NONLINEAR EVOLUTION PDES IN RT x C?: EXISTENCE
AND UNIQUENESS OF SOLUTIONS, ASYMPTOTIC AND
BOREL SUMMABILITY PROPERTIES

O. COSTIN AND S. TANVEER

ABSTRACT. We consider a system of n-th order nonlinear quasilinear
partial differential equations of the form

w +P(@)u+g x,t,{Fu} =0; u(x,0) =us(x)

with u € C", for t € (0,T) and large |x| in a poly-sector S in C?
(& = 8%1183;’;...89{‘; and j1 + ... + ja < n). The principal part of the
constant coefficient n-th order differential operator P is subject to a
cone condition. The nonlinearity g and the functions u; and u satisfy
analyticity and decay assumptions in S.

The paper shows existence and uniqueness of the solution of this
problem and finds its asymptotic behavior for large |x|.

Under further regularity conditions on g and u; which ensure the ex-
istence of a formal asymptotic series solution for large |x| to the problem,
we prove its Borel summability to the actual solution u.

The structure of the nonlinearity and the complex plane setting pre-
clude standard methods. We use a new approach, based on Borel-
Laplace regularization and Ecalle acceleration techniques to control the
equation.

These results are instrumental in constructive analysis of singularity
formation in nonlinear PDEs with prescribed initial data, an application
referred to in the paper.

In special cases motivated by applications we show how the method
can be adapted to obtain short-time existence, uniqueness and asymp-
totic behavior for small ¢, of sectorially analytic solutions, without size
restriction on the space variable.
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1.1. General considerations. There are relatively few general results on
existence, uniqueness and regularity of solutions of partial differential equa-
tions in the complex domain when the conditions of the classical Cauchy-
Kowalewski (C-K) theorem are not met. The C-K theorem holds for first-
order analytic systems (or those equivalent to them) with analytic non-
characteristic data, and for these it guarantees local existence and unique-
ness of analytic solutions. As is well known, its proof requires convergence
of local power series expansions. Evolution equations with higher spatial
derivatives do not satisfy the C-K assumptions and even when formal power
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series solutions exist their radius of convergence is zero. One of the goals
of this paper is to provide a theory for existence, uniqueness and regularity
of solutions in such cases, in a relatively general setting. The theory also
applies to classes of equations of higher order in time and sufficiently high
order in space after reduction (by well known transformations, see e.g. [20])
to evolution systems.

The present paper generalizes [8] to d dimensions and arbitrary order in
the spatial variable, to r dimensional dependent variable, proves additional
results about short term existence and shows Borel summability of formal
solutions. A fortiori we obtain results on the asymptotic character of these
solutions. (In Appendix §7.2, we briefly discuss the definition and properties
of Borel summation.)

Under assumptions to allow for formal expansions for large x, we show
that series solutions are Borel summable to actual solutions of the PDE. For
this purpose we make use of Ecalle acceleration techniques. In special cases
we obtain existence and uniqueness results for ¢ in a compact set and large
enough x, and separately for small ¢t and fewer restrictions on x.

Properties of solutions of PDEs in the complex plane, apart from their
intrinsic interest, are relevant for properties in the real domain, as initial
singularities in C may give rise to blow-up at later times in the physical
domain. Representation of solutions as Borel sums is instrumental in ex-
tending techniques originally developed for ODEs [7] to find the location
and type of singularities of solutions to nonlinear PDEs [11].

It is certainly difficult to give justice to the existing theory of nonlinear
PDEs, and we mention a number of results in the literature relevant to the
current paper. For certain classes of PDEs in the complex domain Sam-
martino and Caflisch [17], [18] proved the existence of nonlinear Prandtl
boundary layer solutions for analytic initial data in a half-plane. This
work involves inversion of the heat operator 0; — dyy and uses the abstract
Cauchy-Kowalewski theorem for the resulting integral equation. While their
method is likely to be generalizable to certain higher-order partial differential
equations, it appears unsuitable for problems where the highest derivative
terms appear in a nonlinear manner. Such terms cannot be controlled by
inversion of a linear operator and estimates of the kernel, as used in ([17],
18)).

The complex plane setting, as well as the type of nonlinearity allowed
in our paper, do not allow for an adaptation of classical, Sobolev space
based, techniques. This can be also seen in simple examples which show
that existence fails outside the domain of validity of the results we obtain.

Certainly, many evolution equations are amenable to our setting; to il-
lustrate canonical form transformations and the general results we chose a
third order equation with quartic nonlinearity arising in fluid dynamics. De-
tailed singularity study [11] of solutions of this equation relies on the present
analysis.
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Our approach extends Borel transform regularization to a general class
of nonlinear partial differential equations. A vast literature has emerged
recently in Borel summability theory, starting with the fundamental con-
tributions of Ecalle (see e.g. [13]) whose consequences are far from being
fully explored and it is impossible to give a quick account of the breadth
of this field. See for example [7] for more references. Yet, in the context
of relatively general PDEs, very little is known. For small variables, Borel
summability has been recently shown for the heat equation [16, 3], and gen-
eralized to linear PDEs with constant coefficients by Balser [2]. One large
space variable was considered by us in [8], in special classes of higher order
nonlinear PDEs. The methods in the present paper are different and apply,
for large |x|, to a wide class of equations.

1.2. Notation. We use the following conventions. For vectors in C¢ or
multiindices we write

and for multiindices we define
k > m if k; > m; for all 7

If a is a scalar we write x* = (xf, 29, ..., 29).
With p, x and j vectors of same dimension d, we define

d
pJ = Hpii
i=1
and ‘
O = 093072 ..098
We write 1 = (1, 1, .., 1) and more generally, if « is a scalar, we write & = a1;
thus x! = Hle x;. For d-dimensional vectors a and b we write

b b1 pb2 bq
/ : dp:/ / / ~dp1dpz - - - dpq
a al az aq

The directional Laplace transform along the ray arg p; = @;,i = 1...d of F'
is given by

det”
) (L-Fy0= [ FE)eap

where xe’ will denote the vector with components ;e

defined as
(2) (f *9)(p) == / " F(s)g(p — s)ds

Convolution is

*
and H denotes convolution product (see also [6]). Whenever used as sum
or product indices, | takes all integer values between 1 and m, ¢ is between
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1 and d, As a sum or product multiindex, [j| indicates all j with positive
integer components subject to the constraint 1 < |j| < n.

2. PROBLEM STATEMENT AND MAIN RESULTS

2.1. Setting and assumptions. Consider the initial value problem for a
quasilinear system

(3w P@)u+g(xt {Bulye,) =0 ux,0) = u(x)

In (3), P(0x)u collects the constant coefficient linear terms of the partial
differential equation.
Emphasizing quasilinearity, we rewrite the equation as

(4) 8tu + P(ax)u + Z g2.J (X7 t? {@cu}|_]|<n> 6)1“
|J|=n

=81 (X7 t, {a)](u}\JKn) ; u(X> O) = ul(x)

The restrictions on g1, g2, and uy are simpler in a normalized form, more
suitable for our analysis. By applying 9% to (4) for all j with 1 < |j| <n—1,
we get an extended system of equations for f € C™, consisting in u and its
spatial derivatives of order less than n, of the type (see Appendix for further
details):

(5) / aj
Orf + PO = > gkt ) [T (0A1) " +r(x,8) with £(x,0) = £ (x)

q>0 Ll

where >~ means the sum over the multiindices q with

(6) YooY lilag<n

I=11<|j|<n

The matrix P is assumed to be diagonalizable, and modulo simple changes
of variables we assume it is presented in diagonal form, P = diagP;,j =
L...,m. In (5), g = (q;), 1 <[j| <n,1 <1< misa vector of integers
and P; is an n-th order polynomial. We let P,.; be the principal part of
Pj, i.e. the part that contains all monomials of (total) degree n. The
inequality (6) implies in particular that none of the ¢;; can exceed n and
that the summation in (5) involves only finitely many terms. The fact that
(6) can always be ensured leads to important simplifications in the proofs.
Let p>po >0, ¢ < 5-, >0 and

(7) Dy pix = {x: |arg x;| < g—i-qb; |zi| > p; i < d}

(8) Dsp = Dy,px % [0,T]
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Assumptions 1. (1) Thereisa ¢ € (0, %) such that for all p # 0 with
max; | argp;| < ¢ we have

(9) RPrij(—p) >0
(2) The functions bqg(-,t,-) are analytic in D= ,, x {f : [f| <e}. We
write
(10) ba(x,1:f) = > bg(x, t)f*
k-0
(3) For some constants o, > 1 independent of T (see also §7.1), A.(T) >
0, ag > 0
(11) sup  |x "r(x,t)] =A(T) <
XEDQL,P()‘X
(12) sup  |x "fi(x,t)| = Ap(T) < o0
XEDQL,po;x
(13) sup |x bg k| = Ay(T) < o0
k,q;XG'D i PO

(4) The analysis is interesting for n > 1, which we assume is the case.
2.2. Existence and uniqueness for large |x|.

