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ABSTRACT. We extend Borel summability methods to the analysis of the 3-D
Navier-Stokes initial value problem,
v —vAv = —Pv- Vo] + f, v(x,0) =vo(z), € T> (%)

where P is the Hodge projection to divergence-free vector fields. We assume
that the Fourier transform norms || f||;1 (z3) and [|90(|;1(z3y are finite. We prove
that the integral equation obtained from (*) by Borel transform and Ecalle
acceleration, U(k, q), is exponentially bounded for ¢ in a sector centered on
R, where q is the inverse Laplace dual to 1/t™ for n > 1.

This implies in particular local existence of a classical solution to (*) for
t € (0,T), where T depends on ||%o|/;1 and ||f]l;1. Global existence of the
solution to NS follows if ||U(-, q)||;» has subexponential bounds as ¢ — cc.

If f = 0, then the converse is also true: if NS has global solution, then
there exists n > 1 for which ||U(, q)|| necessarily decays. More generally, if
the exponential growth rate in g of U is o, then a classical solution to NS
exists for t € (0,a_1/").

We show that o can be better estimated based on the values of U on a
finite interval [0, go]. We also show how the integral equation can be solved
numerically with controlled errors.

Preliminary numerical calculations of the integral equation over a modest
[0,10], g-interval for n = 2 corresponding to Kida (|2I]) initial conditions,
though far from being optimized or rigorously controlled, suggest that this ap-
proach gives an existence time for 3-D Navier-Stokes that substantially exceeds
classical estimate.

1. INTRODUCTION
We consider the 3-D Navier-Stokes (NS) initial value problem
(1.1) v —vAv=—P Vo] + f(z), v(z,0)=wvo(z), =€ T?0,27], tcR"

where v is the fluid velocity and P = I — VA~1(V:) is the Hodge projection
operator to the space of divergence-free vector fields. For simplicity we assume
that the forcing f is time-independent.

In Fourier space, (LT can be written as

(1.2) by + v|k[?0 = —ik,; Py [0,%0]) + f , (K, 0) = b,
where 0(k,t) = F[v(-,t)] (k) is the Fourier transform of the velocity, % denotes

Fourier convolution, a repeated index j indicates summation over j = 1,2,3 and
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2 O. COSTIN, G. LUO & S. TANVEER

P, = F(P) is the Fourier space representation of the Hodge projection operator on
the space of divergence-free vector fields, given explicitly by

_ 1 k()
(1.3) Pi=1- T

We assume that 0y and f € 11(Z?) and, without loss of generality, that the average
velocity and force in the periodic box are zero, and hence #(0,t) = 0 = f(0).

Global existence of smooth solutions to the 3-D Navier-Stokes problem remains
a formidable open mathematical problem, even for zero forcing, despite extensive
research in this area. The problem is important not only in mathematics but it
has wider impact, particularly if singular solutions exist. It is known [4] that the
singularities can only occur if Vo blows up. This means that near a potential blow-
up time, the relevance of NS to model fluid flow becomes questionable, since the
linear approximation in the constitutive stress-strain relationship, the assumption
of incompressibility and even the continuum hypothesis implicit in derivation of NS
become doubtful. In some physical problems (such as inviscid Burger’s equation)
the singularity of an idealized approximation is mollified by inclusion of regularizing
effects. It may be expected that if 3-D NS solutions exhibited blow up, then actual
fluid flow, on very small time and space scales, has to involve parameters other
than those considered in NS. This could profoundly affect our understanding of
small scale in turbulence. In fact, some 75 years back, Leray [23], [24], [25] was
motivated to study weak solutions of 3-D NS, conjecturing that turbulence was
related to blow-up of smooth solutions.

The typical method used in the mathematical analysis of NS, and of more
general PDEs,; is the so-called energy method. For NS, the energy method in-
volves a priori estimates on the Sobolev H™ norms of v. It is known that if
[lo(-,t)|lm is bounded, then so are all the higher order energy norms ||v(-,t)]|gm
if they are bounded initially. The condition on v has been further weakened [4]
to fg IV x v(-,t)||pedt < co. Prodi [29] and Serrin [30] have found a family of
other controlling norms for classical solutions [22]. In particular, no singularity is
possible if ||v(:, )|z~ is bounded. The L? norm is also controlling, as has been
recently shown in [32]. For classical solutions, global existence proofs exist only for
small initial data and forcing or for large viscosity (i.e. when the non-dimensional
Reynolds number is small). On a sufficiently small initial interval the solution is
classical and unique. Global weak solutions (possibly non-unique) are only known
to exist [23], [24], [25] in a space of functions for which Vv can blow-up on a small set
in space-timd!). However, when f = 0 (no forcing), a time 7}, may be estimated
in terms of the ||lvg||g: beyond which any weak Leray solution becomes smooth
again. Such an estimate, which also follows directly from Leray’s observation on
the cumulative dissipation being bounded, is worked out in the Appendix.

Classical energy methods have so far failed to give global existence because of
failure to obtain conservation laws involving any of the controlling norms [33].

(DThe 1-D Hausdorff measure of the set of blow-up points in space-time is known to be zero
]

2We are grateful to Alexey Cheskidov for pointing out the fact that classical estimates are
easily obtainable.
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Numerical solutions to (LI]) are physically revealing but do not shed enough
light into the existence issue. Indeed, the numerical errors in Galerkin/finite-
difference/finite-element approximations depend on derivatives of v that are not
known to exist a priori beyond an initial time interval.

In [I1], we proved Borel summability of the solution of the 3-D Navier Stokes
system with analytic initial data and forcing. We now allow for rough initial con-
ditions and forcing (the only requirement is that their Fourier coefficients are in ')
and still obtain Laplace transform representations of the solutions[G]

We show that sufficiently strong Ecalle acceleration has the important conse-
quence that the Borel solution decays as the accelerated variable g goes to +o0
iff the associated NS solution exists globally in time. We use this to establish a
number of properties of the solution in the time domain, in particular extending
the time of provable existence of solutions with specific data[™].

The method of analysis is rather general and it is clear that it can be applied to
a broad class of dissipative nonlinear PDEs.

In our formulation, the velocity v(z,t) is obtained as a Laplace transform:

(1.4) v(x,t) = vo(x) —|—/ Uz, q)e %" dg, n>1
0

where U satisfies an integral equation (IE) which always has a unique acceptable
smooth solution.

Remark 1.1. For general initial data and forcing, U is in Ly (RT,e~%dq), as
defined in (Z8). If n > 1, then U is analytic in ¢ in an open sector. For n = 1,
the solution is g-analytic in a neighborhood of Rt U {0} [®]iff 6(x,0) and f(z) are
analytic in x.

In Fourier space, (L4) implies

(1.5) ok, t) = vo(k) + /Ooo Uk, q)e” " dq.

Notation. Variables in the Fourier domain are marked with a hat ", Laplace con-
volution is denoted by #*, Fourier-convolution by %, while ¥ denotes Fourier followed
by Laplace convolution (their order is unimportant).

As seen in §4, U satisfies the following IE:

A q A A
(10 Ulka) = =ity | Oladsk) (b o e + 0 (ko) = N [0] (ko).
where
(17) ﬁj(l{?,q) :Pk |:’IA}07J*>T<U+UJ‘§<’IA}0+UJ¢U:| (k,q).

The kernel G, the inhomogeneous term U(O)(k, q) and their essential properties are
given in [@22) and [@29)) in §4.

Note 1.2. The solutions of (L6]), needed on R, are very regular, see Note [l
The existence time of ¥ is determined by the behavior of U for large ¢q. In this
formulation, global existence of ¥ is equivalent to subexponential behavior of U.

®of course, this does not imply Borel summability anymore, since now the solutions may not
even be differentiable at t = 0.

(4) Some of the present results have been announced mostly without proofs in 121, [13]

(®)This together with the L! estimate proves Borel summability of the small ¢ series.
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The IE formulation was first introduced in [I1] in a narrower context, and pro-
vides a new approach towards solving IVPs.

2. MAIN RESULTS

We define
(2.8) Ly(R*,e”*dg) = {9 RT—C ‘/ e *g(q)|dg < OO}'
0

AssuAmptions 1. In the followmg, unless otherwise specified, we assume that vg
and f are in1* (Z*), 99(0) = 0= f(0), n > 1, v > 0 and o in (Z38) is large enough
(see Proposition [5.11]).

Theorem 2.1. (i) Eq. (I8) has a unique solution U(-,q) € Ly(Rt,e~dg). For
n > 1 this solution is analytic in an open sector, cf. Note[ld We let U(z,q) =

FH O] (@),

(it) With this U, © in (I3) (v(x,t) in [T.4) respectively) is a classical® solution
of (L2) ( (LJ), resp.) fort € (0,a~1/™).

(i11) Conversely, any classical solution of (I1), v(x,t), t € (0,Tp) has a Laplace
representation of the form (13)) with U as in (i) and with

Ok,q) = £ [Flo(, /")) (k) = Fluo] ()] ()
a solution of (I.@) in L1(RT,e"*%dq), a > T;™".
The proof is given at the end of §5.

Remark 2.1. Proposition .11l below provides (relatively rough) estimates on a.
Theorem Bl gives sharper bounds in terms of the values of U on a finite interval
[0, go]. Smaller bounds on « entail smooth solutions of (IT]) over a longer time.

We have the following result which, in a sense, is a converse of Theorem (Z1).

Theorem 2.2. For f = 0, if (1) has a global classical solution, then for all

_ 1/(n+1)
e~ Cna )

sufficiently large n, U(z,q) = O( as ¢ — +oo, for some C, > 0.

The proof is given in §7.

Corollary 2.2. Theorems [21] and imply that global existence is equivalent to
an asymptotic problem: ¥ exists for all time iff U decays in q for somen € Z™.

The existence interval (0, a~l/ ”) guaranteed by Theorem 211 is suboptimal. It
does not take into account the fact that the initial data vy and forcing f are real
valued. (Blow up of Navier-Stokes solution for complex initial conditions is known
to occur [31]). Also, the estimate ignores possible cancellations in the integrals.

In the following we address the issue of sharpening the estimates, in principle
arbitrarily well, based on more detailed knowledge of the solution of the IE on
an interval [0, go]. This knowledge may come, for instance, from computer assisted
estimates or from rigorous bounds based on optimal truncation of asymptotic series.
In this context, the fact that the radius of convergence of the series in p does

(6)That is, C2(T3) in = (by Lemma 12.1 below) and therefore, from general properties of the
Navier-Stokes system, C in time.
(MNote that q=p when n = 1.
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not depend, in a number of cases, on the size of initial data and forcing [I3] is most
relevant. Furthermore, the calculation of the IE solution in the interval [0, gg] can
account for cancellation ignored in the estimates of Theorem [2.J] and in fact uses
the full structure of NS. If this information shows that the solution is sufficiently
small for g near the right end of the interval, then o can be shown to be small. This
in turn results in longer times of guaranteed existence of the NS solution possibly
global existence for f = 0 if this time exceeds T, the time after which it is known

that any weak solution becomes classical.

3. SHARPENING THE ESTIMATES; RIGOROUS NUMERICAL ANALYSIS

Let U(k, q) be the solution of (LL6]), provided by Theorem 21l Define

(3.9)

U(a) (k ) _ U(k,Q) for qE€ (07QO] CR*
4= 0 otherwise

)

. . min{q,2qo} , ~ (a) , ' 0
0 (k,q) = ik, /0 Glq.q's R)E™ (k) dg’ + 0O (k. ),

I:Ij('a)(k»Q) = P [ﬁo,ﬁU(“) + (Afj(a)%)o + [A]](a)iﬁ(a) (k. q).

Using ([3:9) we introduce the following functionals of U (k, q), 49 and f:

(3.10) bim /20100 [ e gl g dg
qo
1 1 g0 ,
11 =I'l-+—]|B B (g !
(3.11) €1 (2+2n)[ 1+/0 e 2(Q)dqy
1 1
3.12 ='(-+— B
( ) € (2 + 2n> 3,
where

B, = 4:up {1k|Bo (k) } ool Bo(k) =
€73

Bs(q) = 4 sup {[k|Bo(k)}|U“ (-, q)|lnn,
kez3

{=a)/ @ G(q,q'50)1 .

