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Sharp bounds for the heat kernel on certain
symmetric spaces of non-compact type

Brian C. Hall and Matthew B. Stenzel

ABSTRACT. We discuss a sharper than Gaussian bound for the heat kernel
(acting on functions) of a split rank or rank one symmetric space of non-
compact type. The proof uses a modified Minakshisundaram-Pleijel para-
metrix and a very explicit expression for the Laplacian of the Jacobian of
the exponential map in terms of the restricted roots. The motivation is to
generalize the first author’s “phase space bounds” to the setting of symmetric
spaces.

1. Introduction

In [Gr] Leonard Gross introduced an analog for a compact group K of the
classical Hermite expansion for R™. In Gross’s result the role of the Gaussian
measure on R"™ is played by the heat kernel measure on K. This result of Gross has
generated a new field of study that may be called “harmonic analysis with respect
to heat kernel measure.” See the article [Ha3] for a survey of results obtained so
far in this field.

One development motivated by the results of Gross is a generalized Segal—
Bargmann transform. This was done first for the compact group case in the paper
[Hal], which is based on the first author’s Ph.D. thesis, written under the direc-
tion of Gross. As shown in Section 11 of [Hal] the Segal-Bargmann transform for
compact groups “descends” in a straightforward way to the case of compact sym-
metric spaces (or more generally compact normal homogeneous spaces). A better
description of the Segal-Bargmann transform for compact symmetric spaces was
given in [St]. In particular the description in [St] demonstrates the important role
played by the dual non-compact symmetric space and the heat kernel thereon.

The paper [Ha2] gives certain sharp “phase bounds” in the setting of the Segal—
Bargmann transform for compact Lie groups. The results of [St] make it natural
to try to generalize these results to the case of general compact symmetric spaces.
To do this one needs a uniform, small-time estimate on the analytic continuation
of the heat kernel of a symmetric space of compact type into its complexification
(the “compact side”) and a uniform, small-time estimate on the heat kernel of the
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non-compact dual symmetric space (the “non-compact side”). The contribution of
this paper is to give the estimate on the non-compact side for the special case when
the symmetric space has split rank or is rank one.

Let X be a simply connected symmetric space of Helgason’s non-compact type
which is either “split rank” (see Section 4) or of rank one. Let A be the non-negative
Laplacian (acting on functions) and let E(x, y, t) be the fundamental solution to the
heat equation (9; + A)u(z,t) = 0. The goal of this paper is to prove the following
sharp estimate on E(z,y,t).

THEOREM 1. For allT > 0 there is a constant C' > 0 such that for all (x,y,t) €
X x X x (0,7,

E(z,y,t) < (dnt) "/ 2e @ @0/A9=1/2 (4 y)(1 + Ct).

Here 6 is the “Jacobian of the exponential map” (see Section 2), d(x,y) is the
geodesic distance from x to y, and n = dim X.

There is an extensive body of literature concerning estimates of the heat kernel
on a symmetric space of non-compact type. For the heat kernel of any complete,
simply connected manifold of dimension n and sectional curvature less than or equal
zero one has the “Euclidean” estimate [DGM]: for all (z,y,t) € X x X x (0,00),

E(.’E, Y, t) < (47Tt)*n/2€*d2(a:7y)/4t.
Molchanov [M] has shown that for any Riemannian manifold

lim+ E(z,y, t)(471'15)"/QedQ(9”’3’)/4t(91/2(gL“7 y)=1

t—0

for z, y fixed and d(z,y) sufficiently small. The estimate in Theorem 1 is sharper
than both of these because it is a uniform global estimate and §~'/2 has exponential
decay at infinity in X. For example, the heat kernel for three dimensional hyperbolic
space (with sectional curvature —1) is

E(z,y,t) = (47775)_3/26_‘12(:”’9)/“9_1/2 (z,y)e"

where §~1/2(x, y) = d(z,y)/sinhd(z, y) (see [D, p. 179]). A similar formula holds
for symmetric spaces of the form K¢ /K where K is a compact Lie group and K¢
its complexification [G]. This shows our estimate in Theorem 1 is essentially sharp.

Our result is related to the “Anker conjecture” which gives very precise upper
and lower bounds for the heat kernel on symmetric spaces of the non-compact type.
(See Section 3 of [AJ] for a precise statement.) The conjecture has been verified
for certain cases, including the ones we consider here, namely, the rank one case
[A] and the split rank case [S]. For general symmetric spaces the Anker conjecture
has been proved when t > d(z,y) [AJ]. (This last result does not help us in the
problem we are studying here, namely, the behavior of the heat kernel at a fixed
time as the distance tends to infinity.)

When applied at a fixed time as the distance tends to infinity, the Anker con-
jecture tells us that the heat kernel is bounded by an expression similar to the one
in Theorem 1, except with the factor of (1 + Ct) replaced by C. Thus our result
is slightly stronger than what one gets from the Anker conjecture, since the factor
of (1 + Ct) tends to 1 as ¢ tends to zero. This slight improvement over the Anker
conjecture is necessary to get the non-compact part of the phase space bounds we
are aiming for.
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The idea of the proof in the split rank case is to exploit the fact that a modified
Minakshisundaram-Pleijel parametrix for the heat equation gives the exact heat
kernel [C]. We then estimate the growth of the (finite number) of individual terms
in the parametrix. To do this we use a recursive formula for the terms and a
very explicit expression for the Laplacian of #~/2. For the rank one cases which
are not split rank this approach fails because the modified parametrix does not
give the exact heat kernel. Our approach then is to estimate the convolutions
which measure the difference between the modified parametrix and the actual heat
kernel. An essential ingredient is the fact that the terms in the parametrix decay
at infinity. This decay property does not hold in the higher rank cases.

The authors would like to thank the referee for many helpful comments.