Theorem 1. Under the Assumptions 1, there is a unique solution £ of (5)
satisfying the following properties in Dy pox: (a) £ analytic and (b) |x*||f]
bounded . Furthermore, this solution satisfies f = O(x~ 7) as x — 00 in
Dy 5.x, for large p.

Notes. 1. The proof of Theorem 1 is given in §4

1. As shown in [8], [11] for special examples, f, in a larger sector is
expected to have singularities with an accumulation point at infinity.

2. In section 6, we also show that in some special cases, there is a duality
between small t and large x.

3. Relatively simple examples in which the assumptions apply after suit-
able transformations are the modified Harry-Dym equation Hy + H, =
H3H,pp — H3/2, Kuramoto-Sivashinsky u; + e + Uzz + Uzzzz = 0 and
thin-film equation h¢ + V - (h3VAR) = 0 (the latter with initial conditions
such as h(x,0) = 1+ (1 + ax? + br2)~! in d = 2). The former equation is
discussed in detail in [8] and the normalizing process, adapted to short time
analysis, is described in §6.

4. The condition a,. > 1 is not particularly restrictive in problems with
algebraically decaying coefficients. For these, as discussed in [8], one can

1A restriction of the form |x|%|r(x, )| < A.(T)(*) may appear more natural. However,
since every component of x is bounded below in Dy «, it is clear that (*) implies (11) with
ar = &/d. The same comment applies for condition (13). This form is more convenient
in the present analysis. See also Note 4 following Theorem 1.
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redefine f by subtracting out from it the first few terms of its formal asymp-
totic expansion for large x. The new f decays faster at co and the condition
to a,- > 1 can be ensured.

2.3. Borel summability of power series solutions and their asymp-
totic character. Determining asymptotic properties of solutions of PDEs
is substantially more difficult than the corresponding question for ODEs.
Borel-Laplace techniques however provide a well suited modality to over-
come this difficulty. The paper shows that formal series solutions are Borel
summable to actual solutions (a fortiori are asymptotic to them). A few
notes on Borel summability are found in §7.2.

In addition to hypothesis of Theorem 1 we need, first of all, to impose
restrictions to ensure that there exist series solutions, to which end the
coefficients of the equation should be expandable for large x. In many
practical applications these coefficients turn out to be finite combinations of
ramified inverse powers of x;.

Condition 2. For large |x| and some N € N¢, the functions bq(x,t) and

r(x,t) are analytic in (:cl_l/Nl’ “‘":Egl/Nd)

Theorem 2. If Condition 2 and the assumptions of Theorem 1 are satisfied,
then the unique solution f found there is the Borel sum of its own asymptotic
series. More precisely, £ can be written as

(14) fct) = [ e Rip0dp
R+49
1 1
where ¥y is (a) analytic at zero in (pr1 , ...,pgNd); (b) analytic in p # 0
in the poly-sector |argp;| < ““5¢ + ﬁ, i < d; and (c) exponentially

bounded in the latter poly-sector.

Comment: For PDEs it is known that it difficult to show, by classical
methods, the existence of actual solutions given formal ones, when the formal
solutions diverge. Borel summability of a formal asymptotic series solution
shows in particular, using Watson’s lemma [4], that there always indeed exist
actual solutions of the PDE asymptotic to it. Borel summability also entails
uniqueness of the actual solution if a sufficiently large sector of asymptoticity
is prescribed (see, e.g., [1]). The Borel summability parameters proven in
the present paper are optimal, as explained in the following remarks, and
the sharp Gevrey class of the formal solutions follows too.

Remark 3. (i) It follows from the same proof that xn-1 can be replaced with
x? for any B € |1, =], The canonical variable in Borel summation is that
in which the generic Gevrey class of the formal series solution is one (i.e.,
the series diverge factorially, with factorial power one; [1]). This variable,
m our case, is X1,

(ii) At least in simple examples, the sector of summability is optimal. See
also Note 43.
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(iii) In many problems of interest the conditions of Theorem 2 are met by
the equation in more than one sector (after suitable rotation of coordinates).
Then the functions F1 obtained in (2) are analytic continuations of each-
other, as it follows from their construction.

(iv) If we had made the change of variable x — x™ (=1 first, (yielding
the normalized Borel variable), the transformed PDE would have been more
difficult to handle. Borel transforming directly from the x to p instead re-
quires us to perform, in the proof of Theorem 2, an acceleration in the sense
of Ecalle to establish Borel summability, but is technically simpler.

The proof of Theorem 2 is given in §5.
See also §7.1.

2.4. Spontaneous formation of singularities in nonlinear PDEs. Borel
summability of formal solutions associated to solutions with prescribed ini-
tial data is a key ingredient in the detailed analysis of spontaneous singu-
larities of solutions and in the study of their global properties. Applications
of the present techniques in these directions, partly relying on extensions to
PDEs of the methods in [7], are discussed in the paper [11].

3. INVERSE LAPLACE TRANSFORM AND ASSOCIATED INTEGRAL EQUATION

The inverse Laplace transform (ILT) G(p, ) of a function g(x, t) analytic
in x in Dy ,x and vanishing algebraically as x — oo (cf. Lemma 4 below
and Note following it) is given by:

(15 G0 = [£E] ()= o [ i

b
with a contour Cp as in Fig. 1 (modulo homotopies), C% C Dy px, and p
restricted to the dual (polar) domain Sy defined by

(16) Sg={p:|pi| >0; argp; € (=, ¢),i=1,....d}

to ensure convergence of the integral.
The following lemma connects the p behavior of the ILT of functions of
the type considered in this paper to their assumed behavior in x.

Lemma 4. If g(x,t) is analytic for x in Dy p.x, and satisfies
(17) x | |g(x,t)] < A(T)
for a > ap > 0, then for any 6 € (0,¢), the ILT G = L™ 'g exists in Sy_s

and satisfies

A(T)
(19) Glp. 1) < O

for some C = C(0, ayp).
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Proof. The proof is a higher dimensional version of that of Lemma 3.1 in
[8]. We first consider the case when 2 > o > ag. Let C)p, be a contour
so that the integration path in each x component is as shown in Fig. 1: it
passes through point p1 + |p;| ™!, and s = p1 + |ps| = + ir exp(i¢ signum(r))
with r € (—o00,00). Choosing 2p > p1 > (2/v/3)p, we have |s| > p along the
contour and therefore, with arg(p;) =6 € (—¢ + 0,9 — ),

lg(s,t)| < A(T)|s™ | and |e5P| < errlPl+de=rlplsin|o+0]
Thus,

/ e*Pg(s,t)ds
C

P1
(19)
o
< KA(T)erIPl H {|Pl + |pz'|_1_°‘/ fpilrsmadr} < K& %p ~1|e* Pl
; 0
7

% —Ip|rsiné
e pi|T Sin dr

o0
< 2A(T)err P+ | | / ’p1 + |pi| 7t + iret®
= Jo
(2

where K and K are constants independent of any parameter. Thus, the
Lemma follows for 2 > a > ay, if we note that I'(«) is bounded in this
range of «, the bound only depending on «y.

For a > 2, there exists an integer k > 0 so that o — k € (1,2]. Taking

[(k —1)1%h(x,t) = /: g(z,t)(x — z)* 1dz

(clearly h is analytic in x, in Dy, and 0Xh(x,t) = g(x,t)), we get

_ dkxkl u
hex ) = U [ sy - 0ty

—1)dkx(k=a)1 rA
= ([8{:_—1)'](1/1 Ax-y,t)y (y— 1)(k—1)1dy

with [A(x - p,t)| < A(T'), whence

1y < A1)
e = Tdjaira)e

From the arguments above with o — k playing the role of «, we get

_ AT) |\ 1ja-k-1 2
L7 H{h}(p,1)| < C(3) [pt[r el
[T(e)]?
Since G(p,t) = (—1)kpt*L=1{h}(p,t), by multiplying the above equation
by |p!|¥, the Lemma follows for o > 2 as well. O

Remark 5. The constant 2p in the exponential bound can be lowered to
p+0, but (18) suffices for our purposes. Note also that the statement also
holds for p =0, a fact that will be used in §6.
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Remark 6. Corollary 9 below implies that for any p € Sy, the ILT ewists
for the functions r(x,t), bqk(x,t), as well as for the solution f(x,t), whose
existence is shown in the sequel.

Remark 7. Conversely, if G(p,t) is any integrable function satisfying the
exponential bound in (18), it is clear that the Laplace Transform along a ray
(1) exists and defines an analytic function of x in the half-plane for each
component defined by R[eix;] > 2p for 6; € (—¢, $). Due to the width of
the sector it is easy to see, by Fubini, that LG = g.

Remark 8. The next corollary finds bounds for Bqx = L Y{bqx} and
R = L Yr} independent of arg p; forp € Sy, following from the properties
of bqx and r in D2L7p0 DDy p.

