Week 7 lectures

1. MORE DISCUSSION ON THE ASYMPTOTICS OF I'(z + 1)

Recall we were discussing using Watson’s Lemma to calcualte

ﬂzrw+n=w@*[mamﬁxm—ﬁ@»@

where s; and s, are the inversions of the relation p = s — Ins over
the s-intervals (0, 1) and (1, 00) respectively. We now determine the
explicit asymptotic behavior of s; 5 and its derivatives. We first note
from Taylor expansion at s = 1, we obtain
1 1 (s — 1)k
=1+-(s=1)2—=(s—1)> + (=1)F
p=1+4 gl =17 —2(s—1)° + (-

So, for branch s;(p), where s € (0,1) corresponds to p € (1,00), we
have

+ .

1/2
(1.1) V2(p — 1)V =(1—5) {1 — %(5 —1)+ %(5 — 1)2...}

Since (p — 1)1/2 is a regular analytic function of (1 — s) near s = 1

with derivative nonzero at s = 1, it follows that it’s inverse is a regular
analytic function of (p—1)/2 at p = 1 and posseses a convergent Taylor
in the form

L= s1) = > el — DM

By plugging this into relation ([LTl), we can determine a; by equating
different powers of (p — 1)1/2. For instance, the first few terms are

2 1 2
1.2 = /2 = - - —
( ) aq \/_, , Q9 3 , as 9\/§ , Qg 135

For the branch s(p) we must take the other root of the squareroot in

the relation ([T]) since s € (1, 00) corresponds to p € (1, 00). Therefore,
instead of ([LT]), we have

1/2
(1.3)  V2(p—1D"?=(s-1) {1 — g(s -1)+ %(5 — 1)2...}

We obtain on inversion the convergent expansion

(1.4) so(p) — 1 = ibk(p— 1)k/2,
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where the first few coeflicients are

2 1 2
( ) 1 \/_7 ; U2 3 ,» U3 9\/§ y V4 135
We can prove that by = a; for odd k and b, = —ay for even k (as is
seen in the first few coefficients). So we obtain
(1.6) sh(p) — $(p) =D (25 + Dagja(p — 1)7
§=0

So, from Watson’s Lemma (used after change of variable p = 1 + q),

['(z+1) = 55:0“/ e (s — s1) dp ~ ate™ Z(2j+1)a2j+1/ e~ g2y
1 — 0

<.
|

o0

= 2"y (2j+ 1) Pag; T (j+1/2) = Vera™ e {1 + =+ Oz~

J=0

where we used I'(1/2) = /7, I'(3/2) = iT(1/2) = 4 The first term
is the well-known Stirling Formula for x!.

Remark 1.1. The reason why asymptotics of F(p) near p = 0 matters
in the large x asymptotics for [~ e P"F(p)dp is because for x large
e P* decreases fast. So the only sizable contribution comes from the
neighborhood of p =0

Remark 1.2. Watson’s Lemma is also valid when [~ e P*F(p)dp is
replaced by foa e P*F(p)dp for a independent of x since we may replace
F(p) in the first formula by F(p)Xjo,q(x), which is integrable, where
X[0,a @5 the characteristic function on [0, al.

Remark 1.3. Watson’s Lemma can also be used to determine asymp-
totics of 1(x) = ffooo e‘xtzf(t)dt. This is done by writing

[eson= ([« [} s

We now change variables t = —,/p in the first integral and t = +,/p
in the second to obtain

I(z) = / f D {F () + F(—yP)}

Watson’s Lemma can now be applied with

iy - LD L=yD

)},



2. RIEMANN HILBERT PROBLEM:

Riemann-Hilbert problem refers to determination of a sectionally
Holomorphic function (i.e. analytic everywhere off a curve) ®(z) so
that across a simple smooth curve C, ® jumps by a specified amount

o, i.e.
(2.7) O, (t)—P_(t) =¢(t) . fort € C

where subscript + and — indicates limiting values of ® as point ¢ on
the curve is approached from different sides. The treatment here is
close to that in O. Costin’s notes.

FIGURE 1. z approaching a point ¢ on a simple smooth
oriented curve C from the left (4) side.