2. The Laplacian of §—1/2

We will follow the notation and conventions of Helgason [Hel, Chapter VI].
Let X be an irreducible, simply connected Riemannian globally symmetric space of
the non-compact type. Let G denote the identity component of the isometry group
of X and K the isotropy subgroup at a chosen origin, o. G acts transitively on X
and so X can be identified with G/K equipped with a G-invariant metric. Let g,
be the Lie algebra of G and ¢, the Lie algebra of K. The geodesic symmetry about
0 in X induces an involution of g, and a decomposition, g, = €, + p,, into +1 and
—1 eigenspaces, respectively, for the involution. The tangent map at the identity
of the projection 7 : G — G/K = X identifies p, with T,X. The Riemannian
exponential map at the origin o € X is Exp,V = exp(V) - K where exp is the
exponential map of G and T,X is identified with p, as above. Let 7(g) (or just g)
denote the action of g € G on X. The tangent map to the exponential map at the
origin is
o0 T n
(d Exp,), = dr(expV), 0 ; (2(71‘;)1)!,
where Ty, = ad(V)? restricted to p,. We have identified both T,X and Ty (T,X)
with p,.

We define the function § : X x X — (0,00) as follows. The Riemannian
exponential map at any point € X is a diffeomorphism from 7,, X to X. Thus for
any x, ¥y in X we can consider the invertible linear map

d(Exp,) T (T X)=T,X - T,X.

Exp; 'y

V € po,

Exp;ly

Using orthonormal bases in T, X and T, X we define 6(z,y) by

0(,y) = |ddet (AlBxp, )i, )|

This is well-defined because different choices of orthonormal bases will only change
the sign of the determinant. The function 6 is invariant under the diagonal action
of G and symmetric in (z,y). Our goal in this section is to compute Axf~1/2(z, )
where As is the Laplacian acting on the second variable.

We first recall a useful expression for §. Choose a maximal abelian subspace b,
of p, and let ¥ be the roots of g, with respect to b,, (i.e., the “restricted roots”).
Choose an ordering for the dual of b, and let £ be the positive restricted roots
with respect to this ordering. Let by = {H € by, : a(H) >0for alla € TF}.

Every p € X can be written as p = Exp,(Ad(k)H) = kexp(H) - o with H € ﬁ,
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k € K. The H (but not the k) is uniquely determined by p [Hel, Theorem 1.1,
Chap. IX]. Finally let m, be the multiplicity of a € X, i.e., the dimension of the
joint eigenspace for . The following expression for 6 is well known (see [Hel,
p. 294] for the proof in the compact case; the non-compact case is essentially the
same).

LEMMA 1. Letz,y€ X, x=g1-0,y=g2-0 and write g7 'ga-0 = kexp(H) -0
with H € b, k € K. Then

aext

The remainder of this section is devoted to proving Proposition 1 (see below).
We will need a preliminary lemma to facilitate the computations. The proof can
be found in the Appendix.

LEMMA 2. On the open dense subset of b, where they are defined,

1
i memg < a,>——-——=0
) 2 mams o(H)5(H)
a,BEZJr
ii) Z mamg < a, > (cotha(H)coth 3(H) — 1) = 0.
a#kB
a,pexst

We recall that if two roots are proportional, then the constant of proportionality
must be +1, £2, or +1/2 [Hel, Chapter X, Section 3]. A root « is said to be
multipliable if 2« is a root. Let F' be the function which is invariant under the
diagonal action of G and defined, using the conventions of Lemma 1, on an open
dense subset of X x X by

Fa,y) = F(o,exp(H) - 0) = Z Wmf (Csch2 a(H) - CV(Ilf)z)
aext
+2 Z %M\Q (Csch2 a(H) — a(;f)2> i

multipliable €2+

Let p = %Eaez+ meqa. The Riemannian metric on X gives an inner product on
by, and by . We use this inner product to define |p|?>. The main result of this

section is the following computation of A,0~1/2.

PROPOSITION 1. A0~ Y/2(x,y) = 07/2(x,y)(|p|> + F(z,y)) where Ay is the
non-negative Laplacian acting on the second variable.

PRrROOF. By continuity it suffices to prove the proposition for H € bpt. From
the G-invariance of As and the invariance of 6 under the diagonal action of G
we have Ax0~12(x,y) = Asf~/2(0,exp(H) - 0). The function 6,(y) := 0(o,y) is
invariant under the action of K, so

A20~1/2(0,-) = Rad(A)20-1/2(o0, -)

where the overline indicates restriction to exp(h,.) - o and Rad(A) is the radial
part of A for the action of K on X = G/K with exp(h;.) - 0 as a transversal
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manifold. Let Hy, ..., H; be an orthonormal basis of h,, . Using the proof of [He2,
Proposition 3.9, Chap. IT] we have

1
Rad(A) = — Z (D%,Z + Z ma(cotha('))a(Hi)DHi>
i=1 acxt

where Dy, is the directional derivative in the direction of H; (again, we use the
non-negative Laplacian) so that

A0~ (0,exp(H) - 0)

l
= — Z <D%Iz + Z ma(coth Oé(H))Oé(Hl)DHL> W(O,QXP(H) . O).

aext

To compute the action of the Dy, on —1/2 we use Lemma 1: for H € b,,_,

— d
Dy, 0=1/2(0,exp(H) - 0) = o 07'/%(0, exp(H + tH;) - o)
=0
_d (h<H+tH>>’”/
Cdt],_, e a(H +tH;) '

Thus
Dy, 0=1/2(0,exp(H) - 0)

= —-1%(0,exp(H) -0) 3 % (cotha(H) -

acxt a(I{)