Corollary 9. The ILT of the coefficients bqx (cf. (10)) and of the inho-
mogeneous term r(x,t) satisfy the following upper bounds for any p € Sy

(20) Bax(p,t)] < %ﬁfj,&lb@”p a=1|,20lp]
(21) IR(p,t)| < %A,@ﬂp r=1|¢200lp]

Proof. The proof is similar to that of Corollary 3.2 in[8]. From the conditions
assumed we see that bg i is analytic in x € Dy, ,:x for any ¢; satisfying
(2n)~'7m > ¢1 > ¢ > 0. So Lemma 4 can be applied, with g(x,t) = bg x,
with ¢1 = ¢+ ((2n)~'7 — ¢) /2 replacing ¢, and with  replaced by ¢y — ¢ =
((2n) "7 — ¢)/2. The same applies to R(p, 1), leading to (20) and (21). In
the latter case, since i, > 1, ag in Lemma 4 can be chosen to be 1. Thus,
one can choose C to be independent of .. O

Lemma 10. For some R € R™ and all p with |p| > R and max;<q | arg p;| <
¢ we have for some C >0

(22) RP;(—p) > Clp|"

Proof. For the proof, we take B = {p : [p| = 1, max;<q4|argp;| < ¢} and
note that
(23) Cop = inf Q%’Pn;j(—p) >0

PEB

1<j<m
(cf. definitions following (6)). Indeed, if Cp = 0, then by continuity
RPp;;(—p) would have a root in B which is ruled out by (9). The con-
clusion now follows, since on a sphere of large radius R, P; is given by

R"Pr;j(—p/R) + o(R"). .

The formal inverse Laplace transform (Borel transform) of (5) with respect
to x (see also (10)) for p € Sy is
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(24) OF+P(-p)F =33 Bau+F*x ] ((_p)jﬂ>*ql’j +R(p, 1)

qz0 k>0 Ll

where F = £L7!f. After inverting the differential operator on the left side of
(24) with respect to t, we obtain the integral equation

(25) F(p.1) = N(F) = Fo(p, 1)
+ / PPN S Bau(p, 1) F H(p )¢ [ ((—p) R (por)) s

0 q=0 k>0 1,ljl
where
(26)
t
Fo(p,t) = e PP (p) +/ e PEPTIR(p, 7)dr and Fr = £L71{f7}
0

Our strategy is to reduce the problem of existence and uniqueness of a
solution of (5) to the problem of existence and uniqueness of a solution of
(25), under appropriate conditions.

4. SOLUTION TO THE ASSOCIATED INTEGRAL EQUATION

To establish the existence and uniqueness in (25) we first introduce suit-
able function spaces.

Definition 11. Denoting by S, the closure of S, defined in (16), dS, = Sp\
S, and K = 84 x [0,T), we define for v > 0 (later to be taken appropriately
large) the norm || - ||, as

(27) IGll, = M sup (H(l + IpiIZ) e PG (p,1)|

(pvt)eK 1

where the constant My (about 3.76) is defined as
{2(1 + s?) (In(1 + s?) + s arctan s) }

(28) My = sup

s>0 s(s?+4)

Note: For fired F, ||F||, is nonincreasing in v.

Definition 12. Consider the following Banach space.

(29) Ay = {F :F(-,t) analytic in Sy
and continuous in Sy for ¢ € [0, 7] s.t.||F[, < oo}
Remark 13. If G € Ay, then g(x,t) =: L {G} exists for suitable 0 if

pcos(0; +argx;) > v. Furthermore, g(x,t) is analytic in x, and |x'g(x,1t)|
is bounded in Dy ..
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Lemma 14. For v > 4pg+ oy, Fy in (26) satisfies
7], < C(9) Ay (v/2) =t
while R satisfies the inequality
IR|l, < C($)A(T)(v/2)~ "+
and therefore
(30) 1ol < C(¢)Ao(T)(v/2)~ "+

Proof. This proof is similar to that of Lemma 4.4 in [8]. We use (21), note
that a,. > 1 and also that for v > 4pg + «;, we have

rtl ~E1
(31)  sup we—(v—%o)lpﬂ < (o £ 1)

< 6—(11«?1 (V o 2p0)*ar$1
|p1/>0 [(a) [(ar)
< KO(}/Q:H(I//2)_QT:F1

where K is independent of v and «,. The latter inequality follows from
Stirling’s formula for I'(c.) for large a.

Using the definition of the v—norm and the two equations above, the in-
equality for ||R||, follows. Since f7(x) is required to satisfy the same bounds
as r(z,t), a similar inequality holds for ||F||,. Now, from the relation (26)
and the fact that ®P;(—p) is, by Lemma 10, bounded below for p € Sy, we
get the following inequality, implying (30)

Fo(p,t)| < |Fr(p)| + TAo(T) sup |R(p,t)|
0<t<T
]

It is convenient to introduce a space of sectorially analytic functions pos-
sibly unbounded at the origin but integrable.

Definition 15. Let
H = {H : H(p, t) analytic in Sy, |H(p,t)| < C |p _1| ep|p|}
(C, a and p may depend on H).

Lemma 16. If H € H and F € Ay, then for v > p+4, for any j, Hx F; €
Ay, and?:

(82) | Fylly < [[[H]« ], < CID(@)? 2% = p)~*|[F]l,

where C' is independent of a.

2In the following equation, || - ||, is extended naturally to functions which are only
continuous in K.
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Proof. The proof is a vector adaptation of that of Lemma 4.6 in [8]. From
the elementary properties of convolution, it is clear that H * I} is analytic
in Sy and continuous in Sy. Let 0; = argp;. We have

[H « Fj(p)| < [[H| * |Fj|(p)| < /Q - [H(se™)||F(p — se”)|ds
Y5 |Pi
Now
(33) [H(se?)| < Cs 71|l
and

BY o s IBPEp s s
[0,]p:]]

s@ L= (v—p)lpilsi

< ||Fjl, ePlip |H[/ My 1+|p (1_8)2)d8i

Since v — p > 4, we can readily use (122) in the Appendix with p = |p;|, v
replaced by v — p, o =1and m =1 to conclude

s Le—(w=p)lpilsi e < KT (a) 2%(v — p)~
Mo( 1+|p’ (1=s)2) "= Mo(1+[pif?)
Therefore, from (34), we obtain
(36)

o s TLRRB(p - sel )ids < K[(a)
[0,|p:l]

(35) |pi !a

a | Fjllve’ P 2%y — p| e
Mg L1+ |pil?)
From this relation, (32) follows by applying the definition of || - |,. O

Remark 17. Lemma 16 holds for p = 0 as well, when v > 4.

Corollary 18. For F € Ay, and v > 4pg + 4 we have Bqx * F; € Ay and
B * Filly < [ Bqxl * [Fl]|, < KC1(9,aq) (v/4) "9 A4y(T) [|F|l,

Proof. The proof follows simply by using Lemma 16, with H replaced by
Bg x and using the relations in Corollary 9. O

Lemma 19. For F € Ay, with v > 4pg + 4, for any j, [,
KORTEDAT) gy, ()~
METL( + [pil?) Y
Proof. From the definition (2), it readily follows that
Bqx * (PP F)| < [P|I Bl * |F]
The rest follows from Corollary (18), and the definition of || - ||,. O

B * (P1F)] <
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Lemma 20. For F, G € Ay and j >0

(37) (PF) * Gio| < [P] | [F| |G|

Proof. Let p = (p1™, pae®2, .., pge?®@). Then the result follows from the
inequality

(38)

’pjﬂ1*Gl2‘ = ’/ S‘]Fl1 Glg( — S dS

<mﬂ/ oy TR DG s

O
Corollary 21. If F € A, then
(39) H (pjﬂ> *q1,j < H’p | l|J|]z(IlJ H‘F|*ql‘]
L,1jl L,1jl
Proof. This follows simply from repeated application of Lemma 20. O

Lemma 22. For F, G € Ay,

v|p
e
F|+|GI| < IFIL |Gl
‘ Mg T+ [pil?)
Proof
\m*%—v IGE - < fo P 9IGER - ds
i 07 Pli
Using the definition of H - ||, the above expression is bounded by

ds; |pi|eV|p|
F|.IIG|. / < Fll, |Gl
AWA\HH\III T (oo S s FIE

The last inequality follows from the definition (28) of M since

/|Pi| ds; _ 21n(|pi\2 + 1) + |p;| tan™! [p;]
o (L+s)L+(Ipil —s:)?] [pil (|pil? + 4)

Corollary 23. For F, G € Ay, then
|1F] |G, < IFLIG].
Proof. This is an application of Lemma 22 and the definition of || - ||,. O



NONLINEAR EVOLUTION PDES IN Rt x C¢ 15

Lemma 24. For v > 4py + 4,
(41)

P
* . *q1.j el/lpl H |p2| inZ,j
By «FT[ (1R) | < i
? }_J[ ML+ [pif?)

if (q,k) # (0,0) and is zero if (q,k) = (0,0).

Proof. For (q,k) = (0,0) we have Bgx = 0 (see remarks after eq. (10)). If
k # 0, Corollary 21 shows that the left hand side of (41) is bounded by

B[ [ By« FY ],

P
[Tieil 73 |[Baad = ]« B0 < T o

Using Corollaries 21 and 23 and Lemma 22, the proof follows for k # 0.
Similar steps work for the case k = 0 and q # 0, except that Bqy is

convolved with pI' Fj, for some (j',11), for which the corresponding g, 3 # 0,
and we now use Lemma 20 and the definition of || - ||, O

Corollary 25. For v > 4py + 4,

(42)  |Bqux s T (p'5) ™

l?‘j‘
P
< _[{C’lflb(jj)ey‘pl Hz |pl| JidLj (z)fdaq ||F”‘q|+‘k|
a Mg T+ [pil?) 4 Y
The proof follows immediately from Corollary 18 and Lemma 24 0.