Bs =2 sup {|k|By(k)}.
kez3

Theorem 3.1. The exponential growth rate o of U is estimated in terms of the

restriction of U to [0, qo] as follows.

(3.13) It o/?VE) 5 ¢ 4 2Veb then / 1T, q)||lne™*dg < oc.

The proof of Theorem B.1]is given in §8l

Remark 3.1. In §871] it is shown that for a given global classical solution to ([I.TJ),
in adapted variables, the quantity e, + 2v/eb is small for large qo.



6 O. COSTIN, G. LUO & S. TANVEER

Remark 3.2. In the proof it is also seen that if |[U(®)(-,¢)|;x is small enough in a
sufficiently large subinterval [gq, go], then the right side of ([BI3)) is small, implying
a large existence time (O7 a~/ ") of a classical solution v. The guaranteed existence
time is larger if qq is larger. If for f = 0, the estimated o '/™ exceeds T, the time
for Leray’s weak solution to become classical again (see Appendix), then global

existence of a classical solution v follows.

Since the improved estimates in Theorem Bl rely on the values of U on a suf-
ficiently large initial interval, we analyze the properties of a discretized scheme for
numerical computation of U with controlled errors.

Definition 3.3. We introduce the following norm on functions defined on a §-grid
m q
HWH(O"‘” = sup mlfl/"élfl/”(l + m252)e*am5\|W(~,m5)||ll.
ms<meZt

Theorem 3.2. Consider a discretized integral equation consistent with (I.8) ( cf.
definition[d2) based on Galerkin truncation to [—N, N|> Fourier modes and uniform

discretization in q,
) = N [0

see (9.77) below. Then, the error U — UéN) at the points ¢ = md, satisfies

(3.14) U(-,mé) — UM (-,md)||n

eam6

m1=1/n§1=1/n(1 + m242)

form >mg € ZT, where msd =: q,, > 0 is independent of 6. In (3.14), Tr N is the
truncation error due to Galerkin projection Py and ngg) is the truncation error due
to the 8-discretization in q for a given N. We have | T ||(*%), |(I—Px)U||(*®) —
0 as N — oo for any § and ||T]E3],\?||(°"5) — 0 as § — 0, uniformly in N.

« N)j(a (e
< |2 T 1D + 20T 10 + (1 = Pa)T) )]

Remark 3.4. For small ¢, independent of §, an asymptotic expansion of U exists,
and solving the equation numerically for ¢ € [0, g,,] can be avoided. For this reason
we start with ¢ = q¢,,.
4. INTEGRAL EQUATION ((LG) AND ITS PROPERTIES

We define 4 through the decomposition
(4.15) 0(k,t) = vo(k) + a(k,t).
Then, ([L2)) implies
(4.16)

Uy + v|k|Pa = —ik; Py [0o ;40 + 4500 + 4;%0] + 01 (k) =: —ik;h;(k,t) + i1(k),
where ©; is given by (B59). Using 9(k, 0) = 99, we have i(k,0) = 0 and we obtain

from (ZI4),

¢ 2 NN 1— e_’/‘kFt
(4.17) a(k,t) = —z’kj/ e VIR bk, s)ds + 91 (k) )
0 14
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We look for 4 in the form of a Laplace transform
(4.18) a(k,t) :/ U(k,q)e_q/tndq; n>1
0

We apply the inverse Laplace transform of (£17) with respect to 7 = 1/t" (justified
at the end of the proof of Lemma .Gl with more details in the Appendix) to obtain
(L6). The inverse Laplace transform of f is given, as usual, by

c+ioco
(4.19) [bﬂ@—i/ f(s)ePds,

27 i
where c is chosen so that f is analytic and has suitable asymptotic decay for Re s >
c.
For n =1 the kernel G is given by, see [11],

w2

(4.20) G(q,q'3k) = — (J1(z)V1(2') — Ji(z")Y1(2))
where z = 2|k|\/7q , 2’ = 2|k|\/vq, (n=1)

Jy and Y7 are Bessel functions of order 1, and

z

(4.21) U (k,q) = 2@1(k)J17(Z) , where z = 2|k|\/vq

For n > 2 the kernel has the form (derived in the Appendix, see (I2.92]))

(4.22)

1 1 c+100

Glg,q';k) = / {/ 7Y exp |—v|kPr V(1 = 8) + (¢ — q's_")r] dr} ds
(q//q)l/n 211 c—i0co
’Yl/n e 1/(2n)—1 1/ 1/2,,1/2
:u1/2|k|qll/(2")/1 (I—=s7") (L—sy/™) 2 2 F () ds,
where
/
v = q} = vk (1 — syt (1 — s,
1 “1/n

4.23 F(p)=-— [ ¢ Ve "d
(4.23) 1) = 57 e 3

and C is a contour starting at ooe~*™ and ending at coe’™ turning around the origin

counterclockwise. The function U©)(k, q) in (L6) is defined by

(429 0000 = 202 {1 [t 7] o) = S Glutag ),

where
1

42 i) = —— [ &SR g
(1.25) Gl =5 [ ¢ ¢
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4.1. Properties of F', G, G, U U© and the relation between the IE and NS.

Lemma 4.1. The functions F, G in ({-.23) and {{-23) are entire and G'(u) = F(u).
Furthermore F(0) = ﬁ, G(0) = 0 and, for n > 2, their asymptotic behavior for
large positive p is given by

(4.26)
n2<"+1>u2<"+1>1m {eXp [ il ] } if arg 1 = 0
m(n+1 2(n+1)
i
F ~ 2(n+1) Z(n+1) —z f n+3
(’u) \/I K exp |:2(7’l+ 1):| € argp € (07 2n 7T)

_3 .
Y n2<”+1>u2<"+1> exp [m} e ifarg u € (=237,0)

2(n+1)
/= A+ 1) n2<n+1)uz(n+1)1m {exp { 30n+ 1)} Z} ifargpu =0
G ~ 2(n+1) 2(n+1) —Zz f 0 n+3
) ~ i Gy e | s ifarg s € (0, 50)
n2(n+1) PloEsy] ex —im — if ar S 371' 0
K P 2( +1) gH on
where
(4.28)

5 — &)Mn/(nﬂ)em/(nﬂ) , & =n /(D) (n+1); 2= é—oun/(n-&-l)e—iﬂ'/(n-&-l)’

(4.27)

Proof. These results follow from standard steepest descent analysis and from the
ordinary differential equation that F and G satisfy, see {TZ.1.1 |

Remark 4.2. We see that F(u) and G(u) are exponentially small for large p when

arg u € (—%,%), that is, when argq € (—w,@)

Definition 4.3. For § > 0 and n > 2 we define the sector

S = {q Cargq € (—(”_21)” 4, ("_21)” —5)}.

Lemma 4.4. Forn > 2, q¢,¢' € eR* C S5, with 0 < |¢'| < |q| < 00 and k € Z3
we have

Calg —q'|77 2
b /;k < T A9 11/9 0
where Co only depends on §. For n = 1, the same inequality holds for q,q' € R
with 0 < ¢’ < q.

Proof. The case n = 1 follows from the behavior of J; and Y7, see [I 1]. Forn > 2,
it follows from Lemma T that |p'/2F(u)| is bounded, with a bound dependent on

(8)n that paper the viscosity v was scaled to 1.
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5. Below, C' is a generic constant, possibly 6 and n dependent. From ([£22]) we get

, Ayl Sy~ e
(4.29) |g(Q>q;k)§V1/2|k||q|11/(2n)/1 +/5

(I4y=1/m)
/

1/n
Cy <11+IQ>; where v = g
q

_o—m\1/(2n)—1/9_ .. 1/n\—1/2 .
x(1—s7") (I—sy™/™) ds =: A2 g1

For s € (1,3(1+ v~ '/™)] we have
(4.30)

1/(2n)—1 1/n\—1/2 s—1\'7Ven yen-1(1 1 1y U
e ) n)— _ n\— <2 _— _ n)— - n
(s et sty < (2] eepren (o)

11 -1/2
<cl+(s— 1)1—1/(2n,):| (s — 1)L/ (@)1 (2 _ 271/n)

<C(1- Vl/n)71/2 [1 +(s— 1)1/(2n)71:|,
and for s € [%(1 Ay Ln) ym1my,

(1 _ an)l/(2n)*l(1 _ S,Yl/n)fl/2 < C{l + (s _ 1)1/(271)71} (1 _ 871/71)71/2
< C(l _ ,yl/n)l/(Zn)—l(l . S’yl/n)_l/Q.

(147
L<c@i- ,Yl/n)—l/Q/ [1 F(s— 1)1/(2n)—1:| ds
1

< C,y—l/n(l _ ,yl/n)—l/Z [(1 _ ,yl/n) +(1- ,yl/n)l/(Zn):I
< C«,_yfl/n(l _ 71/77,)1/(271)71/27

—1/n

I, < C(l 7 71/n)1/(2n)71/ (1 o S,yl/n)fl/2 ds
3(4ym1/m)
< C’}/_l/n(l _ 71/n)1/(2n)—1/2.

Lemma 4.5. (i) Forn > 2 and 0 # q € Ss, we have for a > 1,

10Ol < exllonfnfal =/ exp [ s/ D[]0

KOO (oq)llr < calllkfn sl =4/ exp | a1 g /0]

where ¢; and co depend on § and n. Thus, we have

° A 1
(431) [ e e alndal < cairnar (1),
0
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With ¢y = 1 and g € RT, the bound in [{-31) holds for n =1 as well. For n > 2,

noting that 91(0) = 0 = f(0), we have
2 1| f
<C dollin [ 1+ =|9glln —||—==
= G{HUOHI ( +V||UO||1 ) +VH|]€|2 11}7

(4.32)
Ce = _sup n/ s~ HG(s€e?)|ds.
6] 0

I/’fl2

/0 17O )llndla] < Co
where
qbe[ 4+, 21y

(ii) If moreover k|7 20y, |I<J|Jf elt (j =0,1), then
sup |gl' =/ (1 + [g[2)e MR TO (- g)]|
< 2e koo < 2ex [V b0l -+ 201kf75 s Nkloolls + 1+ Flls
where the sup is taken over RT if n =1 and over Ss if n > 1.

Proof. The result follows from (£24)) and (559) using the asymptotics of G, cf.
@Z0) and the behavior G(fi) ~ Cji near i = 0. For n = 1, the bound @3]
follows from the fact that [2z71J1(2)] < 1. |

The following lemma proves that a suitable solution to the integral equation

(CE) gives rise to a solution of NS.

Lemma 4.6. For any solution U of (I8) such that |U(-,q)|n € Li(RT, e~ *4dg),
the Laplace transform

o(k,t) :{)O(k)+/ Uk, q)e” 9" dgq
0

solves (I3) fort € (0,a=/"). Forn =1, d(k,t) is analytic in t for Rel > a.
It will turn out, cf. Lemma [IZl in the appendiz, that |k|*d(-,t) € I fort €
(0,a7Y/™). Therefore, v(z,t) = F~1[i(-,t)] (x) is the classical solution of (I1).