Z D%,.6-1/2(0,exp(H) - 0) = 0=1/2(0,exp(H) - 0)

x [ 3 m°‘4m5 (cotha(H) - a(lH)> (cothB(H) - ﬁ(lH)) <a,f>

a,Bext
Mg, 9 1 9
+ g 5 <csch a(H) — a(H)Q) ||

)

aext
Z Z me (coth a(H))oa(H;) D, 0=1/2(0, exp(H) - 0)
i aext
= —6-1/2(0, exp(H)-0) Z %otha(hﬂ (cothﬁ(H) - ,6(1H)> <a,B>.

a,Bext

Multiplying out and canceling terms gives

A2~ 2(0,exp(H) - 0) = —0~ /% (0, exp(H) - 0)

M — CO @] CO e —— o
Xlﬁ% . ( tha(H) thﬁ(H>+a(H)6(H))< B>

+ > % (cschQQ(H) - Q(1H)2> 04|2].

aext
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Decomposing the first sum into “diagonal” and “off-diagonal” terms shows that the
terms in the brackets above can be written as

aext aext
a,pexst

We have, since p = 3 Y s\ maa,

2
maqm Ma | MmaMm
<p,p>= g 45<a,/6’>: E < 2| |)+ E 45<a,/6’>

a,Bext aext

so that Ay0~1/2(0,exp(H) - 0) is equal to

0=/ (0,exp(H) - 0) [ <p,p>+ Z W (csch2 a(H) — 1)2> |2

a(H
aext
a,pest

By Lemma 2 and the remark following it, the last summation above is equal to
the sum over the positive roots «, 8 with a = k@, k = 1 or % We split the last
summation above into the sum over a = 20 plus the sum over a = % (. Since the
summation is symmetric in o and 3, the last summation in the displayed equation
above can be written as

2 Z ma;nga <coth a(H) coth2a(H) —

1
E 1)2<a,a>.
{aext:2aexnt}

2a(H

The identity 2(coth a coth 2a—1/(202) —1) = csch? a —1/a? gives the Proposition.
]

3. The modified Minakshisundaram-Pleijel parametrix

From Proposition 1 we have Ay0~/2 = §=1/2(|p|?> + F) where F is given
explicitly. We look for a parametrix Si(x,y,t) € C®°(X x X x (0,00)) for the heat
equation of the form

k
Si(@,y,t) = (4mt) ="/ 2T el mdln) /At g=1/2 (5 4 (Z ti”z‘(%y)>
1=0

such that for k=0, 1, ...,

(1)
(8t+A2)Sk($7 Y, t) =

(dmt) /2ol 4t g=1/2 (o )ik (F + (grad, log 6) - grad, +Ag)vk(z, ),
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where grad, is the gradient in the second variable (and - is the inner product induced
by the metric), and

(2) lim Sy(z,y,t) = d2(y).
t—0+

Our parametrix differs from the usual one in that we have factored out e~1PI’t and
0=1/2(x,y). Let r = d(x,y) and let 3, denote the unit speed geodesic from z to y
with parameter 7.

PROPOSITION 2. If vo(z,y) =1 and
vi(z,y) = —T_i/ (F + (grady log 0) - grady +Ax)v; 1 (z,y, )7t dr
0

for 1 <i <k, then (1), (2) hold.
Proor. We follow [BGM, Chapter III, E.ITI]. We compute

O Si(w,y,1) = (dmt) "/ 2eT PP Mg T2 g )
n T2 k k
2 2 : i Z i1
X <<_2t_|p| +4t2> izotvi—i_i:OZt ’Ui) .

Using

a. Aq(fh) = hAof — 2g(daf,d2h) + fAsh ([BGM, Chapter III, G.IIL.6];

recall we use the non-negative Laplacian. Here dy means differentiation with
respect to the second variable.)

b. g(dge*’g/‘“,dgf) = 0, T4, f (this follows from the Gauss Lemma, c.f.
[BGM, page 207], last displayed line. Here O, f (z,y) means differentiation
along the unique geodesic joining x to y with z held fixed.)

P  n o r 0.0

c. Nge 7 /M =/ 7E+2—t+2—t~ 7

> (see the expression for A;G

in [BGM, page 207])
we compute

2
—r2/Aty—1/2, N _ —r2/4ty—1/2 r n 1/2 —1/2
AQ(e /4ty /'Ui)—@ /4ty /<(_4t2+2t+9/A29 /)Ui

1
+ ;r(’“)rvi — 2(grad, log 9_1/2) - grad, v; + Agvi>.

Using that Ay0~1/2 = 0~1/2(|p|> + F) (Proposition 1) we get

(00 + D) Sy, = (4mt)~n/2elelt=r/atg=1/2
B 1
X <Z t'(F + ;(z +r0,.) + (grad, log ) - grad, +A2)vi> .
0

The term of order t~! in the sum vanishes if and only if rd,v9 = 0. If we take
vg = 1, then S} satisfies (2) as in the usual Minakshisundaram-Pleijel expansion.
The term of order ¢t~'*? in the sum vanishes if and only if

(i 4+ ro)v; + (F + (grad, log 0) - grad, +As)v;—1 = 0.
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Having chosen vg, v1, ..., v;_1, the term of order t~!'** will vanish if
v; = —r*i/ (F + (grady log 0) - grady +As)v;_1(z, y, )7~ dr.
0

Choosing the v;, i = 1, ..., k, in this way leaves only the term of order t* in the
sum. 0

4. Estimate of the heat kernel in the split-rank case

A symmetric space X = G/K is said to have split-rank if rank G = rank G/ K+
rank K'; equivalently the multiplicities of the restricted roots are all even. This is
equivalent to the condition that all Cartan subalgebras of the (real) Lie algebra of
G are conjugate under the adjoint group. By the classification of symmetric spaces,
the irreducible, simply connected symmetric spaces of non-compact type with split
rank are the odd dimensional hyperbolic spaces, K¢ /K where K is a compact Lie
group, SU*(2n)/Sp(n), and Eg(—26)/Fu.

