Homework 5, Math 804 Tanveer
1. Consider the Fourier Transform of f(x)

= /_Z f(z)e* dx

For f(z) = \/ﬁ, determine the asymptotic series as k — 400

and explicitly calculate the first two terms.

FI1GURE 1. Integration path C' for Problem 1 in the y-plane.

Solution: It is convenient to replace y = x + 1 as the integration
variable to obtain

F(k) = e G(k) , where G(k) = / " )My | gly) = ——

9] :\/1+y2

To asymptotically evaluate G(k) For k > 0, we deform the contour as
shown in Fig. 1 From Jordan’s Lemma there will be no contribution
from circular arcs of radius R as R — oo. On Ly, arg(y — i) = 7,

arg(y + 1) = Z; so if y = ir on L;, we have \/1+y% = ¢™/2\/r2 -1
and on Lo, since arg(y — i) = —%71‘, and arg(y + i) = 5, we have

V14+y2=e7/2/r2 — 1. So,

R e—kr
+ = 2/ dr
</L1 /Lz) 1+e VT2 —1

Further on C,, since y =i + ee®,

|/\</

So, taking limit ¢ — 0, R — oo, we obtain

" exp [ikee™] %ed@ < Cye
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Since

2 _ _ _
————=V2p (14 p/2)7P =V (1 - p/4 + O(p?))
p(2+p)
From Watson’s Lemma, as k — 400

FGE) ~ V2 [r(l/zyf—l/? - TORe O(k;—5/2>]

Therefore, using I'(1/2) = /7, T'(3/2) = 3I'(1/2) = @ we have as
k — 400

- 1
F(]{?) ~ e—k—zkm |:k—1/2 . g]{;—3/2 + O(l{?_5/2>:|

Since f(z) is real for real z, for k < 0, we may use F'(k) = [F(—k)]|" to
obtain that as £ — —o0,

F(k) ~ eF=*ax l(_k)—lﬂ _ %(_k)—s/z I O(k_5/2):|

Note the exponential decay in |k| with exponent depending on the
analyticity width of f. This is a general result as seen in the next
exercise.

2. Determine solution to the following singular integral equation for
ze(—1,1):

bf(s)

15—

f(z) + ds =x

Solution: Look for solution f within the class of Holder-continuous
functions in (-1, 1), except possibly at end points where it is allowed
to have weak singularity. Accordingly, define

F= L [ I

21 J_1 s —x

which is well-defined if indeed there is solution f within the class con-
sidered. So, from Plemelj formula, the integral equation becomes

Fi(z)—F_(x)+7mi[F(z)+ F_(z)] ==z
So,

1—mi x
= F

T O T
We define sectionally holomorphic W(z) so that

W (x) W_(x)

Fy(x)

_1—7Ti
T
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1—ms
1472

) = e %%, where 6y = tan~'7 (principal branch), We

‘90 L ds ‘90 z—1
VU(z) = —— =——1
(2) w/_ls—z wa[z+1]

Therefore, one solution for W(z) is

—6o /7
Wiz) = (j n 1)
However, this has weak singularity at z = 1, but not at z = —1. So we
multiply W by a factor of (2 + 1) so that
W(z) = (z — 1)7%/(z 4 1)~ 1+0/7

has weak singularities at the end point. We note that for x € (—1,1),

W (z) = e (1 — )7%/m(1 4 g) 10/

W_(z) = e (1 — z)7%/m(1 4 z)~1+b/m
Therefore, the Riemann Hilbert Problem for F' becomes

Fi(r) F_(x) z

We(z) Wo(z) Wi(z)

Since In (
have

= 2% (1 — 2)%/™(1 + 2)1=%/" = ¢(z)

Therefore,

FEWE =5 [ st B

2mi )1 (s — 2)
with E (x) = E (x ) Slnce ¢ has at best a weak singularity at s = £1,
it follows that 5 f 17 ds can have atmost weak singularity at the
end point. F (z) can only have a weak singularity at the end point
from lemma mentioned in class. Therefore, since W (z) evidently is not
Zero at the end points z = £1 from the given expression, it follows
that ) can only have weak singularity at the end points. Therefore,
E(z) can have atmost weak singularities at z = £1. Since the jump
condition implies F is single valued, E(z) must be entire. Further,
from expression for W(z), we have W(z) ~ 1 as z — oo and from
expression of F(z), F (z ~ = [ ' f(s)ds. Therefore, as z — oo,

