orientations so as to apply Stokes’ formula. Denoting by jy the embedding of
Y into M., , one has the following

Proposition and Definition 1.13. There exists €; €)0, ¢g] such that

al g* € I'(M,, BS(T"°M.,)) is a holomorphic section such that for all p € M, g is
non-degenerate;

b] pt e T(Me,,A"(T"°M,,)) is a holomorphic section such that for all p € M, , jut # 0.
Moreover, for all g € X and Y = n~1(q) C M., the following properties hold:

] g =343 (g7) e D(Y,BS(TCY)) is a C* section such that for allp € Y, RgY <0 (is
negative definite);

d] 1" = j3(uh) e D(Y,A"(T*CY)) is a C¥ section such that for allp € Y, p) # 0.

e] Let (&1, ...,&n) be a system of normal coordinates at ¢ on X, ({3, ..., (,) its holomorphic
extension to some connected neighborhood of q in M., and n; = 3¢;. In the coor-

. Y _ _ — n
dinates (M1, ..., Mn), HEqu(\/Tln) = 0(q, Exp,(vV—1n))(v/=1)"dn A ... A dn, where
¢ + 0(q, Exp,(C)) is the (unique) holomorphic extension of § w |det (dExp,)¢| to
some (connected) open neighborhood of 0 in TqCX. In particular, 0(q,q) = 1.

For the convenience of the reader, let us describe the result of these constructions in the
case where X = R" equipped with its usual Euclidean metric — all of this actually works
in this case although R" is not compact. As recalled in the introduction Exp, § = ¢ +¢
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for ¢ € R" and £ € T,R" ~ R"; M, = R" + v/—1B(0,¢) C C" (with the complex
structure induced by that of C", i.e., the multiplication by /=1 in the complexified
tangent space at any point of C™). Hence, the complexification of the exponential map is
defined by Exp,(£++v/—1n) = ¢+&++/—1n for all n € T,CX and, the point ¢ being fixed,
Y =q++V-1B(0,¢) C ¢+ +v—1R". Without loss of generality, we assume ¢ = 0. The
current point of R" is denoted by (z!,...,2™), that of C™ by (21, ..., 2") with Rz = 2% and
Jz' = y'; hence the current point of Y is denoted (y',...,y™), with Y, ..., (y*)* < €. The
Euclidean metricon R"is g = -, ,,, dx'®@dx*, the corresponding gt = > i<i<n dz'®dz"
and therefore g = — 3", ... dy’ ® dy’. Similarly, p = dz' A ... A dz™, the corresponding
pt =dzt A Adz™ and p¥ = (V=1)"dy' A ... Ady™.

As the proof of the statements in Proposition-Definition 1.13 is fairly direct, we shall not
give it. The most important point is statement c| of 1.13 which results from the elementary
computation stated in the next remark.

Remark 1.14. Using remarks 1.6, 1.10, 1.12 one sees that, for &, & € T, X,
95 (& — V1161, & — V=1J,&) = 94(261,282) = —g; (2J61,2J,62) .

Assuming 0 < € < €5 from now on, one can now define gradients and divergences on
Y with respect to the tensors ¢* and pY .

Definition 1.15.
For complex-valued f € C*(Y') we denote by grad” f the unique complex vector field
on'Y such that g¥ (grad” f,-) = d¥ f (where d¥ denotes the exterior derivative on the
manifold Y').
For all complex vector fields V on'Y', we denote by div¥'V the unique scalar (complex-
valued) function on' Y such that div¥ V¥ = d¥ (15;uY), where t¥" denotes the interior
product on the manifold Y .
For all complex-valued f € C°(Y) we define AY f := —div" (grad” f).

For instance, in the case of X = R" with the usual Euclidean metric described before
the proof of Proposition 1.13, AY =3, <i<n Gji is the opposite of the usual Laplacian.

The following analogue of the classical Green’s formula will be used in the proofs of
the inversion formulas.

Green’s Formula for AY. For all f and f' € C>®(Y) one has
/Y (fAYf = fAY fHut = /8 y {f’grady = f gy Y] (1.6)
In particular, if f and f’ have compact support in Y, one has
[ sy - s e <o,
Y

The proof is identical to that of Green’s formula for the Laplacian of a compact Riemannian
manifold.

The following theorem explains the relation between the Laplace-Beltrami operator
on X, A, and the operator AY defined above.
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Theorem 1.16. There exists €1 €0, €g] such that, for all 0 < € < €, for all connected
open neighborhoods W of q in M, and all f holomorphic on W, the functions A( fix) and

AY( fly') have the same holomorphic extension to w.

It is again instructive to look at the case of X = R". Indeed, Theorem 1.16 means
exactly that, for all f holomorphic on R" 4 1/—1 B(0, €), ZKK” == i<i<n % f,
which is obvious since } 3, ., 0.:0z f = 0.

Proof. X being compact, it is possible to cover X with a finite number of holomorphic
coordinates patches having the property b) of Lemma 1.2. Let (2!,...,2") be one such
local holomorphic coordinate system with ¢ = R2* (1 < i < n), and denote by g%
and a = \/ det (gij)1<i j<n the coefficients of the inverse metric tensor and of the volume
element in the local coordinates (x!,...,2™), that is g;; = g(9,i,0,s). Then, there exists
0 < €1 < ¢ such that, for all the (finite collection of) coordinate patches covering X, all
1 <i,j < n, the real analytic functions g;;, ¢/ and a = (det (gi;)1<i j<n)*/? and a~* on
X have holomorphic extensions to M., (denoted by the same letters).

Let f be holomorphic on some open set W C M¢,. The holomorphic extension of

A(fix) to W is, in the z-coordinates:

ATf=— Z a_lﬁzi (agijazjf)

1<i,j<n

Let ¢ € X belong to the domain of the coordinates system (z!,...,2") and set ¥ =
77 ({q}) C M.,. Y being totally real in M (see Remark 1.6), there exists a local holo-
morphic coordinates system (w!,...,w™) (on an open neighborhood of ¢ in M) such that,
denoting Rw® = u’, Sw® = v* (1 < i < n), Y is defined locally near ¢ by the equations

vl = ... =" = 0. In the w-coordinates

A+f _ Z 1p/€a (ag”P o zf) Z a—leawk (an af]rlawlf) ,

1<i,j,k,1<n 1<i,rk,l<n

denoting by P the Jacobian matrix PF = (8,:w”*) (1 < i,k < n), by Q = (0,:2"%) its

inverse, and letting §"' = ", , ., P/ g P}.
Observing that 9,k Q% = (0,,xOyr2*) is symmetric in the indices k, r for all 1 < i < n,

> PO Qi= Y PO, Q) =(detQ) ' yrdet Q

1<i,k<n 1<ik<n

(this last equality is based on the fact that the logarithmic differential of the determinant
at @ is the linear form R — Trace(PR) with PQ = I). Hence

Atf== " b0 (05", f)

1<k,I<n

with
b= adetQ and b2 = CL2 (det Q)2 = (det (gij)1§¢7j§n) . (17)
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Since the coordinate system w has the property b) of Lemma 1.2 with respect to the totally
real submanifold Y, one sees that

(A+f)|y = — Z b‘lé?uk (bgklaulf‘y) . (18)

1<k,1<n

The expression for (AT f)y above is exactly equal to that of AY( fly) in the local coordi-
nates on Y defined by (u!,...,u"): to see this, it suffices to compute the expressions of g¥

and 1Y in the u-coordinates, using in particular (1.7) above. //

In the case where —g" is a metric on the fiber Y, the following result is easily derived

from the proof above. This case is however not generic, as shown by the next proposition.
First, we recall that the geodesic symmetry about ¢ is the map defined on a normal
coordinate neighborhood of ¢ by

sq  Exp,(v) — Exp,(—v) .

Proposition 1.17. The tensor gV is real if and only if the geodesic symmetry on (X, g)
about ¢ is an isometry on a neighborhood of q. In that case we can shrink Y so that —g¥
is positive definite.

Proof. Let exponential coordinates centered at ¢ be given by
r:p=Expv—r(p)=0v.
In these coordinates the geodesic symmetry is given by s,(r) = —r, and the metric by
9(r) = gij(r) dr' dr?

The geodesic symmetry is an isometry if and only if the matrix entries g;; are even functions
of r: gi;j(—r) = ¢i;(r). Identify X with its image in the zero section of TX in the usual
way and give T°X the “adapted” complex structure. We will need the following lemma.

Lemma 1.18. There is a holomorphic coordinate system z(p,v) on a neighborhood of q
in the complex manifold T°X such that

1] 2(p,0) = r(p),
2] 2(q,v) = V/—1wv.

Remark. Condition 2] holds only on the fiber over g. In general r(p) + v/—1v does not
provide holomorphic coordinates for the adapted complex structure on 7¢X (unless g is
flat).

Proof. The map
v=r(p) — Exp,v=pe€ X =0x

is a real analytic diffeomorphism near the origin. Analytically continuing into the complex
manifold T¢X we get holomorphic coordinates near ¢ by

v+\/—_1u:z(p,w)—>Equ(v+\/—_1u): (p,w).
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Property 1 is clear. To check property 2 we recall that the adapted complex structure
on T¢X is constructed by embedding X as a totally real submanifold of a complex mani-
fold, analytically continuing the Riemannian exponential map, and identifying (p, w) with

Exp, (v —1w) (see Proposition 1.7). So Exp,(v/—1v) = (¢,v), which is property 2. //

Analytically continuing g we obtain the holomorphic metric given in these coordinates by
gt = gij(2)dz" d27 .
Restricting to Y we get z(q,v) = v/—1v and
9" = —gi;(V-1v)dy' dy’ .

Since the coefficients in the (convergent) Taylor series of g;;(z) are real, to say that g¥ is
real means that the odd order terms in the Taylor series of g;; are zero. This is true if and
only if g;;(r) is an even function of r. //

Y

In the sequel we shall analyze the situation where —g* is a metric on Y.

Proposition 1.19. Assume that —g¥ is (real) positive definite on Y. Then

il p¥ is (v/—1)" times a Riemannian volume form associated to the metric —gY¥ ; this

Riemannian volume form defines an orientation of Y;

ii] —AY is the Laplacian associated to the metric —g* .
Proof. We keep the notation of the proof of Theorem 1.16. In the local coordinates system
(ul,...,u™) on Y one has p¥ = bdu! A ... A du™ with b = adet Q, (see 1.7) whence b* =
(—1)"det (—gx:) as already seen. The function b is continuous and does not vanish on Y/
since Y is connected, there exists a constant C' = 4(v/—1)" such that b = C'y/det (—gn),
which proves i). To prove ii), it suffices to insert the above formula for b in the expression
(1.8) for AY in the local coordinate system (u!,...,u™) on Y. //

Actually, more is true under this assumption: the exponential map at g on Y for the
metric —gY¥ is given in terms of the complexified exponential map of X restricted to Y.
To show this, we need some preliminary material concerning affine connections on Y and

M

€1

Proposition and Definition 1.20. Letp € M, , V and W two holomorphic vector fields
on some open neighborhood of p in M., . There exists a unique vector in T[}’OM denoted by

(V‘J;W)p such that, for all holomorphic vector fields U defined on an open neighborhood
of p in M,
205 (Up, (Vi W)y)) = V- g " (U, W) (p) + 9" (V. [U, W])(p)

AW g™ (U, V)(p) + " (W, [U,V])(p) = U - g" (V. W)(p) — g™ (U, W, V])(p) -

(V;}W)p depends only on V,, and the germ of W at p; moreover V' is an affine holomorphic
connection.