In the split-rank case the modified Minakshisundaram-Pleijel (M-P) coeffi-
cients, v;(z,y), vanish for i sufficiently large [C, §9]. Thus the modified M-P
expansion gives the ezract heat kernel. To prove Theorem 1 in the split-rank case
it suffices to show that each v;(x,y) is bounded by a constant C;. The rest of this
section is devoted to proving this estimate.

Let F be the function on X x X defined before Proposition 1. By Proposition
1, Ao~ Y2 (2, y) = 0~1/2(x,y)(|p|? + F(z,y)). From Proposition 2 we have vy = 1
and, after a change of variables,

1
vz, y) = —/ (F + Az + (grad, log 0) - grady)vi—1 (2, yrs)s'™ ' ds
0

for + > 1. Here gy, is the unit speed geodesic from z to y parameterized by 7 and
r = d(z,y). Since the v; are invariant under the diagonal action of G we can define
functions on by, still denoted v;, which are invariant under the action of the Weyl
group, W, by

vi(H) = vs(o, exp(H) - o).
Then for H € h;ro7

1
vi(H) = — /0 (F'+ A+ (gradlog ) - gradz)rad”i—l(SH)Siil ds

where the subscript “rad” indicates the radial part of the operator for the action
of K on X = G/K with At - 0:=exp(h{ ) - 0 as a transversal manifold. Here F is
thought of as a W-invariant function on b,,. We will identify A - o :=exp(h,,) - 0
with by, since exp is an isometry between the two. It suffices to show that the v;,
thought of as W-invariant functions on b, , are bounded by constants C;.

LEMMA 3. (F + A+ (gradlog®) - grady)raqa = F' + Ay, — Z ms

’ pexXt+ 6

Ag is the differential operator grad 3 - grad and Ay, s the Laplacian, both with
respect to the induced flat metric on by, .

Ap where
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Proor. We will first show that ((grad, log0)-grady)rad = > sex+ mg(coth 3 —
1/8)Ag, i.e., if f(z,-) is a locally K-invariant function on an open subset of X and
He h;& then
3)

(grad, log 0)-grad, f(x,exp(H)-0) = Z mg(coth 5—
pexs+

%)Aw(x,'>|A+.O><exp<H>-o>.

Choose coordinates on X near a point a, € A" as in [He2, p. 262, Eq. (35)]
(except here r = rank X = dim A):

(x1(b-a),... ,xpn_r(b-a),xp_ry1(b-a),... ,z,(b-a))

=Wi(b), - s Yn—r(b), 2n—rs1(a),... , 2n(a))
where a in a neighborhood A, of a, in AT and B is a relatively compact submanifold
of K forming a local cross section through e over a neighborhood of e K% in K/K%;

the y; are local coordinates on B and the z, are local coordinates on A. By [loc.
cit., Eq. (37)] we have

n

(grad, logf) - grad, = > g7(9;10g0)d; + > g (alog0)ds.

1,7=1 a,f=n—r+1

For f locally invariant under K we have 9;f =0, j=1,... ,n —r. Thus

((grady log0) - grad, f) | ., = (grad ., logf) - grad 4 ,(f| ;)

where grad,., is the gradient with respect to the induced flat metric on A - o.
Identifying A - o (isometrically) with h,, and using Lemma 1 gives (3). To prove
the lemma we recall

(A)rad = Aao — »_ mp(coth B)Ag

gext

[He2, Proposition 3.9, Chap. II]. Note the Laplacian in [He2] is non-positive;
we use the non-negative Laplacian. O

Let Cfiy (hp,) denote the set of real-analytic, bounded, W-invariant functions
f on by, such that for any constant coefficient differential operator D on b, there
exists a Cy p such that [Df| < Cfp. We will say that a real analytic function f
on by, extends to a uniform tube about b,  if there is an € > 0 such that f can
be analytically continued to a tubular neighborhood of radius € about by, in the
complexification b, . By Lemma 3 we have

1
m .
vi(H) = —/ (F+ Ay, — Z —ﬂAg)vi,l(sH)shl ds.
0 gen+
To prove Theorem 1 in the split-rank case it suffices to prove

PROPOSITION 3. For all i, v; € Cyy (byp,). Furthermore v; extends to a uni-
form tube about by, .
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PROOF. It is clear that vy € Cyjy (b, ). Using the expression above for v; we
compute vy = —F. Since F' € Cpyy,(by,) it is also clear that v; € Cyjy (b, ). From
the explicit form of F' given prior to Proposition 1 we see that F' and hence vy
extends to a uniform tube about b, . Suppose inductively that v;_1 € Cgy(by,)
and extends to a uniform tube about b, . Then:

e v; is real analytic. It clearly suffices to show that > 5 51 (mpAg/B)vi—1 is
real analytic. For the reflection s, we have s, (Agv;—1) = As_ gSavi—1. Since v;_1
is W-invariant, we have so(Agvi—1) = —Agv;—1. Thus Agv;_; vanishes on the
hyperplane = 0. By Lemma 10 (see Appendix) there is a real analytic function
h on b, such that Agv;_1 = Bh. It follows that v; is real analytic.

e v; extends to a uniform tube about b, . It suffices to show this for (Ag/B)v,_1.