Lemma 26. For v > 4pg + 4, we have

¢ * . *q1,j
(43) / efP(*P)(th)B%k * K 4 H (pJFz> e dr
0 L

C./Zlb T 6”‘p| v\ —daqg
< TR ()7 i
ML+ Toi)

4
for some Ay(T) > Ay(T) (evaluated in the proof) and where the constant C
is independent of T', but depends on ¢ and ag.

Proof. This is a consequence of Lemmas 19 and 24 and the fact that for
0 < |I'| < n we have, for |p| < R (with R as in Lemma 10),

t
(44) J = ‘pll / e RPEPNITT) dr < Oy(T)

0
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For |p| > R we have, by Lemma 10, P(—p) > C|p|™, and J is majorized by

v 7= /n)5| 1V 1— e

(45) mmax L 1— e ®PiPt| < |p|/ sup e/
ism RP;(~p) jzm [RP;(=p) [V s A1/

< ort-/n
where ' = 3. | jai ;- O

Definition 27. For F and h in Ay, and Bqx € H, as above, define hg = 0
and for k > 1,

(46) hy = By * [(F + h)*™ — F*¥].

Lemma 28. For v > 4pg + 4, and for k # 0,

[k|—1
(47) Il < I (1L + B0 ) [ Bax

and s zero for k = 0.

],

Proof. The cases |k| = 0, 1 follow from the definition of hy and (46) respec-
tively. Assume formula (47) holds for all |k| < I. Then all multiindices of
length [+ 1 can be expressed as k + &;, where &; € R™ is the m dimensional
unit vector in the i-th direction, and |k| = [.

ity = [Ba * (F + hi) * (F +1)™ = Bgcx Fi ™,
= | B * hi * (F +h)™ + F s hy||,
Using (47) for |k| =1, we get

-1
< [IBal * [l (1l + [[B]l,)" + lIIFHu(HFHu + HhHu> [Bax! = [,

l
< @+ 1)(IF )l + b)) [[Baxl = Rl
Thus (47) holds for |k| =1+ 1. O

Definition 29. For F € Ay and h € Ay, and Bqx as above define gg = 0,
and for |q| > 1,

(48)  ga=Bax* [] (Pj [Fi + hl])*%j ~Baxr || (ijl)*qlJ

Ljl L1l

Lemma 30. Forv > 4py+4, go =0 and for |q| > 1

¢’ Pllq]
MGTTL,(+ [pif?)

F’qu. a1
(19) |gal <[p 3 (Il + 1m0 )™ [liBaud < 1],

and is zero for q = 0.
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Proof. The cases |q| = 0, 1 follow from the definition of go and (48) respec-
tively (since only terms linear in F are involved in (48)). Assuming (49)
holds if |q| < we show that it holds for q + &, where & is a unit vector, say
in the (11, j1,j5, ..., ji;) direction. We have

(50) |ggqta| < |Bgk * [pj/(Fll i hll)} . *H [pj(Fl N hl)] *q5
Ljl
— Bgx * [P’]/Fll} * *H [ijl} g
Ll

| TL[PE+] ™+ 107

l’|j|

< ‘Bq,k * (pj/hh)

Using Lemma 24 and equation (49), we get the following upper bound im-
plying the induction step

P
‘pi’-i- Javj| evIPl P
| < Fl, + [hl,) % [[Byy|*|h
., P
‘pJJr Jai| | qlevIPl
-1
+ ([l + [B])' 9 [ F || Baad = b,

MG T+ [pil?)
P
Ip d@sten)(|q 4 &|eIPl

< (IF ] + [0l [ Bal * ],
L MITL( + [piP) Bl = ]

Lemma 31. For F and h in Ay, v > 4pg + 4,

k% . *q1j * . *q1j
Bq7k*<F+h> * H(PJ(FH‘hl)) ql,J_quk*F*k* H(PJFZ> QZ,J‘

Ljl L,1jl

P.

p 3] (la] + ke
Mg TT (1 + [pif?)

if (q,k) # (0,0) and is zero otherwise.

k -1
(1F Yl + 1)1 B # bl

(51) <

Proof. Tt is clear from (46) that the left side of (51) is simply

hk . *H (pJ(ﬂ n hl))*‘ll,j + F*k % gq
L1jl
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However, from Corollary 21, Lemmas 22 and 28,

P
* . 5 |p J‘ﬂ’J"|k|€”|p|
hy * ( F+h ) <
e ) S

and from Corollary 21, Lemmas 22 and 30,

(IF [l + |[h]l,) <91 B o] «[h]]|

P
Ja; v|p|
g < o tllaee
Mg T+ [pif?)
Combining these two inequalities, the proof of the lemma follows. O

(IF [l + [[h]l,) <=1 B o] * |,

Lemma 32. For v > 4pg + 4 we have

k . *H (pJ(Fl n hl)>*qz,j

t *
(52) / e~ P(=p)(t-7) B * (F + h>
0 L

—Bgx * FrK 4« *H (ijl>*qlJ dr

Ll y
~ _ v\ —dag
< A(1)C(@)(lal + k) (IF [l + 1)< () |m,
Proof. This follows from Corollary 18 and Lemma 31 and the definition of
| - |l together with the bounds (44) and (45). O

Lemma 33. For F € Ay, and v > 4py + o, + 3 large enough, (see Note
after Definition (11)), N'(F) defined in (25) satisfies the following bounds

(53) NIl < [Foll, + C(@) AWM Y (%)‘d““ [l 1

qz0 k>0

(54) NP +b) — (Bl < C(0)A(T) ],
S5 (E) ™ al ) (IF -+ )/

q>~0 k>0

Proof. The proofs are immediate from the expression (25) of NV(F) and
Lemmas 26, 28 and 32. Note also that the sum with respect to q only
involves finitely many terms, see (6).

O

Remark 34. Lemma 33 is the key to showing the existence and uniqueness
of a solution in Ay to (25), since it provides the conditions for the nonlin-
ear operator N' to map a ball into itself as well the necessary contractivity
condition.
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Lemma 35. If there exists some b > 1 so that

(55) blIFol, < 1
and
- ’ v —da 1
(56) C@OABMY Y () IoFoll <1+
q=0 k>0

then the nonlinear mapping N, as defined in (25), maps a ball of radius
b||Fol|, into itself. Furthermore, if

(57) C'(Qf’)flb(T)Z/ Z(|q\ + |k]) (%)ﬂjaq (3p)lkIHal=L gy Ik +al -1 <

q>=0 k>0

then N is a contraction there.

Proof. This is a simple application of Lemma 33, if we note that in the ball of
radius b||Fo||, |F||X < v*||Fo||¥ and using in (54) the fact that ||F|,+||h[|, <
3b|[Foll, if max{|[F[,, [[F +hl|,} < b|[Fol|. O

Lemma 36. Consider T > 0 and ¢ € (0,(2n)717) so that (9) is satisfied.
Then, for all sufficiently large v, there exists a unique F € Ay that satisfies
the integral equation (25).

Proof. We choose b = 2 for definiteness. It is clear from the bounds on
|Fol|, in Lemma 14 that for given T, since a, > 1, we have b||Fo|, < 1 for
all v large. Further, it is clear by inspection that all conditions (55), (56)
and (57) are satisfied for all sufficiently large v. The lemma now follows
from the contractive mapping theorem. U

4.1. Behavior of °F near p = 0. In the following proposition, we denote
by °F the solution F of Lemma 36.

Proposition 37. For some K1 > 0 and small p we have |*F| < K;|p![*—!
and thus || < Ko|x'|~*" for some K3 > 0 in Dy, as |x| — oc.

Proof. The idea of the proof is to note that, once we have found °F, this
function also satisfies in a neighborhood of the origin S, = SN{p : |pi| < a;}
a linear equation of the form

(58) F=G(F)+Fy or F=(1-G)  'F

where, of course, G depends on the previously found °F; there are many
choices of G that work. Every term in the sum in (25) is a convolution
product; in each of them we replace all but one component of F by the
corresponding component of °F; GF is defined as the sum of the terms
thus constructed. Estimates of the form used for Lemma 33 show uniform
convergence of the sum for large enough v (or small a). The result is a G as



20 O. COSTIN AND S. TANVEER

below, where the sum over p contains only finitely many terms and which
has manifestly small norm if a is small (or v is large)

t
(59) gF:/ e~ P(=p)(t—7) [ZGZ*F}+ZG *((—p) F )|dr
0 !