The existence and uniqueness of the vector (V{;W),, follows from the fact that g, is
nondegenerate on TZ}’OM (see Proposition 1.13 above). That VT is an affine holomorphic
connection can be proved as in the usual Riemannian case (see [Hel| p. 48).
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The following result explains the relation between the connection V* and the Levi-
Civita connections of (X,g) and (Y,—g¥). We denote PpX, p € X (resp. Pg/, p €
Y) the projection on TCX (resp. T.CY) in the decomposition TCM = TCX & T"' M
(resp. TSM = TLY @ T)*M). (These definitions make sense since X and Y are totally
real submanifolds of M).

Proposition 1.21. Let U and V be two holomorphic vector fields defined on an open
neighborhood 2 of ¢ in M,,. Then
i) [PXU,PXV] = PX[U,V] and [PYU,PYV] = PY[U,V] on QN X and 2 NY respec-
tively;
ii) PX(V{V) = Vpxy(PXV) and PY(VEV) = V5, ,(PYV) on QN X and QNY
respectively, where V is the Levi-Civita connection of (X, g) and V¥ that of (Y, —gY¥).

Proof. The proofs of the statements relative to X and Y are similar.

i) Let p € QNY and (21, ..., 2™) be local holomorphic coordinates on an open neighborhood
of p in M., verifying property (1.1) relatively to the totally real submanifold Y C M,,,
' = N2 and y' = J2°. In these coordinates, Y is defined by the system of equations
y'=0(1<i<mn),and

U= > Uds, PU= > Uy,
1<i<n 1<i<n
with analogous expressions for V and [U,V]. Statement i) then follows from a direct
computation.

ii) Let U, V and W be holomorphic vector fields in an open neighborhood of p in M.
Then p — PI}/ U, defines a complex tangent vector field on Y and one has:

29, (Up, (VEW),) = 2g;(P;V Up, P;V (VyW),) = 29;)“ (P;V Up, PPY (VEW),)

where the first equality holds because g; vanishes whenever one of its argument is anti-

holomorphic and the second equality holds by definition of ¢g¥. In the same way, using
assertion i) shows that

gt (VU WN)(p) = g (P V,, PY[UWI,) = g} (B) V,, [PYU, PYW],,).

Now, using that U and W are holomorphic vector fields shows that g (U, W) is a holo-
morphic function near p and hence, denoting d™ the exterior derivative on the manifold
M:
Vgt (UW)(p) = (P) V. d) g* (U, W)
= (PYV,,d) g" (PYU,PYW)) = P*V - g* (PYU,P*W)(p).
Using the characterization of the Levi-Civita connection of —g¥ as in [Hel] p. 48 and the

three equalities above leads to

—QQX(PKUP, (VH

pIyVPYW)p)) = _QQZ(PQ/UmPg/(VJ\;W)p)

whence assertion ii) follows since g is non-degenerate for p € Mc,. //
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Definition and Proposition 1.22. Let 7 — ¢(7) be a simple holomorphic curve in
M., defined for 7 € C close to 0 and such that ¢(0) = p and 0;¢(t) # 0. Let U
and V' be two holomorphic vector fields defined on an open neighborhood of p such that
U(e(1)) = V(¢(1)) = 9-¢(7). The vector (V{V)(¢(0)) € T,°M does not depend on the
choice of U or V (the proof being the same as in the case of Riemannian geometry); it is

denoted by (V:;, ¢')|r=0-

Proposition 1.23. Let ¢ € X and { € T,X such that |§|, = 1. For [t| < €1, the map
t— Equ(\/—_ltf) is a geodesic curve on Y associated to the metric —g¥ with velocity
vector of norm 1. (In this statement, Y is the fiber at q for the fibration w : M, — X
defined in Theorem 1.5 and —gY¥ is a Riemannian metric on Y.)

Proof. Let ¢(7) = Exp, (), with the notation 7 =t + v/—1s. Since ¢ is holomorphic

and lies on X for real values of 7, one has for all ¢ real near 0, Pﬁt)&qb(t) = 0;¢p(t). In the

same way, for all s real close to zero, one has (P;/(F ) 0-9)(vV—1s) = 0s¢6(v/—1s). We

apply now Proposition 1.21 ii). For 7 complex close to zero, one has (Vgi $0-9)(1) =0
Indeed, let f be a holomorphic function defined in some open neighborhood of ¢; one has,
for t real near 0:

(V5. 50-0) (1), dgi) f) = (Piisy (Vi 50-0) (1), dgisy ) = ((Vo,000) (£), dgiy f) = 0

whence (V7 $0-0)(7).d ¢(T) f) =0 for 7 complex near 0 by analytic continuation. There-
fore

Vi o169 0:s0(V=T5) = P) (V5 ,0:6)(V=15) =0

for s real sufficiently close to 0. By (real-)analytic continuation, Vg o HS)GSM\/ —1s) =

0 for all real s €] — €y, €;[, which shows that the map s — ¢(v/—1s) = Equ(s\/—_lﬁ)
of the real variable s is a geodesic curve on Y for the metric —¢g¥. Then, the map 7 =
t++/—1s +— ¢(7) being holomorphic near 0, one has do@(0s0) = Jqdod(O4j0) = J4€. Then,
—g;/(Jqé, Jg€) = g4(€,€) = 1 according to remark 1.14. The conclusion follows from the
fact that the norm of the velocity along a geodesic curve for a Riemannian metric remains
constant. //

Corollary 1.24. Let d; be the geodesic distance on Y associated to the metric —g* . For
0 < €1 < € small enough, the squared geodesic distance d(-,-)*> on X associated to the
metric g can be extended as a holomorphic function on some connected open neighborhood
Q of the diagonal in M., x M,,, still denoted by d(-,-)2. For p € Y C M,,, one has

di(q,p)* = —d(q, p)*.

Proof. The squared geodesic distance d(-,-)? is a C“ map on some open neighborhood
of the diagonal in X x X. Since X is totally real in M, X x X is totally real in M x M
whence the existence and uniqueness of the holomorphic extension on €2 for small enough
€1. Let p € Y C M,,; there exists £ € T, X with [£]4 < e; such that p = Exp,(v/—1£) and
it follows from Proposition 1.23 that dy(q,p)? = |£|f]. Then, for all ¢ € T, X, one has, by
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definition, d*(q, Exp,(¢)) = |¢|2, and hence, by analytic continuation, if |£|, < €1, one has

d*(q, Exp,(vV=18)) = —[¢2. //

2. — Growth of the F.B.I. transform.

The Hermitian scalar product of L?(X) is defined as usual by (f,g) = [ fgu. The
Laplacian is an unbounded self-adjoint nonnegative operator on L?(X) with discrete spec-
trum. We denote by 0 = Ag < Ay < Ag--- < A < --- the nondecreasing sequence of
eigenvalues of A counted with their multiplicities. Let {¢y}r>0 be an orthonormal basis
of L?(X) such that Vk € N* A¢r = Mpdr. For all k € N*, ¢ is real analytic on X
and ¢9 = £(vol(X))~1/2 (indeed Stokes’s formula shows that any harmonic function is
constant on the connected compact manifold X).

The following proposition controls the growth of these eigenfunctions in the complex
tuboids M..

Proposition 2.1. For ¢; > 0 small enough, there exists a locally bounded positive func-
tion ]0,€1] > € — C(¢€) such that for all € €]0, €] and all integers k > 1:
1] The function ¢y, has a unique holomorphic extension to M. (again denoted by ¢x)
satisfying:
sup |or(m)| < C(G))\Z+1€€N.
meM.

2] For all € €]0, ¢1], all continuous functions f on Y [\ OM, (= 9Y):
| / figradym Y ‘ < sup|f| C’(e))\Z’Lleem.
oY oY

Remark. We do not know whether C/(¢) is bounded as ¢ — 0.

Proof. 1] We first recall a result of L. Boutet de Monvel (see [BAM]). Let 7y : T*X — X
be the canonical projection and v; the Hamiltonian flow on T* X of the principal symbol
of v/A. For e small consider the flow-out to imaginary time,

Qe = {mo (Y =14(2,¢)) € M where 0 <t <e, (e T; X, ||, =1}.

Theorem. (L. Boutet de Monvel [BdM]) If ¢; > 0 is small enough, then for all € €]0, €]
and all s € R the operator e~VA defines a continuous linear one-one mapping from
the Sobolev space H*(X) onto O**"5 (99Q.), where O*+"T (%)) is the subspace of

HsT"7 (9€).) consisting of the functions which are restrictions on 8¢ (in the distribution
sense) of functions holomorphic in the open set .. For each fixed s, the norm of this
operator is a function of € locally bounded on |0, €1]. Moreover, each eigenfunction ¢y, has
a holomorphic extension to Qs .

Let such an €; be fixed and consider an arbitrary € €]0, ¢1]. Let ¢ € T X with (], =1
and & the tangent vector which defines ( via the scalar product of T, X. It is well known
that for real ¢ close enough to 0,

Exp, (t§) = mo (¢ (x,€)).
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By analytic continuation with respect to t, the domain €. in [BAM] coincides with M.
Hence the Sobolev injection theorem (dim 9. = 2n — 1) and Boutet de Monvel’s theorem
with s = 2n + 2 > £dim M. show that, for all k > 1:

76\/Z — 76\/Tk H < *em H
He br = e b, L (052, < CO(09¢,n) ||e b et (o)
n+1
<€) ) NAP k|l 12 (x) < C" (AT
p=0

where C(89,n) is the norm of the embedding of H2"+2t7=3(9Q,) into L>(99). In the
last inequality, we used that 0 < Ay < A\g for k > 1. It is obvious from its definition in the
above inequality that C”(e) is locally bounded. This establishes the estimate in 1].

To prove 2], observe that the compact manifold Y C M., admits a finite open cover
by real analytic local charts of Mo, , say ,c;, Vi. In V; we choose coordinates (y, ..., y*")
such that Y NV is defined by the equations y"*! = ... = y?® = 0 and dY NV, by the
equations y" = y"T! = ... = 9®" = 0. Hence, on each V; and for any smooth function ¢
defined on some open neighborhood of 9Y in My, :

n

grad¥ p = Z(Aj - 0)0yi (2.1)

j=1

where A; are complex vector fields defined on an open neighborhood of Y in My, .
Now let p € OM,, which is a real-analytic hypersurface of Ma,,; near p OM, is defined
by a real-analytic equation f(m) = 0 with nowhere vanishing differential df. Since f is
real-valued, its antiholomorphic differential 0f also satisfies Of # 0 near p, and hence
TC Mae, = Ker(df,)© + T Mae, = TCOM + T My, .
Hence there exists a finite covering of Y finer than (V) (but still denoted by (V}))
such that, on each V}, and with the notations of equation (2.1):

Aj-p=Uj-p+Vj-p, 1<j<n (2.2)
where, for all m € V;, Uj(m) is a (complex) tangent vector to OM. and V;(m) is an

antiholomorphic vector. In particular, for each eigenfunction ¢: V; - ¢, = 0. Equations
(2.1), (2.2) and the Sobolev injection theorem (dim dM, = 2n — 1) show that

Y Y
[ it o | < DO IS 100l 2o o,

Using Boutet de Monvel’s theorem with s = 2n + 2, we obtain:

—eVA n
He \FqkaHanlszwMe) < D(e) ||¢k||H2n+2(X) < DN(E)AkH

where D(e) and D" (e) are locally bounded. Proposition 2.1 immediately follows. //
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Proposition 2.2.