Proof. From ([4.24]), we obtain

© T B e e L
/(; e_qt U(O)(k,q)dq = 1}1([{,‘)/0 e_qt 7/6 Teq‘r(}h’dq

271 —ico
Furthermore , we may rewrite (£22) as

. 1— efu\k\Zt
(4.33) G(q,q';k)

c+ioco
1/n o 2_—1/n/q _ _1n
2772/ /c exp{ vik|*T (1-98)+(qg—4q'/s )T] d’T} ds

since the integral with respect to 7 is identically zero when s € (0, (¢'/¢)'/™) (the 7
contour can be pushed to +00), we can replace the lower limit in the outer integral

in &33) by (¢'/q)"/". Note that ||H;(-,q)|ln € L1 (e==ldld|q|), since
(4.34) [E# Glla < |F[lallGlla
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(see[I0] and also Lemma below). Changing variable ¢’/s™ — ¢’ and applying
Fubini’s theorem we get
(4.35)

q . 1 q R
—ikj/ Hj(k,q')G(q,q's k)dd =/ s" {/ [—iijj] (k,q's™)Q(q — q’,s;k)dq’} ds
0 0 0
where for ¢ > 0 we have

1 c+i00
130)  Qast= 5 [ exp[~ulkPr (1= s) 4 n)] 7,
c

210 Jolioo

Laplace transforming ([€35]) with respect to ¢, again by Fubini we have

[e’e) o 1 q R
(4.37) / e dt {/ / {—iijj}(k‘,q’s”)Q(q—q’;s,k)s"dq'ds} dg
0 o Jo
1
= —ikj/ ds g(t,s;k)hj(k, st),
0

where hj(k,t) = L [ﬁj(k, )} (™), g(t,s;k) = L[Q(, s;k)] (t7™). By assumption,

1T, q)|l;n € Ly (RT,e~*9dg) and (k) € I'. From (I7) and @34) it follows that
H ; is Laplace transformable in ¢ and

hj(ki, t) = P {1}07]‘%@ + aj%f}o + ’ll]%’ll} (ki, t),
while
g(t, s;k) = texp [—v|k|*t(1 — s)] .
This leads to

ok ' —v|k[*t(1-s) kb | (K d o1 (k 1— vk
a( ,t)—t/o e [—zjj}(,st) s+ 01 (k) W
¢ > . 1 — vkt
_ —v[k[*(t=7) | _ip. b 5 -
/0 e (kb (k. )dr + 61 () ( o )

Gy + v|k|?t = —ikjhj(k,t) + o1, with a(k,0) = 0.
Therefore, using expression (@I0) for hj, we see that o(k,t) = a(k,t) + vo(k)
([C2), with 8(k,0) = do(k). Analyticity in ¢ of this solution in region Rei > «
follows from the representation (IH). It is clear that |k[26(-,t), f € I*, ensures that
F~L[6(-,1)] (x) is a classical solution to (LI]).

and thus

5. EXISTENCE OF A SOLUTION TO (6]
First, we prove some preliminary lemmas.
Lemma 5.1. By standard Fourier theory, if 9,w € 1! (Z3), then so is O%w, and

03]l < o]l ]l

Lemma 5.2.
(| Py [ %0] (|12 < 2|4y [l [| D]
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Proof. Tt is easily seen from the representation of Py in (L3]) that
(5.38) |PLg(k)| < 2[g(k)|.
The rest follows from Lemma (E1).

Lemma 5.3. Let Co = C3(d,n) be given by

Co=2 sup V2 E|lg 2 lg—g V27 CM|G (g, ¢ k)| for m > 2,
¢,q'€"’RT C S5, 0<|q'[<q]
kez?

Cy =2 sup 2|kl %G (g, ¢ k)| for n=1.
¢,4'€RT,0<q'<q
kez®

Then, for n > 2, we have

. C lal B . . :
5:39) N0l < sz [ ol = 9725/ {0 )

A0, i + 2ol [T 56) s} ds + [T, ),

(5.40)  INTOM]( q) = NOP](, q)l

C gl B . R . R .
< ST / (lal = )~ /2/ @ L (O s+ 0B, 5) )

#| O, 560) = U 56| + 2l| 00l [|UT (-, se'?) — TP, Sew)llzl} ds.
Forn =1, (3.39) and ([5.40) hold for ¢ € RT, i.e. when ¢ =0.
Proof. From Lemma [5.2] we have, for any ¢
185 {050} (k. @)l < 200 o) s # 102
and similarly
1P: {0,550 () + Uy ()0 |l < 4lolln |00,

and (5.39) follows.

The second part of the lemma follows by noting that

Fllx TRk 2] s (i r(2 S R k(2
(5.41) oMol - oo = ol (00 - o) + (01 - o) 3ot

Applying Lemma [(52] to (5:41]), we obtain
1P {010 ) = OO ) e < 2000 )+ 01
+ 2| OB )i+ 10 q) —
from which (540) follows easily.

~UP(, 9

q)
U2, q)lin,s

It is convenient to define a number of different g-norms, ¢ € e!*R* U {0} C S;.
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Definition 5.4. (i) For o > 0, n > 2, we let A®) be the set of analytic functions
in Ss with the norm

(5.42) 111 = sup lal' =" (4 laP)e (@)l < oe,
qeSs

while for n = 1, A will denote the set of continuous functions on [0,00) with
norm || - ||(®).

(i) Let « > 0, n > 2, § > 0. We define a Banach space Ai“b of functions along
the ray |qle!® € S5 with the norm

(5.43) 1712 = / el £ (., 1gle™®) ndlg| < oo.

We agree to omit the superscript ¢ when ¢ = 0 (which is always the case if n = 1).

Lemma 5.5. We have the following Banach algebra properties:

(5.44) IF % gl < 1A lalse,
(5.45) IF % gl < Mol F11))1g) ),
where
> ds
M, :24—1/n/ %
0 o SUn(1 4 82)

Proof. Tn the following, we take u(s) = ||f(-, s¢®)||n and v(s) = ||g(-, s5¢'®)||;. For
B44) we note that for any L > 0,

L lq|
(.40) [ el [T usyullal - 5)ds di
0 0
L plal g -
_ / / e~ e=d1=9)y ()0 (|g| — 5)ds d|g| < / e u(s)ds / e *Tu(r)dr.
0 0

0 0
From (.42]), we note that

|l . la] ds
_ (@) 1511(@) plal
Jy vty < VAN | e

Finally,

lal ds
/o st (gl = o)V r 1+ %1+ (g| = 9)7]

lal /2 ds
=2
/0 st/ (lql — s)t [+ 8% [1 + (Ja] — s)?]

922—-1/n lal/2 ds 94—1/n oo ds
< <
< |q1—1/n(1+|q|2/4)/0 sLU/n1 + 52] = |q[=/n(1 + |q2)/0 S/l 1 57’
where we used sup % =4. 1

Lemma 5.6. Let C2 be as in Lemmali3 and o > 1. The operator N in (I.8) is
well defined on:
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(i) .Acf;¢, where it satisfies the following inequalities
(5.47)

2alleH — 1 — n N e ~ P
IO < G20 (5 Jam /e L (101579) "+ 2ol O} + 1O,

~ N . 1
(548) INOM] = WGP < Cor 251 Yot/
n
x { (W52 4 0159 ) 00 = D50 4 2o s O — D359}

(ii) A where it satisfies the inequalities:
(5.49)

~ N 2 N N
VTN < oo 20/ Lty (1) + 2ol |71 | + 5O

(5.50) [IN[OM] = NTR|@) < CoCp—/2071/@n)
X {Mo (||U[1]||(a) + ||[j[2]||(a)) HU[I] — 0[2]“(@ +2]0]|1n HUM _ U[Q]H(a)} 7

where Cs is defined in (B.53) and depends on n alone.

Proof. (i) For any 0 < L < oo and u > 0 we have

L lq| )
el ( JRUE s>1/2“/<2">u<sel¢>ds> dlg|
0 0
L L
:/ U(S€i¢)67QS (/ |q|71/2(|q| _ 3)1/2+1/(2n)6a(q|s)d|q|> ds
0 s
L ; L e /
S/ e~ “u(se?) / e n)(s’ +5)" V27 4} ds.
0 0

Using (5.39) it follows that

| e N ale ) ndla
0
1 NRE
< C2y—1/2r<2n)a—1/(2n) ({lU”?ﬂ +2||U0||l1

From (5.40)), it now follows that

)+ 10O

| IV - AR el

0
1 ~ ~ .
< —1/2 —1/(2n) [1] ¢ [1] _ 7rl2] o9
< Cow r(%) { (o + o) ot - oe;

2ol 01T — T3¢}
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(ii) We first note that
lal
|q|1/2—1/n/’1 e_a(\q|_s)(|q| B S)—1/2+1/(2n)8—1+1/n(1 + %)~ 1ds
0
1
_ ‘q|1/(2n) / e—a|q\(1—t)t—1+1/n(1 _ t)—1/2+1/(2n)(1 + t2|q|2)_1dt
0

1/2 “141/n(1 _ p\—1/241/(2n
:|q|1/<2n>{/ p-ald-n A TR
0

(1+ t2[q[?)
/1 e—clal(1-1) t’l“/"(l — t)71/2+1/(2n) "
2|,/2
Yz (1+2[g?)

1/2
(551) < ‘q|1/(2n)efa|q\/2/ t71+1/n(17t)71/2+1/(2n)dt
0
1-1/n 1/(2n 1
2 /|CI| /( )/ e_a\q\u—t)(l_t)—1/2+1/(2n)dt_
1+ |q|?/4 1/2

The first term on the right of (E5I) is bounded by n2'/2=3/(2n)|q|t/(2n)g—alal/2,
For the second term we separate two cases. Let first alg| < 1. Tt is then clear that

1
|q|1/<2n>/ e=elal1=1) (1 _ 4)=1/241/(2m) gy
1/2

1
n _ n 2n
< lal® )/1/2“ — O < e

Now, if a|q| > 1, we have

1 1/2
|q|1/<2n>/ e=alal1=) (1 _ 4)=1/241/@n) gy _ |q|1/<2n>/ o—olalty~1/2+1/(2n) g
1/2 0

2 2n 2 2n

Combining these results we get

1
g1/ @ / e=aldl1=0) (1 _ 4)=1/241/Cn) gy < o-1/Cn) oy
1/2

< |q|1/(2n)F(1 + 1) [OL|L]H_1/2_1/(2”) < al/(2n)r<1 + 1)

7

where . . )
n
G max{ (2 + 2n>’n+1}
Therefore,
(5.52)
lql
lSl‘lp {|q|11/n(1 + |q|2)efa|q||q‘fl/2/ eas(|q| _ 8)71/2+1/(2n)371+1/n(1 + 82)1d8}
q|>0 0
< (CO + 23—1/ncl)a—1/(2n) = C3a—1/(2n),

where

Co = n2'/2-1/n {sup 71/(2")677 + 4 sup ’yQH/(Q”)eJ’ .
v>0 >0
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From (5.39) and the definition of || - [|(*), it follows that

IV < oo 2074 [aty (JO1) "+ 2ol |1 | + 1.
Inequality (5.50) follows similarly.

Lemma 5.7. The integral equation (I.8) has a unique solution in:
(i) the ball of radius 2||U© |3 in, AL?, if « is large enough so that

1 -
(5.53) Cgu—l/Zr(Qn>a—1/<2"> (4||@0||ll + 4HU(0)||‘1”¢) <1

Here Cy is the same as in Lemmal5.3 and depends on 6 and n forn > 2. Forn =1
we have ¢ = 0. R
(ii) the ball of radius 2||U@||(*) in A®) if a is large enough so that

(5.54) CaCav™ 2™ (4fog 1 + M [T ) < 1,
where Co (defined in Lemmalid) and Cs (defined in {53)) depend on & and n for
n > 2.

Proof. The estimates in Lemma 5.6 imply that A" maps a ball of size 2||U(?]|%*? in
A%? back to itself and that A is contractive in that ball when o satisfies (5.53).

In A, the estimates of Lemma [5.6] imply that A" maps a ball of size 2||U(©)||(®)
to itself and that A is contractive in that ball when « satisfies (5.54]).

Remark 5.8. If a satisfies both (223) and (5.57), then it follows from Lemma
[£-0 and the uniqueness of classical solution of (LA that the solutions U in A‘f‘;d’ and
A are one and the same.