By (11), (12), (26) and Lemma 4, we see that |Follcc < K3|a® ~!| in S,
for some K3 > 0 independent of a. Then, from (58) for small enough |a|,
we have

I%aXISF(p, ) =I’F|| < (1 - HQII)_ID%aXIIFoH < 2K3[a% |
and thus for small |p|, we have |F(p,t)| < 2K3 ‘pa““*l‘ and the proposition
follows. Indeed, the arguments also show that that the same estimates hold
when any component p; — 0, if the others are bounded. [l

4.2. End of proof of Theorem 1. Lemma 4 shows that if f is a solution
of (5) satisfying |x!||f| < A(T) for x € Dy ,x, then L7{f} € Ay s for
0 < 0 < ¢ for v sufficiently large. For large enough p, the series (10)
converges uniformly for x € Dy ,x and thus F = L£7H{f} satisfies (25),
which by Lemma 36 has a unique solution in A, for any ¢ € (0, (2n)~'r)
for which (9) holds. Conversely, if ‘F € Aj is the solution of (25) for
v > v, then, for sufficiently large p, ¥ = L°F is analytic in x in Dy ,
for 0 < ¢ < ¢ < (2n)~'m (cf. Remark 13). Proposition 37 shows that
f = O(x7%) and entails uniform convergence of the series in (5). By the
properties of Laplace transforms, *f solves the problem (5).

5. BOREL SUMMABILITY OF FORMAL SOLUTIONS TO THE PDE

We now assume Condition 1 in addition to Assumption 1. In our ap-
proach it was technically convenient to use oversummation, in that the in-
verse Laplace transform was performed with respect to x. Showing Borel
summability in the appropriate variable (X%, as explained) requires fur-
ther arguments.

5.1. Behavior of F for large |p| outside S4. For the purpose of showing
Borel summability of formal series solutions we need to control F for large |p|
uniformly in C?. For this purpose we introduce two other Banach spaces,
relevant to the properties we are aiming to show. Firstly, let B(v,n,S)
be the Banach space of functions analytic in the sector S = {p : |pi| >
0,arg(p;) € (a;,b;)} and continuous in its closure, where b; — a; will be
chosen larger than 27 N; (cf. Condition 2) The Banach space is equipped
with the norm

P
(60) [l = sup | @(p,p)e D 5t
pEeS;te(0,T)
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Lemma 38. For any intervals (a;,b;), i = 1,...,d the solution F of (25)
given in Lemma 36 is in B(v,n,S).

Proof. Because of the obvious embeddings, it suffices to show that for any
S, (25) has a unique solution in B(v,n,S). The proof of this property is
very close to that of Lemma 36, after adaptations of the inequalities to the
new norms, which are explained in the Appendix, §7.4. U

5.2. Ramification of F at p = 0 and global properties. We define
B(v,n,€1) to be the Banach space of functions defined on S¢ = {p :
max; [p;| < e} in the norm (60) with S replaced by SZ .

Lemma 39. Let

Jd

J1 Jd
(61) GP)= > prtpg"Aj. ()
0=<j<N

where Aj, . ;, are analytic at p = 0. Then the functions Aj, . ;
and for some constants C1 and Co and large p we have

(6 |Ajea) < Crlp| max [Goie?™, e peem)|

4 are unique

In particular, in Sf we have, for some constants C3 and Cy,

b .
(63) Cs max, |§|§S)f |G(p1e*™, ..., pge™i™)|

< sup |4;,,.;,(P)| < Cy max_ sup |G(p1e¥'™, .., pae®l"™)|
Iplesd 0=J=N |plesd

Remark 40. We note that in (62) the order of analytic continuations is
immaterial.

Proof. The proof is by induction on d. We take d > 1, assume (39) with A4;
analytic and write p = (p1, p*). We have

g j2 da
64) Gp)= > p° > Pa? 0y Aju,ja(P)

0<ji<N1 {im <Nm;m=2,...,d}

J1
= > p'Gupph)
0<j1<NVy
(with the convention that Gj, = A;, if d =1). We write the system
(65)

G(p162k7”, pL) _ Z 62k]17rz/N1p{V1 Gjl (pl,pL); k= 0’ 1’ - Nl 1
0<j1<N1

which has nonzero Vandermonde determinant, from which G, (p1, pl) are
uniquely determined, which in turn, by the induction hypothesis determine

Aj, ..., with the required estimates. O
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Lemma 41. Under the assumption 1 and condition 1, the solution in Lemma
36 can be decomposed as follows:
g1 Jd.
(66) F(p.t)= Y p* - py"Ai(p,t)
0=xj<N

where Aj(p,t) € B(v,n,S) are analytic at p = 0. Furthermore, in analyzing
the continuations in restricted sectors pe®™ e Sy we have for some v, in

the norm defined in (27 ) (cf. also Remark 40)
(67)  max {[F(e>, ), (A )0 }:0 25 < N = K < oo

Proof. We consider the equation (25) on ‘B(V,n,S)N where N counts the
A;(-,t) via the decomposition (66). Noting that

Fla+DIB+1) 4441
Mo+ B+2)

it is straightforward to show that the space of functions of the form (61)
is stable under convolution. Since R(p,t) and therefore Fo(p,t) are of the
form (66) it follows that A leaves the space of F of the form (66) invariant.
Using the estimates (63) we see that A is well defined in a small ball of
radius €2 in in B(v,n,S) and that it is a contraction there. Therefore the
solution to (25) is of the form (66). For pe?™ € S;, ||F(pe?™)]|, are
well defined. Using again Lemma 39 the first statement follows. To show
finiteness of ||A;(+,)||, it suffices to prove finiteness of | F(pe?™)||,. To this
end, we note that all these continuations satisfy equations of the type (2)
with coefficients satisfying the requirements in §3 and thus the result follows
from Lemma 36.

(68) p*xpf =

O

Lemma 42. Assume G is an entire function of exponential order n, more
precisely satisfying the inequality |G(p)| < Ce’P!" for some constants C,v
and that in a sector Sy = {p : |p| > 0, max; | arg(p;)| < ¢}, it grows at most
exponentially, |G(p)| < Ce”'IPl. Then there exists a function G increasing
at most exponentially |G1(p)| < Ce*2IPl in any proper subsector of S¢, where

o1 = ﬁ + % and such that G(z") is analytic at z =0, such that

(69) g(x) == /0 h e P*G(p)dp = /0 et Gi(p)dp

Proof. We start with the case when G, x and p are scalar, the general case
following in a quite straightforward way as outlined at the end.

The assumptions on G ensure that the first integral in (69) exists and
g(z) has an asymptotic power series in powers of ! in a sector of opening
7+ 2¢ centered on R*. The function g1 (z) = g(z("~1/") has a (noninteger)
power series asymptotics in a sector of opening " (7 + 2¢) and by the
general theory of Laplace transforms, G := £ 'g; is analytic in a sector
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of opening —"5 (7 + 2¢) — 7 centered on R™, Laplace transformable, with
Laplace transform g;. It follows that
(70)
1 c+1i00 00 n1)/n )
Gip) = 5= [ e [T Gdadu = [T K ()Gl
C

211 — oo

1/n

We show that G has a convergent expansion in powers of p*/™ at zero. The

function
(71) Kn-1(p,q) = (%) Cozt(¢"/p"™")

is Ecalle’s acceleration kernel [1, 14]. For o € (0,1), with 8 = 1 — «,
¢ = Ba®/B, the function C, is an entire function and has the following
asymptotic behavior [1, 14]:

1/2 —czx

T
e z] = oo, |argz| < 3

X

72 c o

(72) a(z) ~ W

Using (71) we see that

(73) / Ku-1(p,q)q"dq =p(”kk1)/”’/ s Cn1 (s™)ds
0 n 0 n

We expand the entire function G in series about the origin, G(q) = EkN:_ll grgt+
Ry (q) and note that
(74)

B (g)] < Z |G9(0)]|g/*/k! < Z 1GF)(0)]|q* k! < Cersld™ = E(q)

uniformly in C. By (72) and (74) (q)Ca(q”/p”_l) is, for small enough p,
in L;[0,00] in ¢. By dominated convergence, we have

/O Kno1(p,q)G(g)dg = lim Kn 1(p,q ngq dg

N—oo Jg

and, using (73) it follows that for small p, G is the sum of a convergent
series in powers of p/", as stated?.

The argument for d variables and vectorial G is nearly the same: a vec-
torial G is treated componentwise, while the assumptions ensure that the
multidimensional integrals involved can be taken iteratively, the estimates
being preserved in the process.

O

Collecting the results of Lemma 41 and Lemma 42 applied to each of the
A;, the proof of Theorem 2 follows.

3To estimate the radius of convergence of this series it is convenient to start from the
duality (69) and apply Watson’s lemma, using Cauchy’s formula on a circle of radius
EY™ /(nv)Y™ to bound |G*)(0)] .
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Note 43. In the example Oyu+ (—0;)"u = 0 we have ¢ = 5. Formal expo-

e

nential solutions have the behavior, to leading order, exp (cn(—m)ﬁt_%>

with ¢n = (n — 1)/4/n"1 (for all determinations of (—x)#-1 ). This also
points to x»—1 as natural variable and indicates that the sector of summa-
bility cannot be improved since it is bordered by (anti)stokes lines.

6. SHORT TIME EXISTENCE AND ASYMPTOTICS IN SPECIAL CASES

In some cases, the Borel summation approach can be adapted to study
short time existence of sectorial solutions and study small time asymptotics.
One important application is in the analysis of singularity formation in PDEs
[11]. For simplicity, and since some assumptions are less general than in the
rest of the paper, we restrict to d = 1 (scalar case) in this section.