1] Let u belong to the Sobolev space H?P(X) where p is a nonnegative integer. The
sequence ((u,px) N} )k>0 is bounded by the Sobolev norm of w. Moreover, if u €
C*>°(X), then for all m > 0, the sequence ({u, ¢i)k™)r>0 is bounded.

2] Let u belong to L?*(X). u is real-analytic on X if and only if there exists n > 0 such
that the sequence ({u, ¢y )exp (nv/Ax))k>o0 is bounded.

3] w is a hyperfunction [resp. a distribution] on X if and only if u = ), -, ar¢r where
for all n > 0: B

ar = O™ ) [resp. Im > 0, ap = O(k™)] as k — 400

Proof. 1]. Weyl’s asymptotic estimate shows that A\, ~ C(X)k?/™ as k — 4o0. For each
nonnegative integer p, one can write:

APu = " (u, r) N, P

k>0

Computing the L?-norm of APy yields immediately the estimate in 1].

2]. Let assume that u is real-analytic on X. Since X is totally real in M., , there exists
n > 0 small enough such that u has a holomorphic extension to M, = €l3,. Then u
restricted to OM,, is smooth; Boutet de Monvel’s result (applied with s — +00) recalled
in the proof of Proposition 2.1 shows the existence of v € C°°(X) such that:

u=e Ay = > (v, Br)e” VA gy
k>0

then, statement 1] shows that (u, ¢r)e"™ = (v, ¢;) remains bounded as k — +oo. The
converse is an easy consequence of Proposition 2.1.1].

3] We will deal only with the case of hyperfunctions. First of all, since X = (), observe that
a hyperfunction on X is nothing but an analytic functional on X. Let u be a hyperfunction
on X, then Proposition 2.1.1] shows that for any ¢ > 0:

Vk e N, |{u,dr)| < Ci(e) S]Ep |ox| < Ca(e) /\i”+2 exp (ev/Ag).

enﬁk)

Therefore, for any n > 0, ax = (u, ¢r) is a O( as k — +o00.

Conversely, if the sequence (ay) is O(e”ﬁk‘) for any n > 0, it is clear (by 2]) that
U= 1> ar¢x defines an analytic functional on X. //

The heat kernel E(t,z,y) of X can be written in the so-called Sturm form:

E(t,x,y) = Z exp (—tAg) ¢r(7)dy(y) for t> 0.
k>0

Definition 2.3. For all functions f € C*°(X) (or with Sobolev regularity), the Fourier-
Bros-lagolnitzer transform of f is the function T'f(t,m) defined on R*" x X by:

Tf(t,m) = /X F(m!) Bt m, m) ().

Tf is smooth on R*" x X. The following proposition allows us to control the growth
of Tf(t,m) in the complex domain, as t — 0.
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Proposition 2.4. Let f € C*(X). For each t > 0, m — T f(t,m) has a holomorphic
extension to the tuboid M., and for all p € N* there exists a positive locally bounded
function 10, €1] 3 € — C(p, €) such that, for all € €]0, ¢;1]:

1] For all t > 0 and all m € M, ie. m = Exp,(v/—1¢) with ¢ € X and ||, = €,

| Tf(t,m) |< Clp,e) t? e /™.

2] For any family {h;}¢~¢ of continuous functions on Y (=Y (\OM,) and all t > 0,

. 2
[ b iuiagon” | < supial Clp. e e/
oY oY

3] Let t > 0 and u be a distribution on X. Then, (z,y) — E(t,z,y) [resp. x — Tu(t,x)]
admits a holomorphic extension to M., X M, [resp. M, ]. Moreover for all € €]0, €],
for all z, y € M, and all t €]0,1], E(t,x,y) satisfies the bound

|E(t,z,y)] < C(e)e> /"

Remark. We can assume that C(p,€) depends only on the Sobolev norm of f in
H2@r4p+D) (X)) p, e and X.

Proof. We shall only prove 1]; the proof of 2] is very similar and is left to the reader. We
begin with the following

Lemma 2.5. For all e > 0 and p € N:

sup [Fk(v) = e~ (v—evAi/2v)? v_2p] = D(e,p) < +o0
k>1,0>0

with € — D(e, p) locally bounded on R**.

Proof of Lemma 2.5. For any integer £ > 1 we have Ay > A\;. Thus:

1/2 o e .
Yv E]O, (6\/ )\1/4) / }7 Fk(v) < ) (83%/4) / v 2106 2X1/16 2.
<v<(€ 1 1/2

If v > (ev/A1/4)Y/? then Fj(v) is less than (ey/A;/4)~P, which completes the proof of
Lemma 2.5. //
Assume that f € H???*tP+1)(X) and denote by C) its Sobolev norm. Proposition 2.1
shows that:
(fi0) < C1 Vhk 21, [{f,00)] < Cox, @70,

Moreover

Tf(t,m) =Y e ™ (f, o) dx(m).

k>0
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According to Weyl’s asymptotic estimate (i.e. Ay ~ C(X)k?*/™) and Proposition 2.1, for
all ¢ > 0, m — Tf(t,m) has a holomorphic extension to M., and for all € €]0,¢], all
m € 0M, and all ¢ >0

Tf(tm)| < CL{1+C(e) Do e apHinmimnp o)
E>1

Next we apply Lemma 2.5 with /t\x in place of v, which shows that

ITf(t,m)| < Ci(1+e /42 Cle) D(e,p) Y A")
k>1

Weyl’s formula shows that the series ) S A\, ™ converges.
We complete the proof of Proposition 2.4 with a short proof of 3]. One can choose
the eigenfunctions ¢ so that they are real-valued on X:

E(t,z,y) ZeXp —tA) or () Pr(y)

k>0

Point 3] follows directly from Weyl’s formula, and from Propositions 2.1.1] and 2.2. //

3.— Construction of a “Pseudo-Heat Kernel” in Y.

In this section, we fix a point ¢ € X and denote by Y the fiber 771(q) C M,,, with
the definitions and notations of Section 1; ¢; will be decreased several times in the sequel.
We shall apply Minakshisundaram’s method to construct a function K : RL xY xY — C
such that for all p € Y,

0y — AY)K (t,p,m) =0 and K(t,q, )u* — &, weakly.

Such a function will be referred to as a “pseudo-heat kernel”, for in general —AY is not
the Laplacian associated to a Riemannian metric on Y, except in the case where —gY is a
Riemannian metric on Y (see Propositions 1.17 and 1.19). However, we insist on the fact
that 0; — AY is a kind of heat operator, and not a backwards heat operator (the main
difference between 9; — AY and a standard heat operator being the fact that —g¥ is not
in general a metric on Y).

We use the notation

6(m, Expp, (€)) = |det ((dExpp, )¢)|
1/2 (3.1)
= (det (9Exp ¢ ((dExp,,)edei, (AExD,, )¢ Ogs ))1sm§n)

for all m € X, ¢ € B(0,inj,,(X)) C T, X. Clearly, 6 is a C*, positive valued function
defined on some open neighborhood of the diagonal in X x X.
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As in [B-G-M], pp. 204 and ff., consider the following sequence of C* functions,
defined by induction on U = {(m, m') € X x X s.t. d(m,m’) < inj(X)} which is an open
neighborhood of the diagonal in X x X :

uo(m,m’) = 072 (m,m") (3.2)

and, for all £ > 1:

up(m,m’) = —9_1/2(m,m')/0 0'/2(m, Exp,, (s€))(Agup_1)(m, Exp, (s£))s*Lds, (3.3)

with & defined by Exp,,(§) = m/.

The behavior of pseudo-heat kernels K ast — 07 is fundamental to prove inversion for-
mulae as stated in Theorems 0.2-0.3, and more generally to define microlocal singularities
intrinsically. In particular, the dominant exponential factor in K as ¢ — 0T compensates
exactly the exponential factors in Proposition 2.4. These facts are the subject matter of
the present section, which is organized as follows:

— in Propositions 3.0 to 3.3, we construct the Minakshisundaram parametrix for the
pseudo-heat operator (9; — AY'), which is given by the expansion (3.4) in powers of the
time variable ¢; we emphasize the growth estimate (3.8) bearing on the coefficients of
the expansion (3.4) which is essential in obtaining the behavior of the pseudo-heat kernel
constructed as t — 0.

— Theorem 3.4 states the main result of this section; its proof is given immediately
after Proposition 3.10. The remaining Propositions and Lemmas in the section are in-
termediate steps used in the proof of Theorem 3.4 but of independent interest. We start
with an expansion (3.14) analogous to (3.4) but with a floating truncation depending on
the time variable “a la Sjostrand” [Sj §1]. Lemma 3.6 shows that this expansion with the
floating truncation almost satisfies the pseudo-heat equation. Proposition 3.7 studies the
structure of the phase of the Gaussian factor in the parametrix (3.4) below. Lemma 3.8
studies the effect of removing the “floating truncation” in (3.14), while Proposition 3.9
studies the behavior of the approximate solution in (3.14) as ¢ — 0%. Proposition 3.10
studies a particular quantity () entering into the Duhamel formula when one passes from
the approximate solution (3.14) to the pseudo-heat kernel K; it says essentially that, from
the point of view of singularities as ¢t — 07, the kernel K behaves like the expansion (3.4).
(In the following we denote the interval [0,00) by R and (0,00) by R .)

Proposition 3.0. For all k > 0, uy defines a holomorphic germ at (q,q) € X x X in
M., x M., (still denoted uy, in the sequel). Consider, for all k > 0

k
Hy(t,m,m') = (4rt) /2T mmDA N (gl (m, m) (3.4)

=0

Hy is C¥ on R x U and defines, for all t > 0, a germ of holomorphic function at
(t,q,9) € Ry x X x X in C x M., x M, (still denoted by Hy). In particular, the
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restriction Hy(t, -, -) |R* <y «y induces, for allt > 0, a real-analytic germ at (¢,q) in Y XY
+

which satisfies:

(AY — at>H,€\R*+ (tom,m') = (dmt) /2T mmD/A R AY | (mym'). (3.5)

XY XY

N.B. Proposition 3.1 will show that we can shrink the connected manifold Y so that all
the uy, are defined and C* on Y x Y. Therefore, (3.5) will be valid on R} x Y x Y.

Proof. In [B-G-M], pp. 204 and ff., it is proved that

(AY + )

k
(47Tt)_n/2€_d2 (m,m’) /4t Z tlul (m, m/)]
=0

= (4mt) 2= (mm) Atk AX o (), (3.6)

for t > 0 and (m,m’) € U. By analytic continuation with respect to ¢ in C\ /—1R_ for
(m,m’) fixed, one can change ¢ into —t in (3.6) to get

k
(AF - 01) [<4wt>—"/2ed2<mm/4t S (' <m,m'>]

1=0
= (dmrt) "2 (/A R AXy (mom), (3.7)
for t > 0 and (m,m’) € U. Relation (3.5) follows from (3.7) and Theorem 1.16 by analytic
continuation with respect to the variable m’, (¢,m) being fixed. //

The key to controlling the growth of the pseudo-heat kernel as t — 07 is the following
estimate.