Lemma 5.9. The q-derivatives of U(kz, q) in A for q > 0 are estimated by:
q71+1/nw7m

1+ g2
where w = q/2 for ¢ <2, w=1 for ¢ > 2.

agtwa
b

(5.55) Hg;ﬁo,q)

< C |01 |12
ll

Proof. For ¢ < 2, we use Cauchy’s integral formula on a circle of radius ¢/2 around
q and Lemma F5 to bound U for |g| > 0, argg € [—(n—1)% +4,(n —1)% — 4]
(we may pick for instance § = § to obtain specific values of constants here). For
g > 2, the argument is similar, now on a circle of radius 1. ||

In the following we need bounds on ||kU (). We rewrite (I8 using the divergence-
free condition (note that kU is a tensor of rank 2) as

(5.56)
A q A A A A
kU (k,q) = —ik/ G(a, ' k)P { U531k, 0] + t0,530,01 } (k, ¢ )dg’ + TV (&, p)
0
=N {kff}
A q A A
where UV (k, p) := —ik / G(q.q'; k) Px [Uﬁ[kaﬁo]} (k,q")dq' + kU (k, 5).
0

We now think of U in (5.56) as known; then A’ becomes linear in kU.
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Lemma 5.10. If |k[>09 € I' and « is large enough so that (5.57) is satisfied, then
%U< des <V|||7€|3@0||z1 +2]|lkloo ]l + |||/€\sz1> + [[E[2ollr-
Proof. From (0.50), we obtain
KIT ) = IV [IKITT) )
< o052 LMD BT + ool IKTT | + [T,

Lemma 5.7 which applies when « satisfies (5.54)), implies that |U]|(®) < 2(|T©)||()
and thus

BT < CaCau"/2a 1 @) k1)) {20 TN + ol | + [TV
1 (e 3 et
< LKD) + GO,
Thus,
k1T
< 2TV < 2| [T + 4MoCoCar ™ 2a™ CM| K| do |12 | T ).
Lemma follows from (5.54) and bounds on U() given in Lemma |

£12

Proposition 5.11. Assume f(0) = 0 = 9o(0) and we define ||#Hl1 =D kezo\{0} %
If for n > 2, « satisfies the condition:
H <1
ll

(5.57)
_ I\ om [ ) 2 1

CQI/ 1/2F<2n>a 1/(2 ){4|’Uo||ll + 4CG |:||’U0||ll (1 + ;”vOHll) + l/H“fJ].Q

with constants Co and Cg defined in Lemmas[Z.3 and[[.5, then the integral equation

(L8) has a unique solution in a ball of size 2||UO||%? in AL, If in addition

|k|200 € 11, then for n > 1 and o = vy is such that

]. — n ~ ]- — I A
(5.58) CQVI/ZF(%>041 1/ >{4||v0|11 +401F<n>a1 1/ ||v1||11} <1,

where

(5.59) o (k) = (=vlk[*d0 — ik; Py [f0,5300]) + f(K)

with ¢1 defined in Lemmal[f.7, then the integral equation (I.6) has a unique solution
in a ball of size 2| U@ || in ATH?.

Proof. The proof follows from Lemma 5] since (557) and (B.58)) imply (&.53]), and
thus Lemma 57 applies. |

Proof of Theorem [2.7]

Proposition 51T gives a unique solution to (L6]) in some small ball in the Banach
space A‘f‘;‘b for sufficiently large a. From Lemma 6] we see that U generates via
(LE) a solution ¢ to (LZ) for t € [0,a~/™). Classical arguments (presented for
completeness in Lemma [[2Z.]in the Appendix), show that |k|?9(-,t) € I! and hence
F~H[6(-, )] (z) is a smooth solution to (LI) for ¢t € (0,a~/™). Analyticity in ¢ for
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Ret% > « follows from the Laplace representation. For optimal analyticity region
in t, we choose n = 1.

It is well known that (L)) has locally a unique classical solution [34], [I5], [9].
Thus, given 9y, f € 1!, all solutions obtained via the integral equation coincide.
Furthermore, 9(k,t) — 0p is inverse-Laplace transformable in 1/t" and the inverse
Laplace transform satisfies (LG). Therefore, no restriction on the size of ball in
spaces A%, A is necessary for uniqueness of the solution of (LG)).

Remark 5.12. The arguments in the proof of Theorem 2] show that ||0(-,¢)[|;x <
oo over an interval of time implies that the solution is classical. This is not a new
result. Standard Fourier arguments show that, in this case, we have |[v(-,t)||pe <
00, i.e. one of the Prodi-Serrin criteria for existence of classical solutions [29], [30]
is satisfied.

6. ERROR BOUNDS IN A GALERKIN APPROXIMATION INVOLVING [—N, N|?
FOURIER MODES

Definition 6.1. We define the operator NV) (associated to N') by
(6.60) NV [U} (k, q)
— ity [ Glanats R P [0750 + 6030 + Oytn] (ko + PuT ),
where Py, the Galerkin projection to [—N, N|® Fourier modes, is given by
[PNU} (k,q) = U(k, q) for k € [-N, NJ? , [PNU] (k,q) = 0 otherwise.
Lemma 6.2. The integral equation
TN — @) {guv)}

has a unique solution in A as well as in A, if o satisfies the conditions in

Theorem [2.]1]
Proof. The proof is very similar to that of Theorem [Z1] part 1, noting that the
Galerkin projection Py does not increase I* norms and N'™) and N have similar
properties. |
Lemma 6.3. Assume that o is large enough so that
N 1
(6.61) CyCsv~ 121/ (2m) <4||7}0|\l1 + 4MOHU(O)||(“)) <3
and that |k|30o, |k|f € 1*. Define the Galerkin truncation error:
(6.62) Tpy =PynU—-NW [PNU} = PyN [U} — N {PNU}
q A A
= —ikj/ g(q, q/; k)PNPk [ﬁO,j%(I — PN)U + (I - ’PN)UJ;HA)O
0

+ (I = Py)UEPNU + PnUEI — Pa)U + (I = Py)U (T — PN)U} (k,q')dq'-

(9)Recall this means .A?;d’ with ¢ =0



NAVIER-STOKES EQUATION 19

Then,
1T — UM <||(I = Pn)U || +2|| T, n]|,

where
I(1 = Pn)U| ) + 2| T n ||

< [2e1 (VIIkFo0lle + 20l1kI501E + 1K1 ) + Ko ]

1
N
x {1+ defolln + 12¢ (vI1ERoln + 20 Kloolln ool + 11711 ) } -
Proof. Clearly,
|T T < (T —Px)T + [PNT — T
By 6.81), (6:62) and contractivity of NV,
IPNT — T @ < NPy D] — NI 4 [T ]| )

1 N N
< SIPwU - UM 4 | T, ]|,
s0
1T =T < (1 = Pw)U + 2| T, ]|
Now estimates similar to (5:49) imply that

1T 1) < ell(T = Pr)DI [2]30llu + 2PN T + [[(T = Pa)O)]
< dll(T = Pw)T) [2]0lli + 61T )],

and Lemma [5.10] implies that

A (o 1 A (a
I(T = Px)U|| < NHkUH( )

1 . - 2 .
< [2e1 (VIIRFo0 e + 20kI0l1E + I1ELf 1l ) + lElioln] -

Hence the lemma follows. |

7. THE EXPONENTIAL RATE o« AND THE SINGULARITIES OF v

We have already established that at most subexponential growth of ||U(-, q)||n
implies global existence of a classical solution to (L)).

We now look for a converse: suppose (II]) has a global solution, is it true that
U(~,q) always is subexponential in q? The answer is no. For n = 1, any com-
plex singularity ¢s in the right-half complex ¢-plane of v(x,t) produces exponential
growth of U with rate Re(1/t,) (oscillatory with a frequency Im(1/%,)).

However, if f = 0, we will see that for any given global classical solution of (L),
there is a ¢ > 0 so that for any t; we have |argts| > c¢. This means that for
sufficiently large n, the function v(x,7~/") has no singularity in the right-half 7
plane. Then the inverse Laplace transform

Uz, q) = ! /CHOO {v(x,rfl/”) - uo(:c)} el dr

2mi c—1i00

can be shown to decay for ¢ near RT.
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We now seek to find conditions for which there are no singularities of v(z, 7~ 1/")
in{r:Ret >0, 7 ¢ RTU{0}}.
Lemma 7.1. (Special case of [IT]) If f = 0 and v(-,to) € H* (T3[0,2n]), then
v(x,t) is analytic in z and t in the domain [Im x| < cv|t —to], 0 < [t —to| < C for
arg(t —to) € [—%, %], where ¢ and C are positive constants (C' depends on ||vl| g
and v and bounded away from 0 when ||vo||g1 s bounded).

See page 71 of [16].

Lemma 7.2. (i) Assume kiy, f € I* and o is large enough so that (5.53) holds for
n = 1. The classical solution of I has no singularity in Re% >, x € T3,

(i) Furthermore, for f = 0 (no forcing), no singularity can exist for arg(t —
T.o) € (—6,0) for any 0 < 6 < 2 and any x € T®. (T, is estimated in terms of
lvollzr, v, and & in Theorem T2 in the Appendiz using standard arguments.)

Proof. (i) The assumption implies vy € H!(T?). Since it is well known (see for
instance [16], [34], [9], [15]) that a classical solution to (L)) is unique, it follows
that this solution equals the one given in Theorem [Z1] in the form (I4). From
standard properties of Laplace transforms this solution is analytic for Re% > a,
where « is given in Theorem [Z11

(ii) We know that under these assumptions ||v(-,¢)||g1 — 0 as t — oco. There
is then a critical time T, , so that standard contraction mapping arguments show
that v(-,t) is analytic for t — T, € SS as seen in Theorem [IZ1] in the Appendix.

Corollary 7.3. If f =0, for any vy there exists a ¢ > 0 so that any singularity ts of
the solution v of (IL1l) is either a positive real time singularity, or else |argts| > c.

Proof. If there exists a classical solution on R™ then ||v(-, )| g1 is uniformly bounded
and by the proof of Lemma [T2] (ii) there is a T, , (as given in Theorem [2I]in the
Appendix) such that v(-,t) is analytic for arg(t — T, ,) € [—%, ﬂ Let now M; =
maxc(o,1, .+ V(1) || g1 Then by Lemma [T} for any ¢’ € [0, T o + €] there exists
a cg = c2(My) such that v is analytic in the region [t —#'| < cg, |arg(t —t')| < w/4.
Thus v is analytic in (see Figl)

{telt =] <eolargt =) < 7,0 S ¥ < T+ e {1 larg(t — Toa) < T}

Thus, if ¢4 is a singular point of v, then tan|arg(ts)| > ¢ where

= 02/\/5 _ C2
Tc,a + 02/\/§ \/iTc,a + c2

Proof of Theorem
By definition,

N 1 1
Ulka) = 5 /C (kv merm dr = L

= [0k, 771/") = Go(k) | e dr,

where the Bromwich contour C' lies to the right of all singularities of u(k, 1/ ™) in
the complex 7-plane. By Corollary [[3] i(k,t) has no singularities in the sector

Stp = {t: largt| < ¢ :=tan™* c},
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FIGURE 1. The region of analyticity of v.

so @(k,7~'/™) has no singularities in the sector
Srp = {7‘ DargT| < n¢}.
Clearly, if n¢ € (%, ), then a(k,7~/") is analytic in a sector of width between
m and 27, and in particular the Bromwich contour C' can be chosen to be the
imaginary axis. With the suitable decay of @(k, 7~/™) at 7 = oo:
a(k,t) = 0(k,t) — vo(k) = O(t) ast — 0, which means that
a(k, 77Y")y = O(r1/™) as T — 00,

Jordan’s lemma applies and C' can be deformed to the edges of the sector S; 4, i.e.

. 1 0 ocoe
U(k,q) = 2m{/ By ¢+/0

ing

} [@(k, Folny @O(k)} " dr

1 0 coein?

(carefully note that the integral of ¢o(k) over the contour is 0). Further, as shown
in Theorem [I2T]in the Appendix, there is a sector S in the right-half ¢-plane (with
¢ < < %) so that

}f)(k, VM)l dr

[oC, )i < Ce~ivRet as t — oo in 5‘5.

So
|6, 7Y™ < Ce—§vRe(r™"/™) as 7 — 0 along e¥™%(0, 00),

and the boundedness of ||o(-,7=/™)||;» for large |7| implies that
6(, 77 Y™ |n < Cle=ivRe(r™/™) for all 7 € e*™?(0, 00).