By a rotation we may choose coordinates, (z1,...,z,) for h,, such that § = z;
and A, v;—1 vanishes on x; = 0. By Lemma 10 there is a real analytic function,
h, on by, such that A, v;_1 = z1h. Then h extends to some (not necessarily

uniform) tube about h, . We can then extend h to the uniform tube by setting
h = (A, vi—1)/7z away from b, .

e v; is W-invariant. Again it suffices to show that > ;.. (mgAg/B)vi—1 is
W-invariant. For v € ¥ we have

mg 1 mg 1 ms_ g
—Agvi_ | = =Y —Aguiq | =< A gUi—1.
Sy Z g oY1 Sy QZ g Bt QZ 5.3 ¥BYi-1

pBext+ Bex peY

Since s, permutes the set of all roots this amounts to a rearrangement of the sum.
It follows that v; is W-invariant.

e v; and all its derivatives are bounded. It is clear from the inductive hypoth-
esis that all derivatives of fol (F + Ay, Jvi—1(sH)s" "' ds are bounded. It remains
to show that for each 8 € 1, (A3/8)v;—1 and all its derivatives are bounded. We
may choose coordinates (z1,...,x,) as above such that § = ;. After the coor-
dinate change, (A.,/z1)v;—1 extends to a uniform tube about b, . We can then
use Cauchy’s integral formula to estimate (A,, /z1)v;—1 and all its derivatives on a
slightly smaller, but still uniform, tube. O

This concludes the proof of Theorem 1 in the split-rank case.

5. Estimate of the heat kernel in the rank one case

We now assume the rank of X is one. In general the Minakshisundaram-Pleijel
series is neither terminating nor convergent, so we need to estimate the convolutions
which give the fundamental solution (see below). Let F(xz,y) = 01/2 A0~/ (x, y)—
|p|? as above. In the rank one case, F depends only on r = d(z,y). We first derive
an estimate on the decay of the modified M-P coefficients at infinity.

LEMMA 4. For every non-negative integer l there are positive constants C1, Co
such that for all r >0, |OLF(r)| < C1(Cy +r)~27L
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PrOOF. From Proposition 1 we have
F(x,y) = F(r) = C3| C4 ( csch? ar ! + Cs ( esch® 2ar !
Y) = =031 Uy 0272 5 10272

1
+Cs <coth ar coth 2ar — 2aQr2> >

(for some constant a) which satisfies the estimate given above. O

We stress that Lemma 4 is false in the higher rank case: there is no decay at
infinity along a wall. Next we estimate the decay of the modified M-P coefficients
as r — oo. In the rank one case the v; only depend on r:

n—1

r
vo(r) =1,  wi(r)= *Tﬁi/ (F— 02— O vy (T) T Ydr, P> 1.
0
LEMMA 5. For every positive integer i and non-negative integer I there are
constants Cy, Cy such that for all r >0, |0Lv;(r)] < C1(Coy 4 7))~ L

PROOF. The estimate holds for ¢ = 1 because F(7) is integrable over [0, o0)
by Lemma 4. Assume the estimate holds for v;_1(r). Then the integrand (F —
9% — 2219 )v;_1 (1)7"~! is integrable over [0,00) by the inductive hypothesis and
Lemma 4. Differentiating v; improves the estimate as indicated for the same reason.
(I

COROLLARY 1. For all positive integers k there are constants Cy, Co such that
for all (z,y,t) € X x X x (0,00),

(91 + D2) S, y, )| < eIl /3tg =112 )y h=n/204 (Cy + d(w,y) TF2.

Proor. Follows immediately from (1), Lemma 5, and the explicit expression
for A + (grad,log#) - grad, in the rank-one case. (There is no problem at r = 0
because v; is an even function of r, as can easily be seen by induction and the fact
that F(r) is even). O

The fundamental solution of the heat equation is constructed from the modified
parametrix in the same way as for the usual M-P expansion. We do not need the
cut-off functions that enter into the usual construction because here the exponential
map is a global diffeomorphism. The extra decay of the M-P coefficients given in
Lemma 5 allows us to estimate directly the error in the modified M-P parametrix
approximation to the fundamental solution. Define, for functions A, B for which
the integrals converge,

t
Ax B(z,y,t) = / ds/ A(x,m,s)B(m,y,t —s)dm
0 X
where dm is the Riemannian volume measure. Let

Gk(xayvt) = (at + AZ)Sk(xayvt)
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For k >> n/2 and \ a positive integer the convolutions (G)**, (G%)** * S}, make
sense. The heat kernel is given by, for k >> n/2,

(4) E(x,y,t) = Si(2,y,t) + > (=D (Gr)™ = Si(z,y,1).
A=1

See [CdV, Section 1]. The goal of the remainder of this section is to prove the
rank one case of Theorem 1 by estimating (4). We will think of the roots a and
p =3 s+ Mae as functions on X x X by defining a(g1 -0, g2-0) to be al(H), where

H is the unique vector in ﬁ such that g;lgg = ky exp(H )ko with k1, k2 € K. Note
|H| = d(x,y) and «, p are symmetric in  and y in the rank one case.

LEMMA 6. There is a constant C such that for all (z,y) € X x X,
Ce? [[ G+2a)m™? <o V2 <e? [ (1420)™/%

aext aext
PROOF. There is a constant C' such that for all « € [0, 00),

C(l+2a)e <

< (14 2a)e”“.

sinh a
The lemma follows immediately. O

PROPOSITION 4. There are constants k >> n, Cy such that for all (z,y,t) €
X x X x (0,00),

IGrlz,y,t)| < Cyth—/2e—lelt=d* (@y)/4t=p(e.y)

PRrROOF. If we choose k large enough that
[T (1 +20)™/2(Co + d(w,y) 7> < G5,
aext

then the proposition follows from Corollary 1 and Lemma 6. O

To prove Theorem 1 in the rank one case we will obtain a similar estimate for
(Gr)* * S, show that > (—1)*(Gy)** * Si, converges and estimate the sum. We
will follow very closely [CdV, Section 1]. In the rank one case, p(z,y) is just a
positive multiple of d(z,y). We will use the following fact, which seems to be true
only for rank one: for all z, y, m € X,

(5) p(z,y) < p(x,m) + p(m, y).