Proposition 3.1. Let {uy}?2, be the sequence of functions defined recursively by (3.2)-
(3.3). There exists an open neighborhood V' of q in M., and a positive constant L > 0
such that for all k, uy is holomorphic on V' x V and

sup |ug| < LFHE!. (3.8)
VXV

The proof of (3.8) relies on some majorizing series techniques recalled below.

Definition 3.2. Let u(z) = > cnn UaZ® and v(z) = ) cnn VaZ® be two formal series
with u, complex and v,, non-negative real numbers. We shall denote by u(z) << v(x) the
following relation: for all k € N, |uy| < vq.

The proof uses the following formal series: for k € N and R > 0,

R™FE!

¢E($):W, withZ =21+ +x,.

We shall use the following properties of these series:
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Proposition 3.3. For all k € N and R > 0,
1) ¢ii(z) << Ryl (2) and Oy, o7 (x) = ¢l (2).
2) Let x +— b(x) be a holomorphic function on P(0, R) (the open polydisk centered at 0
with radius R > 0) such that supp gy [b| = M. Then b(z) << M¢{ ().
3) Let Ry > 2R and a a holomorphic function on P(0, Ry) such that supp gy |a| = M.
Let C > 0, k € N and u(z) be a formal series such that u(z) << C¢F(z). Then
a(z)u(z) << 2MCoE(z).

Proposition 3.3 is essentially the same as Proposition 5.3 in [Le|, to which we refer for
a complete proof.

Proof of Proposition 3.1. Since the metric g is C* on X, the function € defined in (3.1)
is positive and C* on U. In particular, there exists a relatively compact open neighborhood
W of ¢ in M., and a constant A > 0 such that for all m, m’ € W, A=! <|0(m,m/)| < A
and 6 is holomorphic on W x W. Pick Ry €]0,1[ small enough, let 0 < 2R < Ry and
Wy C W be a relatively compact open neighborhood of ¢ in M., so that, for all m € Wy,
Exp,, (P(0,Ry)) C W and Wy C Exp,,(P(0, R/2n)).

Proposition 3.3 2) shows that for all m € W the formal series uo(m, Exp,,, (£)) (in the
unknown ¢) satisfies:

uo(m, Exp,, (€)) = 01%(m, Exp,, (€)) << AY2¢5(¢€).

Observe that 6Y/2(m,Exp,, (€))(AxXu;_1)(m,Exp,,(£)) is given by an expression of
the form:

0" (m, Exp,,, () (A5 wim1 ) (m, Expyy (€) = Y aa(m, Exp,, (€))9¢ (ui—1(m, Exp,, (€)))
la] <2
(3.9)
where we can assume that the coefficients a, are holomorphic on W x W, do not depend
on wu;—1, and satisfy |a,(m,m’)| < C’ for all m, m’ € W, all a such that |a| < 2 and some
constant C’ > 1.
We now proceed by induction: assume that the induction hypothesis holds at order
1— 1, i.e.

ui-1(m, Exp,, (§)) << AY2C 16 (), (3.10)
where C' = 4AY2C" /R, C" being defined by C" = 2(n? 4+ n + 1)C".
There are at most n? +n + 1 terms in the sum (3.9). Then, the induction hypothesis,
Proposition 3.3 1) and 3) (using in particular that 0 < R < 1) show that
012 (m, Bxp, (€)) (A% wi—1) (m, Bxp,, (§)) << AVZCTTIC"0%, ()
Hence
1 . . 1 .
[ 020, B () A (. B (5€)5' ds << 412010 [l (s¢)s' s,
0 0
(3.11)
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We compute

1 oo . ' ng p 1
R i—1 —(i+1) (i+1+p! (¢ / i—1+p
i1(s8)s' Tds =R g — | = s ds
/0 Pita(s8) p! R 0

p=0

= ()Gt (€2
— R +1I;) . T D) 5 <<R¢i(£)'

(3.12)

Therefore, (3.11) and (3.12) show that

2A1/20i710//

0l (313)

1
/ 0/2(m, Exp,, (s€))Agui_1 (m, Exp,, (s€))s*t ds <<
0

We now apply Proposition 3.3 3) with a(¢) = —071/2(m, Exp,, (¢)) which is holomorphic
on P(0,Ry) and satisfies |#~/2(m,Exp, (£))] < AY? for all £ € P(0,Ry). Therefore,
according to (3.13),

ui(m, Exp,, (€)) =

1
— 0_1/2(m,EXpm(§))/0 91/2(m,Expm(sg))Agui_l(m, Expm(sf))si_1 ds

2A1/2Cz’—10//

<< 2AY/?
R

of(¢) = AV2Cipl (¢,

and hence (3.10) holds at order . This shows that (3.10) holds for all + > 1.
By assumption, for all m € Wy we have: Wy C Exp,,, (P(0, R/2n)). Thus (3.10) shows
that, for all m, m’ € Wy and i > 1,

—@=D (G —1)!
(1-1/2)

1—1 %
=241/ (%) (i —1)! <sup <2A1/2, %) (i —1)!

‘Ui—l(ma m/)| < A1/20i—1 R

which proves (3.8) with L = sup (24'/2,2¢). //

The main result of this section is the following theorem, which states the existence
of a pseudo-heat kernel K (t,p,m) for AY — 8, on Y satisfying certain estimates. These
estimates will be fundamental later, especially in the proof of the inversion formula in
Theorem 0.3.

Theorem 3.4. Ife; is small enough then, for all 0 < € < €1, there exists a complex-valued
function K = K(t,p,m) € C°(R’. x Y x Y) which is C* with respect to t > 0 and C?
with respect to m € Y such that:

1) ForanypeY, (0; — AY)K(t,p,m) = 0;
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2) For all continuous complex-valued functions u = u(t,m) € C°([0,1] x Y)
tim [ u(t,m)K (t,q.m)pY (m) = u(0,q):
t—0t Jy

3) There exists R > 0 such that for any t €]0,1] and m € Y

|K(t,q,m)| < R(dmt)~"/2ed (am)/4t

4) For all smooth vector fields U on Y, all compact subsets Ko of Y and all 0 < €' < e,
there exists a positive constant D (Ko, € ,U) such that for all t €]0,1] and m € Ky
such that d?(q,m) = —€?,

|U - K(t,q,m)| < D(Kq, €, U)tfl—n/2e—e’2/4t '

The proof of this theorem is somewhat involved and requires some technical prelimi-
nary results. Before going into this, we observe that in the case where —g¥ is a Riemannian
metric on Y, we can think of Y with the metric —¢¥ as isometrically embedded in some
compact Riemannian manifold so that (1/—1)" K can be constructed as the restriction to
Y of the heat kernel on that manifold, with one point equal to ¢ (see comments following
definition 8.7). In this very particular case, the estimate 3) above has been obtained by
Molchanov [Mo] and Kannai [K] for C*° Riemannian manifolds. However, both proofs
involve the geometrical objects attached to the Laplacian of a metric (and in particular
geodesic curves) and does not seem to extend to the general case considered here, where
—AY is a differential operator with complex coefficients. Our proof for this theorem is
based on Proposition 3.1 instead (and hence requires analyticity of the metric).

Convention 3.5. In what follows, we shall assume that €; is small enough that there is a
holomorphic chart (Q;z = x + v/—1y) for M, at ¢ such that Y is defined by Rz =z =0
and (2NY;y) is a C¥ chart for Y at q.

Pick C > 1 such that 0 < % < %, where L is the constant in Proposition 3.1. Then
we choose a real-valued function y € C*°(R) such that x(¢) = 0 on | — 00, 0], x(¢) €]0, 1]
on ]0,3], and x(¢) = 1 on [5,00[. Finally, for (z,y) € V x V (with the same V as in
Proposition 3.1), we set

A(t,z,y) = M(t,z,y)et #v)/4

where M (t,z,y) = (—4mt) /2 Z(—t)kuk(x, y)X(% —kO) (3.14)

k>0
This type of “floating” truncation was introduced by Sjostrand [Sj §1]. The role of such a

truncation is to stop the summation at £ < é, for in general the series >, <, t*uy(z,y)
diverges—see estimate (3.8). That such a truncation is useful can be seen as follows.
Denoting by I'(z) = 0+Oo e~ '*~1dt the usual Eulerian function, we recall the Stirling

formula: T'(1+z) ~ 27z (x/e)* as  — +oo. For t — 07, the last term in the summation
(3.14) can be estimated by
o\ 12 s 1 \1/Ct
() () o i
for some n > 0.

The next lemma shows that A(t,z,y) is nearly a solution of (9; — AY)f(¢,z,y) = 0.

|3

t_%+1/CtL1/CtF(1 + &) ~ 1
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Lemma 3.6.
1) Let ky = [ (F— 3)] for all t > 0 (where [-] denotes the integer part). Then for all
(x,y) €Y x t>

(AY = B)A(t,z,y) = (—4mt) /(=) e D/ Aguy, (w,9) + P(t,z,y)  (3.15)

where P(t,z,y) =0 if 1 + k; > and if k =14k < &,

Ct’
1
P(t,z,y) = (—4m)A(AY = 8)) | (~D) 2l @0 iy (1 )y (5 — kC)

2) For e; small enough, there exists n > 0 and a positive constant D such that for all
€ €0, 1], all multi-indices (o, 3) € N™ x N™ of length < 4, all integers a € {0,1} and
all (t,z,y) € R}, xY XY satistying |d*(z,y)| < n the following estimate holds:

070200 (AY — 9y)A(t, z,y)| < De /" (3.16)

N.B. Estimate (3.16) holds only for (z,y) € Y x Y such that |d?(z,y)| < 1 and not in
general.

Proof. 1) Observe that
M(t,z,y) = (—4mrt) ”/22 You (@, y)+ (—4mt) "2 (=) Feuy 4 (x, Yx(+—C(1+k)).

Indeed, according to the definition of x: x(} — Ck) = 1 if and only if 1 — Ck > s
that if & < k¢ then x(+ — Ck) = 1 and if k > 2 + k¢, then Ck > %———i—C >

and x(1+ — Ck) = 0. Moreover, if 1 + k; > &, then x(+ — C(1 + k;)) = 0 so that
M(t,z,y) = (—4nt)~"/? f;o(—t)lul (x,y) and the first formula in 1) results directly from
(3.5). If k = 1+ k; < &, the extra term in the formula above is not zero and the second
formula in 1) follows again from (3.5) with the extra term P(¢,z,vy).