I/I:/(i — —5= [1 f(s)ds = k. Further, since ;- [ (‘15(3 ds — 0 as

z — oo, it follows that E(z) ~ k. as z — oo, 1mply1ng E(z) = k.
Therefore, it follows that

Fz) = V) /_ (¢(3) ds + kW (2)

2t )1 (s —2)
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Therefore, it follows from Plemelj formula

) = Fole) = o) = L Ao

2mi (s —x)

W) { ][1_1 os) m(az)} R W () — W ()]

271 (s — )

where ¢(x) and Wy (z) are as defined above.
3. Obtain f to the singular integral equation
f(t)dt
a7 =M T 0

Ct—Z

where C'is a smooth simple closed curve. State conditions on A, a(z)
and g(z) for solution to exist and for solution to be unique.
Solution: Define as usual

Py = L 4 10

2m Jo s — 2

ds,

for z inside and outside respectively of the positively oriented curve
simple closed curve C. From Plemelj-Formulae, the integral equation
reads as

alt) [Fe(t) — F_(8)] = Ami [Fy () + F_(£)] + g(t)
for t € C. Thus provided
a(t) — Ami #0 ,fort € C
we obtain the inhomogeneous RH problem:

a(t) + Ami (t) g(t)

) =it F i — o

We assume also that

a(t)+ Ami #£0 ,fort € C

a(t)—Ami

oo i o ) o5

W) ==t o f e SR

Here we assume a(t) to be Holder continuous on C, which ascertains
use of Plemelj formula to obtian W, on the boundary: Further, from

Let ind¢ {“(tH’\m} = k. Then, for z; inside C, we define two functions




the explicit expression above, it is clear from Plemelj formulae that
(1)
1 a(s) + Ami ds 1 a(t) + Ami
t) = —4+ 1 -1
Wi (t) = exp [27?@’][0 " { (a(s) — i) (s — zo)k} s—- o™ { (a(t) — Ami)(t — z0)F

- { (a(t) a—(tx);z_’)?: - 20)F }1/2 P [%J[ - { (a(s) a—(SA);z')?: - z0)F } ”

Similarly,

L alt ATTE e
(2) W_(t)=(t—20)" {(a(t) _(A):z')(t—zO)’f} :

o [%][ " { (als) a—(SA);z'}(Asﬂ - >} ”

It is explicitly clear from the above expressions that W, (t) = 2832 W_(t)
and that W, # 0 on C. Therefore, we may write the inhomogeneous
RH problem as

@) _ F(f) g(t)

We(t)  W_(t)  (a(t) = Ami) W, (t)
If we make another assumption that g(t) is Holder continuous on C,
then for some entire function

70 = 5 b [ e e R

F 1
EIE Y E N
W_(z) 2mi Jo|(a(s) = Ami)Wi(s)| s—z
However, we note from explicit expression of W_(z) above, it is seen
that as z — oo, W_(z) = O(z7*%), while from expression for F_(z),

e pe— 74 f(s)ds

2mz

Therefore, 5/1((?) = O(zF71) as z — oo, while

%740 [(a(s) —gx(z)m(s)] sd_sz = 0(1/2)

as z — 00. So, if k> 1, then F(z) = P,_1(z) for some (k — 1)-st order
polynomial. If & < 0, it is clear that E(z) = 0, and we obtain the
unique solution