We first estimate the integral over X in the convolution. Let o be the sectional
curvature of X and choose A so that —A4%2 < o < 0.

LEMMA 7. [CdV, Lemma 2]. (Assume rank of X is 1). There is a constant
M > 0 depending only on n and A such that for all a, b >0, z, y € X,

1 1\ % /1 1\ "2
(Hb) *(cﬁb) -

/ o2 (2m) /a—d? (m,) /b= p(e;m)—p(m,v) g,
X

< Me— @)/ (a+b)=p(e.)+(n=1)4)%ab/(a+b) o
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PrOOF. The only difference between our situation and [CdV, Lemma 2] is
that we use the estimate, —p(z,m) — p(m,y) < —p(z,y), instead of d(x,m) +
d(m,y) < d(z,0) 4+ 2d(o,m) 4+ d(y, 0) in the notation of [CdV, Lemma 2]. O

LEMMA 8 [CdV, Lemma 3]. Let A and B: X x X x(0,00) — R satisfy: there
are a, B> —n/2 and K, L >0 such for all (z,y,) € X x X x (0,00),
|A(z,y,t)| < Kt%e—d(x.y)*/4t—p(z,y)
|B(z,y,t)] < Ltﬁefd(mvy)z/‘ltfﬂ(%y).

Fiz T > 0. Then there is a Cr > 0 depending only on n, A, and T such that for
all t € (0,7,

1
1+ % +sup(a, B)

|A % B(z,y,t)| < KLCpe~ @ @w)/dt=pl@y)potptl,

PROOF. See [CdV, Lemma 3]; we only use the result for real z in the notation
of [CdV]. O
By induction we obtain an estimate on (Gj)**.
COROLLARY 2. For all (z,y,t) € X x X x (0,7,
1
T2 (2 + k-2 +1)
j=1\g TJ 2

(Gr)™ (9, D)] < (Cath™ 3N (Cpp)* e T /t=e(n)

Now we estimate (G},)** x Sy.

PROPOSITION 5. Fiz T > 0 and k >>n > 2. There is a constant Crj x > 0
depending only on T, k, and the geometry and root space structure of X such that
for all (z,y,t) € X x X x (0,71,

o0
‘ S (G x Si(a,y,t)| < Crpxe™ @ @0/AG=12 (g y).
A=0

PrOOF. By Lemma 5, Zf:o t'v; is bounded by a k and T-dependent constant
on X x X x [0,7T]. Using Lemma 6 we obtain, on X x X x (0,T],

1Sk (2,9, 8)] < Cppt= /2= @ /t=pea) T (14 2a)me/2,

aext

In the rank one case there are positive constants a,, such that J] .+ (142a)me/? =
[1(1 + 2and(z,y))™=/?. Using Lemma 8 and the above there is a constant C' > 0
(depending only on T, n, k and A) such that for all (z,y,t) € X x X x (0,7] and
all A > 1,

A t
|(Gk)*)\ % Sk(x,yﬂf)l < — CY(C’461T) / S)\(k_%+1)_1(t— S)—g
[I;2 (5 +ik—5+1)) Jo

></ 67d2(z,m)/487d2(m,y)/4(t75)7p(a:,m)7p(m,y) H (1+2aad(m,y))m“/2 dm ds.
X

aext
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We use the following estimates. For fixed ¢t and s, let a = 45, b = 4(¢t — s) and let o
be the point on the (unique) geodesic joining x to y such that d(z,0)/a = d(y,0)/b
as in [CdV, Proof of Lemma 2]. Then:

1. d(z,y) = d(z,0) + d(o,y) and d(m,y) < d(m,o0) + d(z,y). Thus

TT (14 2aadm.y)™2 < [ @+ 2a0d(e, )™/ T] (0 +200d(o,m)™/2

aext aeXt aext

2. —d*(z,m)/a—d*(m,y)/b < —d?*(o,m)(1/a+ 1/b) — d*(z,y)/(a+b) [CAV,
Proof of Lemma 2].
3. —p(z,m) — p(m,y) < —p(z,y) (see equation (5)).
We obtain, using [],cx+ (1 + 20)™/2 = T[(1 4 2aqd(z, y))™*/? and the lower
estimate in Lemma 6, that

, A—1 .
(GRSl y, )] < e P12 yyoe,er TT (5 +itk— 5 +1))
j=1

t
></ sk(k_%ﬂ)_l(t—s)_%/ e~ (om)(1/a+1/b) H (1+2aad(o,m))m”/2 dmds
0 X

aext

for a possibly different constant C' > 0 depending only on T, n, k and A. We
estimate the integral over X using the volume comparison dm < re”dr (as in
[CAV, Proof of Lemma 2]) to obtain

/ e—d2(o,m)(1/a+1/b) H (1+2aad(07m))m“/2dm
X

aext

<6 /oo e_TZ(1/a+1/b)€A(n_1)T’l“n_1 H (1+2aa7_)ma/2 dr
0

aexst

<c /oo 67r2(1/a+1/b)eA(nfl)rrnfl(1 + 2amax7ﬂ>n71 dr
0
n—1

< Cre® M Z(?amax)l /OO e V(r=B/27)? n=1+1 g,
1=0 0

where 8 = (n —1)A, v =1/a+ 1/b, C7 depends only on n and amax depends only
on the root space structure of X. As in [CdV, loc. cit.] we have

/ e 1T=B/2 = g < O (4= (D42 (kD) /2
0

< Gy ((s(1 = s/0)" /2 4 (s(1 = 5/1)"2)

where Cg; > 0 depends only on A, n, and | and Cy depends only on T', A and n.
Since (32 /4~ is bounded by a constant depending only on A, n, and T we obtain