Proof of 2) In view of 1), 070305 (AY — 0;)A(t, x,y) will be a linear combination of terms
of the form

+l= O

edQ(:pyy)/4tt)\+k—n/28th1 8;&2uk (x’ y)

with coefficients bounded on Y and —8 < A < 0, k = k; or k; + 1 and |aq| + |as| < 6.
Moreover, all k’s appearing in the expression of 8“80‘8ﬁ (AY — 9,)A(t, z,y) should also

satisfy k < &; because of the truncation x(7 — kC) in (3.14). Choosing €; > 0 small
enough, one can apply Cauchy’s estimate and (3.8) to bound 9g*0y?uy uniformly on

Y xY:
0710, ur (7, y)| < Coron "R Y(ag,00) € N" x N™ | V(2,9) €Y xY  (3.17)

(where C,, o, denotes some positive constant).
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Let Cp = sup{Caq, as 8-t. |a1]| + |az| < 4}. Since C > 1, ky > = — 2; hence all k’s
appearing in the expression of 970300 (AY — 9;)A(t, z,y) satlsfy k E [ — 2, %;]. Then
(3.17) shows that, for all 0 < ¢ < 1,

V—8<A<O0, Y(aj,as) € N" x N" s.t. |aq| + |ag| <4, Y(z,y) €Y x Y

one has

n n, 1 1
‘ed2(m,y)/4tt>\+kf§8§18§czuk(x7y)‘ < ‘6d2(9c,y)/4t‘t/\f§+af2OOLa+1F(1 + é)

Applying Stirling’s asymptotic equivalent recalled above as t — 07 leads to

n 1 1 1
P2 0TIy LT/ % e~ Ct

(2)".
(3 18)

where C7 and C5 are positive constants. Now, C' > 1 has been chosen so that EC < 2,
hence there exists a positive constant C'3 such that

‘edQ(x,y)/4tt>\+k—%awal a;muk (.CB, y)‘ <Oy ’edQ(ﬂf:y)/‘lt

< Gy e

V—8<A<0, V(ag,az) € N x N" s.t. |aq| + |as] <4,

Y(z,y) €Y x Y s.t. |d*(z,y)| <,

n n
edQ(x,y)/4tt)\+k—§a;X1 aty)@uk (.T, y) < Cgt)\+k—§

log 2

log 2 2n

. 1
S 036‘“6 ct < 036 t

log 2

whenever 7 is sufficiently small, e.g. 100n < . Statement 2) follows easily from this

last estimate. //

The following proposition discusses the structure of d?(z,y) on Y x Y it will be used
in particular to compute the limit of the pseudo-heat kernel as ¢t — 0.

Proposition 3.7. For ¢; > 0 small enough, there exists a C* function h: ¥ xY — R"
such that
1) Vy €Y, h(-,y) is a diffeomorphism of Y onto its image. Moreover:
V¢ € T, X, such that [£] < e, h(Exp,(vV—1£), q) =

2) For any y €Y, h(y,y) = 0(= h(q, q));
3) Vx,y € Y, denoting h = (hy, ..., hy,), one has

Rd*(z,y) = —||h(z, )| = Zh z,y)?
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4) There exists C* functions c¢;j = c;;j(h,y) defined for all 1 < i,j7 < n on some open
neighborhood of h(Y xY') x Y such that ¢;;(0,q) =0 for all 1 <i,j <n and

n

%dQ(lB,y) = Z Cij(h(x7y)vy)hi(x7y)hj(x7y)'

1,7=1

Proof. First observe that Rd? € C*°(Y x Y). For all m € X and m’ € X close enough to
m, one has d?(m/,m) = g, (Exp,t(m'), Exp,}(m’)); therefore, by analytic continuation
one has, for m, m’ € Y both close enough to ¢,

d?(m’,m) = gm(Exp,. (m'), Exp,.} (m')); hence d(d*(m,-))m = 0. (3.19)

Moreover, when m = ¢ and €; is small enough we can find for each m’ in Y a unique
¢ € Ty X near 0 such that m’ = Exp,(v/—1§) and

d*(Exp,(V—1¢),q) = Rd*(Exp,(V—1¢),q) = —gq(£,€) - (3.20)
Hence, for &, & € TqCX close enough to 0, 82,3?d2(Equ(\/—_1§’),Equ(\/—_lg)) er—e is
negative definite. Applying the Morse lemma (with parameters) as stated in [C-P, p. 155]
and reducing further, if necessary, the size of Y by choosing €; > 0 small enough leads to
a map (z,y) — h(x,y) satisfying 1), 2) and 3).
As for point 4), for all y € Y, h(Y,y) is an open neighborhood of 0 in R" and there
exists by 1) and 2) a function ¢ (-,y) € C*°(h(Y,y)) such that for all z € Y, ¥(h(z,y),y) =
Sd?(z,y). One has, by (3.19) and (3.20)

¥(0,y) =0, see points 1) and 2), d(¢(-,y))o =0, see (3.19), (-, q) =0, (3.21)

this last equality following from (3.20). Hence, Taylor’s formula shows that, for all y € Y
fixed,

n 1
TR D IRl R LR

4,5=1

Point 4) follows upon defining

1
oz =4 [ (1= 00u0uvlez ), 1< <0

and observing that 0.:0,;1(0,q) = 0 since ¥ (+,q) = 0 (see the last equality in (3.21)). This
shows that ¢;;(0,¢q) =0forall 1 <i,5<n. //

We shall also need the following estimate, which analyzes the singularity of 9, A(t, z,y)
ast — 0T,
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Lemma 3.8. For e¢; > 0 small enough, for all t €]0,1], (z,y) € Y xY and all multi-indices
a, e N™:

[a;}agM(t,x,y) —47t) ”/2Zaaaﬁuk y)(—t)*| < Dot (3.22)

(with M defined in (3.14)) where D, 3 is a positive constant.

Proof. Pick t* =1/((1+4 n)C) — we recall that C > 1 has been chosen so that £ < 1

hence, for all 0 <t < ¢* we have: n+1 <1+ [&]. For 0 <t < t*, one has
1+ ]
030 M (t,x,y) — (—4mt) /2 Zaaaﬁuk <t Y 000 (. y)|
k=n+1

(3.23)
By taking ¢; > 0 small enough as in the proof of Lemma 3 6, one can assume that (3.17)

holds. Hence, for n+1 < k <1+ [&;], one has kt < CotD +1) and

tk_l_”/2|8;‘85uk(x, y)| < C’aﬁtk_l_”/QLHkk! .

Using Stirling’s asymptotic equivalent k! ~ v/27k (k/e)¥ as k — +oo0 and the definition of
C recalled above leads to

k
tk_l_n/2’8g85Uk( )| <C ﬁk (kt)k 1-n/2 (L>

e

—_nt2 k k

n+3 2 2 7’L—|—2 3

< / L n+ < 1/ e
Akt (con)  (sen) =%a(3)

for some constants C?, s and C’” . Combining this estimate with (3.23) shows that the
series in the right side of (3.23) converges which proves (3.22). //

Proposition 3.9. For ¢; > 0 small enough and for any locally compact (topological)
space A
1) There exists a positive constant Dy such that for allt € R’ and allz €Y,

/t—n/Q ‘ed2(m,y)/4tluY(y) <Dy,
Y

2) For every multi-index (c, ) € N™ x N" there exists a complex-valued function ¢, g €
C°(Y) (independent of the topological space A) such that for any (\,p’) in A x Y:

lim / QA y)ed En/ g M (1, y, 1) (y) = cas (@) QN P) (3.24)

t—0+ Y

for all complex-valued Q € CP(AxY) (with M defined in (3.14), here CY denotes the
space of continuous functions with bounded modulus), the convergence being locally
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uniform in (A, p’) € A x Y. Moreover, c = cgo € C°(Y) N C?(Y) and 1/c is bounded
onY. Finally ¢y 0(q) = 1.
3) For all p € Y and all complex-valued functions f € C([0,1] x Y)

t—0t

i [t m) At .Y (m) = () 0.9). (3.25)
Y
Proof. We begin with 1). Using Proposition 3.7, one has

-n 2 €T —-n 2 x
/ /2 ’ed ( ,y)/4tluY(y)‘ :/ (/2 RA @) /2| Y ()|
Y %

:/‘/t—n/ze—nh(y,x)n?/u‘uy(y)‘.

Again by Proposition 3.7, for all z € Y, y — h(y,z) induces a diffeomorphism of Y onto
its image denoted by h(Y, z); changing variables in the last integral above leads to

/ /2 ‘edQ(a:,y)/éltluY(y)‘ _ / /2= 1212 /4t |h(_7x)*uy<z)|
Y h(Y,z)
= / 4=n/20= 12017 /4t p(z,2)| dz
h(Y,z)

where the function ¢(-,z) : h(Y,z) — C is defined by h(-, 2)*uY = ¢(-,x)dz* A ... A dz™;
Vx € Y. Moreover, using Propositions 1.13 e] and 3.7 1] one sees easily that ¢(0,q) =
(V=1 -

One can see that ¢ is a C°° nowhere vanishing function on Y x Y, after reducing

the size of Y if necessary (see Proposition 3.7). In particular, ¢ is uniformly bounded on
Y x Y. Hence, the inequality claimed in 1) holds with D; = (47)"/?||#|| -
Proof of 2). Lemma 3.8 and the dominated convergence theorem show that one can re-
place M (t,z,y) by (—4mt)™™/2 3" uk(z,y)(—t)* without affecting the result. Therefore,
(3.24) follows from studying the limit as t — 0" of a finite sum of terms of the form (—t)*
times

/Y QA ) (—Amt) 2T @D Aty (5 )Y (y) (3.26)

with u € C°(Y x Y). Changing variables as in the proof of 1), keeping the same notations
and using Proposition 3.7 1] one transforms the integral (3.26) into

/ QN h (2, 2)) (—dmt) 2PV Y e (z)zizs) [y (o 1= (2, 1)) b2, ) dz
h(Y,z)

Let § > 0 be small enough so that B(0,6) C (,cy h(Y,x). We split the above integral as
I1(t) + Ix(t) with I the integral over B(0,¢) and I, the integral over the complementary
region in h(Y,x). One has obviously

|La(t)] < (dmt)~"/2e =0 /4 /h a0 QN B (=, 2))u(z, b (2,2)) (2, )| dz — 0
’ ’ (3.27)
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as t — 07. Then, in I; we perform the change of variables z = v/t ( leading to

O/ZTY’EZL/‘ (4m) " 2Q(N, B (VEC, 2))e(TISIPHVET ) Dew (VEGa)Gic; ) /4
B(0,6//%)

u(a, i (V¢ 2) (Vi @) dC .

Let I C A be any compact set; for all R > 0, the function

(A t,2,0) = /7T 20 VIEDRGIQ WY (VEC, @)ula, ™ (VEC 2))@(VEC, @)
is continuous on the compact set K x [0,1] x Y x B(0, R) and hence uniformly continuous.

Hence, as t — 0%, I1(t) —

n

(V=1)™" / (4m) " 2Q(A (0, 2))e I HVET e 00)6G) My (4 1=1(0, 2)) (0, @) d

n

:Wﬁw@@@wa@@/(MVWJWWfQ%NM&Wm,@%)

uniformly on K x Y, since h~1(0,z) = 2. Hence
I (t) + I2(t) — Q(\, z)u(x, x)co o(z) (3.29)

uniformly on K x Y as t — 0%, where ¢ o(z) is defined by:

n

coo(z) = (V=1)""¢(0,) / (4m) 7/ 2(ZICIPHVET Y e 066/ g - (3.30)

The convergence of (3.24) follows immediately and is locally uniform on A x Y since A is
locally compact. Let us recall that ug(x,xz) = 1, where ug(-, ) is the first coefficient of the
formal solution of the heat equation. The formula (3.30) shows that cg o € C°(Y)NC2(Y).
According to Proposition 3.7 4), one has ¢;;(0,q) = 0; hence ¢ 0(q) = (v—1)""¢(0,q) = 1
since we have seen in the beginning of the proof that ¢(0, q¢) = (v/—1)". Therefore, reducing
€1 > 0 if necessary leads to cgo(z) # 0 for all x € Y and this completes the proof of 2).