It follows that

o0 o0
||U('7Q)Hll < C/ ef%uRe(T_l/"H»qRe‘r d|7’| < C/ efgur_l/"cosdﬂrqrcosnd) dr,
0 0
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and a standard application of the Laplace method (with the change of variable
r = q "/ ("*ts) shows that

—Cagt/ (D)

||U(',Q)||zl < Cie as ¢ — +00.

8. ESTIMATES OF « BASED THE SOLUTION OF (L6 IN [0, go]
Define U® as in 39) and U® = U — U@, Using (6)), it is convenient to write
an integral equation for U® for ¢ > go:
q
~ ) e (b (s

669 0Oka) =ik [ Glad WA () dg + 00 (00),

40
where

. min{q,2qo0} i R
o) OOk =it [ G(a s VA (k.q') dg' + 0O (k. q),
0

and
(8.65) A (k,q) = Py [@wmﬂ + U@ ka0 + U}‘”iﬁ(ﬂ (k,q),
(8.66)

Hy(‘b)(ka q) = Py [ﬁo,ﬁﬁ(b) + U;b)%ﬁo + U;Q)i(j(b) + U;b)iﬁ(“) + U;b)iﬁ(b)} (k,q).
Also, we define R(b)(k,q) = —ik'jﬁj(-b)(k, q). Tt is to be noted that the support of
H(@ g [0,2g0]. Thus, if U@ is known (computationally or otherwise), then H(@

and therefore U(®) are known for all q.
Proof of Theorem 3.1k Note that

Bk, )| < 2Jk|[2050]#(0)] + 2T 0O+ 0O 0]k, q),

where | - | is the usual Euclidean norm in R3. By Lemma [£4] we can define a best
constant
(8.67) Bo(k) = sup_{(a—a)""*" (G (a.' k) }

20=<q'<q

and conclude that
G0, q's RO (k) < 20kl Bo(k) (g — o)V [2la0 0] + 210 517
+ O] (k)
It follows from Lemma [B.1] that
1G(a,¢'s )R (¢ ln < (g — ) [Blu + By * u+ Bau * u} (@),
where 1(q) = ¢/ ~1/2 and
u(g) = 10D ln,  Bi= 4:2;@3 {1%|Bo(k) }1toll:2,

Bs(q) = 4 sup {[k|Bo(k) U (-, q)][11, By =2 sup {|k|Bo(k)}.
keZ3 keZ3
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Taking the [!-norm in k on both sides of (8G3), multiplying the equation by
e~ for some « > o > 0 and integrating over the interval [gq, M], we obtain

M q M
Lo < [ e [ wla=a) [Brut Bovus Buwna] (¢ di' dg+ [ 0 ) dg
q0 q0

90
M M
< [ Bt Bevut Buusd@) [ ettt g)dadg + [ et ng) dg

qo0 q’ 90
M

e} M
< / e~ *Y(q) dq/ e~ |:B1U+BQ*U,+B3U*U:| (¢") dq'—|—/ e_aqu(s)(q) dq,
0

q0 q0

M

where

M
(8.68) Loyt = / e *u(q)dg,  u®(q) = U (-, q)|n.

qo0
If we use the fact that

’

M , M , q
/ e *Tuxv(q)dq :/ e~ / u(s)v(q — s)dsdq

q0 q0 q0
M M )
= / u(s)/ e “Ty(q —s)dq ds

q0 S

for any function v on [0, M] (recall that u = 0 on [0, go]), then

S8 qo0 ,
(8:69) Lgyn < / e%(q)dqﬂBl+ / e Bz(q’>dq’]qu,M+BgL30,M}
0 0

+ b~ 1/271/@n) < o —1/2-1/(2n) [EqumM +€L30,M} + ba—1/2—1/(2n),
where

(8.70) b= l/2+1/(n) / e 1) (q) dg,

g0

(8.71) =T 1+i B +/q0 —0d' By (') dg’ =T 1+i B
. €1 = 2" o 1 o e 2\q)aq |, €= 5 " on 3-

For

V2H1/Cm) - and (e — /2@ S e,

this leads to an estimate for Ly, »s independent of M:

€6 <«

1 1/241/(2 n)) 2
(8.72) Lo < o [a [241/@2n) _ e — \/(61 — al/2+1/@n)* _4ep.

So |U(-, q)|l € L' (e~ dq) and the solution to (IZI) exists for t € (0,a~1/"), if a
is sufficiently large so that

a > ag, Q2 @) 5 e 4+ 2v/eb.

Alternatively, we may choose oy = «, in which case « has to be large enough to
satisfy:

Ql/2H/Cn) S ) 4 2v/eb.
This completes the proof of Theorem [3.1]
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8.1. Further estimates on €;, b and e¢. By Lemma [£.4]

(873) = sw {kla2a— )2 CG(q k)| < o,
keZ
90<q'<q

and by [B.68), (8.64), Lemma 4 Lemma (.5 and the compact support of H(a),

(8.74) cs = sup {q1/271/(2”)u(5)(q)} < o0.

q0<gq

It follows that

1 1 1 1 —-1/2
(8.75) b < CSF<2 + 2n,OKOCIO), e< 2F(2 + 2n>cgq0 / )

where
F(a,x):/ t*te Tt dt

is the incomplete Gamma function, and condition [B.I3)) is satisfied if
(8.76)

11 11 vz,
n —1/4
a > ag, Qt/2HYC) S e 2{2F<2 + 2n>F<2 + %,aoq())cgcs} q .

If on a large subinterval [gq4, qo], 0(“)(~7q), and therefore H(®) | decays, cf. the
exponential decay in Theorem [Z2] then the estimated ¢, is small. Also, €; in (8]
is small for large qg, ultimately since By(k) in (867 is small. It is then clear that
« in ([BXT0) can be chosen small as well.

9. CONTROL OF NUMERICAL ERRORS IN [0, ¢o] IN A DISCRETIZED SCHEME

The errors in a numerical discretization scheme for 3-D Navier-Stokes cannot
be readily controlled since these depend on derivatives of the classical solution;
and these are not known to exist beyond some initial time interval. In contrast to
physical space approaches, the ¢ derivatives of the solution U to ([THQ), are a priori
bounded on any interval [g,,, qo] C R for g, > 0, by Lemma [0l Further, if g, is
chosen appropriately small, then the small ¢ expansion of NS solution provides an
accurate representation for U and therefore of H ; in [0, g ] to any desired accuracy.
Calculating the numerical solution to (L) with rigorous error control is relevant
in more than one way.

In §8, we have shown that control of U on a finite g-interval provides sharper
estimates on the exponent «, and therefore an improved classical existence time
estimate for v. If this estimate exceeds T, the time beyond which Leray’s weak
solution becomes classical again (see the Appendix for a bound on T,.) then, of
course, global existence of v follows.

Furthermore, a numerical scheme to calculate (L), which is analyzed in this
section is interesting in its own right. It provides, through Laplace transform, an
alternative calculation method for Navier-Stokes dynamics. Evidently, this method
is not numerically efficient to determine v(z, t) for fixed time ¢; nonetheless it may be
advantageous in finding long time averages involving v and Vv needed for turbulent
flow. These can sometimes be expressed as functionals of U.
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Definition 9.1. We introduce a discrete operator N(;(N) by

m—1
(9.77) {Ngm[v]}(k,ma):_ikj S w® (s, §yPyHY (k,m'5)

+ 0N (k,md) — ikyw D (m, k, 6)Py H5) (k,ms),
where k € [-N, N3\ {0}, N> m > my, ¢m = ms0 (qm is independent of §) and
~ N dm R
9.78)  TON (ke md) = T (i, md) — ik, / Gmé, ¢’ kyPy N (k, ¢ )dg'
0

is considered known, while for m’ > m,

(9.79)
HYGm'e) = >0 P[0 W)V (k= Km'0) + b0 (K)V; (k = K, m'8)|
k'€[—N,N13\{0,k}
+ 3 Py [Vj(k/, m"6)V (k — k', (m’ — m”)é)] w® (', m"; k, 6)

k' €[—N,N]3\{0,k}

’
m'=mgs...m'—mg
ms—1

+2 3 (' k,5)Py [EU)(k)W(k, (m’ —1)5)}.
=0

In @79), E® (k) involves @y (k)-this representation encapsulates the singular con-
tribution of U(, q') and U(, q—¢') when ¢’ and q — ¢’ are small respectively. The
precise form of these functions and of the weights w (m,m’; k,8), w1V (m, k, §),
w® (m!,m”; k,5) and wD (m/, k, §) generally depend on the particular discretiza-
tion scheme employed to calculate N, (;(N) [U7]. Also, note that in (279), the nonlinear
terms in the summation are absent when m, < m’ < 2m,. To simplify the discus-
sion, we do not specify the weights, but only require that they ensure consistency,
namely that in the formal limit § — 0, the discrete operator N, (S(N) becomes N'V).
Based on behavior of the kernel G, consistency implies that

Cl(;l/(2n)
ml/2 (m — m/)1/2—1/(2n)

\kw(1’1)| < 017151/2+1/(2n)(m5)71/2 , ‘w(2)| < 026, ‘w(2,l)| < C3§1/n(l+1)71+1/n'

(9.80)  [k[[w™ (m,m’; k,6)| <

Consider the solution
081 UMk, mo) = (N [080] ) (k,mo) for my < m, k€ [-N, NP,

where as noted before, ¢,, = msd is small enough so that the known asymptotic
series of U at ¢ = 0 can be used to accurately calculate UN) and H;N) for ¢ < g,

and thus of U™ and E® in (@78) and (@79).
Definition 9.2. We let

Tﬁ;]f;) = NN ) _le(N)U(N)
be the truncation error due to q-discretization for a fixed number of Fourier modes,

[N, NJ3. The discretization is consistent (in the numerical analysis sense) if ng?
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scales with some positive power of § and involves a finite number of derivatives of

U.
Definition 9.3. We define || - ||(*?9), the discrete analog of || - |(*), as follows:
”f”(oz,é) = sup mlfl/nélfl/n(l +m252)67am6||f(.’m5)”l1'

m>mg
Remark 9.4. More specific bounds on the truncation error depend on the specific
numerical scheme. It is however standard for numerical quadratures to choose the
weights w) so that ¢-integration is exact on ¢ € [¢m, qo] for a polynomial of some
order /. For a general V(~7q), the interpolation errors involve [ + 1 g-derivatives.
Lemma (.9 guarantees that the derivatives of U are exponentially bounded for large
q. It follows that HTg}QHWﬁ) —0asd—0.

Remark 9.5. In the rest of this section, with slight abuse of notation, we write *
for the discrete summation convolution in q-space (i.e. sum over m') and % for the
discrete double, Fourier-Laplace, convolution. Since the rest of the paper deals with
discrete systems, this should not cause confusion.

Lemma 9.6. For m > mg, ﬁj(g)(-,mé) satisfies the following estimate:

9.82) AL (-, md)|

eamé

(N [e% (N o ~
< C(l+m252)m1—1/n51—1/n“Uz§ )H( %) {HUé( )H( )+ ol +CE}

for some known constant Cg.

Proof. Using the properties of discrete convolution we see that

|| P {f)o,jﬂz AéN) + Uég)%o + ﬁﬂ)iffém} [l:2
m—mg
~ ~ (N ~ (N ~ (N
<C{|vo||ll||U§ eomd) i +6 3 N0 o8l T (m—m')6) s

m/=mg

meg—1
+ 613 (! + )T B [O5 - (m - m’>6>||u}

m’=0
6&m5 ~ (N 1 (e,8 (N (a8 2
< O | e+ Il 010 + (10 =)}
where, by a standard integral estimate,
m—1 5
S/ mp =/ (14 m252) Z — — . _<C,
o2 [om/ 6 (m — m/)P =Y (1 4+ 62m/ %) (1 + 62(m —m/)7)
ms—1 5

< C,

61—1/nm1—1/n(1+m252) Z

m’=0

B0+ 1)a(m — m)[ - 77(1 + 8 (m — ' )?)
for C independent of m, m’ and §. In the above estimates we have used
IEC i < Cpe®o™® (ag < a)

which can be obtained from the definition of E(™"). |]
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Define H(N b

in H;g).

and ﬁ;g’Q) by substituting U(N) U(gN’l) and U(gN’Q), respectively,

Lemma 9.7. For m > mg, we have

N, 2 (N,
|50 (om) = HY? (- md) |
et SN N2 | (s
) _ N a, )
< Carmemr sl U

~(N,1 « (N2 « ~
x {IOEY DN D)@ 4 ]l + Cs

Proof. The proof is similar to that of Lemma [0.6] |l

Lemma 9.8. (i) For Cy defined in (3.83), assume o is large enough so that
(9.83) 203071 27@ (1Cg + [ligln] + 2 TON @) < 1.