/ e—d2(o,m)(1/a+1/b) H (1—|—2aad(07m))m‘*/2dm
X

aexXt

< Cio ((s(1 = /8)" /2 + (s(1 = s/))""?)
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where C1g depends only on T, n, A, and the root space structure of X. Changing
variables to u = s/t we obtain

¢
/ s)‘(kfgﬂ)fl(t—s)*%/ e~ (om)(1/at1/b) H (1—|—2aad(o,m))m“/2 dmds
0 X aeXt
1
< Ot =3+ / WMEEAD =1 )3 (t"%(uu — )" E 4 (u(l — u))%) du
0

1
< OB [0 (- )+ (1 = 0)E) d
0

where C71 depends only on T, n, A, and the root space structure. We use the
estimate

1
1
/ w1 —uw)ldu < ———
0 1+ sup(p, q)

to estimate the integrals above (assuming n > 2):

1
/ (u)\(kfn/2+1)73/2+n(1 7u)(n71)/2 +u)\(k7n/2+1)71+n/2) du
0

1 1 2

< < .
ST Ak —n2+ ) 2t NE—n2+ 1) n2 Ak —nj2+ D)
Finally,

) i(—l)A(Gk)*A % Si(x,y,t)
A=1

© k—n/241\\
< @ /Atg=1/2(5 000y, Z (C4Crt )

STl (/2 +j(k—n/2+ 1))

Since the sum is bounded by exp(C4C’Ttk_”/2+1), the proof of the Proposition is
complete. O

PROOF OF THEOREM 1 IN THE RANK ONE CASE. Fix T" > 0. By (4) and
Proposition 5 there is a C > 0 (depending on T, k, and X) such that for all
(z,y,t) € X x X x (0,T], E(x,y,t) is bounded above by

k
(drt) /2 DG (g gl <1 + Dt + C(4wt)”/26'plzt> .
i=1

The theorem now follows from Lemma 5. O

6. Appendix

PROOF OF LEMMA 2. The root system ¥ decomposes into a disjoint union of
orthogonal irreducible root systems X on orthogonal subspaces Vi, C by . Because
of the inner products in the sum, it suffices to prove the identity for each irreducible
component of the root system. So we assume that ¥ is an irreducible root system.
(We use this in the proof of Lemma 9, cases 2 and 3). The root system % is not
necessarily reduced, i.e., there can be roots « for which 2« is also a root. However
we recall that if o, 8 € ¥ and « = k3, then k =1/2, 1, or 2.
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Proof of i). Let [ be the number of elements in . If [ = 1 then the sum is
empty. If [ = 2, then the only root system that gives a non-empty sum is a; X ay
which is not irreducible (note the two roots are orthogonal so it is clear the sum is
zero). Assume [ > 2. Let

P(al,...7al):< H 7) Z mam,3<oz,ﬁ>i

vest T azkB of
(6) a,pext
= Z memg < a, 3 > H 5.
a#kp yeST\{a,8}
a,ﬁGEJr

P is a homogeneous polynomial of degree | — 2. We will show that P is divisible
by H'yEE‘*’ v, a homogeneous polynomial of degree [, so the quotient must be zero.

To accomplish this we must show that if 7 € £T is unmultipliable and indivisi-
ble, then P is divisible by 7; and if 7 is divisible or multipliable, then P is divisible
by n?. This will show that P is divisible by HWGE‘*' v since the non-proportional
roots are relatively prime as polynomials.

The Weyl group, W (%), is the group of orthogonal linear transformations of by,
generated by the reflections s,, n € ¥. The Weyl group acts on b, via the Killing
form identification with by . The action on by, is compatible with the action on
by, in the sense that if n € ¥, s € W(X) and H € by, then sn(H) = n(sH). The
Weyl group acts on all functions on b, by pullback: sf := s*f. Note the kernel
of the root 7 is the fixed point set of s, acting on b, . We will need the following
result about the action of the Weyl group on certain sums.

LEMMA 9. Let f, g: R — R be an odd, resp. even smooth real valued function.

Let
Rlaa, ... ,aq) = Z mamg < a, 3> g(a)g(B) H S
a#£kp yeXH\ {8}
a,ﬂ€E+

Let n € % and let s, be the reflection across 1. Then s,R = R if n is multipliable
or divisible and s, R = —R otherwise.

REMARK. We will use this lemma in the following two cases: f(t) =t, g(t) =1
and f(t) =e' —et, g(t) =e' +et.

ProoF. Let M(aq,... ,a1) =[[ ex+ f(7) and let

— R M= 9(a)g(B)
N:=R-+M a;ﬁ mamﬂ<a’ﬂ>f(a)f(ﬁ)'
a,fext

We first claim that N is W(X)-invariant. The reflections across simple roots gen-
erate W(X). If n is a simple root, then s, permutes the set X*\{n, 2n} and sends
n, 2n to —n, —2n respectively (omit 27 if 21 is not a root). The Killing form on
by, is invariant under the action of W (X). The multiplicities m,, are also invariant,
ie, if s e W, a € X, then my = mso. Let n be a simple root. To show that N is
W (¥)-invariant, decompose the sum into terms that involve n, 2n (if 27 is a root)
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and those that do not, then apply s,. One obtains

9(=m)g(s,)
f(=n)f(sy8)

9(=21)g(s,)
f(=2n)f(sy8)

9(sy)g(sy3)
+ a;ﬁ M, aMs, 3 < SpQ, 5p3 > m.

a,BeTT\{n,2n}

syN =2 Z MyMs, 5 < =1, 8,08 >
BeTT\{n,2n}

+2 Z MapMs, g < —21, 8,8 >
BEXH\{n,2n}

This is the same as [N by the parity properties of f, g and because s, is a permu-
tation of X\{n,2n} (and s,, preserves the non-proportionality of roots). Since the
reflections across simple roots generate W (%), N is W (X)-invariant.