Remark 2.1. Riemann-Hilbert problem arises in a wide variety of
problems: such as solving integral equations of certain types, inverse
scattering problems, nonlinear integrable systems, radon transforms
that arise in tomography, just to name a few.

Remark 2.2. A particular case of Riemann-Hilbert problem is when
C is the entire real line. In that case (or in any other case of closed
contour C) &, and ®_ are two different analytic functions in the upper-
half and lower-half plane (two sides of C) with specified jump:

(2.8) Oy (2) = (2) = f(2)
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We may write this relation in terms of distribution

0P
(2.9) v (2)0(y)

Y
A generalization of this is the § (D-bar) problem, when we seek ® sat-
isfying

0P
2.10 — =
(2.10) e

in some region D C C, where

o_1[9 .9
9z 2 \or oy

Definition 2.3. A function ¢ is said to be Holder-Continuous on a
smooth curve C of order A € (0,1), if for any x,y € C,

o(z) — d(y) = O (lz — y|*)

Let C={z:2z=~(t) 0 <t <1} be asimple smooth oriented curve.
For a closed curve, we will always take the orientation to be counter-
clockwise. At each point 7(t), for t € (0,1), we draw a small enough
circle so that the circle intersects C at just two points. The curve
bisects the circle into two parts, each of which is a near semi-circle. If
we approach C from the interior of a near semi-circle that lies to the left
of C, then we say that C has been approached from the left. Similarly,
we define approach from the right. Limiting values of a function from
the left and right of an oriented simple curve C will be always denoted
by subscript + and — respectively. Note C may either be open or
closed. In the latter case, y(0) = ~(1).

We consider the following function(s) ®(z) for z ¢ C:

16l

2m Jo s — 2

ds

(2.11) d(z)

Now, note from Fubini’s theorem, § ®(z)dz = 0 for any close contour
in the z plane as long as this contour is at a finite distance from C.
So, from Moerara’s theorem ® is analytic off C, i.e. ® is a sectionally
holomorphic function. Note in the case of closed contour C, the above
formula defines two distinct function @ (z) in the domain on the left
of C and ®_(z) in the domain to the right of C.
We also notice from (1)) that for any bounded curve C, the asymp-
totic behavior
1

(2.12) D(z) ~ —5—

/ ¢(s)ds as z — o0
c
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Theorem 2.1. Plemelj formulae Assume ¢ is a holder continous func-
tion on a simple smooth compact curve C, which may or may not
be closed. Let t € C\ v(0)U~(1) (i.e. not end points). Let z,
be a set of points approaching t from the left (or right). Then, let
O (t) = lim, oo D(2,,), with ® defined by (Z11). We have

1 1 [ #(s)
(I):t(t) = :|:2(25(t) + o 05— tdS
Remark 2.4. We consider the special case where C coincides with part
of the real axis, [-1, 1] (see Fig. 2), without much loss of generality.
More general smooth curves may be handled by introducing a smooth
change in variable that parametrizes the curves. We will prove Plemelj
formulae at the end of some preliminary lemmas.

4n “n*yn
-1 t +1

FIGURE 2. z, = t, + iy, approaching t € (—1,1) from
the left (top), with t,, — ¢, y, — 0

Lemma 2.5. Define ¥,,(s) = $e)=0ln) yphere 2, = t, +iy, =t+ e+

1Yn, where €, — 0 and y,, — 0 (0;’ yn — 07, when approach is from
the right) as n — oo. If ¢ is Holder continuous, then

[t _ [P ols) —a(h)
nlLIEO » U, (s)ds = /_1 ﬁds

Proof. We note that

/_11 Wals)ds = /_z W, (s)x(s)ds,

where x is the characteristic function for the interval [—1,1], i.e. x(s) =
1 in this interval and 0 outside. Then,