Then, for any a=' > 6y > 6 > 0, N;N) is contractive and there is a unique solution
0 ﬁgN) = N(;(N) [UéN)} , which satisfies the bounds

amd
) 2¢ 7(0,N) [ (@)
|| (’md)Hll < mlfl/nélfl/n(1+m252)”U || :
(i) If « is such that
N 1
(9.84) 2030”1271 ([Cp + [oglun] + 20 CV|*9) < 2,
then
(N) (N 2¢4m (N) (0,6
1T (,m8) = UM (;mé)||n < 1T

ml-1/n§1=1/n(1 + m262)
Proof. (i) We have

(9.85) ||N<N> O8N Cmé) | < [T0OM(ms)|n

51/(2'”) (N 3 (N
e Z i3 — a7 M ('8l +C8Y Crm T A (- me)

m’/=mg

amd

€ 5 (0,N) [1(,8)
= (1 +m262)ml-1/ngl-1/n {”U |

+ C4a—1/2—1/(2n)HUéN)H(a,(S) <||U§N)||(a’5) + || Dol + CE) },

where, by a standard integral estimate,

1 (0% mlfm
s1=1/np,1=1/n 1—|—m252 mz: dee( )8
N [6m]1/2[8(m — m!)|1/2=1/ @) [§m/ 11/ (1 + m/262)
< Q1210
and
§1/2+1/(2n)

< 051/2+1/(2n) < Ca71/271/(2n).
[6m]1/2 - -
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Thus UéN) =N, (;(N) [U éN)} has a unique solution such that
1G5 < 2 GO e,

Hence the first part of the lemma follows.
(ii) Under the assumption,

2 A (N) (e N) 7 N) 7y (N o N)(x
[T = TN < NGO = NPT 4 T e
1 - N N) (o
< SN0 =T 4 T,
So
g (N (e N) (e,
[0 = T < 2T

and the second part of the lemma follows. [

Proof of Theorem Note that
UéN) _ U= UéN) — W LM
From Lemmas and 0.8 it follows that
105 = 011« < 2 Te ]| D + 20T | + I = Pw)T[,
which tends to zero as N — oo, § — 0, by Lemmas and

10. NUMERICAL METHOD

In this section we describe a numerical scheme for calculating the solution (A](gN)
over a fixed interval. The procedure can be further optimized in a number of ways,
such as adapting the quadrature scheme to the features of the kernel.

10.1. Outline of the Algorithm. The main algorithm is summarized as follows:
initialization;
startup routine;
for each time step
advance the solution using second order Runge-Kutta integration;
end
estimate the error and output the results.

10.2. Startup Routine. One difficulty in numerically solving (L6l is that the
equation is singular at ¢ = 0. To overcome it, we first compute @ for small ¢ by
solving ([I6]) using Taylor expansion:

alk,t) = em(k)t™,

m=1
where
¢, = U1,
1 m—1
o 2 A . " Aa o An ”  Aa
Cma1 = p —v|k|“én — ik; Py (vo,j*cm—i—cm’j*vo—i— E Cg’j*cm[> ,m>1.
=1
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Then U is computed for small g by

mo
U(k,q) = m(k) g™
m=1
wherd] )
Gy = —Cm
" T(m/n)’

10.3. Second Order Runge-Kutta Integration. After computing the solution
on [0, g,,] for some ¢,,, > 0 by using Taylor expansions, we solve the integral equa-
tion (6l on [gm, o] using second order Runge-Kutta (predictor-corrector) method.
Since this numerical scheme is preliminary and far from being optimized, we do not
include the details here.

What is worth mentioning is the evaluation of the functions F'(u) and G(u).
As shown in earlier sections, both F' and G are entire functions and have power
series expansions at p = 0. For small u, these expansions converge very rapidly
(super-factorially) and provide an efficient way to evaluate F and G. For large p,
however, the alternating nature of the expansions raises the issue of catastrophic
cancellation, and it is no longer appropriate to use them for numerical computation.
In this regime we use the asymptotic expansions of F' and G, which we derive below.

While the complete asymptotics of F' and G can be derived using Laplace’s
method, a faster and easier way is to use the differential equations they satisfy. For
example, recall that for n = 2,

Flu) = %(h )= %Im[l,

where
> .o —1/2
Il — Z/ r—l/Qe—r—z/w dr.
0

It is easy to check that Iy satisfies the third-order ODE (the same equation satisfied
by F)

pl!" + 17 — 21, =0,
and it has the leading order asymptotics

[T =
IlN2 ge s

2= 3 . 2—2/3M2/3eiﬂ'/3.

where

If we make the change of dependent variable

Il = 2\/§6zJ1(2),

Ji(z) =1+ Z amz"™,
m=1

then J; must have the form

(10)Note that
oo N n N oo m N
/ qum/"flefq/t dq = dmtm/ qm/”flefq dq = F(—) cdmt™,
0 0 n

so T(m/n) - dm = ém.
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and it solves the ODE

1 1
" " !
JV = 3J) + (3+ 7422)111 - h=0

Fu) ~ \/%Im{e_z (1 + mi amz_m> }

where a1, as, etc. are determined by the recurrence

It follows that

1
— 1 e —
ap ) ai 127
1
== [(12m212m+1)am_1+ (4m312m2+9m2)am_2], m> 2.
m
Similarly,

G(,LL) ~ _(45:)37:31m{ez+i7r/6 <1 + i szm) }’

m=1
where
R T )
CO - I Cl - 127 62 - 288?
1
Cm = —— (—48m2 +60m — 2) Cm1 + (—32m3 +108m2 — 80m + 9) Cm_2
24m,

+ (—8m4 4 52m3 — 102m2 + 67Tm — 14) cmg] . m>3.
11. PRELIMINARY NUMERICAL RESULTS

For all computations in this section we take n = 2. The numerical results

and computation scheme are preliminary. The algorithm has not been optimized
for efficiency, and not all estimates have been rigorously analyzed yet, and these
will be published elsewhere. Nonetheless, the partial results show some important
features of the integral equation approach.

11.1. Test Case. We first tested our code with the following test function:

(Kida flow) : v = (v, v®) ),

sin xp
1+1¢
v(l)(xl,:@,xg,t) = ’U(Q)(Ig,Il,ﬂfg,t) = v(g)(azg,zg,xl,t).

e (21,22, 23,1) = (cos 3x4 cos x3 — cos T3 €os 3x3),

The forcing f corresponding to v was generated with ¥ = 1 and equation (L8] was
solved without the knowledge of v. The computed solution was then compared to
.

For this test case, the startup routine computed the solution on [0, g,,] = [0,0.2]
using my = 8 terms and the Runge-Kutta solver advanced the solution to gy = 1.
2N = 16 points (i.e. 8 Fourier modes) were used in each dimension (excluding the
extra points for anti-aliasing).

We computed the solution for different step size § and the errors at ¢g

- Uty ~-U
es irﬁr)g s (x,q0) (z,q0)]
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are listed in Table[[l To ensure the error decays at the right order O(52), we also
included in the table the numerical order of convergence:

TABLE 1. Test case: errors at qq.

J €s Bs
1/20 || 1.3399c-04 | —
1/40 || 3.1987e-05 | 2.07
1/80 || 7.1462¢-06 | 2.16
1/160 || 1.3620e-06 | 2.39

11.2. Kida Flow. Now we consider the Kida flow with the initial condition

1 .
v(() )(xh Z9,x3,0) = sinx1(cos 3z4 cos x3 — cos x2 cos 3T3).

We computed the solution for v = 0.1 with zero forcing to ¢y = 10 using 2N = 128
points in each dimension, and step size § = 0.05. The parameters for the startup

procedure are the same as before: ¢, = 0.2 and my = 8. To investigate the growth

of the solution U [gN) with ¢, we computed the {'-norm

NGl = S 10 (kq)l
ke[—N,N]3

and plotted ||f7(§64)(-, q)|l;r vs. q in Figll For comparison we also included in Fig2]
a plot of the solution to the original (unaccelerated) equation.

Fig[3 shows the plot of 10g||f]§64)(-,q)||11 vs. ¢'/3. Note that [|U(-,q)|lp ~
cre=24"? for large q, where cy = (0.3)2/3275/33 ~ 0.42.

11.3. Longer Time Existence. We next computed the constants in estimate
(B69). By taking go = 10 and oy = 30, we obtained

ba~0, e~ 11403, € ~ 13.6921.

This implies the existence of the solution for v > 32.7564, which corresponds to an
interval of existence (0,a~/2) = (0,0.1747).
We compare with a classical estimate of the existence time. The formula
1
l = ——
|| DM || 12
(where ¢, is known) was optimized in the range m > 5/2, giving a maximal value
Ty =~ 0.01 at m = 3.2, about 17 time shorter than the time obtained from the
integral equation.
Furthermore, considerable optimization of code is expected to allow numerical
calculation over much larger g-interval.

12. APPENDIX

12.1. Derivation of the integral equation and of its properties.
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The integral equation. We start with the Fourier transformed equation (I2:80):
(12.86)  dy + v|k[*G = —ik; P[00, j%0 + ;%00 + ;%0 + 01 (k)
=: —ik;hj + 01 (k) =: 7 + D1 (k),
a(k,0) =0,

where

01 (k) = f(k) — v|k|?0o — ik; Py[do,j%D0].
For n > 1, look for a solution in the form
(12.87) a(k,t) = / U(k,q)e” " dg

0

where

(12.88)  #(k,t) = —ikyhy(k,t) = _ikj/o 1k, q)e=/t" dg

::/ ]A%(k,q)e*q/tndq.
0

Inversion of the left side of (IZ80]) and the change of variable 7 = ¢t~ yield

t t
(12.89) a(k,t):/ e’”|k|2(t’s)f(k,s)ds+/ e V=95, (k) ds
0

0
1 .
_ —v|k|?t(1—s) 4 Ul(k) —v|k|?t
_/0 te VIFPH A=) (L ts) ds + WTE (1—6 [kl )
1 N
:/ U ngmrlkEr (1) /Oo Rk, )" dyf ds + 20 (1-evikr)
0 0 vkl

= I(k,7)+ J(k,7).
Inverse Laplace transform (formal for now) of I and J yield:

c+ioco

1
qT
(12.90) —27”,/C I(k,7)e? dr

—100

oo 1 ct+i00
:/ R(k,q')/ {1/ T1/nev|k2r1/"<1s>+<qq's”>fd7} ds dg’
0 0 2mi c—100

oo 1 1 c+ioo “1/m
=/ R(k‘,q’)/ (q—q’s_”)”"—l{/ (THmetre dC} ds dg’
0 0 c

270 Jo—ioo

. / R(k,q)G(q, s k)dd,
0

where
C=(g—q¢s™™r, p=v|k*(1—s)(qg—qs™)"",
while
1 [otice o(k) [ 1 [otie 2 —1/n
12.91) — J(k, 7)ed™ dr = — ar (1 — e~vIkIT d
(12.91) 2m'/H-OO (k,)etdr = h 2m‘/c,m ¢ ( ¢ ) T

olk) (1 [T s sy 2]
(&

—100
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where

C:qTa [L:V|k|2q
The Bromwich contour is homotopic to a contour C' from occe™ ™™ to the left of
the origin, ending at coe’™ encircling the origin, and we finally obtain the integral
equation:

1/n.