We motivate the assumptions made by looking at a particular example
arising in Hele-Shaw flow with surface tension

3

H
(75) Hy=——+ H3H,., H(z0)=z"1/?

the modified Harry-Dym equation (see [19], where it arises with £ = z+1¢ (as
a local approximation near an initial zero of the derivative of a conformal
mapping).

6.1. Formal series, preparation of normal form. Note: To simplify
notation, in the following we let p stand for generic polynomials, p* for
polynomials with nonnegative coefficients, and p(,,) for polynomials of degree
n. Similar conventions are followed for h which represents homogeneous
polynomials. Substituting in (75) a power-series of the form Y > ;" H, ()

where Hy = 2z~ /2 yields the recurrence
(76)
1
(n+1)H, = —3 H, H,,H,, + HmHngHmel’f1
n; >0, ?:1 n;=n n; >0, ?:1 nj=n

which inductively shows that H, = z‘l/Qh(n) (2_9/2, z71). We let
(77)
N N 9
o n _ .—1/3 -3 4, .—2/3). _ %.3/2
gn(z,t) == kz_ot Hy(z) =a~ T;)b(n)(tx ,tx2/3); where & = 3% /

In terms of z, (75) becomes,

1 3z 3 1
(78)  N(H):= H; + 5H3 - 7H?’Hm — §H3Hm + @Hg’Hx =0
It is straightforwardly shown that
1 _ _
(79) Ngn(z,t) =tz Ipun+1)(te 3 tx 2/3)

where for small z1, zo we have moreover

(80) Pun+1) (1, 22) = by (T1,22) [1 4+ O(21, 72)]
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It is then natural to substitute :
(81) H(z(z),t) = gn(z,t) + 27 2f(z, 1)
into (75); we choose without loss of generality N > 3.

It will follow from the analysis that |f(z,t)| = o (a:5/3h(N) (tz3, tx_2/3))
for small tY/3z~! with argz € (—% — 0,5+ gzﬁ) and ¢ € (0,5), thus H ~
S (1" H,(2) for small t1/3z71 (see Corollary 44).

Substitution shows that f(x,t) satisfies an equation of the form (5), with
n = 3 (third order, m = 1 (scalar case), with (cf. also (10), and (114) below)

(82)
Jq

7"(.%, t) = t71$5/3P(4N+1) (tx737 tx72/3); bq,k: = wiﬁk Z xiaq’kpq,k;j (tmigv t$72/3)
j=1

Note: By (80), r(z,t) is small for small ¢ or large z, in spite of the prefactor

t=125/3,

6.2. More general setting. Setting 1. We take pg = 0, suitable for
algebraic initial conditions in the domain, and consider the domain Dy g ,,

with ¢ < g small enough to ensure (9). Taking f(z,t) — f;(z) as the

unknown function we may assume
fr(x)=0

(see Note 3 after Theorem 3) and require that
Jr

83) el ol <t Jel g, (P01 )
j=1

where the degrees n; satisfy
(84) niB—wj>1 for 1<I<K,1<j<J,

(As before, (84) implies that r(z,t) is small for large = or small ¢). The pos-
itive constants wy, wa, ...,.w7., B1, B2, ....,0x and V1, Y2, ..., VK, are restricted
by the condition

(85) = & >n
71
The labeling is chosen so that
(86) a=Ps B Px
72 YK

Also, if for some 1 < j < K — 1, Tj = ﬁ, we arrange (; > (j4+1. The w;
are arranged increasingly:

(87) wi <wy < ... <wy,
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Furthermore, for any x € Dy, We require
Jq

(88)  Ibqu(a, )] < a3 afowrpg (2], 60 2] )
j=1

(89) 6>0, 0q,1 > Qg2 > ... > O0q Jq 3 bq,k #0= Qqj +ﬂ|k| >0

If only finitely many bgq k are nonzero we allow

(90) B3>0

We also require that for all q, k for which bg # 0 we have

. n .
O mgx:=n+wilal = 1) = agr+ (w1 = H)k| -~ > ;=0
75l

Note: Assumption (91) is satisfied by modified Harry-Dym and by cer-
tain classes of nonlinear PDEs and initial conditions— for instance, the thin-
film equation h; + (h3hgzzz)z = 0, with singular initial condition h(x,0) =
=% for a > 0, but is generally quite restrictive. Weakening it requires more
substantial modifications of the framework and will not be discussed here.

Setting 2. Better properties are obtained under the assumptions de-
scribed below.

n=mn
P(—s) =s"
(92) 1 J,
r(z,t) = $ Y0 aiay (a0 L K g K)
bqx(,t) = 2K Z;‘]il riag e (a0, L KT

where a;, aq k ; are analytic near the origin and for small |z| we require, with
the same restriction (84) on nf,

_l’_
(93) a5(2)| < 83 (121] s 20)
The restrictions on the numbers 31, 52, ...08k, V1, Y2, --- VK, Qq,j, €tc. are as
in Setting 1. Furthermore, we assume that there is an w € R™ so that the
nonnegative numbers
(94)
Mgks W2—W1, s W, — W1, Qg1 — Qg2 -5 Qg1 — Qg Jqs Y2~ B2 -, NYK — B

are integer multiples of nw. This condition, satisfied for the problem (75),
comes out naturally in a number of examples and ensures the existence of
a ramified variable in which the solutions are analytic. We choose w > 0 to
be the largest with the property above. Define

(95) C=yt " £ ) = £(¢¢ L)
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and

(96) Dy, ={C:1C1 > ps |arg(| < ¢}

Theorem 3. (i) In Setting 1, under Assumption 1, there exists for large
enough p a unique solution f(xt=/" t) to (5), for ¢ = xt=1/" € Dy, and,
with n’; as in (84),

(97)

Jr
(0] < D QI8 My (¢~ 47272 =02 e O R ¢ |y
j=1
(ii) In Setting 2, under Assumption 1, for any T > 0 there is a p = p(T) > 0
so that the mapping
(C,0) = 07w £(,0')
is analytic in Dy, x {0: 0] < T}.

Notes: 1. The function p will, generally, increase with 7.

2. The restriction d = 1 is not essential, but made for the sake of simplic-
ity.

3. In these settings, there is a duality between large x and small ¢ in the
asymptotics: ¢ can be large either due to largeness of x or smallness of t.
For ¢ in a fixed interval, there exists some p so that the asymptotic bounds
are satisfied for ¢ € lA)d,,p.

4. The following example shows that the requirement 7 > n is natural. In
the equation g;+(—0;)"g = 0 with g(z,0) = ™, substituting the expansion
gz, t) = 27+ > Nt gn(x), we get gn(z) = O(xz~*~"). Thus one of the
scales that emerge in the formal expansion is ¢/z". On the other hand, in
view of (83) and (88) the most singular term as x — 0 is of the order t/z"

5. The leading order term in the Taylor expansion of 0 st , fo, satisfies
an easily obtained ODE. The convergence of the series in part (ii) implies
that singularities of fo can be related to actual singularities of the PDE for
small time and this is the subject of another paper ([11]).

since n = £8. Combining with the above discussion we see that n > n.

Corollary 44. For the initial value problem (75), for any T > 0 there is a
p = p(T) such that

o0
(98) H(zt) =Y t75 Gi(at™?)
k=0
where the series converges in the region {(z,t) : |t| < T,|z| > p,|argz| <

sm} and Gi(¢) are analytic in the sector {C : |¢| > p, |arg(| < §7}.

6.3. Proof of Theorem 3 (i). It is convenient to make rescalings of vari-
ables in Borel space as well. We note that

(99) B(C 1) = 11/ / s (s, 15 t)ds
0
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where
(100) s =pt'/? ,F(s, At) = F(til/ﬁs,t)\)

We use similar rescaling to define R(s, A t), B%k(s, A;t) and f‘o(s, A;t) where
now

1 A ~
(101) Fo(s, A1) = tA / PN R (o Ars )dr
0

We let piq =1 —n"" (!q| + k[ + 320 30 qu,j>. Using (25), straight-
forward calculations show that

(102) B(s, A1) = N(B) (s, A1) = Bo(s, \it) + 33 At

q~0 k=0
1 —1/n - & T T )
></ o~ tAP(—st=1/7)(1-7) B+ B« H H ((—s)JFl) (s, A1, t)dr
0 =1 j=1

With slight abuse of notation we drop the hats from the newly defined
functions. Let now

(103) S¢E{s:argse(—¢,¢), 0 < |s] < oo, O<¢<%}

and consider the Banach space Ay of analytic functions in Sy, continuous
in §¢ in the norm

104)  [FCanl=  sup (1t s EGs, At
0<A<1,5€8,

Lemma 45. With r(z,t) satisfying (83) we have

I
IFo(., 5 0)|, < e Zu“’f“t(‘“ﬂ‘“)/%; (fﬁl,ﬂrﬁz/ﬁfﬁz, .“’t’YK*ﬁK/ﬁV*ﬁK>
- J
j=1

for v large (independent of t for small t), where —a is the lower bound of

RP(p).