1 2
/ U, (s)ds = os) = ot + ,En)x(s)ds
-1 —2 8§ — t— €n — tYn

/ O+ €,) — ot +€,)

o—t—1Y,

x(o + €,)do



6
However, from Holder Condition,
6(0 + €n) — Dt + €n)| < Clo =t

and since L < 1 we have
o] S o

\/ (s)ds| < C/ —t* o < oo,

since A > 0. From dominated convergence theorem, it follows that

lim ds—/ ¢ / ¢
n—00 U—t U—t

Lemma 2.6. Fort e (—1,1) with y, — 0%, €, — 0 and t,, =t + €,,

1 1
1 1
lim —ds :][ tds + m

n—0o —ls_tn_lyn 1S —

_1 CE

FIGURE 13. Deformed contour for evaluation of
. 1
hrnn_m, f—l mdS, when Yp — O+

Proof. Since the integrand is analytic in s when y,, > 0, we deform the
contour to the one shown in Fig. 3, where € > 0 is chosen small enough
so that —1 <t —e<t+4+e <1 We get

d
/ ds—{/ / } +/ . .
15—25 e —lp — WYn c. S —tn —iYn

As n — oo, since €, — 0, t,, — t, we have due to uniform convergence,

{f e [ L

Also, for y,, — 0T, t,, — t, from uniform convergence of integrand,

. ds / ds /0 iee’ W0 ,
im = fry - = T
n—oo Jo 8 —t, — iy, c.s—t _. eet?
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On the otherhand if y, — 07, we choose C. to be small upper-semi-
circular contour to get,

ds ds iee'
lim 7,:/ :/ A0 = —mi
n—oo [ §—t, — 1Yy, c.S—t o €€l

Therefore, for y, — 0%,

m{f =L /J

Taking the limit of € — 0, we get the desired result.

dsj:m'

Proof of Theorem 2.1k
We note that

Log(s) o(s) — o(t) bods
18_an _/ 73_% ds+¢()/_1$_znds

=\Ifn+<z><t>/1 &

18— 1tn — Y,
Using Lemmas (Z3) and (EZ6]), we obtain the desired proof.

Remark 2.7. With additional conditions on decay of ¢, Plemelj for-
mula can be extended to C which is not compact as in the following
Lemma.

Lemma 2.8. FExtension of Plemelj when C =R
Assume C = R (the real line). Assume that as |s| — oo, ¢(s) — L
and that ¢ is Holder continous uniformly for any x,y € R and that
l6(s) — L| = O(s™"), as |s| — oo for >0
Then Theorem [Z1 holds.

Proof. is similar to that of EZT] and is left as an exercise. |

Remark 2.9. We note that Plemelj Formula immediately implies the
Jump formula:

Oy (1) — (1) = o(t)

Remark 2.10. In the case, C a closed curve (i.e. separates the plane
into two separate + and — regions),

1 o(s)ds

2m Jo s—=z

actually defines two distinct analytic functions @, (z) and ®_ (z) de-
pending on whether z is on the plus (left) or minus side (right) of the
oriented curve C. These functions must be distinct because the Plemelj
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formulae (9) demands that they are unequal, when each is continued to
C itself.

Remark 2.11. Note that the analytic continuation of ®(z) (or ®4(2)
for closed curve) is possible across the curve C when ¢(z) is analytic.
This analytic continuation is given by

1 ()
— ds =+
2mi Jo s—z 4(2)
depending on whether the analytic continuation proceeded from the left
of the curve C to its right, or the other way around.

Simple example: Let C be a unit circle. Determine ¢ (z) and ®_(z)
so that for t € C, ¢, (t) — P_(t) = 1. We write
1 ds

Bo(z) = —
:t(Z) 211 |s|=1 S —Zz

for z inside and outside the unit circle, respectively. For |z| < 1,
clearly, @, (z) = 1; while for |z| > 1, ®_(z) = 0. Let C be a unit circle.
Determine &, (z) and ®_(z) so that for t € C, &, (t) — d_(t) = 1. We
write

1 ds
Py(2) =

210 Jjg=1 S — 2

for z inside and outside the unit circle. For |z| < 1, clearly, &, (2) = 1;
while for |z| > 1, _(z) = 0.
Another example: Consider the problem of finding a sectionally
holomorphic function ®(z) in C\ [—1, 1] satisfying

O, (z) —P_(z)=1forz e (—1,1)

We know that

1 [t odt 1 —1
2 J_ t—2  2mi z+1

will satisfy this condition. We can check directly. Approaching = €
(—1,1) from the top, In(z — 1) — In(1 — x) + m, while In(z + 1) —
In(1 + z). Therefore, from the top,