A q A A
Otka) = [ Gla.q'sb) ik )] o’ + 0Ok,
0
where
f{j(k,q) =P |:1A}07j>T<U + Uj;kf}() + U]:(A]:| (k, q).
Rescaling the integration variable, s — s7'/™, the kernel in (IZ90) becomes

—1/n

(1292) Glavg'sk) =g/ [T (s ) R ds
1
—1/n

- g A G s
where ,
1=t a= ke s
and

1 1 /n et/
F(H):%/Cg UneC=nc™ " g,

Furthermore, from (IZ91]) we have

. or (k)
12, ©)(k, g) = 21 k%q"/"
(12.93) U (k,q) u|kz\2qG(V‘ "¢,
where )
__ C—pc—n d _
G(p) 5t )€ ¢ G)=0.

Power series representations of F' and G. To show that F' is entire, we start with
the definition

_ L[ ungemnetn
(12.94) F(p) = 27ri/0< ete d¢

1/n

and expand e~ into power series of (T'/™ to obtain

F(u) = L i <_1)juj/ ¢/l g

2mi —~ 4! C ’
where the interchange of order of summation and integration is justified by the
absolute convergence of the series. From the integral representation of the Gamma

function (see [I]) we get

e (41 L1\ 2w
/CC j e dC—Zzsm( - W)F(l n >_F(( +1)/n)’

J
(where in the last step we have used the identity sin(7wz)I'(1 — 2)I'(z) = 7) and thus
F' has the power series representation

_OO i where -:(_—Dj
F(u)‘jz_%Fj“’ here B = TG+ D/n)
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Similarly, G is an entire function and has the power series representation

(=1
JTG/m)

12.1.1. The Asymptotics of F' and G for n > 2 and large p > 0. Elementary
contour deformation and estimates at 0 show that
1

- 1
F(‘LL) = %(Il — Il) = ;Imll,

G(p) = ZGjuj7 where G; = —
j=1

where
(12.95) ILi(p) = / rm /et /M exp [—7‘ - ,W_l/”e”/”] dr
0

3
_ nu1—2/(n+1)eiﬂ'/n/ Sn_QeXp [_Mn/(n—&-l)(sn + ei‘n’/ns—l)} ds
0

= pul =2/ (1) 2im/(nt1) /Oo " Zexp {—WP(:U)] dz,
0
where
w = Mn/(n—&-l)eiﬂ-/(n—kl))

Similarly,

I, = nul—Z/(n+1)e—217r/(n+1)/ 22 exp[—u’xp(a?)} d.
0

We now use the Laplace method to obtain the complete asymptotic expansion of

I, for large w with argw € (fg, g) or arg i € (7%, %) We then show

that I solves a linear differential equation. It will follow, from standard results on
asymptotics in ODEs, that the expansion is valid in a wider complex sector. First,
it is easily seen that the only solution to the equation

1
/ n—1
) =nw - — =0
¢'(z) =
on the positive real axis is © = o = n~/(**tD_ If we introduce a new variable

(12.96) £ =p(z),

then clearly & decreases monotonically from x = 0% to & = xg, where it attains the
minimum value

o = p(x0) = n D (n 4 1).
We denote this branch of =1 by x1(£). Further, as z increases beyond z = x¢ up
to 0o, ¢ increases from & to oo. We denote this branch of =1 by 2(€). It follows
that

n—2 o] n—2

[ = =2 iy | [T @ (e vy (e |
e ‘ [ /5 w10 -7 e ) -5 "

To find an expansion of z;(£), ¢ = 1,2, we note that

E—& =p(z) —plxg) = Zw(j)(xo)(x_j;’”())J7
i=2 !
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and thus
— x — 330) 1 " 2
(& =) —>_ Y (x0) T T a¥ (o) (x — w0)",
Jj=3
or
J
(12.97) ry =x0 £ > ( [ £—¢&) Z(p(ﬂ) x0) )

where z_ = 1 and 24 = x9. By ([Z97) we have

n—2
Z; (g) 2] 2
— by (€ — &)Y/
nxi 1(5) ng
Watson’s lemma then implies that
(12.98)
I Nn,ul 2/(n+1) g2im/(n+1) ,—Eow Z / b£2 b[ll) 3/2—wn dn (n = €&—£&)
j=—1
-~ nM1—2/(n+1)€2iw/(n+1)e—§0w Z (bg_z] _ bg_l]) F(l n é) w1372,
j=—1
We see that

b[-2] _ b[-l] _ 0 ] even .
J J b[Q] ] odd

Similar analysis for I; gives

(12 99) Il Nn,u1 2/(n+1) —217r/(n+1) —&ow Z / b[2] b[1]> _7/2 —wm dn

j=—1
ul- 2/(n+1) g=2im/(n+1) ,—Eow ( 2] [1]) G192,
Z 2 s (142 5
j=-—1
With &yw replaced by z, we finally obtain for u large and positive

1
(12.100) F(p) = —ImIy
T

oo
n n— n [%s n —z 2 m.,—m
~ 7rIm{,ﬁ 2/ sin/ Bt D= 3 opf2) (m+ 2) B }

m=0
where
(12.101) Co=n"Y (4 1), 2z =gu/(MHDein/(ntD),
A similar analysis shows that
n : = 1
~— n/[2(n+1)] yin/[2(n+1)] ,—2 (2] m,,—m
G(p) 7TIm{u e e Z 2d2mlf<m + 2) z },
m=0
where z, & are given by (I2.101]) and d[-i] are coefficients of the expansion
n—1
r ( S die -

nay T (8) -

j=-—1
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To obtain the leading asymptotics of F' and G, we note that

n—2 n—2 n—2 n—2
) _ Ty _ Lo ) —1/2
= = +0(1) = ——(¢£— +0(1).
nxg 1 _x2—2 © ($2) @l/(xo)(fz _SEO) ( ) 20" (mo) (f 50) ( )
It follows that
n—2
2] _ T _ b spman-1 —1/2 Mo\ 8/l
= ——=—n (n+1) (where ¢ (z9) =n (n+1)).
' 20" (x0) V2
Similarly

n—1
2] _ T 1 pl/ 211, —1/2
e T L1y,
1 2()0”(560) \/7

As a result, we have to the leading order,
Flu) ~ \/5 p3/ReAD] (g 1)71/21m{ M<n72>/[z<n+1>]eam/mnm]efz}7
0

2 .
Gu) ~ \/;nl/[2(n+1)} (n+ 1)71/2Im{'un/[2(n+1)]e7,7r/[2(n+l)]efz}.

Differential equations for F' and G for n € N and extended asymptotics. To derive
a differential equation satisfied by F, we differentiate (I2.94]) n times in p (justified
by dominated convergence)

F™ (4 /C 1/n=1,¢—p¢"t/" dc.

Integrating by parts once, we get

1/n oG—n¢™ Ho1/n—1
271'@ / < ' (1 * ng ) d
= (—=1)"nF(g) — pF" D (),

F™ ()

so the differential equation satisfied by F' is
pFOH) L ) () = 0.
Since G’ = F, the differential equation satisfied by G is
pG D) L gt (1)@ = 0.

Integrating once and using G(0) = 0, we obtain

(12.102) pG ) — (—1)"nG = 0.
We can make the same argument for

0+

—1/n

(12.103) L) = / e e -1
or for

0+

- —1/n

(12.104) Lp) = / S e — 1.

Ooei‘lr

It is to be noted that G(u) = 5= [I2(1) — Ia(u)], while I3 () = I (p) and I5(p) =
Li(p).
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Equation (I2ZI02)) has (n + 1) independent solutions with the following asymp-
totic behavior for large p (see [35]):
(12.105)

Hn/[Z(nJrl)] exp [7zefi27rj/(n+1) Cozi= goeiﬂ'/(n+1)’un/(n+1)’ ] _ 0, 1’ .

Thus, there is only one solution with the asymptotic behavior

2
_\f RV/R0AD] (7 4 1)7172,n/R04D] o 2] for arg z = 0
™

(all solutions independent from it are larger). Since I2(p) has this asymptotics in

particular for argu = —7, corresponding to argz = 0 as discussed already, I is
the only solution of (IZTI02]) satisfying

2
(12.106) In(u) ~ _\/7n1/[2(n+1)] (n+1)"2un/ 20D oxp [ 2] for argp = — .
™ n

As we rotate around in the counter-clockwise direction starting from arg z = 0 in
the complex z (or complex u) plane, the classical asymptotics of I can only change

at antistokes lines. The first antistokes line is argz = 5 + nz—_fl, corresponding to
_ (n+3)7w
arg u = “on -
Similarly, in a clockwise direction, the first antistokes line is argz = -3 — nQ—fl,
. _ (n+7)m
i argp = —5 .

_ (n+7)7m (n+3)7

S o ) the asymptotic expansion I, is the

Therefore, for argu € (
same.

From the symmetry between I, and I, it follows that

- 2
(12.107) Ly(p) ~ —\ﬂ n!/RD (g 4 1) 712/ R4 D] e [ 7]

for argu € (— (nt3)m (”+7)”>. Since G(u) = 5= [I2(p) — I>(p)], noting that I>(y)

2n 2n 27

(n+3)7
2n

— =Ty (p). while for arg p € (—(”;3)”,0), since I is dominant, G(u) ~ 5=Ia(p).

Lemma (1] follows.

is dominant for argu € (07 ), it follows that in this range of argu, G(u) ~

12.2. Instantaneous smoothing. The following result shows that the solution
(k, t) obtained from U (k, q) corresponds to a classical solution of (ILT)) for ¢ € (0, T],
i.e. there is instantaneous smoothing due to viscous effects. This is a known result
(See for instance [5]), but we include it for completeness.

Lemma 12.1. Assume g, f € [*(Z?), where 0o(0) = 0 = f(0). Assume further
that (L)) has a solution 0(k,t) with ||0(-,t)|lp < oo fort € [0,T]. Then v(x,t) =
FL0(-,1)] (x) is a classical solution of {I1) fort € (0,T)].

Proof. Tt suffices to show |k|?9(-,t) € ! for t € (0, T] since this implies v € C? and
usual arguments imply that v satisfies (II]).
Consider the time interval [e, T for € > 0, T < a~/". Define

we(k) = sup [0](k,1).
e<t<T



38 0. COSTIN, G. LUO & S. TANVEER
Since [0(k, t)| < [°|U(k, q)|e=*9dg, o (or ) satisfies

o0
o e < / 10, @)l e—7dg.

On [, T] for € > 0, (LL2) implies

(12.108)

t A , i ,
ok, t) = —z'kj/o e~V IRP =) P (6,40) (k, 7)dr + o IHt + ik (1 — e vIF t) .
Therefore,

t
V|(k,t) < 2 {woxwg e *(t= T+ |k|vge™ 1—e" ’ .
Ellol(k 2 Libn i k2 v|k|=(t ‘r)d k|6 u\k:\ t -|fk! v|k|“t
0

Since fot v|k[2e =T gr < 1, it follows that

s /2 _ N
(12.109) |k[te/2 < = {wo*wo} +4/— (supfye 72) O] 4+ | ==
Ve \y>0

Using now the bounds on wy we get

P L ST i
[kl < 2 {10 a5} + g ool + Hm

11

The evolution of ¢ is autonomous in time, and thus, for ¢ € [%, T] we have

t
(12.110)  o(k,t) = —i/ e VIFEE=) p (04 (k;0]) (k, 7)dr
/2
1 — e—vIk(t—¢/2)
v|k[? ’

where we used the divergence condition k- 9(k,t) = 0. Multiplying (IZII0) by |k|?
and using (IZI09), it follows that for ¢ € [e, T'] we have

+ ik, e/2)e v IF0=e/2) 4 (k)

t
K20k, 1)) < 223 [|k;|7i16/2]/ V|2~ Ik (=) g
€/2
L (swoe otk L

=) %

implying that

f i
kel < f|\w€/2||ll|||k|w6/2||ll n 7||w€/2” 4 Il ||

Since € > 0 is arbitrary, it follows that |k|?6(-,¢) € I for t € (O,T}. |

12.3. Estimate of T, beyond which Leray’s weak solution becomes classi-
cal. It is known that (I2)) is equivalent to the integral equation

(12.111)  o(k,t) = /t e VIO Py ik 0,50] (K, 7) dr 4 eV g,
0
= F NP} (k).