Proof of 3) Applying (3.29) to the situation where A = [0, 1] shows that
/ FO\ ) (dt)~ e @0ty (0 gy (y) — F(N z)eoo(z)u(z, x)
Y
as t — 01, uniformly with respect to (\,z) € [0,1] x Y. Therefore

&t /y F(t ) ()~ 2P @0 iy y)anY (y) = FO,@)co0(@)ulz,a).  (3.31)

t—0t

The conclusion follows again from (3.31), Lemma 3.8 and the dominated convergence theo-
rem which show that one can replace A(t,z,y) by (—dmt) /2 (.)/4t o uk(z,y)(—t)*,
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which leads to a finite sum of terms as in the left side of (3.31). This completes the proof
of Proposition 3.9. //

Let f, g € CP([0,T] xY xY) for all T > 0; we define the following (non commutative)
convolution product

t
Frottoy) = [ [ 10,2290~ 0200 4" ().
v Jo
for all (¢,z,y) € R1L x Y x Y, which is associative. Then we set
B(tv x,y) = (at - A%/)A(t? $7y) :
Proposition 3.10. Let n be the positive constant defined in Lemma 3.6 2]. There exists a
positive constant Cy such that, for e; small enough, for all multi-indices («, ) € N™ x N™

of length < 4 and any integer a € {0, 1}
1] VE e N*, V(t,z,y) e RL xY xY

*xk
@aaaaﬁ <i>

t Y~y 1®C

2] V(t,z,y) € RT x Y x Y, |979205Q|(t, 2, y) < C1e1t=2% | where

Q=3(-1) (%)k |

E>1

In particular, 8385}85 Q extends as a continuous function on R™ x Y x Y.

Proof. Point 2) obviously follows from point 1). To prove point 1), we observe that the
case k = 1 is a consequence of Lemma 3.6 2) and Proposition 3.9 (which states that 1/c
is of class C2 on Y, reducing ¢; > 0 if necessary). In particular Lemma 3.6 shows that
8{38;“85 B can be continuously extended by 0 for ¢ = 0. Hence, point 1) follows by induction
on k from taking derivatives under the integral sign in the definition of (B/1® ¢)*(**1 as
(B/1® ¢)** % (B/1 ® c) and using the estimate of Lemma 3.6 2) and the regularity of 1/c
stated in Proposition 3.9 2). //

With all these preliminary results (Lemmas and Propositions 3.6 to 3.10) at our
disposal, we can now give the

Proof of Theorem 3.4. We define a function K by
K(t,p,m) = (A—=QxA)(t,p,m), Vt>0,p,meY

with A and @ defined respectively in (3.14) and Proposition 3.10 above, and ¢; > 0 small
enough so that all Lemmas and Propositions 3.6 to 3.10 hold and |d?(m’, m)| < n for all

35



m,m’ € Y, where n > 0 is the (real) constant defined in Lemma 3.6. Now we show that
K satisfies all the conditions stated in Theorem 3.4.
First we show that K € CO(R’. x Y xY). Let § > 0 and consider, for ¢t > §

t—0
uw@mzé wﬁmmeww&mﬁ@ (3.32)

which is continuous with respect to (¢,p,p’) €]0, +00[xY x Y. Using Proposition 3.10 2]
(for Q) and Proposition 3.9 1], one can see that us — Q * A as § — 07 uniformly on every
compact subset of R% x Y x Y. Hence K € CO(R}. xY xY).

Then we show that K (t,p,m) is C' with respect to ¢ > 0. Indeed, changing the
variable 6 in the integral (3.32) into ¢ — 7 and using the identity Q(0,p,y) = 0 (see
Proposition 3.10 2]) gives

atué t y Dy p / dT/ 615 - 7,0,y ) (Tvyap/)uy<y) .

Propositions 3.9 1] and 3.10 2] show again that ¢ — Jyus(t, p,p’) converges uniformly on
every compact subset of R} as 6 — 0F. Hence K is C! with respect to ¢t > 0.

Next we prove that K (t,p,m) is C! with respect to m. Consider a fixed index 1 <
Js=mn;

t—5
O ust.od) = [ do [ QDO At - 0.0.000" () (3.33)
0 Y
(we recall Convention 3.5). By symmetry of d? in the p’ and y variables, one has

8})} ed2(y,p’)/4(t—9) _ 6yj edQ(y,p/)/él(t—@) .

Integrating by parts and using the definition of M in (3.14) shows that

t—45
ap’. u5(tapap/) = / d@/ Q(eap? y)ed2(y’p/)/4(t_9)ap’,M(t - 97 yap/):uy(y)
J 0 v J

t—d
—/ w/@mw@wMWWwwm“WWW%ﬂm
0 Y (3.34)

t—o

oY
/ cw/er, 0,4, Loy, 1"

where Lg,, denotes the Lie derivative. Let Ko be a compact subset of Y'; then, Proposition
3.7 shows the existence of a real number x > 0 such that for all (y,p’) € Y x Ko,
Rd?(y,p’) < —k < 0. Therefore, Propositions 3.7 and 3.8 demonstrate that, for all ¢t > 0,
8p; us(t, -, ) converges uniformly on Ko x Ko as § — 0T. In particular, p’ — Q * A(t,p,p’)
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is C! and so is m — K (t,p,m). In the same way, one shows that p’ — Q * A(t,p,p’) and
m — K(t,p,m) are C2 on Y.
Now we prove that (0; — AY)K(t,p,m) = 0. For § > 0, we compute d;us by (3.32):

t—o
(0 — A yus(t,p,p) = / a6 / Q0. p. 1)@ — AYVA(t — 0.y, )" (1)
0 Y (3.35)

+/yQ(t—5,p,y)A(5,y,p’)uY(y)-

By Lemma 3.6 2), one has
(8 — AY)A(t — 0,y,p')| < De 27/ (=0)

this estimate shows that the first integral in the right side of (3.35) converges uniformly on
compact sets of R}, xY xY as § — 0F. Proposition 3.9 2) shows that the second integral
in the right side of (3.35) converges to c¢(p')Q(¢,p,p’) as & — 0T, uniformly on compact
sets of RY. x Y x Y. This shows in particular that (—AY + 8;)us(¢,p,p’) converges as
§ — 07 uniformly on compact sets of R} XY x Y. Also, us — Q * A as 6 — 07 uniformly
on compact sets of R, x Y x Y then, using (3.35) again with Propositions 3.9 2) with
§ — 07" in place of t and A = (¢,p) and Proposition 3.10 with B = (9; — AY)A leads to

(00 — AY)(@Q * A)](t,p,0') = Q % (8, — AY)A(t, p, p) + c(p)Q(t, p, )

= (—1FH! (i)k «B(t,p,p)) +c(p) > _(—1)FH (i>k (t,p,p')

=1 l®c "1 l1®c
= B(t,p,p').
Then
(0, —AVYA-Q*xA)= (0, - AY)K =0.
Next we prove point 4) in Theorem 3.4. In view of Lemma 3.8,
sup t1+"/266/2/4t|U ~A(t,p,m)| < +o0.

t€]0,1], meY
d?(q,m)=—¢"?

Therefore, it suffices to prove that for all compact Ky C Y,

sup 62”/t|8p/_ (Q* A)(t,p,p")| < 400 (3.36)
t€]0,1], p’€Ko !
d2(q,p/):_€/2

for all ¢ > 0 such that ¢? < 7.

To do this, we use first (3.34) with § = 0 and estimate @ and its derivatives by
Proposition 3.10 2], while M and its derivatives are estimated by Lemma 3.8. It suffices
then to apply the estimate in Proposition 3.9 1] to control the two first integrals in the
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right side of (3.34) with § = 0. To deal with the third integral in (3.34), observe as we

did just after (3.34) that Proposition 3.7 shows the existence of a real number x > 0 such

that for all (y,p’) € OY x Ko, Rd*(y,p’) < —k < 0. This third integral in (3.34) is then

estimated using Lemma 3.8 and Proposition 3.10; these estimates altogether prove (3.36).
The proof of point 3) follows the same lines: it suffices to show that

sup X/ (Q x A)(t, m,m')| < +o0 (3.37)
t€]0,1],m,m’€Y

observing that |d%(q,m)| < n for all m € Y (see the N.B. after Lemma 3.6 and remember
that €; > 0 has been chosen small enough that for all m, m’ € Y, one has |d?*(q,m)| < ).
Hence (3.37) follows from Propositions 3.10, Lemma 3.8 and Proposition 3.9 1].

Finally, point 2) follows from Proposition 3.9 3], the definition of K and the inequality
(3.37) above.

The proof of Theorem 3.4 is complete. //

4.— Characterization of the Analytic Wave Front Set.

In this section we will give the proof of Theorem 0.1. The strategy of the proof is to use
the estimates given in Proposition 3.1 to show that e~**u defines a F.B.I. transformation
in the sense of Sjostrand ([Sj]) near the point (Exp,, (v —1&o), zo) modulo an exponentially
decreasing term (see Prop. 4.11 and 4.12). With the help of Gauss’s lemma we will show
that 31/—1d?(z,y) is a F.B.I. phase and that the value at Exp, (v/—1&o) of the associated
weight is §|&|? = —d?(Exp,, (V—1&), zo).

Let us recall that (X, g) is a connected compact Riemannian real-analytic orientable
manifold of dimension n with volume form p, and that L?(X) is naturally endowed with
a scalar product: (f,g) = [y fgu. Let {¢;(y)};>0 be an orthonormal basis of L*(X)
consisting of eigenfunctions of the (nonnegative) Laplace Beltrami operator, A, with cor-
responding eigenvalues 0 = A\g < Ay < Ay < ---. We can assume that all the ¢; are real
valued. We will choose € > 0 small enough that for any distribution v and any ¢t > 0,
e tAu(z) admits a holomorphic extension to the complex tube

M, = {Exp,(vV—-1¢), £ € T, X, [¢] < ¢}

(see Proposition 2.4), and small enough that the square of the geodesic distance, d?(-,-),
admits a holomorphic extension, still denoted d?(-, -), to an open neighborhood in M, x M,
of the diagonal of X x X.

We recall that the formal solution of the heat equation is a formal series of the form

(drt) "/ 2em /A [Ny (0, )t
720
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where the coefficients wu;, given by (3.2), (3.3), are analytic in an open neighborhood in
X x X of the diagonal and satisfy, for any nonnegative integer k, the following equation
(see [B-G-M], page 208):

k
(06 + Do) § (dmt) T2 P @/ [Ny (g y)td | & =t (dmt) T 2emC @0/ Ay (2, )
5=0
B (4.0)k
In the sequel we will use C' to denote various positive constants. We make the following
remarks concerning Theorem 0.1:
a) Part i) means that for y € X close to o the maximum of —Rd*(Exp,, (v —1&),y) is
attained for y = x( so that for y € X close to xg and any t €]0, 1] we have:

_ 2

E(tv EXp:cQ( V—1 50)7 y) < C t_n/QeXp (%) .

b) Part (ii) is essentially a consequence of i). Let us recall (see Proposition 2.4), that
without any hypothesis on the wave front set of u we have “only” the following esti-
mate: for £ > 0 small and x close to Exp, (v—1&o),

_ 2
le”"*u(z)| < C exp (KOL—:—&) :

Lemma 4.1. It suffices to prove Theorem 0.1 ii) in the case that u is a bounded measurable
function on X.