1 1 z—1 1 1 1—=x +1
271 z+1 271 14+ 2

From the bottom, since In(z — 1) — In(1 — z) — i, it follows

1 z—1 1 11—z 1
—In — —1In - =
271 z+1 271 1+z 2

Therefore, indeed ¢, (z) — ¢_(z) = 1.
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Remark 2.12. The answer in the last example is not unique. We
can add to a particular ®(z) any analytic function of z with isolated
singularities at end points. If we required lim,_,, (2 — z.)®(z) = 0 at
each end point z. and in addition required lim, ., ®(z) = 0, then the
answer would be unique. To see this, let W(z) be another solution. Then
O(2) — W(z) is single valued at z = z. since each of ¥ and ® jumps
by the same amount 1. Since the condition at z. rules out simple pole,
it follows ® — W is an entire function. Growth condition at oo implies
d— V¥ =0.

3. SCALAR HOMOGENEOUS RIEMANN-HILBERT (RH) PROBLEM

In this case we seek to find sectionally holomorphic function ®(z) so
that on a simple smooth curve C:

(3.13) O (t) = g(t)®_(1)

where ¢(t) # 0 on C and Holder continuous. By taking the log of both
sides, this becomes a problem of determining W(z) so that W, () —
U_(t) =1Ing(t). This becomes a familiar problem as discussed in the
last section. Once W(z) is determined, we have ®(z) = ¢¥*). When C
is closed there is additional complication since In ¢g(t) may not return
to the same value as we traverse the closed path C. We have to define
some new concepts.

Definition 3.1. Let C : {z:2=~(t), t € [0,1]} be a simple smooth
closed oriented curve and ¢ be a differentiable function on C and with
¢ # 0 on C. Then the index of ¢ with respect to curve C is an integer

defined by
AR S A C)
ancgb = 2—m /C QS(S) dS

Remark 3.2. If ¢ is a meromorphic function, we know index is N — P,
the difference of number of zeros and number of poles within C. How-
ever, inde@ is defined even if the function is not an analytic function
any where since since 5 [In Oliump must be an integer if we follow the
In function on branch where it is continuous.

Definition 3.3. A function ® has degree k at oo if there exists some
constant C' # 0 so that

d(z) =C2*+0(z" ) as 2 — o0

A function ® is said to have a finite degree at oo if there exists some
finite m so that ®(z) = o(z™) as z — 0.
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3.1. Solution to homogeneous RH problem.

Lemma 3.4. Let C be a simple smooth closed oriented curve with
indeg = k for some nonzero differentiable function g on C. Assume

z = 0 is a point inside C. Then a solution to the scalar RH problem
[@E13) is given by &, (z) = ¥+, &_(2) = 27%e¥- ) where

1 S
U, (z) = 9 ), %
where f(t) = log [t_kg(t)].
Proof. Clearly, by taking the log of both sides of (BI3) we can write
In®, (t) —In[t"d_(1)] =In [t " g(t)] = f(t)
Since the index of g is k, it follows that f(¢) is continuous on C, since

both log g and log t* jump by 27ik as we traverse the curve. Therefore,
if we define W, (2) = In @, (2) for z inside C and ¥_(2) = In {*®_(2)},

it follows that
Wi (t) —W_(t) = f(t)
We know a solution to this is given by

()= 1 [ 1)y

21 Jo s — 2

ds for z inside and outside C respectively,

from which the Lemma follows. |

Remark 3.5. If z = 0 is not inside C, we replace the 2%, t** in the
the above formulae by (z — 20)* and (t — 29)** for some 2, inside C.

Remark 3.6. The solution for ®L(z) in the last Lemma is not unique.
We can clearly multiply each of ®L(z) by any entire function E(z) and
we still satisfy (Z13). However, if we require that ®_ (whose domain
includes o) has degree m at oo, then the most general solution to
(Z13) is

Dy (2) = Pryr(2)e¥+®) | ®_(2) = Ppyp(2)z Fe¥-G)

where P,k (2) is a polynomial of degree m + k, if m 4+ k > 0 and zero
otherwise. This is because as as z — oo, from (Z14), V_(z) = O(1/z),
and therefore e¥-*) — 1. Recalling that an entire function that grows
no faster than ™% for m +k > 0 must be a Polynomial Py, our
claim follows.
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