Proof. jFrom (83), (84) and applying Lemma 4 (with p = 0; see Remark 5)
we have

IR(s, \;t)]

J,
LS g mwi— 1w+ g+ s B2/ g5 ~Brc/iv| 4|8
< 5;‘5‘ Gl (”1\8\ D N At P K)
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For A € (0,1) we have ‘e_tp(_Stfl/ﬁ))‘(l_T) < e and thus (cf. (101))

(105) [Fo(s, As)]

Jr
< eat2|5|—wj—1t(wj+1)/ﬁh+/ ()\71|s|ﬁ1 Awtw—ﬂz/ﬂs’ﬁz )\vxtvx—ﬂx/ﬁ‘s|ﬁx>
— n] b AR
j=1
Bounding cach term of the polynomial b, in || - [|, we obtain
J

Jr
”FO(.’ s < et Z ij-i-lt(l—i-qu)/ﬁh; (V—ﬁ1’t72—52/ﬁy—52’ s ﬂK—ﬁK/ﬁy—ﬁK)
=1 ’
The proof now follows, choosing v sufficiently large and using (84) and (86),
(87). O
Lemma 46. For large v, we have

IBqx * F|l, < cqk(v,t)||F|,, where

(106)
Jq

00 =0; cqx(v,t) = Bkl (1=Bk]) /A ZKj,,—aq,jt—aq,j/ﬁ ((q,k) # 0)
j=1
with K; constants independent of q, k, v and t.

Proof. Note first that bgo = 0 hence cgo = 0. From (88) and Lemma 4
(with p = 0),
Jq

Bqx(p, 1) < [p/M=1) " p*eipd (tvl Ipl?, 02 |pl™2, .. 0K |p|ﬁK)
j=1

Switching from (p,t) to (s, A;t),

IBqx(s, \;t)] < 75(176’|k|)/ﬁ|S|B|k|*1
Jq

XZ ysyaq,jtfolth/ﬁpg,khj ()\71 |51517 )\7'2t72*,32/ﬁ‘8|ﬁz7 - A’YK’t’YK’*ﬁK/ﬁ|S|ﬂK)
7=1

For large v, using Lemma 16 (with p = 0) to bound in norm the terms of

+
p ak,j

(107) [|Bqx * F| < [[F||, £ AN/ =0lK
Jq

XZ |V|_aq’jt_aq’j/ﬁp:1rkj <)\71 Z/_/Bl’ >\')/2t')/2—ﬁ2/ﬁy—ﬁ27 - )\WKtWK—ﬂK/ﬁV—ﬁK)
j=1

Clearly, for large v, p;;k can be replaced in (107) by a constant K. Using
(86) and (89) the conclusion follows. O
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Let now

C(¢,T) = max {

U/n ~
P n e ’ r _
sup <§R7|3 | ) e sup tl /n|p’l e tRP(—p)
pESelpl>RO0<U<ny>0 \ TP (D) gl PESy IPI<RO<U<n

where R is the same as in the proof of Lemma 10.

Lemma 47. For v large enough, N is contractive, and thus there ezists
unique solution F of (102).

Proof. For v large enough, (91), Lemma 45 and Lemma 46 imply

!
(108) C(¢,T)Z Zt““*“cq,k(v, t)[|2Fo ]| Hlal < || Foll,
q>0 k>0
and
/
(109) C(¢, 7)Y ) thakeq (v, t)(|a] + [K|)||6FoM T~ <1
q>0 k>0

Now, Lemma 24 (with pgp = 0, d = 1 and s replacing p), and Lemma 46
imply

K, T T *qy ”slfs\ij” lal+ k]
F* ]F I M) < — t)||F|'q
qk* 1;[ 1;[ s 3 75 ) MO +’ ’ C‘l,k(’/a )H Hu

Also, note that if I’ > 0, s € Sy with [st~/"| > R

(110)
I s 1— —tARP(—st—1/7) , S
/0 st AetP (=5t M)AA=T) g < )\{ t)\;ﬁp (_St—l/ﬁ) s' < C(QbaT)tl /A=t/n

The definition of C(¢, T) implies that for ' > 0, s € S, with |st™'/"| < R
we have

(111)

1 R
/ sl'Ae-'ﬂ’(—st””>A<1—T>df‘ < C(g, Ty /"
0

Setting I' =" jq; j, using (110) and (111), we find after time integration
(112)

1 A Lm n
/ )\e_tp(_Stil/n))‘(l_T)B%k o H H s]Fl ql] (s, AT;t)dT]|
0 =1 j=1

P |al+ k|
<G (6, T)eqr(w, t)|F

v
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Using (91), (102), (108) and (112) , it follows that N maps a ball of radius
2||Follo into itself. Using Lemma 31, (110) and (111), we obtain

H/ )\qu*{F—i—h **H*H s]Fl—i—h i

=1 j=1

m n
Frs H H (s7 )™ } s, A t)e P(=st/MAA=T) g

=1 j=1

<1100 O, T ([al + ] equ(, 1) (il + [F]))' 4 b,
where I’ = )" jg; ; from which the conclusion using (106) and (91). O

Behavior of °F near s =0
In the following proposition, we denote by °F the solution F of Lemma
47.

Proposition 48. For small s we have

F <Z|s| Tt Ry (] R R 5|, iP5 )

Proof. The proof is similar to that of Proposition 37, using (105), (83) and
(84). °F to (102) solves a linear equation

(113) F=G(F)+Fy or F=(1-G) 'Fy
with G very similar to that given in §4. O

End of proof of Theorem 3 (i) The proof is a direct application of Lemma
47 and Proposition 48. Using (99) and properties of Laplace transform, (97)
follows for large |(|, in the sector arg( € (—% - 0,5+ QS).

6.4. Proof of Theorem 3 (ii). An important difference is that infinite
sums appear in some estimates. Analyticity of the functions a and the
estimate
pa—l
L) ],
for v > 1 with C' is independent of o and v, show convergence of the cor-
responding series. Also, the proof of Lemma 47 holds if the following norm
was used instead:

IEy = sup (1 +[sP)e " ¥IF (s, A1)

0<A<,|H<T,s€S

L7y~ = <C(1+a?pmer,

since for 2 = n, RtP(—st~ /") = Rs™, is independent of ¢ in the exponent
n (102). To show analyticity, we let G(s, X;0) = §~(1+w)/ () (s \; 91/@);
then G satisfies an equation of the form

G =M(G)
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where the conditions in Setting 2 and the choice of w are such that N7, as
it is seen after straightforward algebra, manifestly preserves analyticity in
0. Using (99), analyticity of =</ f(¢,t) in t* follows provided || is large
enough (depending on T).

6.5. Proof of Corollary 44. Substitution gives for f(x,t), defined by (81),
an equation of the form (5), with m = 1, d = 1. Then in (10), k is scalar.
The vector q is 3 dimensional, indexed by (I,j),1 = 1,7 = 1,2,3. The
nonlinearity is quartic and the equation is linear in the derivatives of f,
thus the only nonzero values of by 1 are when q is 0 (and k = 1,...,4) or a
unit vector & € R3 (and k = 0, ...,3). Further, it is found that

) 2
:/Ba’yl :72:175123)52: g)n:?’

Jrzl,K:2,w1:§

and in (82) we have

4

114 ®p1 = =,

(114) o=
This is sufficient to check that Theorem 3 applies.

Since |z|t=%/? large corresponds to [¢| = |z|t~!/3 large, and argz €

(—%ﬂ', %77) corresponds to arg( € (—%ﬂ', %77), Theorem 3 implies that for

CVO,Q = _17 aél,l = 27 aé2,1 = 17 aég,l =0

any ¢ € (0, z) for large x € Dy and large ( = z/t'/3 we have

(@0 = O (a0 (a7, e 22) = O (a0 by (12l =2, 2727

Changing variables, this implies
_ _1 _9 _
2(2) 2 (@2, 1),8) = O (V421 3y (12172, 27

_1 _9 _
S GIE R T e AE

as needed for asymptoticity. The convergence in the series representation in
t7/9 follows from Theorem 3 (ii). It is seen from (94) that all the exponents
of t are integer multiples of g. O

Note 49. Large ¢ includes part of the region where Theorems 1 and 2 imply
Borel summability of the expansion in inverse powers of z. Together, the
results provide uniform control of the solution.

7. APPENDIX

7.1. Asymptotic behavior: further comments. In the assumptions of
Theorem 2, by the remark following it, formal series solutions to the initial
value problem are asymptotic to the actual unique solution. The discussion
below addresses the issue of deriving this series, or, when less regularity is
provided and only the first few terms of the expansion exist, how to show
their asymptoticity.

Heuristic calculation. Assuming algebraic behavior of f in our assumptions
on the nonlinearity, it is seen that the most important terms for large x
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(giving the “dominant balance”) are f;, Pof, coming from the constant part
of P, and r(x,t). This suggests that, to leading order, f(x,t) ~ f;(x) +
fg e~ Polt=T)p(x, 7)dr. If we substitute

(115) f(x,t) = A (t)x @t 4+ f

into (5), f will generally satisfy an equation of the form (5), for an increased
value of «.; if the process can be iterated, as is the case in the examples in
[8], it generates a formal series solution.