Proof. It follows easily from Proposition 2.2 that If v is a distribution on X there is a
nonnegative integer p such that A™? (v— (v, 1)) = u defines a bounded function on X. Note
that u and v have the same analytic wave front set. If T'u(t,m) satisfies (*) then, using
Cauchy’s inequalities for m in a suitable polydisc of Z, one sees easily that T'(v— (v, 1)) and
T satisfy an estimate like (*). In order to prove the converse, we introduce the following
notation: for any function f(t) € S(R%) with rapid decay near +o0o we set for ¢t € R’}

+oo
DLf(t) = /t F(s)ds and D=Pf(t) = D~ o---0 D=L f(¢).

Conversely, if T'v satisfies (*) then so does T'(v — (v, 1)), and one easily shows that Tu =
D=P(T(v — (v,1))) satisfies an estimate like (*). //

Now we introduce a few geometrical constants. Let L be the constant introduced in
Proposition 3.1.

Geometrical Definitions 4.2. Let C' > 1 be a real number such that L/Ce < % Let
us denote v = 55 log (eC/L), which is positive. Let 8 be a smooth function of compact
support whose (small) support is included in both V' N X and in the domain of a real
analytic normal geodesic chart, and such that § = 1 on an open neighborhood €2 of z, in
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X. Then we can choose o € C3°(M,) whose (very small) support is included in V' such
that (suppa) N X C Q, @ =1 on an open connected neighborhood W of zg in V- C M,
and such that:

(z,y) € suppa x supp 8 = Rd*(x,y) > —v (4.1)

inf Rd%(z,y) : =10 > 0. 4.9
(z,y) € supp ax (supp B\Q) ( y> ( )

Moreover we can assume that for any bounded continuous function u with support in VNX
and any z € VN X we have (see [B-G-M], pages 208-210):

n+1
lim [ u(y)(4rt) " 2em Oy (o)t ly) = ul). (43)
t—0t Jx —0

Note. The support of « is very small with respect to v and ().

Now we define an analytic symbol N(¢,z,y) (the one of Theorem 0.1 i)!) with respect

to the great parameter %

Definition 4.3. Let x : R — R a real C* function of the real variable s such that
x(s) =0 on ] —o00,0], x(s) €0,1[ on ]0, [, and x(s) = 1 on |3, 400[ (as in §3). For real
positive ¢t and (x,y) € V x V we define

N(t,z,y) = (4mt)~"/? Ztkuk(x,y)x(% — kC).

k>0

N is of course very similar to the M in equation (3.18). For each ¢ > 0 the sum above
is finite since the terms in it vanish if k is not smaller than &, and (z,y) — N(t,z,y)
is holomorphic on V' x V. Moreover, using Proposition 3.1 and Stirling’s formula we see
easily that the nonvanishing terms (those for which ¢t < —) can be estimated with the

Ck
help of the following inequality:

LR < (CR)FLF R < CVE (L) Ce)*.

The Crucial Fact behind this is that for k = &7 — 400 we have (with the v of the
Definition 4.2):

R R ~ 6’t_%exp (—271/) .
Using the fact that é < % one proves easily the following lemma (see also the end of

Prop. 4.9).

Lemma 4.4. There is a positive constant C' such that for any t €10, 1] and any (z,y) €
VNX xVNnX we have:

n+1
HN(t, z,y) — (4mt)~"/? Z ug(, y)tk} e~ @w)/4t) < oy,

k=0
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Philosophically the following lemma analyzes the second member of the equation (4.0)
for k ~ & (associated with the formal solution of the heat equation); later we will see
that this second member is exponentially decreasing when ¢ — 07. The proof is similar to
the proof of Lemma 3.6.

Lemma 4.5. For each real t > 0, and each (z,y) € V x (VNX) we put k; = [(} — 5)C 7]
(the integer part) and we have:
(9 + Do) (N(t,, y)e @ =0)/4)
=(4mt) ™"/ 2 ¢k e_dZ(x’y)/‘”Agukt(x, y)+ R(t,x,y)

where R(t,z,y) equals 0 if 1 + k; > &, and ifk =14k < é then:

n 2 1
R(t,2,y) = (47) /2 (9; + Ao) {um,y)tk-?e—d (et (= — w)} .

Now we write a decomposition of the “analytic symbol” N (¢, z,y) with respect to the
orthonormal basis of eigenfunctions {¢;},>0 :

@) B(y)N (L2, y)e™ X @A =N 1t 2)65(y)
j=0

where we have:

£t 7) = alz) /X BN (2, y)e P @0/ () u(y). (4.4)

The idea of the proof of Theorem 0.1 i) is to analyze e " ¢;(x) — f;(t,z). To this
aim, we will use the following Lemma 4.6 and Proposition 4.8.

Lemma 4.6. There exists n smooth vector fields Up, 1 < h <n, on X and n differential
operators of the first order Vi, 1 <1 < n, (operating on the variable y) such that for each
xr e Mg, 7€ N,andt >0 we have:

—2a(z) /X (grad B(y), grad ¢, (y)) N (t, 2, y)e~ " @/1(y)
—a(a) [ @) 3 Vi IV T, 5] uly).
X 1<h,i<n

Proof. Since the (compact) support of ( is included in the domain of a real analytic
chart, one gets the result by a simple integration by parts. //

Definition 4.7. Let us denote F(t,z,y)=

2 2
a(x) (N(t,x,y)e_d @O/ANLB(y) + Z Vi - [N(t,z,y)e”d @v)/4g, . 6(y)]>
1<h,l<n
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The map (¢,z,y) — F(t,z,y) is of class C°*° on R} xV x X. For each (t,y) € R} x X, v —
F(t,z,y) is holomorphic on W.

Proposition 4.8. For all j € N, all x in X, and all real t > 0 we have:
a) [(0,x) = a(x)¢;(z)
b) Oifi(t,x) = —N;f;(t,z) — fX (t,z,y)o; (y)u(y)

r) / B(y)b; (1)@ + M) (N(t, 2, m)e @0/ (),
X

Proof. Let us prove part a). The Geometrical Definition 4.2 states that § = 1 on
suppa N X. We recall the equation (4.4), and the definition 4.3. Part a) is therefore an
immediate consequence of equation (4.3) and of Lemma 4.4. Let us prove part b). Since
A is self-adjoint we can write:

0u1;(t2) =al@) | BVt e )0, ()t
=a@) [ O+ ANtz )" o)) (49
2) [ Nt D A B0)0; ()i
Let us recall that (see [B-G-M], page 127):

As(¢;8) = ;A2 + BA20; — 2(grad ¢;, grad ).

Inserting this identity in the last integral of equation (4.5), using on one hand Lemma 4.6
and the Definition 4.7 of F(¢,z,y) and on the other hand the fact that As¢p; = A;¢,; and
the equation (4.4), we prove easily the Proposition 4.8. //

In order to integrate with respect to ¢ the equation in Proposition 4.8 b) (for x
complex) we will need the following lemma.

Lemma 4.9. Let v and U be the two constants introduced in the Geometrical Definition
4.2. Then there exists two positive constants N and D such that for all (complex) © € W
and for all t €]0,1] we have:

2 14
? 1BC)@: + Ao) (Nt )e™ 1) | ysan ) < Dt Nexp (=7
b) HF(t,iL“, ')HH2+2n(X) < Dt_Nexp (_4115) )

c¢) For any t €]0,1] and any y € X, the two maps x — F(t,z,y) and

z — BY)(8; + Do) (N(t,z,y)e T @v)/1t)
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are holomorphic on W'.

Proof. a) Let us use the notations of Lemma 4.5. Proposition 3.1 (and the Sobolev’s
injection theorem) shows that for every p € {0,...,n + 1}, for all (z,y) € V x suppf, and
all ¢ €]0, 1] we have:

’AZ [ﬁ(y>€fd2(:r,y)/4t tk:t AQUkt (IL’, y)i| ‘ < étktL1+kt kt!t72n74 ’efdz(:r,y)/u’ )

Since C > 1 we have & —2<k < é, so using Stirling’s formula and the definition of v
we get:

tLE ™ -
tktL1+ktkt!|g< ’*) Lk,C
(&

<6’ L &_5' _21/
=3 \ec) TEP L)

Now let us denote k = 1 + k;. The inequality (4.6) then shows that for 0 < ¢ < 1:

(4.6)

\tkL1+kk!| = |tktL1+ktkt!t(th +1)L| < %exp <—27V>

On the other hand, since the support of 5(y) is compact and included in X NV, Lemma 4.5
(which defines R(t, -, -)) and Proposition 3.1 show that for every p € {0,... ,n+1}, x € W,

and y € X we have:
d*(z,y)
em(— - )

Moreover, since W C supp «, the inequality (4.1) shows that:

o (~EED)| oxp (-2) <o (7).

Now we deduce easily the Lemma 4.9 a) with N = & 4 2n + 5 from inequality (4.6)
and Lemma 4.5. Let us prove part b). Let us recall that = 1 on the open set €2, so for all
yeQand he{l,...,n}, U, B(y) =0 (see Lemma 4.6) and Ay8(y) = 0. The inequality

(4.2) shows that for any t €]0, 1]:
d*(z,y) v
) < _Z). ,
exp ( yy )‘ < exp ( 4t) (4.7)

Moreover using Proposition 3.1, Stirling’s formula, and the definition of N (%, -, -) we easily
show that for any ¢ €]0,1], z € W, and any test function ¢(y) with compact support in
X NV belonging to the following finite set of functions {A25(y), Up - B(y), 1 < h < n}
we have:

n

‘Ag (ﬂ(y)R(tv Z, y)) | < 6’ t—2n—4-3

th kL,

V(z,y) € W x supp S,

V(z,y) € suppa x (supp S\ ),
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(N (¢, z, )| <Ct™m?y Vi thL k<6’t‘”/22\/E LY
¥ Ly )l gaten(x) = o = Ce) -

k<& k>0

Since Z£ < % we can now use the inequality (4.7) and the Definition 4.7 of F(t,z,-) to
obtain easily the Lemma 4.9 b) with N = % +2n +5. Since the coefficients u(z,y) of the
formal solution are holomorphic on V' x V' we prove easily part c¢). //

Let us denote by E(t,z,y) = > e ¢, (z)¢;(y) the heat kernel of (X, g).

Proposition 4.10. For every real t in |0, 1], for every (x,y) € W x X we have:

t
a(z) BN (t,z, y)e~C @0/ = o(2)E(t, ,y) — / 082 (s, 1, y)ds
0

+a(x) /0 eTD82[B(y)(D, + Do) (N (s, y)e™ " /1) ] ds.