To prove Lemma 9 it suffices to show that for every n € £* (not necessarily
simple), s, M = M if n is multipliable or divisible and s, M = —M otherwise.

Case 1. ¥ is a reduced root system, i.e., if o, f € ¥ and o = kf3, then k = £1. If
7 is simple then s, M = —M because s, permutes X1 \{n} and sends 7 to —7. Since
the simple roots generate W (X) it follows that for every s € W(X), sM = (det s)M.
Since the reflections have determinant —1 we are done in this case.

If ¥ is not reduced, then by the classification of irreducible root systems 3 must
be the root system

(bc)l = {:l:ek,:t26k (1 <k< l),:l:e,; + e (1 <i<g< l)}

where e; are the standard coordinate functions on R' [Hel, Chapter X, Theorem
3.25]. The W(X)-invariant inner product is unique up to a constant multiple; we
will use the standard Euclidean inner product. Decompose ¥ = ¥inqiv U Xgiy into
a disjoint union of indivisible and divisible roots. Then Yi,qiv is an irreducible,
reduced root system on R' and Yg;, is the reducible root system a; x --- x a; (I
times).

Case 2. n € BT is multipliable or divisible. Since si, = s, we can assume
that n € ¥;" . and 2n € E;riv. Using case 1 applied to the irreducible reduced root

indiv
system X the orthogonality of the roots in Ej{iv and the parity of f we have

indiv’
si( IT o)== TI 7o and  s( T f0)=- II =
TES i YES iy V€SS, V€S T

which implies the lemma in this case.
Case 3. ¥ is not reduced and € XV is indivisible and unmultipliable. Since
is an irreducible, reduced root system it suffices to show that

so( T1 £0) =+ I #o.

+ +
YES iy YEX iy

ZJr

indiv

The indivisible and unmultipliable positive roots are e; +e;, e; —e;, 1 <i < j <1,
and the divisible positive roots are 2e;, 1 < k <I. We compute directly that
2er, i,j £k 2e, i,j £k
Seive;(2e6) = —2¢; j=k and Sei—e;(2ex) = 265 j=k
—26j i=k 26j i=k
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which proves Lemma 9. O

We continue with the proof of Lemma 2, part i).

Case 1. n is indivisible and unmultipliable. By Lemma 9 (with f(t) = t,
g(t) = 1), s,P = —P. Then P vanishes on the kernel of 1. Since 1 acquires
no extra zeros over the complex numbers, Hilbert’s Nullstellensatz says that some
positive integer power of P is divisible by 1. By the unique factorization property
P is divisible by 7.

Case 2. n is multipliable or divisible. Then P is a priori divisible by 1 because
no term in (6) omits both  and kn. Let P, = P/n. By Lemma 9, s,P, = —P.
As in case 1 we conclude that P; is divisible by n. (If [ = 3 then P, is a constant,
which must be zero by Lemma 9.) This concludes the proof of Lemma 2, part i).

Proof of Lemma 2, part ii). Tt suffices to show that Ea;ékﬁez+ mamg < a, [ >
coth o coth 3 is constant because cotha — 1 as a — oco. Write

(7) H (7 —e™7) Z maqmg < a, § > cotha coth 3

yen+ aZkp
a7BEZ+
= Z mamp < o, > (e* +e ) (e +e7P) H (e —e™7).
a#kB v€XH\{a,8}
a,,@62+

Let P.otn(,y) be the polynomial in 2] variables obtained by replacing e® by x; and
e~ % by y; in the right hand side of (7). P.otn is homogeneous of degree I. We will
show that P.op, is divisible by Q(z,y) = Hizl(xi — ), a homogeneous polynomial
of degree [. The quotient is a homogeneous polynomial of degree 0, hence constant.

Lemma 9 (with f(t) =e' —e™ ", g(t) = e’ +e7") shows that the right hand side
of (7) is invariant under s,, if n € 1 is multipliable or divisible and skew under s,,
otherwise.

Case 1. a; € ¥V is indivisible and unmultipliable. Then the right hand of (7)
is skew under the reflection s, and so vanishes on the kernel of o;. It follows that
P.otn vanishes on the intersection of the kernel of x; —y; with the positive “octant.”
Since the restriction of P.o to the hyperplane x; —y; = 0 is a real analytic function
vanishing on an open set, it follows that P..n vanishes on the kernel of x; — y;.
The Nullstellensatz implies that P..y is divisible by z; — y;.

Case 2. «; is multipliable or divisible. We must show that P, is divisible by
(x; —y;)?. We may assume «; is multipliable and indivisible. Then Peuy, is a priori
divisible by z; — y; because no term in (7) omits both e* — e~ and e?* — e~2%i,
Let ]Scoth = P.otn/(x; — y;). Then Zscoth(e”‘,e’o‘) is skew under s,, and so, as in
case 1, Zscoth(x, y) is divisible by x; —y;. This concludes the proof of Lemma 2, part
ii). O

LEMMA 10. Let 8 be a non-zero linear function on R" and suppose g € C*(R")
vanishes on the hyperplane 3 = 0. Then there is an h € C¥(R") such that g = Bh.

PROOF. By a rotation of coordinates it suffices to prove the lemma for the
linear function §(z1,...,2,) = cxy. By the uniqueness of analytic continuation it
suffices to prove the existence of h locally at points p € {8 = 0}. Extend g to a
holomorphic function § on a polydisk V centered at p in C”. For fixed (22, ... ,2n),
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g/z1 is a holomorphic function of z;. For r sufficiently small,

g 1 ~5,Z yeee 3 2r)/S
g(zl,zg,...,z,q)/zl_if g(s, 22 s .
jsl=r

21 s— 21

The function h defined in a neighborhood of p by the right hand side is holomorphic
in (2z1,...,2-) near p. O
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