To obtain rigorous estimates, one writes the equation for f defined in
(115) and applies Theorem 1 to show £ = o(x~®r1). If the coefficients of the
equation allow it, this procedure can be repeated to obtain more asymptotic
terms for f. This is the case for instance in the assumptions of Theorem 2,
where a complete series is obtained, which is furthermore Borel summable
to f.

The discussion also shows that the assumption «, > 1 can be often be
circumvented by subtracting the higher powers of x from f.

7.2. Simple examples of Borel regularization. In this section we dis-
cuss informally and using rather trivial examples, the regularizing features
of Borel summation. An excellent account of Ecalle’s modern theory of
generalized summability is found in [13]; see [10] as well. Many interesting
results, using more classical tools can be found in [1].

Singular perturbations give rise to nonanalytic behavior and divergent
series. Infinity is an irregular singular point of the ODE f' — f = 1/z, and
the formal power series solution f = Zzio(—l)kk!x_k_l diverges. In the
context of PDEs, the solution h of the heat equation h; — hy, = 0 with
h(0, x) real-analytic but not entire, has a factorially divergent expansion in
small t, the recurrence relation for the terms of which is kHy, = Hj_,.

The Borel transform of a series, is by definition its term-wise inverse
Laplace transform, which improves convergence since £~ 'z =*=1 = pF/k!. If
the Borel transformed of a series converges to a function which can be con-
tinued analytically along R™ and is exponentially bounded, then its Laplace
transform is by definition the Borel sum of the series. Since on a formal level
Borel summation is ££!, the identity, it can be shown to be an extended
isomorphism between series and functions; in particular, the Borel sum of f
above, £(1+p)~! is an actual solution of the equation. Another way to view
this situation is that Borel transform maps singular problems into more reg-
ular ones. The Borel transform of the ODE discussed is (p+1)£71f+1 = 0.
The inverse Laplace transform of hy = hy, in 1/t is ilm - pﬁpp — %ﬁp =0
which becomes regular, u,, — u,, = 0 by taking ﬁ(p, z) = p~V2u(2p'/?, x),
z = 2p1/ 2,

It is in its latter role, of a regularizing tool, that we use Borel summation
in PDEs.
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7.3. Derivation of equation (5) from (4). We define an m-dimensional
vector f by ordering the set {8,](u 0<jl < n} It is convenient to intro-
duce g2(x,t,f) so that

Z g2.J (X t {al u}|.]\<n 1) 8 u= Zg21 X t f)a:czf

|J|=n

So, for showing that (4) implies (5) it is enough to show that for 1 < n’ < n,
for |3 =n' -1,

o7 [gl(x, )+ > 8 (x,t, f)axif]

is of the form on the right hand side of (5). We do so in three steps.

Lemma 50. Consider for k > 1,
(116) B 1) = 3 gt ) [T (047)™
az0 {msk}
where {m;k} denotes the set {(1,j) : 1 <1 <m;1 <|j| <k}, and I means
summation over q with the restriction
(117) > lilay <k
{m;k}

Then, fori=1,2..,d, 05, E(x,t) has the same form as (116) with restriction
(117), provided k is replaced by k + 1.

Proof. The proof is straightforward, keeping track of the number of deriva-
tives and the powers involved: note that

O B(x,1.6) =) (Z a7 £)0z,fi + Ou;bq(x, 1, ) > IT (ohn)™

a0 {msk}

m k —
3 0baet ) any (o)™ 0n0hn) T (o)™

az0 r=1j'|=1 {m;k}

where HT indicates that the term [ = I’,j = j' is missing from the product.
Manifestly, this is of the form (116) with a suitable redefinition of bq and
with the product of the number of derivatives times the power totaling at
most

. . . .
I+ Ny — D+ D lilag =1+ > llay<k+1
{m;k} {m;k}
Hence restriction (117) holds, now with k + 1 instead of k. (]
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Lemma 51. For anyn’ > 1, and any J' with |J'|=n' -1,
. q1,j
18 el 0) =Y batenf) [ (24)"™
q>0 {m;n’—1}
for some by, depending on n', g1, and its first n' — 1 derivatives, and where
Zi means the sum over q with the further restriction

Y lilag<n’ -1
{m;n’—1}
Proof. The proof is by induction. We have, with obvious notation,
O0r,81(x,t,f(%,1)) = 81,2, + 81¢ - On,f

which is of the form (118). Assume (118) holds for n’ = k > 1, i.e. for all
J’ satisfying |J'| =k — 1,

. a;
5’Jg1xt Zb (x,t,f H ((‘},](fl)”

q=0 {m;kfl}
Taking a z; derivative, and applying Lemma 50, d3g1 (v, t,f) for |J| = &k will
have the form above, with k — 1 replaced by k£ and with restriction

> lilay <k

{msk}
Thus, (118) holds for n’ = k + 1, with a different b. The induction step is
proved. [l

Lemma 52. Forn’' =1,2,...,n, and any J with |J| =n' — 1 we have
(119) G,J{ [gzil(x,t 8x,f Z b X t H (a‘j{fl>ql,j
q>0 {mn’}

for some by, depending onn', go and its first n' —1 derivatives, where Zq>0
denotes summation with the restriction

(120) Z la; <n
{min'}
Proof. Clearly (119) with restriction (120) holds for n’ = 1. Suppose it holds
for n’ = k. Then we note that if |J| = k + 1, then there exists some index
1 <i < d and some J', with |J’| = k so that 8J = 9,,[0']; hence applying
Lemma 50, we obtain (119) and (120) for n’ = (k + 1). O
7.4. Some useful inequalities.
(1) We start with a simple inequality for & > 1 and p > 0:

1
(121) (1+ ;ﬂ)/ s lemrsds < 2T ()
0

This is clear for u < 1, while for u > 1 we write (1 + p®) < 2u® and
note that [;° s* e #*ds = p=°T(a).
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(2) Fora>0,pu>0,0=0,1,v>2and m € N,

.o ! eiyu[li(lis)m} a—1 fo 21—0
(122)  pov /0 T s <8+ D)L+ ]

where C'(m) is independent of u, o and v. Indeed, the integral is

bounded by
e HVS go— ldS 1 1
< —pvs ;a—1
/ d“*/d“ TE A= < ey,
e Hvs 1 _1 2 () (uv) =@ e HV/2
vl <1—s>2]0/o R 7 Y AT
- a+l1 —« op—pv/2
a)(uw) | 2 T)) ™ | ()
A+ 1247 (T p2/A)° e ke 2071aT (a)
2 (a) (ur) " 2%+ (o) ()
T (4 pr/a)e (1+p2/4)°

(3) For n > 1 the function

1
(1 +/~L)€”/ et +(1-uw)"] 1,
0

is bounded in R™, as it can be checked applying Watson’s lemma, for
large p and noting its continuity on [0, 00). Thus, for some constant
C and v > 1 we have

|p|
(123) et g < o
0 — 14 p|m

(4) We have |p¥| < max;<y \p|Lk| < Y icyIpi! and thus for some con-
stant C' and all j < m we have

(124) Pi(-p)| < CZ 1+ |pi|™)

Also, for some Cy > 0, |P;(—p)| < Co >, (1+|pi| +[p}|) =: C2(d+q)
and thus, for v > Cy + 1 we have, for 0 <1’ < n,

t t
(125) |p|l’/ elPi(=P)I(t=7) gr(T+1)a g < p|l’equ+C’2td/ o(r=C2)ar g
0 0

A -
< 1=V /n gra(t+1)+Catd p| sup 1—e™ C3(T) eva(t+1)+Catd

(v = Ca)alT 7 320 5177 = (= G

7.5. Modified estimates for Lemma 38. ;From (123) it follows that for
a constant C' independent of W, ® we have

P
(126) W« ®| < Cer(t+1) i(|Pl\+|Pl\")H\IJHWLH(I)HV”
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In particular B (v, n, S) is a Banach algebra. For the equivalent of Lemma 16,
we use the following bounds.

(127)

[p1] P
I = / Sa—le—l/(t—&—l)“pﬂ"_(‘pl‘—s)n]e_y(t—i-l)sds < / Sa—le—u(t+1)sds
0 0

o
= T+ 1o

2°T () |pa|*
[w(t + 1D)pa "]
where we used (122) for o = 0. From (127) it is clear that
(128)  |H* Ejllun < ||[H]*|F]],, < O[T ()% (vt + 1)) |[F||vn

In Lemma 22, we get instead

1
and T < |p1|a/ Saflefz/(t+1)|p1|n[1—(173)n]d5 < C
0

P
[« |G| < e ) | G

Very similar changes are made in in Lemma 24, Corollary 25, and in Lemma 26
where in the proof we use (125) instead of (45). Definition 27, Lemma 28
and Definition 29 do not change. Lemma 30, Lemma 31 change in the same
way as above. In Lemma 32 we use again (125) instead of (45) to make
corresponding changes. Finally, in Lemma 33, v/4 changes to v/4/c.
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F1GURE 1. Contour Cp in the (p);—plane.
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