Proof. We begin with a few preliminary remarks. Let us denote p = inf(v, 7). We easily
prove the following inequality (with the constant N of Lemma 4.9):

vt €]0,1], /t s Nexp (—ﬁ) ds < C exp <—£> ) (4.8)
0

Using Lemma 4.9, the fact that the e(s_t)A, 0 < s <t <1 define a uniformly bounded
family of endomorphisms of H?72"(X) and the inequality (4.8), one obtains easily for each
t €]0,1] and = € W the two following estimates:

l

/t (s [B(-)(0s + A2)(N(s, z, -)e_dQ(x,-)/4s)} ds
0

1

Now as a first step we assume that z is “real” and belongs to X. For each real t €]0,1]
and each nonnegative integer j, Lemma 4.9 and Sobolev’s injection theorem allow us to
integrate from s = 0 to ¢t the second member of the equality of Proposition 4.8 b). We
therefore obtain:

< C exp <—§> (4.9)

H2n+2(X)

t
/ eV P (5 2, ) ds
0

< C exp (—ﬁ). (4.10)
H2n+2(X) 8t

(t,2) =e N a(x);(z) — et tes’\j S, x,2)0i(2)u(z)ds
fi(t.2) ()6 (@) | [ evPeaecne)a

et teS)‘jOzx z 9 s,z 2)e~ T @2/4s) o (2)1(2) ds.
we [ [ M@)o, + M) (N(s.a.2) ) (2l )(jn)
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Now we multiply each member of the equality (4.11) by ¢;(y) and sum for 0 < j < +o0.
Using the estimates (4.9), (4.10) and equation (4.4) we then obtain easily the equality of
Proposition 4.10 for x € X. But, Lemma 4.9 c) and the estimates (4.9) and (4.10) allow
us to use an analytic continuation argument to show that this equality is still true for all
x € W (which is connected). The Proposition 4.10 is proven. //

Proposition 4.11.
i) Let us denote p = inf(v, 7). Let u(y) be a bounded measurable function on X. Then
there exists a positive constant Dy such that for every x € W and every t €]0, 1] we
have:

‘/X BN (1,2, y)e~ CED () u(y) — e ule)

< Dqexp (—é) .

(ii) We can find an open neighborhood Wi (in W) of xq such that for (x,y) € W# and
0 < t < 1 the decomposition of E(t,x,y) in Theorem 0.1 i) is valid. (For the assertion
relevant to the FBI phase, see the next proposition.)

Note. Therefore, the values of u(y) for y ¢ supp 8 “do not contribute” to the growth of
e tAu(z) when t — 0% and = € W7,

Proof. i) Let us recall that « =1 on W. Let us fix ¢t and z, we multiply each member
of the equality of Proposition 4.10 by u(y) and we integrate over X with respect to u(y).
Using the estimates (4.9), (4.10), and Sobolev’s injection theorem (n = dim X) we obtain
easily the estimate of Proposition 4.11 i). In the same way (since « [resp. ] = 1 on
W [resp. ]) we prove that the decomposition of E(t,z,y) in Theorem 0.1 i) is valid for
(x,y) € W x Q, but y is only “real.” By Proposition 2.4 we have:

2 2
vt €10, 1], sup |E(t,z,y)| < C(e)exp <i> )
(,y)EM? t

The existence of the complex neighborhood W7 of g in W such that the decomposition of
E(t,z,y) is valid on W7 x W7 is therefore an easy consequence of 2™ successive applications
of the following lemma:

Lemma. Let 6 and p be two reals in |0, 1[. Let {g+(z)}o<t<1 be a family of functions of
one complex variable z holomorphic on a neighborhood of a lozenge K of C' whose corners
are —pu, i, v/ —1u?, —/—1p%. Let us assume that for any ¢ in ]0, 1[ we have:

)
Vze K, |gi(z)] < exp (Z)

J
for any real number z € K, |g:(z)| < exp (—;) :

Then we can find an open neighborhood D (depending on § and K but not on the family
{g:}o<t<1) of 0 in C such that:
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J
Vvt €]0,1[, sup |g:(2)| < exp (——) .
z€DNK 2t

Proof. We just have to apply the maximum modulus principle on the rectangle K with
the following subharmonic functions:

tlog|gi(2)| — a Sz — BRZ?

where o and 3 are two real constants such that: a >> g >> 1. //

Proof of Theorem 0.1.

We have assumed in the Geometrical Definition 4.2 that supp 3 is contained in the domain
of a normal real analytic geodesic chart at zo : §1 — Exp, §1. We will use the holomorphic

chart of M. at xo given by: & + v/ —1& — Exp, ({1 + v —1&2), where £; and &, belong
to the real vector space T,,X. The next proposition completes the proof of Theorem 0.1
i) and shows that the holomorphic function defined by:

o6+ VT8 = YL B, (6 + VT6)

is a F.B.L. phase (in the sense of [Sj]) near the point (z,&; ++v/—1&2) = (Exp,, (vV—1&0),0).

Proposition 4.12. There exists a positive real €5 such that if & belongs to T,,X and

satisfies |§o| < €2 then Exp, (v/—1&o) belongs to the Wy of Proposition 4.11 and we have:
a) %[;—;gb(Epro(\/—l £),0)] is a positive definite quadratic form.

b) Det[%;&é(EXpmo (vV=1&0),0)] is not zero.
¢) 3(9e, — V—=10¢,)¢(Exp,, (V—1&),0) = & (real vector!).

Remark 4.13. Of course these three results are obvious in the case of R"™ endowed
with the usual (flat) Riemannian metric. Recall that d?(-,-) is holomorphic on V x
V', so using the Cauchy-Riemann equations we easily see from a) and c¢) that & —
—S¢(Exp,, (vV—1£&),&) admits a non-degenerate critical point for & = 0 which is a
local maximum. If 2z, € X and ¢ € Ty, X are close to zp and O respectively then
y (e X) — —%%[\/—_1d2(Epr6(\/—_1£(’)),y)] admits a non-degenerate critical point at
y = (), which is a local maximum. The value at Exp%(\/—_l &) of the associated strictly
plurisubharmonic weight is —3S[v/—1 dz(Exp% (V—=1&),20)] = 3|€1* (see Delort [De]
page 17 formula (2.22)). Moreover the Morse lemma with parameters shows that we can
find an open neighborhood €7 of xg in X and can shrink W; (at the beginning of Propo-
sition 4.12) so that there exists d; > 0 such that for all (z,y) € Wi x (suppf \ 1),

Rd?(x,y) > 61
Blyy =1 on U
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and for all (Exp,, (vV—=1&),y) € W1 x

SN2 + STy VT (Bxp (VT E), )] 2 612(5h, ).

Therefore part i) of Theorem 0.1 (or Proposition 4.11) shows that the points y €
supp3 \ €1 do not contribute to the growth of e *Au(zx) when t — 0% for z € W;.
Proof. Part a) and b) are obvious since they are true for {; = 0. Let us prove c). We see
from the definition of ¢(-,-) and the fact that DExp, (0) = Identity that it is enough to
show that: O¢, ¢(Exp,, (v —1&),0) = &. Let e be a positive real small enough so that
Exp,, (B(0,€2)) defines an open geodesically convex neighborhood U of z in X and all
the Riemannian exponential maps to be used soon will induce diffeomorphisms onto U.

Let us fix £ € T;;, X \ 0 with |{] < e2. We put m = Exp, ¢ and consider the function:

F(y) = Y ..

There exists a unique vy € T;,, X such that || < €2 and 2o = Exp,,, (v9). Of course we have

for any (small) v € T,,, X, F(Exp,,(v)) = @MQ (the norm induced by the Riemannian
metric.) So a differentiation at vy gives:

Vh e T, X, (DF(x)o DExp,,(10)).h=+v—1(vy,h). (4.12)

According to the Gauss lemma (see [B-G-M], page 50) DExp,, () sends the orthogonal
subspace of the real line Ryg in 7,, X onto the orthogonal subspace of R(DExp,, (v).10),
and moreover the vector DExp,,(vp).vp is tangent at xg = Exp,,(r) to the geodesic
curve joining xo and Exp, 19 = m, so this vector is colinear to . Therefore the equality
(4.12) shows that DF(zg) vanishes on (R&)L. Moreover DF(xg).€ is the derivative for
s = 0 of the numerical function F(Exp, (s{)) = @(1 — 5)?|€]%. So it is clear that
DF(z0).§ = —v/—1[¢|?, and that gradDF(zo) = ¢, ¢(Exp, &, 0) = —/—1&.

Now we observe that the function { — J¢, ¢(Exp,, &,0) is holomorphic so, replacing §
by v/—1&g yields the Proposition 4.12 c). //

Now we shrink W; as in the Remark 4.13, we fix e > 0 as in the Proposition 4.12,
and we consider &y € T, X \ 0 such that |{y| < €2. Since the coefficient ug(-,-) of the formal
solution of the heat equation never vanishes on V' x V| we see easily, putting A = %, that
N(t,z,y) is an analytic symbol in the sense of Sjostrand (see [Sj]) of order n/2, which is
elliptic at the point (Exp, (v —1&), o). Now let u(y) be a bounded measurable function
on X (which we may assume by Lemma 4.1). Using Sjostrand’s result [Sj] page 46 (see
also Delort [D] Cor. 4.4 page 27), the two inequalities of remark 4.13, and the fact that
B =1 on Q; we see that (xg, —(p) does not belong to the analytic wave front set of w if
and only if we can find an open neighborhood Z’ of Exp, (v—1&) and a positive real &’

such that:

2 ~ 2 _ 8t
veezon el | [ SN )| < Coxp (50
X

At
(4.13)
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Using Proposition 4.11, we see that [ 8(y)N(t,z,y)e~% @v)/4y(y)u(y) satisfies an esti-
mate such as (4.13) if and only if (e7'2u)(z) satisfies an estimate such as (*) in Theorem
4.1(ii). Theorem 0.1 is therefore proven.

5.— Proof of Theorem 0.2.

In this section, we consider a fixed point ¢ € X and denote by Y the fiber 771(q)
in M, for € > 0 small enough (see Theorem 1.5 for the definition of the fibration 7; we
also keep the same notation Y for different values of € whenever this is unambiguous). We
recall the notation

G(t,m,m’) = (4mt)~"/2ed (mm) /4t (5.0)

and we take k > n/2 some fixed nonnegative integer. Throughout the present section, we
shall assume that e€; > 0 is small enough so that the functions u;(m,m’) defined by (3.3)
are holomorphic on some open neighborhood of Y xY in M, x M, for all 0 < j < k.
We take a fixed € €]0, ¢1] and assume that the function f in Theorem 0.2 is C* on X and
satisfies [  fpo = 0. In other words f is orthogonal to the space of harmonic functions
on X, that is the constants since X is connected and compact. Applying Proposition 2.2
shows the existence of a sequence of complex numbers {a;};>1 and of two constants C' > 0
and 7 €]0, €] such that:

V> 1 o) < Ce™VNL fm) =3 ajé5(m). (5.1)

Jjz1

By definition of T'f, (A2 + 0;)Tf = 0on R’ x X. Since for every t > 0, m — T f(t,)
admits a holomorphic extension on the tuboid M., Theorem 1.16 shows that:

(AY +0,)Tf(t,m)=0 onRL xY.

The idea for t