NAVIER-STOKES EQUATION 39
Applying F~1 in k to (IZIII), it follows that
t
(12.112) v(z,t) = e"Puy — / e?ENAD (v - Vo] = N [v] (2, 1).
0

We first determine the value of e such that, if ||vg]| g1 < €, then classical solutions
v(+,t) to Navier-Stokes exist for all time. The argument holds for real ¢ as well as
in

5’5 = {t cargt € (75,5)},

where 0 < § < 5. Sectorial existence of analytic solution in ¢ with exponential
decay for large |t| was useful in proving Theorem We denote by A; the class
of functions analytic in ¢ for t € S; for 0 < [t| < T.

We consider the space of functions

X = {AtHl}m{LmHz} (At®H1(’J1‘3[0,27r})) n(L2 [ei¢(o,T)]®H2(1r3[o,27r])),

where t = |t|e?®, |¢| < &, and the weighted norm

T 1/2
lolx = sup  [le? ()| + sup {/ ||€i”tv(',|t|6i¢)||izzd|t|}
teS;,0<|t|<T lo|<5 (/0 “
Note that
1/2 1/2
£l = (Z(l + |k‘|2)|f(/f)|2> o fllez = <Z(1 + |k|4)|f(/€)|2> ,
k k

and f is the Fourier-Transform of f.

The arguments below are an adaptation of classical arguments, see [33]. We
introduce exponential weights in time, allowing for estimates independent of T,
and extend the analysis to a complex sector.

Lemma 12.2. For vy € H}, with zero average over T30, 2] we have

where ¢; = (1 + ,/Vcosd)

Proof. First, take f = vo and t € [0,T]. Note that zero average implies f(0) = 0;
so we only need to consider |k| > 1.
(12.113)

3y v —2u 2_ ~ N
le= lle”™ fllg < Y (14 [k[)e 2 =30 f12 <N 2+ kPl = 110

k0 k#0

e Aol x < crllvollar s

Also, note that

T
(12.114) / led7te A fl3pade < 37 (1 + k)] il (/ e”<“'2%>tdt>
0

k=0
1+ |k|* 2
<D sawp =5 < Sl

k;éo 2|k|2 §
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If t € S5, we integrate along the ray [t[e’?. It is clear all the steps go through when
v is replaced by vcos¢. A bound, uniform in Sj, is obtained by replacing % in

(@ZI114) by . The result follows. |}

v COS

Lemma 12.3. If ei"'F L‘QtIL2 uniformly in ¢ € (—6,9), then

t
/ e’EIAR(z, T)dr|| < ey sup ||€4V FHL2 L3
0

(12.115) ’ 2
X lp| < l

with

2V2 42
Co = — + = |.
Viveosd Vcosd

Proof. We first show this for ¢ € [0, 7). The function

t
v(z,t) = / e?NAR(z, 7)dr
0
satisfies
(12.116) vy —vAv = F, v(z,0) = 0.

Multiplying (IZII6) by v*, the conjugate of v, integrating over = € T3[0,27] and
combining with the equation for v* we obtain

d 4 v
(12.117) a\\v(wt)llig +2v]| Do, 1)||72 < ;HF(-J)IIig + gllv(nt)\lig

Similarly, taking the gradient in = of (I2.I16), taking the dot product with Vo*
and combining with the equation satisfied by Vv*, we obtain

d
ZIDvC DTz + 20 D*(-, 1) :/ (DF) - (Dv*)der/ (DE™) - (Dv)dz.
* x T3 T3
Integration by parts and Cauchy’s inequality give
d 4 v
(12118) = [IDv(, 8)lI7: +2v[ D20, 8)lI7e < —IFC )17 + 71 Av( )17z
Combining (I2ZI117) and (I2I18) and using Poincaré’s inequality, we have
d 2 3 2 v 2 8 2

(12119) Dol 0l + Sl D + LIDC 0l < SIFC 01,

Therefore, using (IZ119)) and the fact that v(z,0) =0,

8 [*
et o)y < o [ et TR
<, ;
Hence,

: 2
(12.120) sup et v(,t)]|m < ill P g2 pa
te[0,7] Vv e

Integration of (I2119)), using v(z,0) = 0, gives

[1etraenigar < 2 [t re ol an
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Therefore, for t € [0, T], we obtain

1/2 t 1/2
44/2 :
(12.121) U ledvmo ||H2d7} gf[/ ||eiWF(-,T)||2LQdT} .
1% 0 @

Now (I2Z120) and (IZTI2T)) together imply
2}1/2

}1/2

(2\/\2 4f>{ Zeivtﬁ|2(k,t)|dt|}l/2,

0 k20

1
(12.122)  sup {Z(1+|k|2) e%vtt/ e VIRt 0=9) Pk ts)ds
0

te[0,T] k20

+{/0 dft] Y (1 + [k

k0

64"%/ F(k, ts)e "I t1=9) g

and replacing t € [0, 7] by t € €¥?[0,T] € 5’5 is equivalent to replacing v by v cosd.

Lemma 12.4. If F = —P[v- V)|, then forv e X, and t € ¢°[0,T] C S5,

sup et "F |, 2 < esllvllk,
lp|<d

3/2 ~
where c3 = Wgw fort € S5, and c4 is the Sobolev constant bounding || - || e

by || - |ar (see for instance [2], page 75).

Proof. First consider ¢ € [0, T]. Holder’s inequality implies

T 1/2 T
IIei”tFlliﬁLgl/o Ie‘?’”TIdIT] l/o e 7| F (-, 7|4z dI]

Hence,

1/2

3,
2

||64 YFllp2 pe

< 1
Mkt = (3 )1/4”6

Fllzg cz-

If we replace t € [0,T ] by t € S in this argument, the effect is simply that W
gets replaced by W.
For nonnegative u, w, repeated use of Holder’s inequality gives

1/3 2/3
/ wuldz < (/ w%lm) (/ u?’dx>
T8 T3 T3
1/3 1/2 1/6
< {/ wﬁdx} {/ uzdx} {/ u6dx} < w3 [|wllz2 vl zs -
T3 T3 T3 “ * *

Therefore, it follows that

3 3 3 3 3
le2 (- )|z < lle3* ol Dl Vol D]z < e ollog i Vol5 et Vol 14,
x x

and
1/2

o2 Fllug, 1z < ¥ vl e lle? Vol £ 13 e Vol 2 .
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Using Sobolev inequalities, we have
[v(-,)llzs < callv(,t)l| a2,
[Dv(,t)|[rs < eal Dv(,t) || a2
Thus

1/2 3/2
ledvtDo| 7 o < &P o)l%.

e Fllog, 1z < &% le* oll72 2 1

Il H1|

Therefore,
3/2

vt Cy 2
F g < ——M =
e ||L‘2fI Lz = (3v 085)1/4HU”X'

Since the right hand side is independent of ¢, taking the supremum of the left side
over ¢ for |¢| < §, the Lemma follows. [

Lemma 12.5. The operator N defined in (IZ112) satisfies the following estimate:
INTllx < erllvollm + caesllvll
INT®] = M@l < eacs (0D x + 0@ 1) [ = 0@ x.
Proof. Note that
N [v] = et B + /t e?UIAR( Tdr,
where F' = —P [v - Vv]. By Lemmas ID:Z(i 23 and 24 it follows that

IV o] llx < eillvollm + caesllvllk.

For the second part, we note that
D vy _ @ . ye® — ( 1) _y 2)) Vo) 4+ 4@ . (W(l) _ W(z))_
Using Lemmas [2.2] [2.3] and [Z4] again, we obtain the desired estimate. [

Lemma 12.6. If
1 3147/ [cos 6]7/4

||’UO||H% <Ee= = = —,
‘ dereacs 8\@02/2(\/ vcosd +v2)(2 + Vvcosd)

v(z,t) exists in X for any T. v(-,t) is analytic int € 55 and decays exponentially
in that sector as |t| — oo, with

v(, )l < 9¢ e VRet,
Further, this solution is smooth in x. If
31/4,,7/4

82} (Vv +v2)(2+ Vo)

then v(x,t) is a classical solution for all t € RT.

||’UOHH; <€ =

Proof. 1f |lvg| g1 < € Lemma [[23 implies that the operator V' (defined in Lemma
[[20) is contractive and hence a solution to Navier-Stokes equation exists in X.
Since the estimates are uniform in ¢, it follows that this solution exists for all
t € S5. Known results (or Theorem ] above) imply that if the initial data is in
H}, then the solution becomes smooth (in fact, analytic for periodic data, [17])
instantly, and thus it is a classical solution when ¢t > 0. Analyticity and decay
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in t follows from the definition of X, the arbitrariness in the choice of T" and the
observation that A in Lemma is contractive in a ball of radius 2 ||vo| z:-
Further, by taking the lim;_ . € = €g, we obtain the less restrictive condition on
vl that ensures existence of classical solution only for t € R*. [

Lemma 12.7. If |lvo||lg2 < €2 for sufficiently small €3,
lo( )2 < 2eafvol|prze ™55t

for any t € 5'5.

Proof. This is similar to the proof of Lemma [[2.6] with X replaced by

X = {AtHg}ﬁ{Lﬁ‘H;’} = (At®H2(’JI‘3[O,27r])) m(L2 [ei¢(0,T)]®H3(T3[0,277])),

for || < 4. |

Theorem 12.1. A weak solution to (I1]) becomes classical when t > T., where

5 _ POEG(T+ VIP2+ VP

c 31/2,,9/2

This solution is analytic in t for (t —Teq) € 5'5, where

_ 256Ec}(V veosd +v2)2(2 4 Vv cosd)?

31/2p[v cos 6]7/2

Further, for any constant C, there exists Ty so that for (t — Ty) € 5’5,

Tc,a

3
[lo(-, )|l < Cexp {—4uRe{t - TQ}:| .
Proof. Leray’s energy estimate implies

E
IVollLz, 12 <4/ —,
1%

where E = 1||vg||2.. From a standard pigeon-hole argument, it follows that there
exists 71 € (0,7 so that

E
Hv”('aTl)HLg < T
Therefore, Poincaré’s inequality implies
2F
o Tl < 4/

This means there exists some T3 € [0,T;], where

_ 2508+ VD2 + Vi)

31/2,,9/2

T,

for which
31/4,,7/4
8V2e} *(Vv +V2) (2 + Vo)
Replacing t by t—T7 in Lemma[I2.6] we see that the solution is classical and smooth
for t — Ty € RT, therefore necessarily for t > T,.

lo(T)l[my <
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Further, from these arguments, it is clear that there exists a 71, € [0,T5,q] so
that ~
314y cos 67/

8\/?02/2(\/ veosd +v2) (24 V VCOSS)-

Replacing t by t—T7 , in Lemma (I2.6), we sce that the classical solution is analytic
int — Ty, € S; (which includes the region t — Tt , € S5).
Further, since for t > T7 we have

oo
|1 Bizde < sup ol < @er)®
T>T1

T

[o( Tra)llmy <

it follows from a pigeon-hole argument that given es, there exists a T, > T; such
that

[o(-, T2) [z < €2
From Lemma [I2.7 it follows that v exists for t — Ty € 5’5 and

lo(-, t)HHg < 201626_%VRe(t_T2).

The last part of the theorem follows from (recall ¥(0) = 0)
[0(, )l < eslllk[Po(, )iz < esllo(, 8)]l -

Remark 12.8. The decay rate e~ 1" for ||o(-,t)||; is not sharp. A more refined
argument can be given, to estimate away the nonlinear terms and obtain a e™**
decay.
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FIGURE 2. For zero forcing and v = 0.1: (a). The original (unac-

celerated) equation, ||U§64)(-,p)||l1 vs. p. (b). Accelerated equa-
tion with n = 2, ||[AJ§(64)(-, Qi vs. q.
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FIGURE 3. Asymptotic behavior of |\U§64)(o,q)||l1. (a).
log [T (@) vs. q'/3. (b) A_ [1og||U§64>(.,53)||11]/A3 vs. s,

where s = ¢!/3 and A_ is the backward difference operator in s.
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