R = A {<a<s> —gﬁ;)ws)} —




RE= gy f [<a<s> —gf§2>w+<s>} -

So, approaching the boundary C,

O {][ ¢ [<a<s> —gA(;z)m(s)} S+ (a(t) —QA%W”}

A0 o5 ds g
P 0= e e s e )
with solution to integral equation
ft) = Fi(t) — FL(b),

as given above. So, recapitulating, condition for existence of solution
are

a(t) # £Ami , and a(t), g(t) Holder continuous on C'

and further condition
. oa(t) + Ami
k=inde—— <0

! Ca(t) —Ami ~
guarantees uniqueness.
4. Suppose f is Holder continuous in (0, 1). Assume also that near
0 and 1, tPf(t) and (1 — ) f(t) are respectively Holder continuous
for < 1. Prove that ®(z) = 5= 01 ‘z’t(t_)jt can have at most weak
singularity. at z =0 and z = 1. (Note: The result is true for generally
smooth simple open contour C. After you are done, think how you
would produce more generally)
Solution: Consider neighborhood of z = 0. First consider the case
when |argz| = 6 > 7. Then, if follows that

1 -6 r1/17] ,
L, qb(S)des < Ld / 7‘_51|7 - e’9|d7
2 Jo s —z 2m 0
Alz|=B1 oo )
< 7|Z| / 7P — ™4 dr < Oz TH
2T 0

Now, take |argz| < 7. Then, define x = Rz. We note from geometry
that |z| > % We write

3)
RO D B SO B S el O )

270 Jy s — =z 270 Jo, 8 — 2 27 J, sP(s — 2)

N 2P (x) /2”” ds
2 Jo P (s —2)

ds




In the first integral in (3), we further break it up as
1! 1 [ 1!
wy [l L), L[,

= —=d
271 Jo, S — 2 271 Jo, 8 — 2 S+2m’ . S—2
The second term in (4) is clearly analytic at z = 0 since for |z| suffi-
ciently small, dist(s — z) > €/2 > 1. In the first integral in (4), we use
local bounds on ¢ and rescaling to obtain

1 ¢ B [ B [
— 4(5) ds| < —/ s7Ps — x| lds < —/ s — x| tds
271 Jo, S — 2 21 Jou 21 Jou
By=Bt [®
< I / TP — 17 dr
2T 2

For the second integral in (3), we use Holder-Continuity and rescaling,
we obtain

1L (% sM9(s) —a(x)
/0 ds

omi sP(s — 2)
2 | a1 2
< é/ 7|8 i ds < Am’\l_ﬁl/ |7 — 1M Prdr = o(2™)
27 J, st 21 0

The third integral on rescaling s = x7 becomes

Pro(x) [* 0 ds Prp(x) [? dr
: /0 Y = : /0 P where w = z/x

2mi s —2) 2mi T —w)

We know that the latter integral exists for any w and approaches a finite
value as w — 1 from the top or bottom because of Plemelj formula.
Therefore, the last integral above is O(1). Combining, we have

®(2) = O(="")

and therefore a weak singularity is assured at z = 0.
5. Use results in the last exercise to characterize the most general
solution to the Riemann Hilbert problem

O (t)—D_(t) = ¢(t) for t € (a,b)
where ¢ satisfies conditions of the last exercise with growth condition
lim z7"®(2) =0

Z—00

for integer n > 0, i.e. n € Z*.

Solution: Consider
- 1 b
$(2) = —/ 05) 4

271 s—z
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We know from from Plemelj formula that @ is a solution to the RH
problem posed above. Further, since ¢ has only weak singularity at the
end points, from last exercise ®(z) ~(with appropriate rescaling so that

[0,1] is mapped to [a, b]), we have ® at most weak singularity at z = a
and b. Further, as z — oo we obtain ®(z) = O(1/z). Consider

E(z) = 9(z) — &(2)

Since each of ® and ® separately satisfy the jump condition, E(z)
is single valued across at z = a and z = b. Therefore, it can at
best have isolated singularities only at those points. Further, since
®(z) = O(1/z) as z — oo, we may have in general any asymptotic
behavior as z — co. Thus

O(2) =

where F(z) is any analytic function which has isolated singularities
at z = a, z = b with arbitrary behavior at co. If we specified ® to
have no worse than a weak singularity at z = a and b, then E(z)
is an arbitrary entire function. Further growth condition at co can
restrict E(z). Requirement that lim, ,., 27"®(z) = 0, implies that
E(z) = P,_1(2), a polynomial of degree n — 1, since 5 f; ¢§8_)f8 — 0
as z — 00.
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